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This paper deals with existence, oscillation, and nonoscillation of solutions to some classes of Caputo
fractional ¢-difference equations and inclusions. The technique of proof employs set-valued analysis, fixed
point theory, and the method of upper and lower solutions.

s mesIKvX KJTaciB piBHSIHB Ta BKIIFOUSHBb IPOOOBOTO TIOPSIKY 3 ¢ -Pi3HAIEBOO MOXigHoI0 KamyTo mocti-
IIKEHO iCHYBaHHSI, OCHIUISALIIIO Ta HEOCHIUIALIIO po3B’ s13KiB. [Ipy moBemeHHI BUKOPUCTAaHO OaraTo3HaYHUIA
aHaJIi3, TEOPEMU PO HEPYXOMY TOUKY Ta METOI BEPXHBHOTO ¥ HUKHBOTO PO3B’SI3KIB.

1. Introduction. Fractional differential equations and inclusions have been applied in various
areas of engineering, mathematics, physics, and other applied sciences (see [1—8], and the
references therein). Recently, considerable attention has been given to the existence of solutions
of initial and boundary value problems for fractional differential equations and inclusions with
Caputo fractional derivatives; for example, see [2, 9]. The method of upper and lower solutions has
been successfully applied to study the existence of solutions to a variety of differential equations
and inclusions; see, for example, [10— 15] and the references therein.

The study of fractional g-difference equations was initiated early in the 20-th century [16, 17]
and has received significant attention in recent years [18, 19]. Some interesting details concerning
initial and boundary value problems for ¢-difference and fractional ¢-difference equations can
be found in [19 —23] and the included references.
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In recent years there has been much research activity concerning the oscillation and nonosci-
Ilation of solutions of different types of dynamic equations and inclusions. We refer the reader to
the papers [24 —26] and the references cited therein. In this paper, we discuss the existence and
the oscillatory and nonoscillatory behavior of solutions to the fractional ¢-difference equation

(“Dgu)(t) = f(t,u(t), tel:=[0,T], (1)

with the initial condition
u(0) = ug € R, (2)

where ¢ € (0,1), a € (0,1}, T> 0, f: I xR — R is a given continuous function, and “Dy is
the Caputo fractional ¢-difference derivative of order « (as defined below).

We also investigate the existence and the oscillatory and nonoscillatory behavior of solutions
to the fractional ¢-difference inclusion

(°Dgu)(t) € F(t,u(t), tel, 3)

with the initial condition (2) , where F': I x R — P(R) is a multivalued map and P(R) is the
family of all nonempty subsets of R.

This paper initiates the study of the oscillation and nonoscillation of solutions to Caputo
q-fractional difference equations and inclusions.

2. Preliminaries. Consider the Banach space C(I) := C(I,R) of continuous functions from
I into R equipped with the supremum (uniform) norm

[[ufloo := sup [u(t)].
tel

Asusual, L (I) denotes the space of measurable functions v : I — R that are Lebesgue integrable
with the norm

T
ol = / fo(t)) dt.
0

We now recall some definitions and properties from the fractional g-calculus. For a € R set

1—¢q°
[a]q - 1 _ q ‘
The ¢ analogue of the power (a — b)" is
(a—b)® =1, (a—b)™ ="} (a—bg"), a,beR, neN.
In general,
e oo a- bqk
(a—b)():a k:(](a_bqk_i_a), a,b,aGR.

Definition 2.1 [27]. The q-gamma function is defined by

_ )€1
Fq(é)z((ll_qg)g_l for €eR—{0,-1,-2,...}.
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Notice that the g-gamma function satisfies I'y(1 + &) = [¢],['¢(£).

Next, we give definitions of different types of ¢-derivatives and ¢-integrals and indicate some
of their properties.

Definition 2.2 [27]. The q-derivative of order n € N of a function u: I — R is defined by

(Dgu)(t) = u(t),
(Dgu)(t) := (Dgu)(t) = —1 a0 70 (Dqu)(0) = hm(Dgu)(t).
and
(Dgu)(t) = (DqDZ]_lu)(t), tel, ne{l,2,...}.

We set I; ;= {tq": n € N} U{0}.
Definition 2.3 [27]. The q-integral of a function u: I; — R is defined by

(Iu)(t) = / u(s) dgs = 3 1(1 — q)g" (1™,
0 n=0

provided that the series converges.
We note that (D,l,u)(t) = u(t), while if « is continuous at 0, then

(I,Dgu)(t) = u(t) — u(0).

