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We consider spectral problems for a Schrodinger operator with polynomial potentials on R k = 2. By
using a functional-discrete (FD-) method and the computer algebra system Maple, we find exact values
of a number of smallest eigenvalues for potentials of a particular form. In the case where the traditional
FD-method is divergent (the degree of the polynomial potential exceeds 2 in any variable) we propose a
modification of the method, which is rather effective for the class of problems under consideration. The
obtained theoretical results are illustrated with numerical examples.

Po3rnsHyTo cnekTpasbHi 3agadi nsa onepaTopa LpbogiHrepa 3 noniHOMialbHUMK NOTeHUianamu y
RK, k = 2, i 3a 40NOMOrow yHKLioHasIbHO-AMCKpe THOro (FD-) MeToAy Ta CUCTEMU KOMM KO TEepHOI
anreébpy Maple 3HaingeHO psif, TOYHUX HaMEHLLMX BNACHUX 3HAYeHb 7151 NOTeHLUianiB KOHKPeTHOro
BUrNAQY. Y BUNAAKy, Konu TpaguuinHuii FD-mMeTog € po36idKHUM (CTeniHb NoNiHOMiaslbHOro NOTeH-
Liany xo4a 6 No OAHIMN i3 He3aNeXHNX 3MIHHKX NepeBuLLYE 2), 3aNPONOHOBaHO Moro mogudikawito, Aka
BUSABMIACA LOCUTb e(peKTUBHOK A71A PO3r/IAAYBaHOroO Knacy 3agay. O TprvMaHi TeopeTUYHI pesyb-
TaTu NPOISIIOCTPOBAHO HA YMCEIbHUX MPUKIadax.

1. Bectyn. MNpo6emi 3HaXO[AKeHHA TOYHUX | HAB/IMXKEHMX PO3B’A3KIB CNEKTPaIbHUX 3a4a4y 41
onepatopa LUpbogiHrepa 3 nosiHoMia/IbHAM NOTEHLiaNoM NpMcBaYeHo 6arato po6iT (ams. [1-
4] i HaBegeHy Tam Gibniorpacdito). Ane y Lmx pobdoTax, Kpim poboTu [5], aBTOpU po3rnaja-
1 abo 0HOBUMIPHWIA BUNAAOK, abo Taki, AKi 3a paxyHOK CUMeTPIl 3BOAWIUCH [0 3BUYAHOIO
andepeHLianbHOro onepartopa i came iWoro gocnimkysanu B [4]. Y AaHiil poboTi po3rnsHy-
TO CYTTEBO [ABOBUMIPHUIA Ta TPMBUMIPHUIA BUNagKn onepatopa LUpbogiHrepa 3 noniHoMianb-
HUM MoTeHUianoM. 19 NOTeHLUialiB KOHKPETHOIO BUMAA4y 3a AONOMOroto oyHKLUiOHaNbHO-
puckpeTtHoro (FD-) metony (BapiaHTy meTofy romotonii [6, 7]) i cuctemMyr KOMM'HOTEPHOT
anrebpu (c. K. a.) Maple 3HaligeHo psf TOYHUX HAMMEHLLIMX BNACHUX 3Ha4eHb. Npu UboMy A0-
BEAEHO, W0 BiAHOCHO BNacHMX (MYHKLUiA MeTof € 36iXKHUM, a BIAHOCHO BMAaCHMX 3HAaYeHb —
€KCMOHeHUiasfIbHO 36iXKHUM. Y BMMaAKy, KO TpaauliinHnin FD-meTon € po36ixkHuM (CTeniHb
noNiHOMiaNIbHOr 0 NOTEeHLia/ly Xo4a 6 Mo OAHIN i3 3MiHHMX NepPEBULLIYE 2), 3arnPONOHOBaHO 0ro
MoAanpikauito, sika BusiBunaca JocuUTb eqDEKTUBHOIO NS PO3rnsayBaHOro Kiacy 3agad. CyTre-
BY PO/b Y AaHiii po6OTi Bigirpasno cuctemMaTuyHe 3acTOCyBaHHA CMMBOJILHOT anropuTMmisauii
FD-meTogy. Mepwunmmn po6otamm 3 wieto igeonorieto 6ynn [8—11], sAKki nokasanu 1i nepcnek-
TUBHICTb.

Po6oTa cknafaeTbes i3 BCTYNY i WeCTU NYHKTIB. MyHKTU 2 —4 NPUCBAYEHO 3HAXOLXKEHHIO
TOYHUX HAMEHLLMX B/IACHUX 3HAYEHb Y ABOBMMIPHOMY BMMagKy 3a JONMOMOIroK HalnpocTiLlo-
ro BapiaHty FD-meToay. Pe3ynbTatn Lmx NyHKTIB 4aCTKOBO 6Y/10 aHOHCOBAHO Yy cTaTTi [12]. ¥
NyHKTi 5 HaBeleHO YMOBW iCHYBaHHS TOYHUX PO3B’A3KIB CEKTpasibHUX 3afay A4/1a onepaTopa
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LpbogiHrepa 3 noniHOMia/lbHUM MOTeHUiaNIoM Y ABOBMMIPHOMY BUMafKy, a TaKoXX copmy-
JIbOBaHO rinoTe3y npo 36iKHICTb Ta PO36iKHICTb FD-MeToAy B 3a/1€)KHOCTI Bij 3HaYeHb Koe-
chiLieHTiB NONIHOMIa/IbHOr 0 NOTEHLiany Ta Moro cTeneHiB No 060X 3MiHHUX. BiporigHicTs rino-
Te3u NPOINOCTPOBAHO YNCE/TbHUMU NpUKnagaMu. MyHKT 6 NPUCBAYEHO 3HAXOLXKEHHIO TOYHUX
PO3B’sA3KiB PO3rNA4yBAHOM0 K/lacy CNeKTPasibHUX 3a4a4 y TPMBMMIPHOMY BUNaaKy. 3aBepLuasib-
HWI NYHKT 7 MICTUTb BUKNaL MoanikoBaHoro FD-MeToAy, KOv HainpoCTiLWi A0ro BapiaHT
€ PO36iIXKHMM.
2. ABoBuMipHWI BUNagok N = 0. PO3rnsiHeMOo CrneKTpasibHy 3agady

2 2
0 U(x,y)+0 u(x,y) Lo

32 3y2 —x2—y?—q(x,y) u(xy) =0, (xy) R )

u?(x, y)dxdy < oo.

R2
Mpun q(X,y) = 0 po3s’aA30K 3agadi (1) mae Burnag

X2 y2
Un(X,y) = exp 5T Hn, OHn,(Y), An =2n, ni+nz; =n,

i BNacHi doyHKLiT MICTATb OKpeMuiA BUMagoK nosiHoMiB EpmiTa Bif ABOX 3MiHHUX (AMB. hopmy-
ny (10) y [13, c. 273]).
Y ubOMY MyHKTI po3rnsHemMo 3agady (1) npu

a(x,y) = xy )

i AN 3HaXOLKEeHHSA Ti TOYHOrO PO3B’A3KY 3aCTOCYEMO HavinpocTiwwuii BapiaHT FD-meToay [14,
15] (BapiaHT MeTOAy roMOTONIT) Y NOEAHAHHI 3 aHaNITUKOHD, MOB’A3aHOI0 3 MOYaTKOBOIO 3a4a-
yeto (1). Bunafok Takoro noTeHuiany y po6oTi [5] He po3rnagascs. 3ayBakKMMO, LLLO 3aMiHOO
He3a/IeXXKHUX 3MIHHMX 3aga4y (1) MOXKHa 3BeCTU 10 TaKoT, fie 3MiHHI po34insatoTeca. Ale MeTOK0
[aHoi cTaTTi € po3po6Ka 06I'PYHTOBAHOIO CUMBOJIBHOIO afIfOPUTMY ANS OAEP>XKaHHA TOYHOro
ab0 HabnNMXKeHOro (3 rapaHTOBaHOK TOYHICTHO) PO3B’SA3KY PO3rNsSAyBaHOl 3ajavi y CyTo ABO-
BMMipPHOMY BUNaAKY, LLO i 6yae HaBeAEHO HXKYE Y LLbOMY MYHKTI Ta y NyHKTax 3, 4.

