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A nonlinear system of delay differential equations (DDEs) is considered. We obtain some new results of
the asymptotic stability of a zero solution of the considered system by using well-known inequalities and
Lyapunov–Krasovskii functionals. Two numerical examples illustrate applications of the obtained results.
The results of this paper make contributions to the qualitative theory of DDEs and improve some known
results in the modern literature.

Розглянуто нелiнiйну систему диференцiальних рiвнянь iз запiзненням. Отримано новi результа-
ти про асимптотичну стiйкiсть нульового розв’язку дослiджуваної системи за допомогою деяких
вiдомих нерiвностей та функцiоналiв Ляпунова –Красовського. Наведено два числовi приклади,
якi iлюструють застосування здобутих результатiв. Результати цiєї статтi доповнюють якiсну тео-
рiю диференцiальних рiвнянь iз запiзненням, а також покращують вiдомi в сучаснiй лiтературi
результати.

1. Introduction. It can be followed from the relevant literature that the problems related to the
qualitative analysis of solutions, in particular, stability analysis of solutions of time delay systems
of first order are very effective in the qualitative theory of solutions in the literature due to that
kind of problems with time delays can be frequently encountered in various engineering systems
such as long transmission lines in pneumatic systems, nuclear reactors, rolling mills, hydraulic
systems, manufacturing processes, population dynamics, control theory and so on. For instance,
we would like to suggest the reader to look at [1 – 23] and references therein).

It is notable that, in 2016, Alla et al. [1] considered the following linear differential system
with time-varying delay:

ẋ(t) = Ax(t) +Adx(t− d(t)).

By means of a Lyapunov –Krasovskii functional, which is appropriately chosen, and the Wirtin-
ger’s inequality, the authors derived some new delay dependent asymptotic stability criteria in
terms of linear matrix inequalities for the above system.

Later, in 2017, Alla et al. [2] considered the following singular system with time-varying
delay:

Eẋ(t) = Ax(t) +Adx(t− d(t)).
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In [2], the authors proposed new delay-dependent stability criteria for this singular system by
using Jensen’s and Wirtinger’s inequalities. The proposed delay-dependent stability criteria have
been derived in terms of linear matrix inequalities by use of a common augmented Lyapunov –
Krasovskii functional.

In this paper, in particular, motivated by Alla et al. [1, 2] and the works in the references
of this paper, we consider the following system of nonlinear DDEs, which include two variable
delays:

ẋ(t) = Ax(t) +

2∑
i=1

Adix
(
t− di(t)

)
+

2∑
i=1

Fi
(
t, x
(
t− di(t)

))
,

x(t) = φ(t), t ∈ [−r, 0], r > 0, r ∈ <,

(1)

where t ∈ [−r, 0), r is constant delay, x ∈ <n is the state vector, φ(t) is a continuous initial
function defined on [−r, 0], A ∈ <n×n is a negative definite real constant matrix and Adi ∈
∈ <n×n are real constant matrices and d1(t), d2(t) ∈ C1 (<+,<+) are variable delays, bounded.
In addition,Fi ∈ C (<+ ×<n,<n) with Fi(t, 0) ≡ 0 and they satisfy the Lipschitz condition,
that is, ∥∥Fi(t, x0)− Fi(t, y0)∥∥ ≤ ‖Ui(x0 − y0)‖, ∀t ∈ <+, ∀x0, y0 ∈ <n, (2)

such that Ui are some known matrices.
Notations. Through this article, <n denotes the n-dimensional Euclidean space, <n×m is

the set of all n ×m real matrices. The notation
[
K M

∗ N

]
stands for

[
K M

MT N

]
. The notation

P > 0 (P ≥ 0), for P ∈ <n×n, means that P is symmetric and positive definite (positive semi
definite) and P < 0 (P ≤ 0), for P ∈ <n×n, means that P is symmetric and negative definite
(negative semi definite).

Lemma 1.1 (Schur complement [6, p. 37]). For a given symmetric matrix S =

[
S11 S12
∗ S22

]
,

where S11 ∈ <r×r, the following conditions are equivalent:
(1◦) S < 0;

(2◦) S11 < 0, S22 − ST12S
−1
11 S12 < 0;

(3◦) S22 < 0, S11 − S12S−1
22 S

T
12 < 0.

