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We investigate the optimal control problem with respect to coefficients of the degenerate parabolic variati-
onal inequality. Since problems of this type can have the Lavrent’ev effect, we consider the optimal control
problem in a class of so-called H-admissible solutions. We substantiate the attainability of H-optimal
pairs via optimal solutions of some nondegenerate perturbed optimal control problems under the condition
of solvability of the original degenerate problem.

HocaimkeHo 3amaqy ONTHMaJIbHOTO KepyBaHHS B KoedillieHTaxX IS BUPOIKEHOI ITapaboIiaHoi Bapialliii-
Hoi HepiBHOCTI. OCKINBbKHY B 3aja4aX TaKOro TUITY MOXe BUHUKATH eeKT JIaBpeHTheBa, MU PO3TISIIAEMO
3a7a4y B Kjaci Tak 3BaHUX H-IOIMyCTUMUX po3B’s13KiB. OOIPYHTOBAHO MOCTYIHICTh H-ONTUMAaIbHUX
Iap ONTUMaJbHUMHU PO3B’SI3KaMM JEeSIKUX HEBMPOIKEHUX 30ypeHUX 3aay ONTHUMaIbHOTO KepyBaHHs 3a
YMOBH PO3B’SI3HOCTI BUX1IHOI BUPOIKEHOI 3aavi.

1. Introduction. The purpose of this paper is to investigate optimal control problem associated
with a degenerate parabolic inequality. The control is a matrix of coefficients in the main part of
elliptic operator. It is well known that degenerate control problems of this type may admit non-
uniqueness of admissible solution classes, which implies non-uniqueness of optimal solutions of
particular kind and the optimal control problem in the coefficients can be stated in different forms
depending on the choice of the class of admissible solutions (for example W- or H-solutions if
we consider the weight Sobolev space W or its subspace H as the phase space, correspondingly)
(see [1-5]).

Note, that optimal control problems in coefficients for PDE are not new in the literature, and
as F. Murat shows in [6], in general, such problems have no solution even if the original elliptic
equation is non-degenerate. But such problems are widely studied by many authors since this
topic includes optimal shape design problems, optimization of certain evolution systems, some
problems originating in mechanics and others. We could mention Butazzo and Dal Maso [7],
Lions [8], Murat [9] and others.

Taking into account a wide spectrum of application of the optimal control theory, in particular,
we deal with possibilities of some types of approximation of original problems by those that are
better researched and converge to the original problems by suitable way. For example, we refer
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to [10] and references there, where the authors justify the application of the averaging method
to optimal control problems for systems of differential equations on the half-line, for optimal
control problems for systems of differential equations linear in the control the authors prove
the existence of optimal controls for the exact and averaged problems and show that an optimal
control in the averaged problem is ¢-optimal in the exact problem. It is known that rather popular
in such class of problems is the problem of approximation of controls. In [11] for a problem of
optimal control for a parabolic equation, in the case of bounded control, the authors construct
and justify an approximate averaged control in the form of feedback. In [12] the authors construct
approximations of optimal bounded controls for optimal control synthesis in a parabolic problem
with fast oscillatory coefficients and prove their convergence to the exact values. As for problem
studied in the given paper, in application a degenerate weight p occurs as the limit of a sequence of
non-degenerate weights p. for which the corresponding “approximate’ optimal control problem
is solvable. Thus, naturally, it arises the question: if limit points of the family of admissible
solutions to the perturbed problems appear to be admissible solutions to the original problem,
whether all optimal solutions are attainable in this sense? Note that for some optimal control
problems the attainability and approximability questions remain in the focus of attention. In
particular, similar questions were raised in [1, 3] for the degenerate boundary value problems
without controls. In [13] the author studies the attainability issue for optimal control problem in
coefficients for degenerate variational inequality of monotone type in the class of H-admissible
solutions. In [5] the authors prove the existence of W-solutions to the optimal control problem
and provide way for their approximation.

Here we concentrate on the optimal control problem in coefficients in the so-called class of
H-admissible solutions. Moreover, we are interested about attainability of H-optimal solutions to
degenerate problems via optimal solutions of non-degenerate problems. The paper is organized
as follows. In Section 2 we give the collection of preliminary results. In Section 3 we state the
problem of optimal control in coefficients and prescribe the solvability of degenerate variational
inequality that gives us the regularity of the original problem. Section 4 is devoted to the
attainability of H-optimal solutions via the optimal solutions to the special perturbed problems
for non-degenerate variational inequalities.

2. Notations and Preliminaries. 2.1. Weighted Sobolev Spaces. Let 2 be a bounded
subset of RY (N > 1) with a Lipschitz boundary. Let xg be the characteristic function of a
subset £ C Q, i.e., xp(z) =1 if x € E, and xg(x) = 0 if ¢ E. The space WOI’I(Q) is the
closure of C§°(€2) in the classical Sobolev space W1(Q2). For any subset E C 2 we denote by
|E| its N -dimensional Lebesgue measure £V (E).