HabnmxkeHHsa fo po3s’asky 3agadi (1), (2) (go BnacHoi napu An, Un(X,Y)) 3rigHo 3 FD-
METOAOM M-ro paHry LWyKaemo y BUrAaAi yciveHnx pagis

m m . m m .
M= AD, daxy) = u@(x,y),
i=0 j=0

UNEHN AKUX )\9) Ta u,q)(x, Y) 3HaX0AATbCA i3 HaBe4EHOT HUXKYe peKypPeHTHOT NOC/iA0BHOCTI 3a-
nad (3) — (6). BeeaeHy B gaHOMY MyHKTi TEPMIHONOTiH0 6Y1EMO BUKOPUCTOBYBATM Aasli B pooOTi.
3a 6a30BYy Bi3bMEMO 3agauy

Q2un’(x,y) | 92un’(x,y)

%2 dy2 + AP = —y* uD(x,y) =0, (xy) R? (3)

ISSN 1562-3076. HeniHiliHi konuBaHHs, 2018, T. 21, N= 1



68 B./l. MAKAPOB
BNacHi hyHKLIT AKOT BUpaXkaroTbCs Yepes rnoniHomu Epmita

2 2
ugo)(x,y) = exp 5 T y? Hn, 0OHR, (Y) = hnyno(X,y), ni+nz =n, 4)

3BMHOMAHMMMBﬂaCHMMM3HaHeHHHMM
AD = 2(ny +np) + 2. (5)

Y ubOoMy NyHKTI 6yaemo posrnsgatu sunagok n = 0. Togi pekypeHTHa cxema FD-meToay 3
q(x,y) = 0 maTume BUIrNs4

02ug D x,y) , 92ug (xy) _
X2 dy?

@y ) =

i . _
=—  AFTEPUO 0 yy + xyuPx,y) = FITD(x,y), (6)
p=0

x,y) R? j=01,....

I3 BUKOPUCTAHHAM peKYPEHTHOIO CMiBBiAHOLLEHHA A5 noniHomis EpwmiTta [13]
1
XHn(X) = 2 Hn+1(X) + nHp—1(X)

[OBOAWTBLCA HACTYMHE TBEPAXKEHHS NPO 306paXKeHHs PO3B’A3KY KOXHOI i3 3aga4 (6).
Newma 1. Ana po3B’a3Ky 3agadi (6) Mae micLe 306paXkeHHs

_ i _
u§ (x,y) = adlhis(x,y),  aSd = 8. 7

k=0 s=0

MigctaHoska (7) y (6) npnBoAnNTL A0 CMiBBiAHOLUEHb

e (G+1 : (+1-p) PP ®
— ags Y@k +2s)hs =— AT ek s+
k=0 s=0 p=0 k=0 s=0
b
iy 1 1 1
+ aﬁjg 2 hi+1,s+1 + > Khk—1,s+1 + 2 Shg+1,s—1 + kShg—1,s—1
k=0 s=0
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abo, nicna HecKNagHUX NepeTBOPEHb,

e a+1) h ! (p) 5 G+1-p)
- Aes (2k+2s)hes = — ks akF,Js)\O P4
k=0 s=0 k=0 s=0 p=max(k,s)
jljl i—1j+1
+a agll,s—lhkvs +5 aE—l)-l,s—l(k + Dhy s+
k=1s=1 k=0 s=1
j*+lj-1 i-1j-1
+ E a821,5+1(s + l)hk,s + agll,s+1(k + 1)(5 + 1)hk,s- (8)
k=1s=0 k=0s=0

3 (8), NpupiBHIOKOYM 10 HYNA KOeiLieHT Yy nNpasiii YacTuHi npu hg o, 6e3nocepefHbO 3HAXo0AM-
MO

- -
AJ = al). 9)
Mopanblunii aHani3 (8) nokasye, Wo NpaBu/IbHAMU € CNiBBIAHOLLIEHHS

2j 2j—1 .
agkl+>1,25+l =0, agk{zg =0, kss=0,1,...,j—1, (10)

AKi JO3BO/ISIOTbL NPOBECTM YTOUHEHHS thopmynum (9), a came,
AV =@ NF D=0 j=12....

3amiHmBLK j Ha 2j — 1y (8) Ta BuKopuctasLum hopmynu (10), 6ygemo maTu

e = T e s eie)
J — p J—<p
- gy o5 (4K + 4s)hai 25 = — hak 2s A1, 25M0 +
k=0 s=0 k=0 s=0 p=max(k,s)

i -1 j
1 2j—1 2j—1
+7 agkj—l,%s—thK-ZS +3 agkj+1,%s—1(2k + 1)hoy 25+
k=1s=1 k=0 s=1
1 i1 i1
5 8_1.95+1(28 + Dhai2s+
k=1s=0
j—1j-1
2j—1
+ agkj+1,;s+1(2k +1)(2s + 1)hg 2s, (1)
k=0 s=0
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70 B./l. MAKAPOB

3BifKW BMM/IMBaKOTb CMNiBBiAHOLLIEHHS

2j—1 - (2 A
agéj_i = —SJagéJ?, ji=12,...,
1 @i-1)  _ g @) i _
(12)
j—1
Qi) _ @p) y@i-2p) , 1 _@j-1) (2s+1) (j-1)
—4(k+9s)ay s = — Ay 25N + 7 B2k-1.25-1 5 Ap—12s+17F
p=max(k,s)
(2k+1) (2j—1 2j—1 _ i
s a1+ (k+1)(2s+1af D ks =1,2,...,j -1,
i—1 _ _ _ _
=2 aPIAIT + a3 + 2025+ 1)al ) +8safl) =0, s =1,2,...,j — 1.
p=s

3amiHuBLK j Ha 2] y (8) Ta BukopuctasLwn hopmysm (10), oTprmaemo

(2j+1)

- A1 2541 (4K +4s + A)hor psv1 =
k=0 s=0

b (2p—1) (2j—2p+2)

= p— j—2p+

- Nak—1,25-1 8k—1,25-1M0 +
k=1s=1 p=max(k,s)

i i
1 @i 1 -
i) (2j)
+ — Ay psNok+1,25+1 + 5 A0 55 2KN2k—1,26 41+
k=0s=0 k=1s=0
1 : (2i) b (i)
j j
+5 Ay 528 Nok+1,25-1 + Ay 25 (2k28)NaK—1,25-1,
k=0s=1 k=1s=1
3Bif KW BMMN/IMBaKOTb CMNiBBIAHOLLEHHSA
—4(%i @i+ _ 1 @) _
42 + 1)a2j+l,2j+1 = Zazj-’zj, ]=01,...,
(2j+1) J (2p—1) @i-20+2) . 1 _(ij)
— — i+ - _ p— j—2p+ j
dk+s—Dag 151 = A—1,25-1M0 + 7 8%k—22-27
p=max(k,s)

2j 2i 2i )
+ka§k{%s_2 + sagkazvZs + 4ksa§k’;s, k,s=1,2,...,j, (13)

. @i+1) 1 i) @i) _ _
8(J +S)azj12s—1 + 583252 F 25855, =0, s=12,....
s=1
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EkcrniepuMeHTH i3 €. K. a. Maple ganm MoXX/mMBiCTb BU3HAYMTW TaKi aHaniTUYHI hopmMynu:

@i _ ei-n _ _ (4 —3)!
At TP

a@) e — @ =D
2,0 0,2 (2J + 1)!24j +2

@i+ — @+ _ @+ g

e T ®WL T TR gy 24
(14)
@) _.eh 1 _ .
ai—2k2i T F2j2-2k T 1(2j — 2k) 128K’ k=01,...1J
a(z_j) ) — _] +1 a(z_j) _ — —124]2 + 17j + 90
722072 (2§ —3)1281-37  TAT4ATZ  31(2j —3)1281-2
@i+1) — Qi+ _ 1 _ -
Agj+1-2k2j+1 — A2j+1,2j+1—2k — KI(2j + 1 — 2Kk)1281+4—k’ k=01,....J,
Q@D 2j +3 @i+ _ @i+ _ 28j%+31j —30
2j—1,2j—1 — (2j _ 2)!28j+2’ 2j—3,2j—1 — “2j—1,2j—-3 — 3'(2_1 — 2)!28j+2'
MosepHemock o0 3agadi (1), (2), po3B’A30K AKOT 6yAeMO LUYyKaTu Yy BUrnsAgi
ux,y) = a,shks(X,y), a0 =1 (15)
k=0 s=0