Lemma 1.2 (Jensen inequality [10]). For any matrix Z > 0 and a vector function x :
[a, b] 7−→ <n the following inequality holds:

(b− a)

b∫
a

xT (s)Zx(s)ds ≥

 b∫
a

xT (s)ds

Z
 b∫
a

x(s)ds


provided that the given integrals are well-defined.

Lemma 1.3 (Wirtinger inequality [11]). Let R ∈ <n×n be any constant symmetric matrix
and x : [a, b] 7−→ <n be a continuously differentiable function. Then,the following inequality
holds:

b∫
a

ẋT (s)Rẋ(s)ds ≥ 1

b− a
[x(b)− x(a)]TR[x(b)− x(a)] +

3

b− a
ΩTRΩ,
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where

Ω = x(a) + x(b)−
(

2

b− a

) b∫
a

x(s)ds.

2. Stability criteria. Firstly, we present sufficient criteria for the asymptotic stability of the
zero solution of the system of DDEs (1).

A. Assumptions. (A1) It is assumed that the following inequalities hold:

0 ≤ di(t) ≤ τi, τi > 0, τi ∈ <,

ḋi(t) ≤ µi ≤ 1, µi > 0, µi ∈ <, i = 1, 2,

r = max{τ1, τ2}.

(A2) We have positive definite symmetric matrices P ∈ <n×n, Ri ∈ <n×n, Z ∈ <n×n and
some Ui known matrices with appropriate dimensions such that the following matrix inequality
holds:

Ξ =



Ξ11 Ξ12 Ξ13 Ξ14 Ξ15 Ξ16 Ξ17

∗ Ξ22 Ξ23 0 0 Ξ26 Ξ27

∗ ∗ Ξ33 0 0 Ξ36 Ξ37

∗ ∗ ∗ Ξ44 0 0 0

∗ ∗ ∗ ∗ Ξ55 0 0

∗ ∗ ∗ ∗ ∗ Ξ66 Ξ67

∗ ∗ ∗ ∗ ∗ ∗ Ξ77


< 0,

where

Ξ11 = ATP + PA+
2∑
i=1

τiA
TZA−

2∑
i=1

τ−1
i Z +

2∑
i=1

Ri,

Ξ12 = PAd1 + (τ1 + τ2)A
TZAd1 , Ξ13 = PAd2 + (τ1 + τ2)A

TZAd2 ,

Ξ14 = τ−1
1 Z,Ξ15 = τ−1

2 Z, Ξ16 = P + (τ1 + τ2)A
TZ, Ξ17 = P + (τ1 + τ2)A

TZ,

Ξ22 = (τ1 + τ2)A
T
d1ZAd1 − (1− µ1)R1 + ε1U

T
1 U1,

Ξ23 = (τ1 + τ2)A
T
d1ZAd2 , Ξ26 = (τ1 + τ2)A

T
d1Z,

Ξ27 = (τ1 + τ2)A
T
d1Z, Ξ33 = (τ1 + τ2)A

T
d2ZAd2 − (1− µ2)R2 + ε2U

T
2 U2,

Ξ36 = (τ1 + τ2)A
T
d2Z, Ξ37 = (τ1 + τ2)A

T
d2Z, Ξ44 = −τ−1

1 Z,

Ξ55 = −τ−1
2 Z, Ξ66 = (τ1 + τ2)Z − ε1I, Ξ67 = (τ1 + τ2)Z,

Ξ77 = (τ1 + τ2)Z − ε2I,

here I is (n× n)-identity matrix.
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Theorem 2.1. The zero solution of the system of DDEs (1) is asymptotically stable if
assumptions (A1) and (A2) hold.

Proof. Let
xt = x(t+ β), −r ≤ β ≤ 0.

We define a Lyapunov –Krasovskii functional by

V (t, xt) = xT (t)Px(t) +

2∑
i=1

0∫
−τi

t∫
t+β

ẋT (α)Zẋ(α) dα dβ +

2∑
i=1

t∫
t−di(t)

xT (α)Rix(α) dα.