Hereinafter by a weight we mean a locally integrable function p on RY such that p(x) > 0 for
a.e. z € RV, As a matter of fact every weight p gives rise to a measure on the measurable subsets

of RY through integration. This measure will also be denoted by p. Thus p(E) = / pdx for
E

measurable sets £ C RY. We will use the standard notation L?(Q, p dx) for the set of measurable
functions f on 2 such that

1/2

1 fllz2@,pde) = /fzpda: < +oo.
0
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202 N. V. KASIMOVA

Definition 1. We say that a weight function p:RY — R is degenerate on Q) if
p+p '€ L (RY) (1)

and the sum p + p~! does not belong to L>(2).
With each of the degenerate weight functions p we will associate two weighted Sobolev
spaces W (2, pdz) and H(Q2, pdx), where W (€, pdx) is the set of functions y € Wol’l(Q) for

which the norm
1/2
lyll, = ( / (v + pIVyP) dx) )

Q

is finite, and H (), pdx) is the closure of C§°(Q2) in W(, pdx)-norm. Note that due to the
compact embedding W(}’l(Q) — LY(Q) and estimates

1/2
/\y!dﬂc < 91/2(/242613?) < VIQlyllp,
Q Q

1/2 1/2
/ Vydx<( / vﬁpd:c) ( / pldx> < Oyl
Q Q

Q

we come to the following result (we refer to [3, 14] for the details):
Theorem 1. Let p: RN — R, be a degenerate weight on Q. Then
(i) the spaces H(Q, pdx) and W (2, pdx) are complete with respect to the norm || - || ,;
(i) H(Q,pdx) CW(Q,pdx), and W (2, pdzx), H(Q, pdx) are Hilbert spaces;
(i) H(Q,pdx) c Wy (Q), W(Q, pdx) € W' (), and the estimate

1/2
ol = [ VI + (/pldw) [oll,

Q

is valid for every element v € H(S), pdx) U W (Q, pdz);

(iv) the embeddings H (S, pdx) — LY(Q) and W (Q, pdz) < L*(Q) are compact.

If p is non-degenerate weight function, that is, p is bounded between two positive constants,
then it is easy to verify that W(Q, pdz) = H(Q, pdx). However, for a “typical” degenerate
weight p the space of smooth functions C§°(2) is not dense in W ({2, pdx). Hence the identity
W(Q, pdzx) = H(2, pdz) is not always valid (for the corresponding examples we refer to [15, 16].

We recall that by Riesz Representation Theorem the dual space (H (2, p dx))* of weighted
Sobolev space H (2, pdz) can be characterized as follows: if g € (H(, pd:c))* then there exist
functions go € L2(Q) and g € L?(%, pdz)Y such that

(9,y) = /goydx+/(gi,Vy)RNﬂdfr Vy € H(, pdx), 3)
Q Q
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where by (-, -) we denote the duality between elements of (H (€2, pdz)) " and H(Q, pdz), respecti-
vely. Furthermore,

1/2

9l (r(0,p dw))= = inf /\go\2d$+/\93’ngPd$ . g satisfies (3)
0 0

Remark 1. Note that under some additional suppositions Theorem 1 can be specified as
follows: assume that there exists v € (N/2, +00) such that p=% € L*(Q). Then

2

lyl|| = /p!VyIde

Q

is a norm defined on H (€, pdz) and it’s equivalent to (2) and that, the embedding H ({2, p dx) —
< L2(£2) is compact [17, p. 46].

To conclude this section we recall some results concerning variational triplets. Let V_ =
= H(Q,pdz),V = L*(Q) and let V* = (H(, pdz))”. Let X = L*(0,T;V_). Then the dual
space of X is X* = L2(0,T;V*). For any y € X, let 3 denotes the generalized derivative of
y(t) =y(t,),, ie.,

T T
/y'(t)w(t) dt = —/y(t)w'(t) dt Vo e G52 ([0, T1).
0 0

Then we have the following result (see [18]):

Lemma 1. Assume that there exists v € (N/2,+00) such that p=° € L'(Q). Then V_ C
C V C V* is an evolution triple, i.e., the embeddings V_ — V — V* are continuous, and the
embedding V_ — V is compact. Moreover, W = {y € X,y € X*} equipped with the norm

lylw = llylla + 1y |a= = Wl 20,112 pdz)) + 16 | 220,731 (92, p d))*)

is a Banach space such that:

(1) the embedding VW — C([O, T7; LQ(Q)) is continuos,

(i) the embedding W — L*(0,T; L*(0)) is compact.