MpoBegeHi ekcnepMMeHTH CBigYaTh Npo Te, Wwo FD-meTog € 36iKHMM i 36iraeTbcs 40 NoABili-
Horo psay (15). CBifyeHHsAM LbOro € noBefiHKa HOPMU HEB’SA3KU

172
m

azrm 2 k+
m = — 2"kls! ,
m k,S:O ahk’xahs’y

(16)

3HaYeHHS AKOT 418 Pi3HUX paHriB m HaBefeHo y Tabn. 1. Mpwu ubomy B (16) HeB’a3ka FD-meToay
M-ro paHry mMae BUrnsg

m m

rm(X,y) = 2Kk —25—2+ Ny X
k=0 s=0
m i m m "
x ag;hk,xhs,y - —2k—25s—2+ )\g X
j=max(k,s) k=0 s=0
" @ 1 1
x ak’S E hk+1,X + khk—l,X E h3+1,y + S hs—l,y s (17)
j=max(k,s)

hks(X,y) = hk,xhs,y-
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72 B./l. MAKAPOB

Tabnuug 1
m m
2 0.7077888940e—1
4 0.1432863914e—1
8 0.7108095428e—3
16 0.2179064344e—5
32 0.4470184458e—9

Hasegemo gesiki hopMynu, SKi B4AETLCA O4epXKaTu rPaHUYHUM NepexojoM 3 BUKOPUCTaH-
HAM (14):

oo (o) oo oo 4_ 3 " -\/é '\/g
i i j— = 3)! +
o= AP =24 AB =24 q@ D=, WO ,
_ ) _ (21241 2
j=0 j=1 j=1 j=1
T e eh . o @i-npr 1 Voo Vo
j=1 j=1 jop @ FDRATE 4
_ _ 7 @y L@ey @ - jt
a;3 = agg = - a3 - i az1 = i @2j +3)| 2] — 1) 23+5 =

1 Vo Vo
=§ 8+3 2—5 6 .

3Ha4YeHHs1 HeCKiHYeHHNX cyM Y (18) 3HaiaeHo 3a 4oNOMOroto c. K. a. Maple. Noknagemo y (13)
k = s = 1, Togi MaTumemo

2j 1 2j+1 2p—1) (2j —2p+2 2 2
D=1l GO o)
p=1
a6o, 3 ypaxyBaHHsM (18),
) ) j-1 .
Qi-2) _ (4j — 5N + 4j — 3N + (4s —3)! (4) —4s —3)!! _

= —— - - - _ —, =23,.... (19
822 @ - DA @it __ T @s) (2 — 29)i24 (19)

3Bifcu, nigcyMoByroUn 06MABI YacTUHM NO j Bif 2 4O oo 3a JONOMOTOHO C. K. a. Maple, 3Haxoau-
MO

° o 1 v~ A
a2= @) =g 57—14 2-18 6+4 3 . (20)
i=1
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Cnipg 3a3HaunTW, LLO 3a JONOMOIOK MeTOAY TBIPHUX DYHKLI AN CyMU, WO BXOAUTL Y hOpMYy-
ny (19), MoXKHa ofiep>KaTu 306PaXKEeHHS

s — 3y (4j—as—3)n 1 gl : v ?

-2 V_ _
— = - Z —4+ 4-2 z+ 4+2 2
P 4 P -1
=1 (29)! (2] — 2s)124 g-—D!da =0

3amiHmBwn y (12) k = s = 1, oTpumMaemo

j—1
j— 1 i i— 1 - i
ay V=g sy +  agph P -gafl U -sagl Y (21)
p=1

Migcymyemo obuagi yactnHm (21) no j Big 1 fo oo i Bpaxyemo (20). B pesynbTati 6ygemo matu

* ei-ny _ 1 1 113 108V, s3v. V3
3= 83 =g T8Matalo-jaii—3%w1 =t o 2+ >

j=1

Moknagemo B (13) k = 1, s = 2 i nepeigemo 40 rpaHuLi npu j, WO npsMye ao oo. Toai
npuiigemo Ao hopmynm

1 V. NV
as0+4ap = o5 —240-37 2-8 3+125 6 .

Ogep>katy aHanoriyHi hopMynn Ans KOXKHOMO 3 a4, 8a,2 NOAIGHOIO TEXHIKOK HE BLAETHLCH.
3afaya 3B0ANTLCA A0 H@Iywolz/ﬁHaﬁTm HeBigOMi pauioHanbHi KOeiLiEHTW NiHINHUX KOM-
GiHauiin enemeHTIiB 1, 2, 3, 6 Yy 300paXKEHHSAX 84,0, a4,2, AKLWO BiJOMO 306paXKeHHA X
NiHIAHOT KOMOGiHaLliT, @ TaKOoXX BiIOMO A/19 KOXHOI0 3 HUX 9K 3aBFOAHO TOYHI Hab/IMKEHHS,
ojep>kaHi 3a gonomoroto FD-meToay. Po3B’A30K chopmyibOBaHOT 3a4a4i Mae BUrNAL

= 1 127\/6 39\/5 4\/§ 249
g2 = 128 )

1 Vo Vo Vo
s =aps = —= 9+2 2—4 3—2 6 .
’ ’ 32

Cnpasef/IMBOIO € TaKa Teopema.

Teopema 1. FD-meTOg ana 3agadi (1), (2) wogo snacHoi napu (Ao, Up(X,y)) € 36iXkHUM, a
BilHOCHO B/1aCHOI0 3HAYEHHSI Ag — EKCMOHEeHLiaNlbHO 36IXKHMUM i Y FpaHuLi Jae TO4YHe BflacHe
3Ha4YeHHA v_ V.

2+ 6
N=—F7F1

3 OLiIHKOK TOYHOCTI

m _ 2
ho— A < § L (22)
- 3 om4m m+1
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74 B. /1. MAKAPOB

BignosigHa To4Ha BnacHa yHKUis1 Ma€ BUIsiA,

— L — L
Uo(X,y) = exp — 24+ X2 +y? — %XY No,
(23)
Vo V_ Vo —1/2
No=2 2 6+ 2+ 3+2 :
JosegeHHs. ®opmynun (11) € NpaBuIbHUMK NPU 6YAb-KKUX 3HAaYeHHsaX ] = 1,2,.... No-

Knagemo y apyrin i3 coopmyn (13) k = s = 1 i CKOpMCTAEMOCH MeTOAOM TBIPHNX yHKUin. 3
LiiEet0 METOKO NMOMHOXXMMO 06MABI YaCTMHW OAepyKaHOT PiBHOCTI Ha z! i nigcymyemo no j Big 1
[0 oo, B pe3ynbTaTi Ans NiBoi YaCcTMHU OAEPXKNMO BMpas3

oo

izt ) = s el =
Jj=0
z z 1
=—4 - 22— 1—-— - 1+— + = 24

2 2 16 ' (24)

a Ans npaBoi — TaKWiA;
©> 1 2j—2p+2 © i © i
Ryy=-z 271 aglf_l))\gj_ P+2) 4 97 zJ_lagyé) + 4z zJ_lagé) =
=t p=1 j=1 i=1
= —z[f11(2)]* + 22F20(2) + 42F22(2).