By the derivative of the functional V = V (t, xt) along the system of DDEs (1) and by using the
Newton – Leibnitz formula and Jensen inequality, that is, Lemma 2, we obtain:

V̇ (t, xt) ≤ xT (t)

[
ATP + PA+

2∑
i=1

τiA
TZA−

2∑
i=1

τ−1
i Z +

2∑
i=1

Ri

]
x(t)+

+

2∑
i=1

xT
(
t− di(t)

)[
ATdiP +

(
2∑
i=1

τi

)
ATdiZA

]
x(t)+

+
2∑
i=1

τ−1
i xT (t)Zx(t− τi)+

+
2∑
i=1

xT (t)

[
PAdi +

(
2∑
i=1

τi

)
ATZAdi

]
x
(
t− di(t)

)
+

+

(
2∑
i=1

xT
(
t− di(t)

)
ATdi

)[
2∑
i=1

τiZ

](
2∑
i=1

Adix
(
t− di(t)

))
−

−
2∑
i=1

xT
(
t− di(t)

)
(1− µi)Rix

(
t− di(t)

)
+

+

2∑
i=1

xT (t− τi)τ−1
i Zx(t)−

2∑
i=1

xT (t− τi)τ−1
i Zx(t− τi)+

+
2∑
i=1

xT (t)

[
P +

2∑
i=1

τiA
TZ

]
Fi
(
t, x
(
t− di(t)

))
+

+

(
2∑
i=1

xT
(
t− di(t)

)
ATdi

)[
2∑
i=1

τiZ

](
2∑
i=1

Fi
(
t, x
(
t− di(t)

)))
+

+

2∑
i=1

F Ti
(
t, x
(
t− di(t)

))[
P +

(
2∑
i=1

τi

)
ZA

]
x(t)+
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+

(
2∑
i=1

F Ti
(
t, x
(
t− di(t)

)))[ 2∑
i=1

τiZ

](
2∑
i=1

Adix
(
t− di(t)

))
+

+

(
2∑
i=1

F Ti
(
t, x
(
t− di(t)

)))[ 2∑
i=1

τiZ

](
2∑
i=1

Fi
(
t, x
(
t− di(t)

)))
. (3)

For nonlinear functions Fi(.) endowed with εi > 0, i = 1, 2, we can derive

0 ≤ −εiF Ti
(
t, x
(
t− di(t)

))
Fi
(
t, x
(
t− di(t)

))
+ εix

T
(
t− di(t)

)
UTi Uix

(
t− di(t)

)
. (4)

Next, by the inequalities (3) and (4), it follows that

V̇ ≤
[
xT (t) xT (t− d1(t)) xT (t− d2(t)) xT (t− τ1) xT (t− τ2)

F T1
(
t, x(t− d1(t))

)
F T2
(
t, x(t− d2(t))

)]
×

×



Ξ11 Ξ12 Ξ13 Ξ14 Ξ15 Ξ16 Ξ17

∗ Ξ22 Ξ23 0 0 Ξ26 Ξ27

∗ ∗ Ξ33 0 0 Ξ36 Ξ37

∗ ∗ ∗ Ξ44 0 0 0

∗ ∗ ∗ ∗ Ξ55 0 0

∗ ∗ ∗ ∗ ∗ Ξ66 Ξ67

∗ ∗ ∗ ∗ ∗ ∗ Ξ77





x(t)

x(t− d1(t))

x(t− d2(t))

x(t− τ1)

x(t− τ2)

F1

(
t, x(t− d1(t))

)
F2

(
t, x(t− d2(t))

)