2.2. Conditions for operator A. Let V and H will be real Hilbert spaces, V' is a dense
subspace of H and

VcHCV®

algebraically and topologically and let K be some closed convex subset of V. We shall denote
by |-| and || - || the norms in H and V, respectively, and by (-, -) the scalar product in H and the
pairing between V and its dual V*. The norm of V* will be denoted || - ||..

We are given a linear continuous and symmetric operator from V' to V* satisfying for some
w > 0, and real «, the coercivity condition

(Ay,y) + ay]* > wlly|* forall yeV. 4)
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204 N. V. KASIMOVA

Assume in addition that for some w; > 0
(Av,v) > wi|[v]|* Yo eV 5)

Referring to [19] we make use the following assumption.
Hypothesis A. There exists h € H such that

(I+eAy) Y(v+eh)e K forall e>0 andall ve K, Apy=AynH.

2.3. Smoothing. Throughout the paper ¢ denotes a small parameter which varies within
a strictly decreasing sequence of positive numbers converging to 0. When we write € > 0, we
consider only the elements of this sequence, while writing £ > 0, we also consider its limit ¢ = 0.

Definition 2. We say that a weight function p with properties (1) is approximated by non-
degenerate weight functions {p®}.~o on Q if:

p°(2) >0 aein Q p°+(p°) 1€ L) Ve>0, (6)
F=p ()P =pt in LYQ) as e —0. (7)

Remark 2. The family {p°}.~¢ satisfying properties (6), (7) is called the non-degenerate
perturbation of the weight function p.
Examples of such perturbations can be constructed using the classical smoothing. For instance,

let @ be some positive compactly supported function such that Q € L>(R"V), / Q(z)dx =1,
RN

1
loc

and Q(r) = Q(—=). Then, for a given weight function p € L{ (RY), we can take p°* = (p).,

where

P)e) = = | Q(l’j)pu)dz: [ @Gta+ e =
s

RN

In this case, we say that the perturbation { pF = (p)g}€>0 of the original degenerate weight
function p is constructed by the “direct” smoothing scheme.

Lemma 2 [1]. If p,p~! € Li, (RN), then the “direct” smoothing {p* = (p)}_., possesses
properties (6), (7).

2.4. Weak Compactness Criterion in L'(2). Throughout the paper we will often use the
concepts of the weak and strong convergence in L'(Q). Let {a.}.~o be a bounded sequence in

LY(9). Werecall that {a.}.~0 is called equi-integrable if for any § > 0 there exists 7 = 7(J) such
that / lac| dz < § for every £ > 0 and every measurable subset S C ) of Lebesgue measure

5

|S| < 7. Then the following assertions are equivalent:

(i) a sequence {a.}.~o is weakly compact in L!(Q);

(ii) the sequence {a.}.>0 is equi-integrable;

(iii) given 0 > 0 there exists A = A(d) such that sup,- / las| dx < 6.

{lac|>A}

Theorem 2 (Lebesgue’s Theorem). Ifabounded sequence {a.}.~o C L' () is equi-integrable

and a. — a almost everywhere on Q, then a. — a in L*(Q).
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2.5. Radon measures and convergence in variable spaces. By a nonnegative Radon
measure on {2 we mean a nonnegative Borel measure which is finite on every compact subset of (2.
The space of all nonnegative Radon measures on (2 will be denoted by M (€2). If x is nonnegati-
ve Radon measure on 2, we will use L™ (2, du), 1 < r < oo, to denote the usual Lebesgue space

1/r
with respect to the measure p with the corresponding norm || f|| - (0,4.) = ( / |f(x)|" d,u) .
Q

Let {1 }e>0, # be Radon measures such that z. — o in M (Q); that is,

iy [ pdic = [wdu Vo€ CHRY),

e—0
Q Q

where Cy(RY) is the space of all compactly, supported continuous functions. A typical example
of such measures is du. = p°(x)dz, du = p(x)dz, where 0 < p° — p in LY(Q). Let us recall
the definition and main properties of convergence in the variable L?-space [2].

1. A sequence {v. € L*(Q,dp.)} is called bounded if

limsup [ |ve|? dpe < +oc.
e—0 5

2. A bounded sequence {v. € L*(Q,dpu.)} converges weakly to v € L*(€, dpu) if

lirn/vgpdus = /wpdu
e—0
Q Q

for any p € C§°(Q2) and we write v. — v in L*(Q,dpu.).
3. The strong convergence v. — v in L*(Q, du.) means that v € L?(2, du) and

lim vé-zgdug—/vzd,u as z. —z in  L*(Q,du.). ®)

e—0
Q Q

The following convergence properties in variable spaces hold:

(a) Compactness criterium: if a sequence is bounded in L?(€, dp.), then this sequence is
compact with respect to the weak convergence.