MO>KHa NepeKOHATMCh, LLIO CPaBAKYHOTbCA (POpMy /N

— —

1- -4 1+

0@ ==~ —%am Yo
_\/ "vlf "v/,
_ z z
f5.(z 56 z+2%2-32'7 1——"—+ 1+-— +8 z 1—°- +
22(2) 162572 2 4
z z
+4z 1--2— 1+-2
2 2

AKi pasom 3 (20) npuBOAATL A0 CMiBBiAHOLWIEHb

|
N
I
=
|

Li1 = —4(f11(2) — aﬁ =—4
Ri1 = —z[f1,1(2)]? + 22F2,0(2) + 42F2,2(2).
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OcKinbKn pekypeHTHi hopmynn (12), (13) pazom 3 No4aTKOBMMU yMOBaMu
A =0, al) =1
OAHO3Ha4YHO BM3Ha4arOTb YCi NOCMIAOBHOCTI

(i) (2j) (2j-1) .
Ao Bxae Agk—ias—1r =12,
i, 30KpeMa,

2j 2j 2j—1 .
alp, o, a@™, j=12,...,

TO neplua Ta gpyra cpopmynu 3 (14) i popmyna (19) € npaBUNbHUMU 415 BCIX .
Hamu BXke foBefeHo, Lo psaan
NP = afl™t ap=ae= ag) = agy

€ 36DKHMMK. MpunycTnMO 3a iHAYKLI€E, WO BCi pagm

2j—1
j=1
agf)j%t psk t=<s, p+t=0,
j=1

36iratoTbes. Y TpeTiii i3 dpopmyn (12) 3amiHMMO J Ha J + 1, ToAi, BUKOPUCTaBLLM NPUNYLLEHHS
IHAYKLiT, HeBaXKKO nokasatu, Wwo 3 (12) ta (13) sunnveae 36iXKHICTb pagisB
(o] [ee]
(2j+1) (2j+2)
A9k+1, 2517 Aok+141,25+121"
i=1 j=1

OTXKe, 36DKHICTb FD-MeTofy foBefeHO. EKcrnoHeHUiaslbHa 36DKHICTb BiAHOCHO B/laCHOIO
3HaYeHHA Ag BUNANBAE 3 OLiHKMK (22), iKa JOCUTb MPOCTO OAEPXKYETLCA 3 BUKOPUCTAHHAM Nep-
wunx chopmyn 3 (14), (18). dopmyna (23) BCTAaHOBAKOETHLCA 3a AONOMOroto ¢. K. a. Maple.

Teopemy 1 foBefeHo.

3. OsoBumipHuii Bunagok N = 1. Y upomy BMNagKy y 6a3oBoi 3ajadi

2uO(x,y) N 02u@(x,y) N
X2 ay?

2-x"=y> uOx,y) =0, (xy) R
2
u@(x,y) dxdy < oo
R2
B/1aCHe 3HaYeHHS 7\&0) = 2 € ABOKPAaTHMM i oMy BiAMNoBigae BnacHa pyHKLis BUrIsLy
0 0 0
u?(x,y) = aBh1o(x, y) + a§2ho1 (X, V).
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76 B. /. MAKAPOB
TyT cTani afg i a(()(’? BM3Ha4aloTbCA Ha nepLuomMy Kpoui FD-meToay, To6TO nif Yac CUMBOILHOIO
pO3B’A3yBaHHA 3ajaui

2,0+ 2 (j+1)
ocu; T (X,Y) +6 up  (Xy) + 2

%2 ay? x? —y? Ugjﬂ)(x’}’) =

j H - -
=—  AIUO vy + xyuP (x,y) = FITD(x,y),
p=0
(25)
(x,y) R?% j=01,...,

npu j = 0. MNMepes TUM AK Le 34iIACHNTU 3ayBaXKMMO, LLLO KPATHICTb BlaCHMX 3HaYeHb 6a30BOT
3afaui Npy NobyaoBi Ta AOCNiMKEHHI TpaauliinHoro anroputMmy FD-meToay ans 3agadi LUTyp-
Ma—J1iyBinnsa Ha CKiHYeHHOMY NMPOMIXKKY po3rnsganacs y pobotax [16, 17]. ¥ BuMNagKy, aKui
pO3rnsfacTbes, 3 TOUKU 30pY a/IrOPUTMY, IK Bye NokasaHo HUXKYe, BCe Bif0yBaETbCA 3HAYHO
npocTiwe Ta npo3opiLue.

OT>ke, Maemo

1
FL2(xy) = —APaiohio(xy) = Afag ho.(x,y) + § ajghza(x,y)+

1 1 1
+ > aiohoa(x,y) + 7 agihi2(x,y) + 5 agihio(x.y). (26)

Ockinbky nNpasa YacTuHa (26) He noBuHHa 3anexkatu Big Hy (X)Ho(y) 1 Ho(X)H1(y), TO usa Bu-
MOra nNpMBOANTbL A0 OAHOPIAHOT CUCTEMM MiHIHMX anrebpaiyHnX PiBHSHb

w0, 1 © _
—Afago+ 581 =0,

1 0 _ @0 _
> ajo—A"ap; =0,

pO3B’A3KaMn SKOT €

[N

Aﬁ_}i = *5 Ufi(x,y) = hyo(X,y) £ ho1(X,Y),

A0 =1 a® =1

Newma 2. Ana po3B’a3Ky 3agadi (25) mae micle CTPYKTYpHE 306paXkeHHs
i i*2j+2 i i
ud*D(x,y) = adlhes, ad) =al) =o. (27)

k=0 s=0
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TOYHI | HABJIMDKEHI PO3B'A3KUN CIMNEKTPANIbHNX 3A0AY... 77

MigctaHoBKa (27) y (25) nprMBOAMTb 10 CNiBBIAHOLLEHb

J*r2j+2 j ) p+1 p+1
- ak Mk +2s—2)hgs =—  AITP y(p)aﬁpghkls+
k=0 s=0 p=0 k=0 s=0
j+1j+1 1 1
+ vﬁ'gaﬁ’l 2 P+1s+1 + > Khg—1,s+1 + 5 Shik+1,s—1 + kshg—1s-1

k=0 s=0

Y& = (1= 8k18,0)(L — 8,085 1)(L — 8p,0) + Bpo(1 — k),

fe 8 j — cumBon KpoHekepa. Micns oueBnaHNX NepeTBOpeHb MaEMO

j+2j+2 j+1j+1 J
— ak X 1)(2k +25s—2hgs = — hics y(p) (p))\(_|+l P
k=0 s=0 k=0 s=0 p=max(max(k,s)—1,0)
+ o v 15— 138)15 1Mks + 3 Vk+1 s— lak+1s 1(K+ Dhy s+
k=1s=1 k=0 s=1
1 J+2 ] T |
M 2 yk -1 S"'lak 1 s+1(S + Dhys + yk+1 s+1ak+1 s+1(K+1)(s + Dhys.

k=1 s=0 k=0 s=0
(28)

MpupiBloroumn Jo Hynsa KoeduiuieHTn npu hy o i ho 1 Y Npasili yacTuHi (28), ogpasy 3Haxo4UMO

) )
AG*D — 2a(J _ 2a(J
! RONEENOR

a0 ap,1
0
A =2 20
ji— ji— 4 — 511 @i) Qi) (4 — 3
}\(21 1) — }\(21 1) — __(—_ A 1) — A 1) — -3
! -1 (2j —1)24i—3" 1 -1 (2j)124i—2"
@i - @D = (4) — 9! @) _ @) _ _ @=3n .
)\ }\ W, )\2 —)\_'_l —_ W, J—O,l,

CnpaBsef/IMBOIO € Taka Teopema.

Teopema 2. FD-meTO0g4 ansa 3agadi (1), (2) wopo snacHux nap (Ar, ui(X,y)), (A2, u2(X,y))
€ 30i>XKHMM, a BiIHOCHO B/IACHNX 3HAaYeHb A1, A2 — €KCMOHEHLiaNIbHO 306DXKHMM iy rpaHuli gae
TOYHI BNacHi 3HaYeHHs y

Vv_ VAR
N 3 2+ 6 _ 2+3 6
1 — 2 ’ 2 — 2
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78 B./l. MAKAPOB

3 OLHKaMM A0ro TOYHOCTI

2m a
i 2 1
A — )\(_J%_ = — ,
m4m  (m + 1/2)3

j=1

2m
i 3 1
A — A(ji = V= —_ .
2m4m+l  (m+1/2)3

J=0

[JosefeHHA. 3a fonomoroto (29) ofep>KyeMo HepiBHOCTI

j 4 +1 2j+2) Qj+1)
)\(2J+1) - — )\(J < A |
oo@+22 -
@i+ _ y@i-n A -3)@i-1) _ 1 [@j- 1 S e@m+y
ML =AML e nE a0 SeeSgm M
AKi NPUBOAATHL [0 OLiHKNK
2m i oo . 8
M- A9 <2 @D < 3 gD (30)
j=1 j=m
OujiHKa
2m i
- AD < )\@mh (31)
i=0

€ o4eBnaHo0. BukopucToBytoumn KnacudHy popmyny Cripninra (ams. [18, c. 59])

nl= 2mn . etn, 0<B<l,
OflEPXKYEMO
Af{n+1) — )\(_zjr-n+1) - 3

To22a+2 n(j+1/2)8

wo pa3om 3 (30), (31) goBoauTb CNpaBeaINBICTb TBEPAPKEHHSI TEOPEMN.