Definition 2.4 [28]. The Riemann— Liouville fractional q-integral of order o € Ry :=
= [0,00) of a function w: I — R is defined by (I{u)(t) = u(t), and

¢
t _ (a 1)
/ qs u(s)dgs, tel.

0

Lemma 2.1 [29]. For a € R} :=[0,00) and X € (—1,00), we have

Ty(1+2)

S AV A C T I t<T.
Tasata)l - @ O<as<t<

(Ig(t = a)M)(t) =
In particular,

(121 (1) = rq(11+a)t(a)'

Definition 2.5 [30]. The Riemann— Liouville fractional q-derivative of order oo € R, of a
function w: I — R is defined by (DJu)(t) = u(t), and

(Dgu)(t) = (D1l (), tel,

where [a] is the integer part of .
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Definition 2.6 [30]. The Caputo fractional q-derivative of order o € R, of a function . :
I — R is defined by (“DYu)(t) = u(t) and

(Do) (t) = (I~ *Dlu)(t), tel.

As a simple illustration, we have the following example.
Example 2.1. Let a > 0 and $ > [a]. Then for each ¢ > 0, we have

(CDZY) (tﬁfl) — tB—a—1 Fq?g(f)a) ’ B &N,

(“DY) (1) =0, Be{1,2,...,[a] - 1}.
Lemma 2.2 [30]. Let o € R. Then the following equality holds:

[o]-1 k
(1% € Do) (t) = u(t) - g M(D’;u)(o).

In particular, if o € (0,1), then
(I3 “Daw)(t) = u(t) — u(0).

For a given Banach space (X, || - ||), we define the following subsets of P(X) :

Py(X)={Y e P(X): Y isclosed},

Py(X)={Y € P(X):Y isbounded},

P,(X)={Y € P(X):Y iscompact},

P, (X)={Y € P(X):Y isconvex},

Pcp,cv(X) = PCp(X) m PCU(X)

The following properties of multivalued maps will be needed.

Definition 2.7. A multivalued map G : X — P(X) is said to be convex (closed) valued
if G(x) is convex (closed) for all x € X. A multivalued map G is bounded on bounded sets
if G(B) = UgzepG(z) is bounded in X for all B € Py(X) (i.e., sup,cp{sup{ly|: y € G(z)}
exists).

Definition 2.8. A multivalued map G : X — P(X) is called upper semi-continuous (u.s.c.)
on X ifforeach xy € X, the set G(x) is a nonempty closed subset of X, and for each open set
N C X containing G(xo), there exists an open neighborhood Ny of xo such that G(Ny) C N.

Definition 2.9. The multivalued map G : X — P(X) is said to be completely continuous if
G(B) is relatively compact for every B € Py(X).

Definition 2.10. Let G : X — P(X) be completely continuous with nonempty compact
values. Then G is u.s.c. if and only if G has a closed graph (i.e., x,, = i, Yn — Ys, Yn € G(zp)
imply y, € G(z4)).

Definition 2.11. A multivalued map G : X — P(X) has a fixed point if there is x € X such
that x € G(x).

We denote by FizG the set of fixed points of the multivalued operator G.
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Definition 2.12. A multivalued map G: J — P.(R) is said to be measurable if for every
y € R, the function

t—d(y,G(t)) =inf {Jy — z|: 2 € G(t)}

is measurable.

The following relationship between upper semi-continuous maps and closed graphs is well
known.

Lemma 2.3 [31]. Let G be a completely continuous multivalued map with nonempty compact
values. Then G is u.s.c. if and only if G has a closed graph.

Definition 2.13. A multivalued map F: I x R — P(R) is said to be Carathéodory if:

(i) t — F(t,u) is measurable for each u € R;

(ii) uw— F(t,u) is upper semicontinuous for almost all t € I.
Moreover, F is said to be L'-Carathéodory if (1), (2), and the following condition hold:

(iii) For each q > 0, there exists p, € L*(I,R.) such that

|F(t,u)||p =sup{|v]: v e F(t,u)} < ¢, forall |u| <q andfora.e. teI.
For each u € C(I,R), we define the set of selections of F' by
Spou = {v € L'(I,R): v(t) € F(t,u(t)) ae. tel}.