(b) Property of lower semicontinuity: if v. — v in LP(£2,du.), then

liminf/]vglzdug > /02 du.
e—0
Q Q

(c) Criterium of strong convergence: v. — v if and only if v. — v in L?(Q, du.) and

lim/|v5|2d,u€:/v2d,u.
e—0
Q Q

Concluding this section, we recall some well-known results concerning the convergence in
the variable space L?(€2, pf dx):
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206 N. V. KASIMOVA

Lemma 3 [1,2]. If {p°}c>0 is anon-degenerate perturbation of the weight function p(z) > 0,
then:

Ay (p°) ' = ptin L*(Q, pf du);

(A») [ve — v in L*(Q, p° dw)} = [ve —vin Ll(Q)] ;

(A3) If a sequence {v. € L*(Q,p"dx)}__, is bounded, then the weak convergence v. — v
in L?(Q, pf dx) is equivalent to the weak convergence p°v. — pv in L'(Q);

(Ay) If a € L®(Q) and v. — v in L*(Q, p° dx), then av. — av in L*(Q, p°dx).

2.6. Variable Sobolev spaces. Let p(x) be a degenerate weight function and let {p°}.~
be a non-degenerate perturbation of the function p in the sense of Definition 1. We denote by
H(Q, p*dx) the closure of C§°(£2) with respect to the norm || - || .. Since for every ¢ the function
p° is non-degenerate, the space H (2, p°dx) coincides with the classical Sobolev space Wol’p ().

Definition 3. We say that a sequence {yE e HQ,p dac)} converges weakly to an element
y € W(Q, pdz) as € — 0, if the following hold:

(1) this sequence is bounded;

(i) ye —y in L2(Q);

(iii) Vy. — Vy in L?(Q, p°dx)N

2.7. Compensated compactness lemma in variable Lebesgue and Sobolev spaces. Let
{p°}e>0 be a non-degenerate perturbation of a weight function p. We associate to every p° the
space

X, = {fe L2(0,T; LA(, pdx)™) | div(p ) € L2(0, T LZ(Q))} Ve > 0
and endow it with the norm
7 712 YN 1/2
171, = (11220 msn20 0y + 1 VGF )0 zia20)) -
We call a sequence {f. € X,-}__, bounded if
i 11 x,. <+

Also let us consider the space H. = {y € H(Q,p%dx) | v € L*(0,T;L*(2))}. Composing
suggestions of [20] (Lemma 4) and [21] (Theorem 2) we obtain the next result, which is rather
useful for investigating of the attainability.

Lemma 4. Let {p°}.~0 be a non-degenerate perturbation of a weight function p(z) > 0.
Let {f: € L*(0,T; L*(, p°dx)") Yoo and {ge € He}eso be such that {f-Yeso is bounded in
the variable space X,., f- — f in L?(0,T; L*(Q, p°dz)N) as € — 0, {ge}es0 is bounded in
the variable space H., g- — g in L*(0,T;L*(2)), and Vg. — Vg in L*(0,T; L*(2, p°dz)"),
g. = ¢ in L*(0,T; L*(Q)) as ¢ — 0. Then

T

T
ti [ [ (7o)t vdode = [ / (F, Vg o das .
0 Q

0

Vo € CF(Q), o€ CF(0,T).
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3. Setting of the Optimal Control Problem (OCP). Let p be given element of L'(Q)
satisfying the conditions

0<p(z) aein p Ve LY(Q) forsome v e (N/2,+c0).

Then in view of the estimate

1/v 1/v*
e () e

Q Q Q

where v* = v/(1 —v) is the conjugate of v, we have: p~1 € L}(Q), i.e.,, p is a degenerate weight
in the sense of Definition 1.

Let K be a non-empty convex closed subset of the space L?(0,T; H(Q, pdz))) such that
0 € K, yaa, f € L*(0,T;L*(Q)) be given elements. Consider the next OCP in coefficients for
degenerate variation parabolic inequality:

T
://\y—yad|2dxdt—>inf, ©)
0 Q
T T N 5 8( )
oy (Y AvTY) _
[ [t [ (5 [ (nsorge) s [t
00 0 \bi=lg Q
T
//fv— y)dxdt, Yvelk, (10)
0 Q
U€lp, yeK, y eL?*0,T;L%Q)), (11)
y(0,2) =0, z €. (12)

Here

Una = {U = [di,.., a5 € MSP(Q) | | div(pdi)| <, ae.in Q Vi=1,... N},

where v = (71,...,7n) € RY is a strictly positive vector, Mg"’B(Q) (0<a< B < +o00)isaset
of all symmetric matrices U(z) = {a; j(z)}1<ij<n in L®(Q;RY x RY) such that the following
conditions are fulfilled:

\ai,j(ac)\ <p ae. in Vi, j € {1, .. .N}, (13)

(U@)(€—n).&—nry >0 ae. in Q VneRY, (14)
N

(U( Z a; ()&, >Oz|f|2 ae. in Q. (15)
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208 N. V. KASIMOVA

Definition 4. We say that y € K, for which the inequality (10)—(12) takes place is called an
H-solution.