4. OBOBMMIpHUIA BUNAAOK N = 2. Y LbOMYy BUNAAKYy BfiaCHE 3HAYEHHS )\go) = 4 6a30B0Oi
3agauvi

02u0(x,y) , 92O (x,y)
Ox?2 ay?

+ 4—x2—y?2 uOx,y) =0, (xy) R?

2
u@(x,y) dxdy < oo

R2
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TOYHI | HABJIMDKEHI PO3B'A3KUN CIMNEKTPANIbHNX 3A0AY... 79

€ TPUKpPaTHUM i iAoMYy BignoBifae BacHa yHKList BUrNsigy

U (x,y) = aSphao(x,y) + ahi1(x,y) + alaho 2 (x, y).

TyT cTani agog, agoi, a(()og BM3HA4aKOThCS Ha NepLLIoMy Kpoui FD-meToay, TO6TO nig Yac CMMBO/Ib-

HOro PO3B’A3yBaHHA 3ajadi

02ud P (x,y)  02ud ™V (x,y) 2 2 (D)
%2 * dy?2 +A-XT oyt Uy Y(xy) =

LR
— AP

x,y) +xyud(x,y) =
p=0

=FJ"V(x,y),
(32)
x,y) R?% j=0,1,...,

npu j = 0. Togi maemo
FOxy) = =15 aldhoo(x,y) —ahii(x,y) — aiohoa(x,y) +

1 1
+3 aé‘,’?)hg,l(x, y) + agc,)())hl,l(xl y) + 1 ag?ihz,z(X, y)+

1 1
*3 afihz,o(x, y) + 5 afiho,z(x, y) + ag(,)iho,o(X, y)+

1
+ 7 02h13(xY) +agoha(x.y).

OckinbKu npaea vactrHa (26) He noBUHHA 3as1exkaTu Bif h o(X,Y), h11(X,y) i ho2(X,y), TO usa
BMMOra NPUBOANTD 10 OJHOPIAHOI CUCTEMM NiHIRHMUX anrebpaiuHnX pPiBHSAHb

@0, 1 © _
= a0+ §a1,1 =0

©) _ (1), ©0) _
a0~ 12730 +a5; =0,

1 ©_ .0 _
> aj;—I37ag; =0,

pO3B’A3KaMn SKOT €

|§1) = -1, U§O)(x,y) = hoo(X,y) — 2h1,1(X,y) + ho2(X, ),
0 0 0
H=1 dl=-2 af=1
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80 B. /. MAKAPOB

I =0, u®@(x,y) = hao(x,y) — ho2(X.Y),

0 1 0 0 1
ag,g = ! ag.,J). = 0' ag,% = 1
|(l) =1 (0) h + 2h + h
2 y (X y) ZO(X y) 11(X y) OZ(X y)
0 0 =9 0

Nema 3. 415 po3B’sa3Ky 3agadi (32) Mae Micle CTPYKTYPHe 306pakeHHs
j+3j+3

j+1 j+1 1 1 1
ud ™ V(x,y) = a0 ™Dhy o(x,y), adyD = aliD = afib = o, 33)
k=0 s=0

O6MeEXMMOCh BUMALKOM 3acTocyBaHHA FD-MeTofy 40 3HAXO4KEHHA YETBEPTOrO B/1IACHOIO
3HaYeHHs, OCKIi/IbKM 419 TPETbOTr 0 i M’ATOr0 B/IACHUX 3HaYeHb He BAAETbCS OfepXKaTh aHaNni TuY-
Hi BUPa3n TOUYHNX BNACHUX 3HAYEHb, XO4a caM METO[, /19 HUX € 30DKHUM.

MigcTtaHoBka (33) vy (32) npMBOAMTL 0 CNiBBIAHOLLEHb

j+3j+3 j ) p+2 p+2
- ad Dk + 25— dhes =—  AIHP y®aPhy o+
k=0s=0 p=0 k=0 s=0
jr2j+2 1
+ vﬁ’gaﬂi 7 P+1s+1 + 5 Khg—1,s+1 + 5 Shk+1,s—1 + kshg—1s-1

k=0 s=0

Y = (1= 8 285,0)(1 — 8k 185,1) (1 — 8k 085,2) (1 — Bp,0) + Bp.0(1 — Bics).

Micns oueBMAHNX nepeTBopeHb MaeMO
Jj+3j+3 j+2j+2 J
+1) — (P (P G+1=p)
— ak s (2k+2s—4)hs = — his Yi.s &, Y
k=0 s=0 k=0 s=0 p=max(max(k,s)—2,0)

q J+3i+3 Jj+1j+3
0)) a) a)
1 Yk1,5-18—1,5—1Nk,s + > Yk+1,5— 1ak+ls 1(k+Dhy s+

k=1s=1 k=0s=1

j+3j+1 Jj+lj+1

*5 yk 1 5+1ak 1 S+1(S + Dhis + yk+1 s+1ak+1 s+1(k +1)(s + Dhgs.
k=1s=0 k=0 s=0
(34)

MpupiBHIOKOUN [0 HYNA KoediLieHTV npu hy o, hy 1 i ho 2 Y Npasili yacTuHi (34), ogpasy 3Haxo-
ANMO

@) _ 1 a@= Qi1 — 1 _@i-1 @i-1 _ _3(4 — 3!
A4 2 4‘3a Zall 3a13 zéjﬁiﬁiTu

AN =4, NIV =0 j=1,2....
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TOYHI | HABJIMDKEHI PO3B'A3KUN CIMNEKTPANIbHNX 3A0AY... 81

CnpaBef/IMBOIO € Taka Teopema.
Teopema 3. FD-meToOg ana 3agadi (1), (2) wopo snacHoi napun (A4, us(X,y)) € 36iXkHUM, a
BiIHOCHO B/1IACHOI0 3Ha4YeHHA A4 — EKCMOHEHLUia/IbHO 36IXKHUM iy rpaHuLi Jae TO4YHe BnacHe

3HAYeHHS v.
A, = 3 2+3 6
‘T 2
3 OLIHKO A0r0 TOYHOCTI
m oo ry
i i 2 1 9
A — )\‘(‘21) — )\‘(12]) < s T 1+ —-

AHani3 pe3ynbTaTiB 004MC/IeHb 3a JONOMOror . K. a. Maple go3BosvB cchopmyioBaTu
rinotesy

A = (@ =)+ =)
S jrre@i—s+(Dnihz

SIKY BAQ/I0Cb CTPOr0 JOBECTY | OAEPXKaTW rPaHNYHM NePexoAoM (KOMM'OTEPHMM) TOYHe Biac-
HE 3HAYEeHHS

A= AP =
j=0

Vo Vo
5 2+ 6
—

Cnig 3ayBaXknUTH, LLLO BflacHe 3HAYEHHS )\go) 6a30B01 3afa4i, NOYNHaKOUN 3 j = 1, po3ranymky-
€TbCA Ha TPW TiSIKK i Nema 3 Npo 300paXKeHHA MOoMpaBoK A0 BNacHMX (OYHKLUiA BigHOCUTLCS
JiLle 1o ApYroi rifIKK1, SKa NPUBOAMTL 0 TOYHOIO YeTBEPTOr0 B/IACHOI O 3Ha4YeHHS. LLLo cTocy-
€TbCA NEPLUOT Ta TPETLOI ri/IOK, TO TYT NOTPIOGHO 3pOBUTUN YTOUHEHHS /leMU 3, @ caMe, MOBUHHI
BMKOHYBATWCb CMiBBigHOLIEHHS

j+1 j+1 j+1 j+1
adg P =af;P, aliV = +2aJ57, (35)

Ae 3HaK M/oc BiANoOBigae nepLlii rinui, a 3HaK MiHyc — TpeTiil. JOoBiNbHY cTany aggl) BU-

3Ha4YaeMO Yy Takuin cnoci6: y Bupasi ans Fz(i+2)(x,y) NMPVPIBHIOEMO 10 HYNA KOeiLieHTn npwu
h2,0(X, ¥), h1,1(X, ¥), ho.2(X, ). OaepXyemo cuctemy pisHsiHb