,

where

Ξ11 = ATP + PA+
2∑
i=1

τiA
TZA−

2∑
i=1

τ−1
i Z +

2∑
i=1

Ri,

Ξ12 = PAd1 + (τ1 + τ2)A
TZAd1 , Ξ13 = PAd2 + (τ1 + τ2)A

TZAd2 ,

Ξ14 = τ−1
1 Z, Ξ15 = τ−1

2 Z, Ξ16 = P + (τ1 + τ2)A
TZ, Ξ17 = P + (τ1 + τ2)A

TZ,

Ξ22 = (τ1 + τ2)A
T
d1ZAd1 − (1− µ1)R1 + ε1U

T
1 U1,

Ξ23 = (τ1 + τ2)A
T
d1ZAd2 , Ξ26 = (τ1 + τ2)A

T
d1Z,

Ξ27 = (τ1 + τ2)A
T
d1Z, Ξ33 = (τ1 + τ2)A

T
d2ZAd2 − (1− µ2)R2 + ε2U

T
2 U2,

Ξ36 = (τ1 + τ2)A
T
d2Z, Ξ37 = (τ1 + τ2)A

T
d2Z,

Ξ44 = −τ−1
1 Z,Ξ55 = −τ−1

2 Z, Ξ66 = (τ1 + τ2)Z − ε1I, Ξ67 = (τ1 + τ2)Z,

Ξ77 = (τ1 + τ2)Z − ε2I.
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Hence, we can easily obtain the following inequality:

V̇ (t, xt) ≤ ξT (t)Ξξ(t),

where

ξT (t) =
[
xT (t) xT (t− d1(t)) xT (t− d2(t)) xT (t− τ1) xT (t− τ2)

F T1
(
t, x(t− d1(t))

)
F T2
(
t, x(t− d2(t))

)]
,

Ξ =



Ξ11 Ξ12 Ξ13 Ξ14 Ξ15 Ξ16 Ξ17

∗ Ξ22 Ξ23 0 0 Ξ26 Ξ27

∗ ∗ Ξ33 0 0 Ξ36 Ξ37

∗ ∗ ∗ Ξ44 0 0 0

∗ ∗ ∗ ∗ Ξ55 0 0

∗ ∗ ∗ ∗ ∗ Ξ66 Ξ67

∗ ∗ ∗ ∗ ∗ ∗ Ξ77


.

Applying the Schur complement [6], that is, Lemma 1.1, we can show that V̇ (t, xt) < 0. In
this case, we can conclude the zero solution of the system of DDEs (1) is asymptotically stable
provide that Ξ < 0.

Example 2.1. For the particular case of the system of DDEs (1), when n = 2, let us consider
the following delay differential system:

d

dt

([
x1(t)

x2(t)

])
=

[
−6 0

0 −5

]
×

[
x1(t)

x2(t)

]
+

[
−1 0

0 0

]
×

[
x1
(
t− 20−1(1 + sin t)

)
x2
(
t− 20−1(1 + sin t)

)]+

+

x1 (t− 20−1(1 + sin t)
)
e−x

2
1(t−20−1(1+sin t))

x2
(
t− 20−1(1 + sin t)

)
e−x

2
2(t−20−1(1+sin t))

, t ≥ 1

10
. (5)

Whenwe compare the system of DDEs (5) with the system of DDEs (1), it is derived the following
relations:

A =

[
−6 0

0 −5

]
, Ad =

[
−1 0

0 0

]
,

F1(t, x(t− d(t))) =


x1

(
t− 1 + sin t

20

)
e−x

2
1(t−

1+sin t
20

)

x2

(
t− 1 + sin t

20

)
e−x

2
2(t−

1+sin t
20

)

, t ≥ 1

10
,

ε = 1.15, 0 ≤ d(t) = d1(t) =
1 + sin t

20
≤ 0.1 = τ1,

d

dt
d(t) = ḋ1(t) =

cos t

20
≤ 0.05 = µ = µ1 < 1, r = 0.05.
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Firstly, it is clear that assumption (A1) of Theorem 2.1 is satisfied. Next, we choose the
matrices P, R, Z, and U as the following:

P =

[
2 0

0 3

]
, R = R1 =

[
3 0

0 4

]
, Z =

[
1 0

0 2

]
, U =

[
−1 0

0 −1

]
.

For this particular case, the Lyapunov –Krasovskii functional, which is given in Theorem 2.1,
takes the following form:

V (t, xt) = xT (t)Px(t) +

0∫
−τ1

t∫
t+β

ẋT (α)Zẋ(α)dα dβ +

t∫
t−d1(t)

xT (α)R1x(α) dα =

=

[
x1(t)

x2(t)

]T [
2 0

0 3

][
x1(t)

x2(t)

]
+

0∫
−τ1

t∫
t+β

[
ẋ1(α)

ẋ2(α)

]T [
1 0

0 2

][
ẋ1(α)

ẋ2(α)

]
dα dβ+

+

0∫
t−d1(t)

[
x1(α)

x2(α)

]T [
3 0

0 4

][
x1(α)

x2(α)

]
dα.