For every fixed control U € Mg’ﬁ (€2) let us consider the linear operator A: H(S2, pdx) —
— (H(, pdzx))” defined as

N
(Ay),v) = Z/(ai,j(w)gy> a“pda:+/yvdx for ve H(Q, pdz).  (16)
Q

x; ) Ox;
=19 ! ‘

It can be shown that taking into account (13)—(15) we obtain (4), and as a corollary (5).

Hereinafter we shall suggest that the Hypothesis A is fulfilled for V' = H(Q, pdz), H =
=L%(Q), A:H(Q, pdx) — (H(Q,pdz))", defined by (16).

Note, that the set of optimal solutions for the problem (9)—(12) is nonempty (see for details
[22] (Theorem 5)).

4. Attainability of H-optimal solutions. In this section we show that H-optimal solutions
of (9)—(12) can be attained by optimal solutions of perturbed problems considering an appropriate
non-degenerate perturbation for the original OCP.

Let p be a degenerate weight function with properties (1), and let {p°}.~o be a direct
smoothing of a degenerate weight function p(z) > 0.

Definition 5. We say that a bounded sequence

{(Ue,9e)}es0 € Yo = L¥(QRVY) x .
w-converges to
U,y) € L¥(RYN) x H = {y € L*(0,T; H(Y, pdx)) |y € L*(0,T; L*(Q)) }
in the variable space Y. as € — 0, if
U. - U weakly-+ in L>®(Q;RV*N), y- =~y in L*(0,T;L*Q)),
Vye = Vy € LX(0,T; (L*(Q, p°dx))Y),  (y) =y in L*(0,T; L*(Q)).

Similarly to [13] (Definition 8) and [23] (Definition 5.13) we consider the next concept.
Definition 6. We say that a minimization problem

< it 1T, y>> (17)

is a weak variational limit (or variational w-limit) of the sequence

{< inf IE(Ug,y5)>; = € Y, 6>0}, (18)

(Us :ys)EEs

with respect to w-convergence in the variable space Y., if the following conditions are satisfied:
() if {ex} is a subsequence of {e} such that ¢}, — 0 as k — oo, and a sequence {(Uy, yi) €
€ Z¢, fes0 w-converges to a pair (U,y), then

(U,y) €En: I(U,y) < lim I, (U, yr); (19)

k—o0
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(i1) for every pair (U,y) € Ex and any value 6 > 0 there exists a realizing sequence
{(Ue, i) € Y}, such that

(Ueﬁge) €= Ve>0, (ﬁaaga) ﬂ> (Uvg)a
IU = Ullpoemveny + 1y — 9l 20,m:m @000y + 18 — 8 220,020y < 6,

I(Uu y) 2 m IE(Uﬁv QE) — 0.
e—0

Applying similar suggestions to [13] (Theorem 4) and [23] (Theorem 5.4) we obtain the next
result.
Theorem 3. Assume that (17) is a weak variational limit of the sequence (18), and the

constrained minimization problem (17) has a solution. Suppose {(U?,y?) € E.}__ is asequence

of optimal pairs to (18). Then there exists a pair (U°,y°) € Zg such that (U?,y0) % (U°,4°)
and

inf  I(U,y) =1(Uy°) = li inf  I.(U.,v.).
iz, O =IOV =10 ) e, eUeve)

Let us consider the sequence {K.}.~o of non-empty closed and convex subsets, which
sequentially converges to the set X in the sense of Kuratovski as ¢ — 0 with respect to the weak
topology of the space L?(0,T; H (S, pdx)). Taking into account Theorem 3, we consider the
following collection of perturbed OCPs in coefficients for non-degenerate parabolic variational
inequalities:

T
Minimize {IS(U, y) = //(y(:v,t) — Yaa(z, 1)) dx dt} , (20)
0 Q

(W', v = Y) 20,110, pedz))

+ (= div(p"UVY) + y,v = Y) 12(0,7:H(Q,peda)) =

>{fiv =Y r20mrH©OQcd) TV E K, (2D
UeUs,, yeK. y e€L*0,T;L%Q)), (22)
y(0,z) =0, z € Q, (23)

e = {U: (@1, dy] € MEP(Q) | |div(p®d)| < v, ae. in O Vz‘:l,...,N}, (24)

where the elements y,q, f € L?(0,T;L?(Q)) and v = (71,...,vn) € RY are the same as for the
original problem (9)—(12). For every ¢ > 0 we define =, as a set of all admissible pairs to the
problem (20)—(24), namely (U, y) € =, if and only if the pair (U, y) satisfies (20)—(24).