- N . 1 -
NG APadr 3+ Lol = o

. - - - - 1 N
"D 1 oY 4 a0 D aad? 4 LoD = o, )

- . . 1 -
A AP + 30+ L =

Joaaemo no apyroro 3 piBHAHb (36) NOABOEHE NepLUe, BpaxoBytoUn KOeiLiEHTHY CUMETPItO
Ta cniBBigHOLWEHHS (35). Ofep>KyEMO PiBHAHHSA, 3 AKOr0 3HAXOAMMO

G+y _ 1 G+n , 1 ¢+ (i+1)
%0 T 73 4a;, +Z""o,o + 6ay 5 ,
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82 B./l. MAKAPOB

LL{O, Y CBOHO Yepry, NpMBoAUTb 40 hopMy u

+2) _ +1 +1) _ 1 j+1 1 ¢+ j+1
)\(' ) Za(J )+3a(l ) = = 4a§"2)+2a8',0)—6a§',3)

3ayBaxkeHHS 1. MpoBeaeHnii aHani3 3HangeHNX TOYHUX BNACHMX 3HAY€Hb O3BO/IMB 3HAWTU
ANA HUX aHaniTUYHI oopmynu npu Beix N = 0,1,.... LLi BnacHi 3Ha4eHHs, NPOHYMepOBaHi y
NOPALKY 3POCTaHHSA X BE/IMUUH, MatOTb BUT AL

v_ V. A v_
6+(2n+1) 2 , )\n(n+1)+1:§ 3 6+(2n—-1) 2 ,...,
2

=

)\ n(n+1) = =
2 2

1 V_ o V_
)\n(n2+1)+n:§ (2n+1) 6+ 2 y n:0,1,....

5. ¥MOBM iCHYBaHHA TOUYHMX PO3B’A3KIB. Y LIbOMY MYHKTi YaCTKOBO BUKOPWUCTAHO pe3y/ib-
Tatu pob6oTu [5]. Hexali noniHoMianbHWI NOTEHLian Mae BUTNSAL

2p
K o
q(x.y) = B& 0 XTIy
k=1 i=0
BrKoHaeMo y piBHSAHHI (1) 3aMiHy
v Kk o
u(x,y) = exp aﬁk)l XKy v(x,y) (37)
k=1 i=0

i BU3HAYMMO, SIKE CMNiBBIAHOLLEHHSI MOBUHHO BYTW MK W i v, W06 AndepeHLianbHe PiBHAHHS
BIZIHOCHO (DYHKLUiT V(X,Y) Maso noniHoMiasibHi pO3B’A3KN. NepeTBOPEHe PIiBHAHHA MNIC/A CKO-
POYEHHSA Ha eKCMOHEHTY MaTUMe BUTNAL,

PV Y) | OV ) Ny ov(xy),
X2 a2 Th 1Y) —3 =" +p12(x.y) 3y
+p(%, Y)V(X,Y) =0, (xy) R? (38)
v k ) . .
pLA(X,Y) = 2 (k = Dap?, X<yl
k=1 i=0
(39)
v Kk ” o
pl,Z(X, y) =2 Ial(( )I |Xk_lyl_1.
k=1 i=0
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2u Kk . o
p2(x,y) = A= x —y? — ;E_)i,iX"_'y'+
k=1 i=0
vk . . v Kk _ _ 2
+ (k= i)(k — i — D)o, X< 72yi + (k— o, X<i-lyi 4
k=11=0 k=1 i=0
vk o vk 2
+ i(i — 1) al?, xX<Tlyi=2 + 0, Xyt “0)
k=11=0 k=1 i=0

AHanisytoun (37) — (40), npnxoamMmMo 10 BUCHOBKY: AN TOro wwob piBHsHHA (38) masio cBOiM
PO3B’A3KOM MONIHOM, HEOOXigHO, W06

H=v-—1. (41)
BWKOHaHHA L€l YMOBU [a€ MOXK/IMBICTb OfEPXaTW CUCTEMY HENIHINHUX anrebpaiuHux pis-
HSHb BiJJHOCHO aﬁk_)i’i, i=01,....k,k = yg,u+1,...,2U, WNAXOM NPUPIBHIOBAHHS A0 HYNS
KoedpilieHTiB npn X<y i = 0,1,...,k, kK = i, u+ 1,..., 2. Ticns 3HaXompKeHHs pO3B’A3KY

3raflaHoi cMcTemu i MigCTaHOBKM Oro y piBHAHHA (38) KoeduilieHT po(X,Yy) cTae NoaiHOMOM

(L — 1)-ro cTeneHs, i Le piBHAHHA BXXe Byge MaTu noniHOMianbHi PO3B’a3KW. Ansa intocTpauii

06MeXXMMOCh PO3rnaLoM BUNagKy | = 1, OCKiJIbKM 3arafibHUiA BUNaLoK € 3aHaATO FPOMI3AKUM.
Maemo [iBi cMCTEMU PIBHSAHb

1 1) (@2 1) (@2
— B3 + 400D +2a§ 0 = o,
(42)
1 e e .
— B4 + 4ag)af) + 2000 = o;
@) @ 2 @ 2 _
2 2) (@ 2
—b +4af) al)+al) =0, (43)
@) @ 2 @ ? _
CnoyaTtKy 3HaxoaMMo Po3B’A30K cuctemu (43):
(172) 1/2)
» _ .1 2 2) 2 » _ .1 2 2) 2
aG=eb 1ef- @’ 7 a@=al 1ep@- ot
(44)
@, a® @) @) @2 Y2 o
, 1 02 FBrg+2x 4 Bpy+1 20+l — Bif ,
oy = *32 @2, 2@ 2_0@p@ . a@ 2 17
11+ Boz —2Bg2B2ot Bo
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84 B./l. MAKAPOB

a noTiM 3 A0ro J0NOMOIoH OAEPXKYEMO PO3B’SI30K cucTemu (42):

DD, 2,1 DV, 2,
a _ 1 —2bgia;y+agibiy @ _ 1 —2bjgag, +a;ibys
MTT T o0 @2 MT T2 e @2 (43)
dap 830~ ajg dap 830~ ajg

Terep MM MOXeEMO 3anucaTh TOYHI BfacHi 3Ha4YeHHA i BigNOBIAHI TM TOYHI BfacHi (OyHKLIT.
30Kpema, nNpu BNacHOMy 3HayeHHi

2 2
h=— 2a7+2a8)+ a} "+ af (46)

TOYHORO B/IacHOO (PyHKLUiero Byae dyHKuia (37) 3
Vo(x,y) =1

.. . o . . . . 2
i BiANOBIAHMMM 3HaNAEHUMM 3HAYEHHSIMU BCiX NapamMeTpiB, sSiKi BOHa MiCTUTb. Tak, npu ng =

= [3(2) =M =M = 0, Bfl) = 1 Bnbupaemo 3 popmyn (44) 3Ha4eHHs

02 — Po1 — P10 —
\/6 \/i \/6 \/E
2) _ (2 _ + 2) _ — b+
@ =of=-"" 2 a@="0"2
Topai 3 hopmyn (45) ogep>xyemo
D — 4O —
Oip = Uo1 =Y,

i TOYHe BNacHe 3HaueHHs, 3rigHo 3 chopmyrnoto (46), Habrpae Burnsay

\/6 + \/i
A0 : #l

AKNIA 30IraeThbCs 3 OfePXKaHUM paHille.
Y Bunagky 4 = 3,v = 4, n = 2 MaTUMEMO

2k
_ 2k 2k—2i, 2i 2 2
u(x,y) = exp agk_)Zi,Zix 'y cp+cp XTH+YyS
k=1i=0
3k -
_ 2 2k—2i, 2i
q(x,y) = 2k=2i 21X Y
k=1i=0
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3 BiNOBIAHOI CUCTEMM PIBHAHb OAEPIKYEMO