If we calculate the time derivative of this functional along the system of DDEs (5) and follow the
way of Theorem 2.1, we can easily arrive the following inequality:

V̇ (t, xt) ≤ ξT (t)Ξ1ξ(t),

where

Ξ1 =



−27.4 0 −1.4 0 10 0 1.4 0

0 −41 0 0 0 20 0 2

−1.4 0 −1.6 0 0 0 −0.1 0

0 0 0 −2.65 0 0 0 0

10 0 0 0 −10 0 0 0

0 20 0 0 0 −20 0 0

1.4 0 −0.1 0 0 0 −1.05 0

0 2 0 0 0 0 0 −0.95



.

Hence, we can verify that the matrix Ξ1 is symmetric and negative definite. In addition, the
eigenvalues of the matrix Ξ1, can be derived as λ1 = −53.1449, λ2 = −32.0602, λ3 = −8.0605,

λ4 = −5.5957, λ5 = −2.6500, λ6 = −1.5501, λ7 = −0.8441, λ8 = −0.7447. Thus, secondly, it
is clear that assumption (A2) of Theorem 2.1 is satisfied. Then, all assumptions of Theorem 2.1
are hold. From this point, we can conclude that the zero solution of the system of DDEs (5) is
asymptotically stable (see also Fig. 1).

We now present an additional assumption for the next theorem. Coming theorem also includes
new stability criteria for the system of DDEs (1). Here, the proof of the next theorem is given by
using the Wirtinger inequality.
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Fig. 1. Trajectories of the solution x(t) of the system of DDEs (5) when d(t) = 20−1(1 + sin t).

(A3) We have symmetric positive definite matrices P ∈ <n×n, Ri ∈ <n×n, Z ∈ <n×n and
some Ui known matrices with appropriate dimensions such that the following matrix inequality
holds:

Ξ =



Ξ11 Ξ12 Ξ13 Ξ14 Ξ15 Ξ16 Ξ17 Ξ18 Ξ19

∗ Ξ22 Ξ23 0 0 Ξ26 Ξ27 0 0

∗ ∗ Ξ33 0 0 Ξ36 Ξ37 0 0

∗ ∗ ∗ Ξ44 0 0 0 Ξ48 0

∗ ∗ ∗ ∗ Ξ55 0 0 0 Ξ59

∗ ∗ ∗ ∗ ∗ Ξ66 Ξ67 0 0

∗ ∗ ∗ ∗ ∗ ∗ Ξ77 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ Ξ88 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ Ξ99



< 0,

where

Ξ11 = ATP + PA+

2∑
i=1

τiA
TZA−

2∑
i=1

4τ−1
i Z +

2∑
i=1

Ri,

Ξ12 = PAd1 + (τ1 + τ2)A
TZAd1 ,

Ξ13 = PAd2 + (τ1 + τ2)A
TZAd2 ,

Ξ14 = −2τ−1
1 Z, Ξ15 = −2τ−1

2 Z,

Ξ16 = P +

2∑
i=1

τiA
TZ, Ξ17 = P +

2∑
i=1

τiA
TZ,
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Ξ18 =
6Z

τ21
, Ξ19 =

6Z

τ22
,

Ξ22 = (τ1 + τ2)A
T
d1ZAd1 − (1− µ1)R1 + ε1U

T
1 U1,

Ξ23 = (τ1 + τ2)A
T
d1ZAd2 , Ξ26 = (τ1 + τ2)A

T
d1Z,

Ξ27 = (τ1 + τ2)A
T
d1Z,

Ξ33 = (τ1 + τ2)A
T
d2ZAd2 − (1− µ2)R2 + ε2U

T
2 U2,

Ξ36 = (τ1 + τ2)A
T
d2Z, Ξ37 = (τ1 + τ2)A

T
d2Z,

Ξ44 = −4Z

τ1
, Ξ48 =

6Z

τ21
,

Ξ55 = −4Z

τ2
, Ξ59 =

6Z

τ22
,

Ξ66 = (τ1 + τ2)Z − ε1I, Ξ67 = (τ1 + τ2)Z,

Ξ77 = (τ1 + τ2)Z − ε2I, Ξ88 = −12Z

τ31
, Ξ99 = −12Z

τ32
.