Note that each of perturbed OCPs (20)—(24) is solvable provided {p°}.~¢ is a non-degenerate
perturbation of p > 0, in particular, for “direct” smoothing of p > 0 (see for details [19]
(Proposition 5.1) taking into account properties of variable Sobolev Spaces).
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210 N. V. KASIMOVA

Remark 3. Let us recall that sequential K-upper and K-lower limits of a sequence of sets
{Ek}ren are defined as follows, respectively:

Ks—mEk:{yeX: do(k) = o0, Jyr >y Vk € N: ykEEU(k)},
Ks—@Ek:{yEX: Jyr =y, Jk > ko €N: ykEEk}.

The sequence {E})}ren sequentially converges in the sense of Kuratovski to the set E (shortly,
K -converges), if E = K, — lim Ej, = K, — lim E,.

We are now in position to show that each optimal solution to the problem (9)—(12) can be
attained by admissible solutions to perturbed problems (20)—(24), however there exists at least
one optimal solution (Uy,yo) € =y which can be attained by optimal solutions to perturbed
problems (20)—(24). Namely, the next results take place.

Lemma 5. Let {p° = (p)c}es0 be a “direct” smoothing of a degenerate weight function
p(z) > 0. Let {(U.,y.) € Ef}s>o be a sequence of admissible pairs to the problem (20)—(24).
Then there exists a pair (U*,y*) and a subsequence {(Us,, ye,) } oy Of {(Ue,ye) € 2}, such
that (U, ,y:,) — (U*,y*) as k — oo and (U*,y*) € Zg.

Proof. Let us consider the relation:

<y::a Ve — ya>L2(0,T;H(Q,pEd5L‘))+
+ (= div(p UeVye) + ye, ve — y€>L2(O,T;H(Q,p5dat)) >
> (f,0e — Ye) L2015 H(Qupde)) Ve € K. (25)

As follows from (24) the sequence {U.}.~o is bounded in L>(Q; RY*¥). Let us suppose that
the sequence {y.}.~o is bounded in L?(0,T; L*(£2)) and prove the boundedness of {y.}.~o in
L?(0,T; H(Q; p°dx)). By contradiction, suppose that YellL2(0,7:H (02, peda)) — 00, € — 0. Then
on the one hand

<_ le(pEUEVyE) + y€7 ys - U€>L2(O,T;H(Q,p5dac)) S
<=yl + frye — U€>L2(O,T;H(Q,p5d:p) <

< (||yéHL2([o,T];L2(Q)) + ||f||L2(O,T;L2(Q))> e = vell20 (@ pedey YV € Ko Ve >0,
(26)

On the other hand, for arbitrary fixed elements v € K let us consider the sequence {v. € K.}.~0
such that v. — v in L%(0,T; L?(§; p°dx)) (such sequence always exists provided K = Ky —
— lim K. ), and then taking into account properties for operator A: H(S, pdz) — (H(£, pdm))*
and definition of norm in L*(0,T;H (S, pdz)), we can consider the next estimation for A:
L*(0,T; H(Q, pdx)) — L2(0,T; (H(Q, pdz))™) : for every fixed U € M3’ (Q)

(AU, ),y = v) = min{e, Yl 72070160, pdr))

— max{ 8, L}Hv| z2(0,7;1(0,pdx)) 1Y L2 0,7 H (02, pder))
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ve L*(0,T; H(Q, pdx)).
Thus, we obtain the following relations:

(= div(p"UeVye) + Yes Y — Ve) L2(0,7;H(Q p8 dir))
llye — Ue”L?(o,T;H(Q,pfdx))

>

(= div(p°UeVye) + Ye, Ye — Ve) 12(0,7;H (p5 dr)) >
Vel 0,11 peda)) + IVellL20. 1 H(Qp7de))

min{a? 1}||yH%Q(O,T;H(Q,pEdz)) - maX{Bv 1}HU”L2(O,T;H(Q,p5dz)) ||y”L2(O,T;H(Q,p€d3:))

Yell2(0.1: 1 (.pda)) + Vel 20,7 (02, pe )

min{or 1) — max{ B, L}|vell L2 (0,71 (2, pd2))
Hys||L2(o,T;H(Q,psdx))
= Hya”LQ(O,T;H(Q,pEdac)) — 00, €—0,
14 HUEHL?(O,T;H(Q,deaz))
||y€HL2(O,T;H(Q,p5d:Jc))

since the sequence {v}.>¢ is bounded in L?(0,T; H(Q, p°dx)). The obtained contradiction with
(26) implies that {y.}.~o is bounded in L?(0,T; H(S, p°dz)).