Let (X,d) be a metric space induced from the normed space (X,|-|). The function H,:
P(X) x P(X) = Ry U{oco} given by

Hy(A, B) = max { supd(a, B), supd(A, b)}
acA beB
is known as the Hausdorff~Pompeiu metric. For more details on multivalued maps, see the
monograph of Hu and Papageorgiou [31].

3. Caputo fractional g-difference equations. We begin by defining what we mean by a
solution, an upper solution, and a lower solution to the problem (1), (2).

Definition 3.1. A function v € C(I) is said to be a solution of problem (1), (2), if u(0) = ug
and CD;‘u(t) = f(t,u(t)) on I.

Definition 3.2. A function w € C(I) is said to be an upper solution of (1), (2) if w(0) > ug
and CDg‘w(t) > f(t,w(t)) on I. Similarly, a function v € C(I) is said to be a lower solution of
(1), (2) if v(0) < ug, and ©D*(t) < f(t,v(t)) on I.

In the sequel, we will need the following fixed point theorem.

Theorem 3.1 (Schauder’s fixed point theorem [32]). Let B be a closed, convex, and nonempty
subset of a Banach space X. Let N: B — B be a continuous mapping such that N(B) is a
relatively compact subset of X. Then N has at least one fixed point in B.

3.1. Existence of solutions. We now present an existence result for the problem (1), (2).

Theorem 3.2. Assume that:

(H) There exist v and w € C, lower and upper solutions for the problem (1), (2) respectively,
such that v < w.
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Then the problem (1), (2) has at least one solution u such that
v(t) <wu(t) <w(t) forall tel.

Proof. Consider the modified problem

{(CD?U) (t) =g(t,u(t), tel:=I0,T],
“4)

u(0) = uy,
where

gt u(®)) = F(EhEu())  and At () = max {o(), minfu(t), w(t)}}
for each t € I. A solution of problem (4) is a fixed point of the operator N : C' — C defined by

t

_ S (a—1)
(Nu :u0+/t d f(s,u(s)) dgs.

0

Notice that the functions f, v, and w are continuous, and from the definition of the function g,
we have

lg(t,u(t))| < stleul) |f(t, max {v(t), min{u(t),w(t)}})| =
Set
MT@)
fuol + (14 «)
and

D={ueC:|ulc<n}.

Clearly, D is a closed, bounded convex subset of C' and that N maps D into itself. We shall
show that N satisfies the assumptions of Theorem 3.1. The proof will be given in several steps.
Step 1. N is continuous and N (D) is bounded. 1t is clear that N (D) is bounded since
N(D) C D and D is bounded.
Next, let {u,} be a sequence such that u,, — u in D. Then

IN

Boay S l9(s un(s) — gls,u(®)| dgs.

Pt — gs)@=D)
V) = (0] < [T (s, () = s )| s <
0
/t(t—qS)(“”
0
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Foreach t € I, set (g ou)(t) := g(t,u(t)). Thus,

_ gs)e=D
EZ8 T ip (g0 un)(s) — (g0 u)(s)]| dys <

(Nup)(t) — (Nu)(t)] < Lyl ser

O O ——_

(t—gs)le=V
< - — d.s <
< T (] lgoun —goulcdys <
()
< — .
“I(1+a) lg o un = goulle

From Lebesgue’s dominated convergence theorem and the continuity of the function g, we see
that

‘(Nun)(t)—(Nu)(tﬂ—)O as n — oo.

Step 2. N (D) is equicontinuous. Let t1,t2 € I with t; < to, and let uw € D. Then,

P (ty — gs)@D)
(V) (t) = Vu)e)) < [ EEFIEjats,u(s) dys

"

(t2 _ qs)(afl) (tl _ qs)(afl)

Ly(a) Ly(a)

lg(s,u(s))| dgs <

(tz _ qs)(afl) (tl _ qs)(afl)

Ly(e) Ly(e)

o

0

dys.

As t1 — t9, the right-hand side of the above inequality tends to zero.

As a consequence of the above two steps and the Arzela-Ascoli theorem, we can conclude
that NV is a continuous and completely continuous operator. An application of Theorem 3.1 yields
that N has a fixed point « that in turn is a solution of problem (4).