Theorem 2.2. The zero solution of the system of DDEs (1) is asymptotically stable if
assumptions (A1) and (A3) hold.

Proof. We now define a Lyapunov –Krasovskii functional by

V1(t, xt) = xT (t)Px(t) +

2∑
i=1

t∫
t−di(t)

xT (α)Rix(α) dα+

2∑
i=1

0∫
−τi

t∫
t+β

ẋT (α)Zẋ(α) dα dβ.

Calculating the derivative of V1(t, xt) along the system of DDEs (1) and using the Wirtinger
inequality, that is, Lemma 1.3, we get the following inequality:

V̇1(t, xt) ≤ xT (t)ATPx(t) + xT (t)PAx(t) +
2∑
i=1

xT (t)PAdix
(
t− di(t)

)
+

+

2∑
i=1

xT
(
t− di(t)

)
ATdiPx(t) +

2∑
i=1

xT (t)PFi
(
t, x
(
t− di(t)

))
+

+
2∑
i=1

F Ti
(
t, x
(
t− di(t)

))
Px(t) +

2∑
i=1

xT (t)Rix(t)−

−
2∑
i=1

xT
(
t− di(t)

)
Rix

(
t− di(t)

)
(1− µi)+

+

2∑
i=1

τix
T (t)ATZAx(t) +

2∑
i=1

τix
T (t)ATZ

2∑
i=1

Adix
(
t− di(t)

)
+
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+

2∑
i=1

τix
T (t)ATZ

(
2∑
i=1

Fi
(
t, x
(
t− di(t)

)))
+

+
2∑
i=1

τi

(
2∑
i=1

xT
(
t− di(t)

)
ATdi

)
ZAx(t)+

+

2∑
i=1

τi

(
2∑
i=1

xT
(
t− di(t)

)
ATdi

)
Z

(
2∑
i=1

Adix
(
t− di(t)

))
+

+
2∑
i=1

τi

(
2∑
i=1

xT
(
t− di(t)

)
ATdi

)
Z

(
2∑
i=1

Fi
(
t, x
(
t− di(t)

)))
+

+
2∑
i=1

τi

(
2∑
i=1

F Ti
(
t, x
(
t− di(t)

)))
ZAx(t)+

+

2∑
i=1

τi

(
2∑
i=1

F Ti
(
t, x
(
t− di(t)

)))
Z

(
2∑
i=1

Adix
(
t− di(t)

))
+

+
2∑
i=1

τi

(
2∑
i=1

F Ti
(
t, x
(
t− di(t)

)))
Z

(
2∑
i=1

Fi
(
t, x
(
t− di(t)

)))
−

−
2∑
i=1

xT (t)
4Z

τi
x(t) + xT (t)

2Z

τi
x(t− τi)+

+ xT (t− τi)
2Z

τi
x(t) + xT (t− τi)

4Z

τi
x(t− τi)−

− xT (t)
6Z

τ2i

 t∫
t−τi

x(s)ds

− xT (t− τi)
6Z

τ2i

 t∫
t−τi

x(s)ds

−

−

 t∫
t−τi

x(s)ds

T

6Z

τ2i
x(t)−

 t∫
t−τi

x(s)ds

T

6Z

τ2i
x(t− τi)+

+

 t∫
t−τi

x(s)ds

T

12Z

τ3i

 t∫
t−τi

x(s)ds


 . (6)

For nonlinear functions Fi(.) endowed with εi > 0, i = 1, 2, we can obtain

0 ≤ −εiF Ti
(
t, x
(
t− di(t)

))
Fi
(
t, x
(
t− di(t)

))
+ εix

T
(
t− di(t)

)
UTi Uix

(
t− di(t)

)
. (7)

By the inequalities (6) and (7), it follows that

V̇1(t, xt) ≤ ξ
T

(t) Ξξ(t), (8)
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where

Ξ =



Ξ11 Ξ12 Ξ13 Ξ14 Ξ15 Ξ16 Ξ17 Ξ18 Ξ19

∗ Ξ22 Ξ23 0 0 Ξ26 Ξ27 0 0

∗ ∗ Ξ33 0 0 Ξ36 Ξ37 0 0

∗ ∗ ∗ Ξ44 0 0 0 Ξ48 0

∗ ∗ ∗ ∗ Ξ55 0 0 0 Ξ59

∗ ∗ ∗ ∗ ∗ Ξ66 Ξ67 0 0

∗ ∗ ∗ ∗ ∗ ∗ Ξ77 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ Ξ88 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ Ξ99