NG) (6) (6) (6)
0@ = @ — Be.o q@ = P60 _ 0+ B4
4,0 04 = 7 2= > )
2 _ @ — ‘(143
O30 = Op2 = ———,
B(G)
6,0
(6) (6) 6 _ n® (4) 4 (6) 33(6)
06° Pa2 2,40 0,4° 6.0’
(6)
@ — O] 4,2
B2 = —2Bps 1— 1+ W :
— (2
2 2 1 6 6 e (Bao)
Bég = B(()Z) =~ ) 4 Bég + Bﬂ(f ) +24 B( ) - (5) J
4B B
6.0 6.0
5 372
B&s
Co =
ABE) +3 8(6)8(4)
1 2 2
N= 28{0+ B “+16 BY)
Be,o

3siacy npu
q(x,y) = =16 x* +y? +% x2+y? 2,

30KpeMa, BUrJsinBae Takui pO3B’A30K:

uz(X,y) = exp _% R+y?? o 1-xP—y? N =2

HaBeaemo e 0MH YaCcTKOBWIA HACMNIOK, LLIO AOMOBHIOE TeopeMy 3. Hexali
a(x,y) = xy,

TO/ji 3a 4OMOMOrOH aHasliTUKK, NOB’A3aHOI 6e3rnocepeHbLO 3 NOYATKOBOK 3ajayeto, 3Haxo-

v
5

2 ’

~

AVMO
5

2

Nl
o
oS

A3 = A5 = +

N\oﬁ

3 TOYHICTIO 10 MyNbTUNIKATUBHOT CTa0l AN BiANOBIAHNX TOYHUX BAACHUX (PYHKLIA MAaEMO
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Taki Bupasu:

V_
us(X,y) = X2—2xy+y?— 2 x

\/E 27 v 2\/* 2 2
x exp ~ 5 Xc 3+2xy 3+y° 3+X —2xy+y ,
V%’ SVE
A=t
V%
Us(X,y) = X2+2xy+y2— = x
\/é 2\/* v 2\/* 2 2
x exp ~ 5 Xc 342Xy 3+y° 3+X —2Xy+Yy .
SV% 2
A=t o

IMpoBeaeHi YncenbHi eKCNEPUMEHTI fanu NiacTaBy chopMynoBaTH TaKy rinoTesy.
lNnoTesa 1. FD-MeTo4 Ansa cnekTpasbHOI 3agadi Ansa pisHsHHSA LWpbogiHrepa (1) 3 noni-
HOMiaNbHMM NOTEeHLiaIOM

— k
q(x,y) = CoiXPyS, u=2,
p,k=0,p2+k2=>0

By/ie 361>KHUM MpY NEBHNX 3HAYEHHAX KOEMILIEHTIB Cp k. AKLLO0 X [ > 2 | 3Hale ThesA Xxoua 6
0finH KoeilieHT ¢k = 03 p > 2abo k > 2, To FD-meTO0A 6y/e po36i>KHUM.
[na nigTBepa>KeHHs BiporigHOCTI rinoTesn HaBeAeMO pe3y/ibTaTu AesIKUX PO3PaxyHKiB.

1 .
Mpuknapg 1. Hexait q(x,y) = 5xy2, )\60) = 2, ugo)(x,y) = 1. Pe3ynbTaTn po3paxyHkKis, a

came, nornpasku )\(()Zk), k =0,1,...,7,13, 40 BNacHOro 3Ha4yeHHs Ag, 3rigHo 3 FD-meToA0M 3

q(x,y) = 0 npn n = 0 HaBefeHO B Tabn. 2, )\62"_1) = 0,k = 1,2,..., Ha HENAPHNX KPOKax.
2m .

MocnifgoBHICTb Ag = JE“ZO )\(()2’) npu m - oo NPSAMYE A0 3HaYEHHS

Ao = 1,98799172177....

KOHTPO/Ib TOYHOCTI METOAY 3AIMCHIOETHCS 3a JOMOMOIrOH MOPIBHSAHHS HOPMU HEB’A3KM piB-
HAHHSA (1) Npy NigcTaHoBLi Y HbOTO

2m

2m -
A=A, uGy)=doay) = u@xy).
j=0
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Tabnuua 2
i A
0 2
2 —0.1157407407e—1
4 —0.3983053269e—3
6 —0.3153471014e—4
8 —0.3682233104e—5
10 —0.5534692723e—6
12 —0.1005494624e—6
14 —0.2130939275e—7
26 —0.1962171900e—10
Mpuknag 2. Hexa q(x,y) = }xzyz, )\(()O) =2, u(()o)(x,y) = 1. Pe3ynbTaTyn po3paxyHKis, a
3
came, NonpaBKu )\g), j =0,1,...,9,50,51, go BnacHOro 3Ha4eHHs Ag, 3rigHo 3 FD-meTogom
30(X,y) = 0 npu n = 0 HaBeaeHo B Tab/. 3. MNMocNigoBHICTb )r\% = szo )\(()j) npym - oo

npaMye o 3Ha4eHHA }\o, ANAa AKOro npaBu/ibHORO € OLLiHKa

2,074265720986340 < Ag < 2,074265720996361.

Tabnmusa 3

A

2
0.8333333333e—1
—0.1041666667e—1
0.1724054784e—2
—0.5423672732e—3
0.2645662038e—3
—0.1604017266e—3
0.1060781630e—3
—0.7240192694e—4
0.4996429136e—4
—0.1449580913e—10
0.1002067088e—10

O |0 |[N | |0 | |W (NP O |

al
o

a1
ity

6. ToUHi PO3B’A3KM CNEKTPa/IbHOI 3aaadi 4515 piBHAHHA LLpbogiHrepa y R3. Y uboMy nyHK-
Ti Ha NpUKNadi OAHIET KOHKPETHOI CrneKTpaibHOI 3aaadi ans piBHAHHA LpbogiHrepa 3 noniHo-
Mia/IbHUM NoTeHLiaioM y R3 NpoaeMOHCTPYEMO MOX/MBOCTI BUK/IAAEHOT BULLLE METOAOMOTII
OO y3arasibHeHHs i Ha 6araToBMMipHWIA BUNadoK.
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PosrnaHemo 3agady

0%u(x,y, z) azu(x Y,2) azu(x y.2),
X2 dy? 0z2

+ A=x?—y?—722—q(x,y,2) u(x,y,z) =0, (XY, 2)

u?(x,y, z)dxdydz < oo,

R3

ne

2u ki ‘ o

q(X, Y, Z) — IE_)i’i_S’SXk—IyI—SZS.

k=1 i=0 s=0

BWKOHaeEMO Yy piBHAHHI (47) 3amiHy
v k i " o
u(x,y,z) = exp 0(£_)i'i_sysxk_'y'_szs v(X,Y,2),
k=1 i=0 s=0

B pe3ynbTaTi K0T, MicNs CKOPOUEHHS Ha eKCMOHEHTY, OTPMMAEMO

2 2 2
0°v(x,Y,2) . 0°v(x,Y,2) N 0°v(Xx,Y, z)

, ov(x,y,z
+pa(x,y,2) M +p12(X, Y, 2) (ayy)+
V(X y 2)
+p1a(X,y,z) —=— +paAX, Y, Z)V(X, Y, Z) =0, (X,y,2)
he
\Y k i ; - -
p1,1(X,y, Z) =2 (k - i)aﬁ_)i,i—s,sxk_l_lyl_szs,
k=1 i=0 s=0
v Kk i ) o
P1,2(X, y: Z) =2 (i - S) Cxﬁ_)i,i—s,sxk_lyl_s_lzs,
k=1 i=0 s=0
v k i o
P13(x.y,2) =2 Sal(<k)| |—s,st_IyI_SZs_l.
k=1 i=0 s=0

B. /1. MAKAPOB

(47)

RS, (48)
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2u ki @
— k—i,,i—s_s
P2(X,y,2) = A— k—iji-ssX Y 2t
k=1 i=0 s=0
v k=2 i
+ (k—i)(k —i—1)al. . xkTI72yi=sz54
k=2 i=0 s=0
v k=1 i 2
() k—i—1,,i—ss
+ (k— |)0(k_i,i_sysx y' vz +
k=1 i=0 s=0
v ok i—2
+ (i—s)(i—s—1)ad,,_ Xy 254
k=2 i=2 s=0
v ok i-1 2
; k) k—i,,i—s—1-s
+ (i— s)ak_i’i_sisx y y4 +
k=1 i=1 s=0
\Y k i " o
+ s(s—1)al, . xkTlyi=szs724
k=1 i=2 s=2
\Y k i 2
(K) k—i,,i—s_s—1
+ SO—ji-ssX Y Z
k=1 i=1 s=1

AHanis dopmyn ana py k(X,y, z), k = 1,2, 3, Tapa(X,y, z) NnoKasye, Wwo by/e NpaBu/bHUM Take
TBEPLKEHHS.