Step 3. The solution u of (4) satisfies

v(t) <wu(t) <w(t) forall tel.
Let u be the above solution to (4). We wish to show that
u(t) <w(t) forall tel.
Assume that v — w attains a positive maximum on [ at ¢ € I, that is,
(u—w)(t) = max{u(t) —w(t): t € I} > 0.

We distinguish the following cases.
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Case 1. 1f t € (0,T) then, there exists t* € [0,¢) such that
0 <u(t)—w(t) <u(t)—w() forall ¢e[t*1]. Q)
From the definition of A,

(“Dgu) (t) = g(t, u(t)), (6)
for all ¢ € [t*,t], where

g(t,u(t)) :f(t7w(t))v te [t*7ﬂ'
An integration of (6) yields

t

_gg)(@D)
u(t) =u0+/%f(s,w(s))dqs.

Using the fact that w is an upper solution to (1), (2) we get

! — gg)(e—1)
) = () < wit) — wie') ~ [ %f(aw@)) ds <w(t) — (). (D)

Thus from (5) and (7), we obtain the contradiction

u(t) —w(t) <u(t) —w(t*) forall t¢e[t",].
Case 2. If t =0, then
w(0) < u(0) < w(0)
which is a contradiction. Thus,
u(t) <w(t) forall tel.
Analogously, we can prove that
u(t) > wv(t) forall tel.

This shows that the problem (4) has a solution w satisfying v < u < w that is also a solution of
problem (1), (2).

3.2. Nonoscillation and oscillation of solutions. Our next theorem gives sufficient conditi-
ons to ensure the nonoscillation of solutions of problem (1), (2). We begin with the definition of
an oscillatory solution.

Definition 3.3. A solution u € C of problem (1), (2) is said to be oscillatory if it is neither
eventually positive nor eventually negative. Otherwise, u is called nonoscillatory.

Theorem 3.3. In addition to condition (H), assume that:

(H') v is an eventually positive nondecreasing lower solution, or w is an eventually negative
nonincreasing upper solution of (1), (2).
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Then every solution u of (1), (2) such that u € [v,w] is nonoscillatory.
Proof. Assume that v is an eventually positive. Thus there exists 7, > 0, such that

v(t) >0 forall t>T,.

Hence, u(t) > 0 for all ¢ > T,,. This means that y is nonoscillatory.

Analogously, if w is an eventually negative, then there exists 73, > 0, such that u(¢) < 0; for
all ¢ > T,,, which means that « is nonoscillatory.

The following theorem concerns the oscillatory behavior of the solutions of problem (1), (2).

Theorem 3.4. In addition to condition (H) assume that:

(H") v and w are oscillatory lower and upper solutions, respectively, of (1), (2).
Then every solution u of (1), (2) such that u € [v,w| is oscillatory.

Proof. Assume that problem (1), (2) has a nonoscillatory solution « on /. Then there exists
T, > 0 such that u(t) > 0 or u(t) < 0 for all ¢ > T,. In the case where u(t) > 0 for all
t > T,, we have w(t) > 0 for all ¢ > T,,, which is a contradiction since w is an oscillatory upper
solution. Analogously, if u(t) < 0 for all ¢ > T, we have v(t) < 0 for all ¢ > T, which again
is a contradiction since v is an oscillatory lower solution.

4. Caputo fractional g-difference inclusions. We begin by defining what we mean by a
solution of the fractional inclusion problem (2), (3).

Definition 4.1. A function v € AC(I) is said to be a solution of problem (2), (3) if u(0) = wuy,
and there exists a function f € Spo, such that CDf;u(t) = f(t) a.e. t €1

Definition 4.2. A function w € AC(I) is said to be an upper solution of (2), (3) if w(0) > wuy,
and there exists a function vi € Spey Such that CDg“w(t) > vy (t) a.e. t € 1. Similarly, a function
v € AC(I) is said to be a lower solution of (2), (3) if v(0) > wuy and there exists a function
vy € Spop Such that ©Dv(t) < vy(t) a.e. t € 1.

We will need the following fixed point theorem.

Theorem 4.1 (Martelli’s fixed point theorem [33]). Let X be a Banach space and N :
X — Peoeo(X) be an upper semicontinuous and condensing multivalued operator. If the set
Q:={ue X: € N(u) for some A\ > 1} is bounded, then N has a fixed point.