,

ξ
T

(t) =

[
xT (t) xT (t− d1(t)) xT (t− d2(t)) xT (t− τ1) xT (t− τ2)

F T1
(
t, x(t− d1(t))

)
F T2
(
t, x(t− d2(t))

) (∫ t

t−τ1
x(s)ds

)T (∫ t

t−τ2
x(s)ds

)T ]
,

Ξ11 = ATP + PA+
2∑
i=1

τiA
TZA−

2∑
i=1

4τ−1
i Z +

2∑
i=1

Ri,

Ξ12 = PAd1 + (τ1 + τ2)A
TZAd1 ,

Ξ13 = PAd2 + (τ1 + τ2)A
TZAd2 ,

Ξ14 = −2τ−1
1 Z, Ξ15 = −2τ−1

2 Z,

Ξ16 = P +

2∑
i=1

τiA
TZ, Ξ17 = P +

2∑
i=1

τiA
TZ,

Ξ18 =
6Z

τ21
, Ξ19 =

6Z

τ22
,

Ξ22 = (τ1 + τ2)A
T
d1ZAd1 − (1− µ1)R1 + ε1U

T
1 U1,

Ξ23 = (τ1 + τ2)A
T
d1ZAd2 ,

Ξ26 = (τ1 + τ2)A
T
d1Z, Ξ27 = (τ1 + τ2)A

T
d1Z,

Ξ33 = (τ1 + τ2)A
T
d2ZAd2 − (1− µ2)R2 + ε2U

T
2 U2,

Ξ36 = (τ1 + τ2)A
T
d2Z, Ξ37 = (τ1 + τ2)A

T
d2Z,

Ξ44 = −4Z

τ1
, Ξ48 =

6Z

τ21
,
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Ξ55 = −4Z

τ2
, Ξ59 =

6Z

τ22
,

Ξ66 = (τ1 + τ2)Z − ε1I, Ξ67 = (τ1 + τ2)Z,

Ξ77 = (τ1 + τ2)Z − ε2I, Ξ88 = −12Z

τ31
, Ξ99 = −12Z

τ32
.

By using the Schur complement, that is, Lemma 1.1, we have V̇1(t, xt) < 0. It is now notable
that the inequality (8) is considered as a quadratic form. Here, the matrix Ξ < 0 is symmetric
and negative definite. Then, it can be written that

V̇1(t, xt) ≤ ξ
T

(t) Ξξ(t) < 0, ξ(t) 6= 0.

Thus, we can conclude that the zero solution of the system of DDEs (1) is asymptotically
stable. This fact completes the proof of Theorem 2.2.

Example 2.2. Let us consider the system of DDEs (1) for the particular case given below:

d

dt

([
x1(t)

x2(t)

])
=

[
−6 0

0 −5

][
x1(t)

x2(t)

]
+

[
−1 0

0 0

]
x1

(
t− 1 + sin t

20

)
x2

(
t− 1 + sin t

20

)
+

+


x1

(
t− 1 + sin t

20

)
e−x

2
1(t−

1+sin t
20 )

x2

(
t− 1 + sin t

20

)
e−x

2
2(t−

1+sin t
20 )

, t ≥ 1

10
. (9)

When we compare the system of DDEs (9) with the system of DDEs (1), it follows that

A =

[
−6 0

0 −5

]
, Ad =

[
−1 0

0 0

]
,

F1(t, x(t− d(t))) =


x1

(
t− 1 + sin t

20

)
e−x

2
1(t−

1+sin t
20 )

x2

(
t− 1 + sin t

20

)
e−x

2
2(t−

1+sin t
20 )

, t ≥ 1

10
,

ε = 0.60, 0 ≤ d(t) = d1(t) =
1 + sin t

20
≤ 0.1 = τ1,

d

dt
d(t) = ḋ1(t) =

cos t

20
≤ 0.05 = µ = µ1 < 1, r = 0.05.