Hence, there exists a subsequence {¢;} of the sequence {c}, converging to 0 and elements
U* e MyP(Q), v e L2(0,T;L2(Q)), 7 € L2(0,T;(L*(Q,pdz))N) and € € L2(0,T;
(L2(Q, p°dz))™) such that: U., — U* weakly-* in L>(Q; RV*N) g — y* in L2(0,T; L*(2)),
Ve, = T in L*(0,T; (L3(Q, p°dz))™), yo, — (y*)" in L?(0,T; L*(Q)), U., Ve, =: & — £in
L?(0,T; (L*(Q, p°dx))) as k — oo.

By [13] (Theorem 3), taking into account properties of the Bochner integral and Definition of
equivalent functions (see [24] (Definition 1.6) and [24] (Definition 1.8)), we have that y* €
€ L*(0,T; H(Q, pdz)), and v = Vy*, and, moreover, we have y* € K, (y*) € L*(0,T; L*(2)).

Following arguments of the proof of [13] (Lemma 11), we obtain that U* € U,,.

In what follows, we consider the relation (25) for (U, ,y.,) and pass to the limit in it as
k — oo.

Let us prove that

<* div(pgkék), Yer >L2(0,T;H(Q,p5k dx)) - <* diV(pg), y*> (27)

Taking into account (5) and Hypothesis A, in view of [22] (Proposition 1), we have — div (p*+&., )+
+ e, € L2(0,T; L*()) Vk € N and, obviously, div p*+&., € L*(0,T; L*(Q)) Yk € N.
The following relation

T
O/ Q/ o div(p™ €, ) dar dt =

T T
- O/ Q/ (., Vip)gn o™ d — — 0/ ! (E, Vp)go ptb it
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Vo € CF(R), e CF(0,T), k— oo,

means that div(p®&,) — div(pf) weakly in L?(0,7;L*(Q2)). Therefore, the sequence

{div(pakék)}keN is bounded in L?(0,T;L*(2)) and {&, }ren is bounded in X .. Taking
into account Lemma 4 we obtain (27).

Let us now prove that

T

//yak Ve, — Yey, dxdt%// Ndxdt, k— oco.

0
Having put z., :=ve, — ¥e,, 2, € L*(0,T; H(S, p°*dx)) we rewrite this relation in the form:
<yék7 26k>L2(O,T;H(Q,p5kdax)) - <<y*)lv Z>7 k — oo, (28)

where v € L?*(0,T;H(, pdz)) is the weak limit of the sequence {v., }ren in L?(0,T;
H(Q, p°dzx)) as k — oo and z =v — y*, z € L*(0,T; H(Q, pdz)).
Let us consider the left hand side of (28):

T T
//yékzgk dmdt:l://y;kzdxdt:
0 Q 0 Q
T
://y (2e, — 2)dxdt +
0 Q

T
Ig%//(y*)'zdxdt, k — oo.
0 Q

Let us consider now I;. Since the sequence {y., € L?(0,7;L*(Q))} is bounded and
yL, — (y*) in L*(0,T;L*()) as k — oo, we have that y/ — (y*)" in L'([0,T]; L}(Q)).
Hence the family {y. }ren is equi-integrable on ([0,7]) x Q. Let us show that an element
z € L*(0,T;L*()) can be interpreted as the strong limit of the sequence {z., € L*(0,T;

H(Q, pdx))}, o in L'([0,T]; L'(2)). Indeed, as follows from initial assumptions and esti-
mates

/y zdr dt = I + Is.

O\'ﬂ

It is obvious, that

T T 1/2

T
//\z€k|dxdt§/ /|zgk|2daz \Q|l/2dt§/C|Q\1/2dt:TC|Q|1/2,
0 Q 0 \Q 0

T T 1/2 1/2
//|Vz€k|2d:vdt§/ /]Vzek@ps’“dx /(psk)ldx dt <

0 Q 0 \Q Q
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T 1/2 1/2

</C /(pfk)—ldm dt =CT /(pg’“)_ldx :

0 Q Q

the family {z., }ren is equi-integrable on (0,7 x © and bounded in L* ([0, T]; W'(Q)). Hence
by compact embedding L' ([0, T]; W1 (Q)) < L'([0,T]; L' (Q)) we can assume that there exists
an element z* € L'([0,T]; L'(Q)) such that z., — 2* in L'([0,T]; L'(€2)). Taking into account
that 2., — z in L?(0,T; L*(€2)) we obtain

hm//gozekd)d:ndt //W ¥ da dt

and

T

hm//gozgkwdxdt //gozwda;dt Vo e C5° (), e C5(0,T).

0

We get z = z* almost everywhere on (0,7") x €. It means that up to a subsequence z., — z a.e.
n (0,7) x Q.

Therefore, because of boundedness of {z., — z}ren the sequence {(z:, — 2)yL, }ren is equi-
integrable on (0,7") x €2 as well. Using that fact that 2., — z a.e. in (0,7) x Q, the Lebesgue
Theorem implies that (2., — z)y., — 0 in L'([0,T]; L(Q2)). Thus, we have (28).