4.1. Existence of solutions.

Theorem 4.2. Assume that the following conditions hold:

(H1) F:IxR — Peypeo(R) is Carathéodory;

(H2) There exist v,w € AC(I) which are lower and upper solutions, respectively, of
problem (2), (3) such that v < w;

(H3) There exists | € L*(I,R") such that

Hy(F(t,u), F(t,u) <l(t)lu—u| forall wu,ué€R,
and
d(0,F(t,0)) <I(t) ae. tel.
Then the problem (2), (3) has at least one solution u defined on I such that

v<u<w.
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Proof. Consider the multivalued operator N : C(I) — P(C(I)) defined by

Pt — gg)(a=D)
N(u) = {hEC(I):h(t)uo+/(tI‘Z(L)1v(s)dqs, UGSFOH}.
0

Clearly, the fixed points of IV are solutions of the problem (2), (3).
Consider the following modified problem:

“Deu(t) € F(t,r(u(t)), for ae tel, 8)
u(0) = uo, €))
where
7(u(t)) = max {v(t), min{u(t), w(t)}},
and

A solution to (8), (9) is a fixed point of the operator N : C'(I) — P(C(I)) defined by
N(u) = {h € C(I): h(t) =u(0) + (IJv)(t)},

where

o7 (u)

Ve {x € Sh. . ia(t) > vi(t) on A and z(t) < va(t) on Ag},

Shory) = {7 € L'(I): a(t) € F(t, (ru)(t) ae. tel},

Ay ={tel:ut) <v(t) <w()}, Ay ={tel:v(t) <w(t) <u(t)}.

Remark 4.1. (i) For each u € C(I), the set g};w(u) is nonempty. In fact, (H1) implies that

there exists v3 € S}JO () SO We set

(u)
U =U1XA; T U2X A, T U3X A3,

where

Az ={teI:v(t) <u(t) <w(t)}.

Then by decomposability, = € §}707(u).

(i) From the definition of 7, it is clear that F'(-, 7u(-)) is an L!-Carathéodory multi-valued
map with compact convex values and there exists ¢; € C(I,R") such that

|F(t, Tu(t))|, < ¢1(t) foreach weR.
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Now set

1|7

R = Jug| + Pl
[uol Fy(1+4 )

and consider the closed and convex subset of C(I) given by
B={ueC(): |ullc < R}.

We shall show that the operator N : B — P, .,,(B) satisfies all the assumptions of Theorem 4.1.
The proof will be given in steps.

Step 1. N(u) is convex for each uw € B. Let hy, hy belong to N(u); then there exist
vy, € g%?‘m-( such that, foreach ¢t € I and ¢ = 1,2, we have

u)

h@(t) = U(O) + (Igl/i)(t).

Let 0 < d < 1. Then, for each t € I, we have
¢
(t— qs
(dhy + (1 — dha) (t) = u(0) + / D () + (1 — dyua(s)] dgs.
0

Since Spor(y) 18 convex (because F' has convex values), we have
dhy + (1 —d)hy € N(u).
Step 2. N maps bounded sets into bounded sets in B. For each h € N(u), there exists
vE S}%T(u) such that
! 1)
t _ Oé
)+ / qs v(s)dys.
0
From conditions (H1) - (H3), for each ¢t € I, we have

F(t— gs)@D)
6) < ()] + | [ vl dis| <
0

91l T

< lug| + .
< Juol T,(1+ )

Thus,

7)o < R.

Step 3. N maps bounded sets into equicontinuous sets of B. Let t1,t € I with t; < t9, and
let w € B and h € N(u). Then

t1

— gs)e—1) _ — gs)@—1)
’h(tg) _ h(tl)’ _ / ‘(t2 qs) Fq(a()tl qs) |V(S) dys+

0
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- / |(t2 — gs){ @D — (t; — gs)( D)

ey 1(s)] dgs+

to
|(t2 — gs)@ V|
+/’1/(5)‘d s <
; I‘q(‘l) I
1

t1
(ts — q5)@=D) — (t;  gs)la—D
< ol | | |

dgs+
Fq<0‘) K

0
to
|(t2 — gs) )]
+H¢1”OO/Fq(a)qu—>0 as t1 — to.
t1

As a consequence of the three steps above, we can conclude from the Arzela— Ascoli theorem
that N: C(I) — P(C(I)) is continuous and completely continuous.
Step 4. N has a closed graph. Let u,, — uy, h, € N(uy), and h, — h,. We need to show

that h, € N(us). Now h,, € N(u,) implies there exists v, € 5; such that, for each t € I,

o7 (un)