As before, we see that assumption (A1) of Theorem 2.2 is satisfied. From this point, for the
next step, we choose the matrices P, R, Z, and U as the following:

P =

[
2 0

0 3

]
, R1 = R =

[
1 0

0 2

]
, Z =

[
0.01 0

0 0.01

]
, U =

[
−1 0

0 −1

]
.
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For the above choices, the Lyapunov –Krasovskii functional given in Theorem 2.2 takes the form

V1(t, xt) = xT (t)Px(t) +

t∫
t−d1(t)

xT (α)R1x(α) dα+

0∫
−τ1

t∫
t+β

ẋT (α)Zẋ(α) dα dβ =

=

[
x1(t)

x2(t)

]T [
2 0

0 3

][
x1(t)

x2(t)

]
+

0∫
t−d1(t)

[
x1(α)

x2(α)

]T [
1 0

0 2

][
x1(α)

x2(α)

]
dα+

+

0∫
−τ1

t∫
t+β

[
ẋ1(α)

ẋ2(α)

]T [
0.01 0

0 0.01

][
ẋ1(α)

ẋ2(α)

]
dα dβ.

If we calculate the time derivative of this Lyapunov –Krasovskii functional along the system of
DDEs (9) and follow the way of Theorem 2.2, we can easily derive the following inequality:

V̇1(t, xt) ≤ ξ
T

(t) Ξ1ξ(t),

where

Ξ1 =



−23.364 0 −1.994 0 −0.2 0 1.994 0 6 0

0 −28.375 0 0 0 −0.2 0 2.995 0 6

−1.994 0 −0.349 0 0 0 −0.001 0 0 0

0 0 0 −1.3 0 0 0 0 0 0

−0.2 0 0 0 −0.4 0 0 0 6 0

0 −0.2 0 0 0 −0.4 0 0 0 6

1.994 0 −0.001 0 0 0 −0.599 0 0 0

0 2.995 0 0 0 0 0 −0.599 0 0

6 0 0 0 6 0 0 0 −120 0

0 6 0 0 0 6 0 0 0 −120



< 0.

Then, the eigenvalues of the matrix Ξ1 can be calculated as

λ1 = −120.6909, λ2 = −120.6708, λ3 = −28.3074,

λ4 = −23.3406, λ5 = −1.3000, λ6 = −0.5147,

λ7 = −0.2770, λ8 = −0.1062, λ9 = −0.0988, λ10 = −0.0798.

From this point, we see that assumption (A3) of Theorem 2.2 is held. Then, all assumptions of
Theorem 2.2 hold. Thus, for the considered particular case, we can conclude that the zero solution
of the system of DDEs (9) is asymptotically stable (see also Fig. 2).
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Fig. 2. Trajectories of the solution x(t) of the system of DDEs (9) when d(t) = 20−1(1 + sin t).
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5. M. Gözen, C. Tunç, On the behaviors of solutions to a functional differential equation of neutral type with
multiple delays, Int. J. Math. Comput. Sci., 14, № 1, 135 – 148 (2019).

6. K. Gu, V. L. Kharitonov, J. Chen, Stability of time-delay systems, Boston, Brikhuser (2003).
7. Y. He, Q. G. Wang, C. Lin, M. Wu, Delay-dependent stability for systems with time-varying delay, Automatica

J. IFAC, 43, № 2, 371 – 376 (2007).
8. L . V. Hien, H. Trinh, Refined Jensen-based inequality approach to stability analysis of time-delay systems, IET

Control Theory Appl., 9, № 14, 2188 – 2194 (2015).
9. J. H. Kim, Further improvement of Jensen inequality and application to stability of time-delayed systems,

Automatica J. IFAC, 64, 121 – 125 (2016).
10. G. Liu, New results on stability analysis of singular time-delay systems, Internat. J. Systems Sci., 48, № 7,

1395 – 1403 (2017).
11. A. Seuret, F. Gouaisbaut, Wirtinger-based integral inequality: application to time-delay systems, Automatica J.

IFAC, 49, № 9, 2860 – 2866 (2013).
12. V. Slynko, C. Tunç, Global asymptotic stability of nonlinear periodic impulsive equations, Miskolc Math. Notes,

19, № 1, 595 – 610 (2018).
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