Therefore, as a result of limit passage in (25), we obtain

<(y*)/7 v y*>L2(0,T;H(Q,pdx)) + < —div(pg ), v — y*>L2(O,T;H(Q,pdm))+
+ <y*a U>L2(0,T;H(Q,pdz)) - k@(}@/&my€k>L2(O,T;H(Q,pEkdx)) >
> <f7 v = y*>L2(O,T;H(Q,pd$))7 Vv € K. (29)

It is left to show that £ = U*Vy*. However it can be done in a similar manner as we did it proving
[22] (Theorem 4).
Now, let us show that

T T
W (e, Yer) 20,13 1(0, ok day) = 1) / / e, | d dt = / / ly*[? de dt.
k—o00 k—o00
0 Q 0 Q
On the one hand, in view of the property of lower semicontinuity, weak convergence y., — y*
in L*(0,T; L*(Q)) as k — oo implies that:

T

T
//|y*|2d$dt< lim //\yak|2d:cdt
_>
0 Q

0 Q
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On the other hand, from (29), taking into account the representation of the vector-function £, we

obtain:
T
Iirn//]ygk|2dxdt§
k—oo
0 Q

<{(y") = div(U™(@)p(@)VY") = £, = ¥") 20 1m0 pde)) T
+ W) 20 mH@OQpd) YV EK.

Having put in the last inequality v = y*, we get

T T
lim//|y5k]2da:dt§//y*|2d:cdt.
k—o00

0 Q 0 Q

Hence, taking into account the chain of inequalities
T T
//|y*|2d;vdt < lim |y, *dedt < Tim |y, |*dedt < // ly*|? da dt
k—00 k—o0
0 Q 0 Q

we obtain that y., — y* in L?(0,T; L*(Q)) as k — oco.
Therefore, variational inequality (29) can be represented in the form

<(y*)/7 v y*>L2(O,T;H(Q,pda:))+
+ <—diV(PU*V1/*) +y*v— y*>L2(O,T;H(Q,pd$)) =
> (f,v =y ) 20 H@ Qpd)) YV € K.

Thus, w-limit pair (U*,y*) is admissible to the problem (9)—(12). Hence, (U*,y*) € Ex.

As an evident consequence of these suggestions and the lower semicontinuity property of the
cost functional (20) with respect to w-convergence in variable space Y., we have the following
conclusion: let {¢;} be a subsequence of indices {¢} such that ¢, — 0 as k& — oo, and
let {(Uk,yx) € Ec,} ren De a sequence of admissible solutions to corresponding perturbed
problems (20)—(24) such that (U, i) = (U, y). Then properties (19) are valid.

Theorem 4. Let {pE = (p)5}6>0 be a “direct” smoothing of a degenerate weight functi-
on p(x) > 0. Then the minimization problem (9)—(12) is a weak variational limit of the
sequence (20)—(24) as € — 0 with respect to the w-convergence in the variable space Y.

Proof. Under preconditions of the theorem let (U,y) € =y be any admissible pair. Firstly,
let us show that there exists a realizing sequence {(f]e, Je) € YE}€>0 such that

(Ue,e) €2 Ve >0, U.— U weakly-x in L%®(Q; RV*N);

div(p®@;. ) — div(pd;) in L*(0,T;L*(Q)) Vie{l,...,N}
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ge —y in L*(0,T5L%(Q)); Vg —Vy in L*0,T; (L3, podx))N);
gL —y in  L*(0,T;L*(Q)).

To begin with, we assume that a given control U is such that U = [dy,...,dyN] € Mza’ﬂ (©) and
| div(pd;)| < i, ae.in Q, Vi = 1,..., N. Further we construct the sequence {(U.,9:)}__, as
follows:

Ue(z) = (U)e(z) = [(&'1)5($), ce (EL’N)E(JJ)] = /Q(Z)U(.’E +ez)dz,
RN

g € L*(0,T; H(Q, pdz)) is an H-solution of (21) corresponding to U = U.. Applying similar
suggestions to [13] (Lemma 12) it can be shown that for every & > 0 the pair (U., J.) is admissible
to the corresponding optimal control problem (20)—(24). As a result, following arguments of the

proof of Lemma 5, we have that
g- —y in L*(0,T;L*(Q)), Vi. — Vy in  L*(0,T; (L*(, p°dx))N),
g.—y' in L*(0,T;L*(2)),
and
U.Vij. = UVy in L*(0,T;(L*(Q, p°dz))),

where y = y(U), for any subsequence of {g. € H.}.~o and, hence, for the entire sequence. Here
(U,y) € Zg is a given H-admissible solution to problem (9)—(12).

Note that in view of 5 we have that (U, y) = lim._, Ig(Ua, Ue ).

Taking into account Definition 6, Lemma 5 and previous suggestions we obtain the statement
of the theorem.
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