Pt — gs)(@D)
hi(t) = u(0) +/(trz()a)vn(s) dgs.
0

We must show that there exists v, € §11,07( such that, for each ¢t € I,

U )

Pt — gg)(@D)
ha(t) = u(0) +/“F‘Z<L)u*(s) dys.
0

Since F'(t,-) is upper semi-continuous, for every e > 0, there exists a natural number ng(e) such
that, for every n > ng(e), we have

vn(t) € F(t, Tun(t)) C F(t,us(t)) +€B(0,1) ae. tel.
Since F'(-,-) has compact values, there exists a subsequence vy, (-) such that

Un,, () = v«() as m — oo,
and
vi(t) € F(t,Tu.(t)) ae. tel.

For every w € F(t,Tu«(t)), we have

Vi () = 1 (8)] < [, (1) = 0] + |0 — 12(0).
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Hence,
|V (8) = v ()] < d (v, (£), F (£, Tus(t)).

We obtain an analogous relation by interchanging the roles of v,,,, and v, to obtain

Vi (£) = v ()| < Ha(F(t, Ttn,, (1)), F(t, Tus(t))) < 1(E)||tn,, — t]|oo-

Thus,

Therefore,

t
(tl S)(afl)
Vo, — alloo < lfttmy, — u*noo/ | |
0

so Lemma 2.3 implies that NV is upper semicontinuous.

l(s)dgs =0 as m — oo,

159

Step 5. The set Q@ = {u € C: \u € N(u) for some X\ > 1} is bounded. Let u € ). Then,

there exists f € )\(Spog(u)) such that

t
(t —gs)*Y
)\ut:ug—l—/fs dgs.
(t) = Juol Ry Wl dy
0
As in Step 2, this implies that for each ¢ € I, we have

R
lulle < 5 < ¢.

This shows that €2 is bounded. As a consequence of Theorem 4.1, N has a fixed point that in

turn is a solution of (2), (3) on I.

Step 6. Every solution u of (8), (9) satisfies v(t) < u(t) < w(t) forall t € I. Let u be a
solution of (8), (9). To prove that v(t) < w(t) for all ¢ € I, suppose this is not the case. Then
there exist ¢1, t2, with ¢; < t9, such that v(¢;) = u(t1) and v(t) > u(t) for all ¢ € (¢, t2). In

view of the definition of 7,
“Dgu(t) € F(t,v(t)) forall te (t,ta).
Thus, there exists y € Spor(y) With y(t) > v1(t) a.e. on (t1, t2) such that
“Dou(t) =y(t) forall te (t,ta).

An integration on (1, t], with ¢ € (t1, t2), yields
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F (¢ gg)(@=D)
utt) =yt = [ %a@) dy

t1

Since v is a lower solution of (2), (3),

t

_ gg)@D)
v(t)—v(tl)g/%vl(s)dq, Le (1, t2).

t1
From the facts that u(ty) = v(to) and v(t) > v1(t), it follows that

o(t) <u(t) forall te (t, to).

This is a contradiction, since v(t) > u(t) for all ¢ € (¢1, t2). Consequently,

v(t) <wu(t) forall tel.

Similarly, we can prove that

u(t) <w(t) forall tel.

This shows that

v(t) <wu(t) <w(t) forall tel.

Therefore, the problem (8), (9) has a solution « that is also a solution of (2), (3) and satisfies
v<u<w.

4.2. Nonoscillation and oscillation of solutions. As in Theorems 3.3 and 3.4, the following
results ensure the nonoscillation and oscillation of solutions of problem (2), (3).

Theorem 4.3. In addition to conditions (HI)— (H3), assume that:

(H4) v is an eventually positive nondecreasing lower solution, or w is an eventually negative
nonincreasing upper solution of (2), (3).
Then every solution u of (2), (3) such that u € [v,w] is nonoscillatory.

Theorem 4.4. In addition to conditions (HI)— (H3), assume that:

(H5) v and w are oscillatory lower and upper solutions, respectively, of (2), (3).
Then every solution u of (2), (3) such that u € [v,w] is oscillatory.
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