Teopema 4. Ona Toro wo6 piBHAHHA (48) Masio PO3B’A30K V(X,Y,z) = 1, HeOOXigHO i
[0CTaTHbLO, W06 BUKOHYBaNOCh CNiBBiAHOLLEHHS (41) i cucTema piBHSHb BiJHOCHO A, ngl'(i)ls,
i+j+s =Kk, i,j,s =0,k = 1,2,...,24, WO YTBOPHETHLCA NPUPIBHIOBAHHAM A0 HYNS
KoedpiyieHTIiB noniHomMa p2(X, Yy, z), Mmana po3s’a30K.

[JoBegeHHs. HeobxigHicTb. Hexail piBHSAHHA (48) Mae CBOIM PO3B’A3KOM TOTOXHY OAMHU-
yto. Togi noniHoM pa(X, y, Z) NOBMHEH BYTW TOTOXHMM Hy/ieM. MNpupiBHIOKOUN 0 HYNS 00 KO-

edilieHT, OePXKYEMO CUCTEMY PiBHAHb BIHOCHO HEBIAOMMX A, a}ﬁ)’s, i+j+s=Kk,i,j,s =0,
k =1,2,...,2, fKa € nepeBn3HaveHoto. MNpoTe usa cucTema Mae po3B’s30K, 60 y NPOTUMIEX-
HOMY BMMNAAKY MNOAiHOM p2(X, Y, Z) He AOPiBHIOBAaB 61 TOTOXKHO HY/1HO. 3ayBaXKUMO, LLLO TYT Mpu-

POLHMM YAHOM BUHUKAKOTb (PYHKLIOHASIbHI 3a1€)KHOCTI MidXK KoediLieHTaMu NoliHoMiasIbHOro
. k) _ L. _ . .

ineHLuany Ek—i,i—s,s_’ S = 0,1,...,i,i=0,1,...,k,k =1,2,...,2W, KiflbKiCTb IKNX 6yge fo-

piBHIOBATU KifIbKOCTi HEBIAOMUX.

JocTaTHicTb. Hexail cuctema piBHSAHb BiIHOCHO A, al_j +j+s=k,i,J,s =0k =

j,i,s?
=1,2,...,2H, L0 YTBOPHOETLCA NPUPIBHIOBAHHAM A0 HYNSA KoedilieHTiB nosfiHoMa pa(X, Y, 2) i
BMOOPOM NEBHNX 3HAUYEHb KOEILIEHTIB NONIHOMIa/IbHOr0O NOTEHLiany B&k_)i’i_svs, s=0,1,...,1i,
i =01,....k,k = 1,2,...,2, mae po3s’a30K. Togi noniHom pz(X,y, z) nicns NigcTaHOBKU

LUIbOro PO3B’sI3KY NEPETBOPIOETLCS Y TOTOXKHUIA HYNb | PiBHSHHS (48), oueBMaHO, Gyae MaTu B
SIKOCTi PO3B’S13KY TOTOXKHY OIMHWLIIO.

Teopemy 4 foBefeHo.
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Y HacTynHOMY NPUKNagi NosiHOMia/IbHWIA NOTEHLLiaN B3STO TaKUM, A/151 SIKOrO He BAAETbCSA
oflep>KaTn TOYHMIN aHaNiTUYHWIA PO3B’A30K crieKTpasibHOI 3agadi (1). MpoTe TyT, Ha JyMKY aB-
TOopa, TaKoX Gy/e NpaBUIbHUM y3arasibHEHHS FinoTe3n 1 Ha TPMBUMIPHWUIA BUNaaoK. MigTeep-
[PKEHHSIM LbOrO € HACTYMHWUIA NpUKag,

1 .
Mpuknag 3. Hexali q(X,y,z) = Exyz, )\(()O) =3, ugo)(x,y,z) = 1. Pe3ynbTaTn po3paxyHKis,

a came, NONpaBKM )\(()2'(), k =0,1,...,7,13, 40 BacHOro 3Ha4yeHHs Ag, 3rigHo 3 FD-meToa0M 3

q(x,y,z) = 0 npu n = 0 HaBefeHoO B TabN. 4, 7\(()2k_1) =0,k =1,2,..., Ha HENAPHNX KPOKaX.
2m -

MocnifoBHICTb Ag = Jf“zo )\(()2” npu m - oo NPSAMYE A0 3HAYEHHS

Ao = 2.994692474619....

Tabnuus 4
i AP
0 3
2 —0.5208333333e—2
4 —0.9494357639%e—4
6 —0.3978744946e—5
8 —0.2494962332e—6
10 —0.1838161780e—7
12 —0.1647606604e—8
14 —0.1749263490e—9
26 —0.3132579863e—14

7. MoaudchikoBaHuii FD-meTog. AKLLO cTaHAapTHa cTpateria FD-meTogay, LWo nonsrae y Bu-
60pi B AKOCTi 6a30BOI 3aayi HANMNPOCTILIOro PiBHAHHSA, ANA AKOro BignoBigHa cneKTpasibHa
3afjaya Ma€ TOYHWI aHaNi TUYHWIA PO3B’A30K, MPUBOAUTL 0 PO36iXKHOIO PEKYPEHTHOIO NpoLie-
cy (ams. rinoTesy 1), TO NPONOHYETLCA MOAMMIKaLif meToay. Lia moandikauis y pagi BunagKkis
€ 30>KHOI0, LLIO | Byae NPOAEeMOHCTPOBAHO Y LibOMY MYHKTI. Cnif 3a3Ha4ynTH, LLLO BUKOPUCTAHHS
KYCKOBO-CTa10ro Hab/IMyKeHHS YaCTMHM NOMIHOMiafIbHOr0 NOTeHUjiany He NPUBOAUTL [0 30iXK-
HOCTi MeTogy uepes i HeOBMEXKEHICTb Ta HeOBMeEXKeHICTb o6nacTi RK.

AHani3 cTpyKTypu NoAiHOMiaNIbHOro NOTEeHLiany, Ana AKOro BignoBigHa cnekTpasbHa 3a-
Jaya Ma€ TOUYHWUIA aHaNITUYHWUIA Po3B’A30K (AuB. [5]), NOKa3ye, Lo NOro cTapLli KoeqilieHTw,
OKpIM 3HaKa, MOXXyTb 6yTU LOBIMILHUMMW, & MOOALLI BUPaXKAKOTbCA Yepe3 HUX. BUHUKae Taka
ifes: SKWO Y KOHKPETHIl 3aga4i monofuwi KoedilieHTy NofiHOMiaNbHOro NoTeHLiany He Ao-
PIBHIOOTb TUM «TOYHUM» MOJIOALLIMM KOoediLlieHTaM, Lo 3a6e3neyyroTb TOYHUIA aHaNi TUYHWIA
pO3B’A30K, TO 3a 6a30By 3afadvy y FD-meTofi A0OUiNIbHO B3ATU CNEKTPasIbHY 3agady Ans one-
paTopa LLipbogiHrepa 3 «ToOYHUM» NoNiHOMiasTbHUM MoTeHLUiasioM. KOHKpeTHY peati3auito Liel
ifel BUKNageHo HKYe.
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PosrnagaeTbca 3agava

22u(x,y) , 9%u(x.y)

92 ayz T AT A YUCGY) =0, (xY) R?,

q(x,y) = 16x° + 16y® + 48x%y? x? +y? —33x% — 33y?,
u(x, y)’dydx < oo.
R2
«TOUHWIi» NOTEHLiaN € TaKUM:
g% (x,y) = 16x° + 16y® + 48x%y? x? +y? —32x% —32y°.
Y AKOCTi 6a30B0Oi 6epemo 3agauy

?uO(x,y) , 92uO(x,y)
ox2 dy?

u@(x, y)?dydx < oo,
R2
OAHWM i3 TOYHMX aHaNITUYHKX PO3B’A3KiB AKOT € (amB. [5])

A9 =0, uO,y)= x®>—y? exp —(x® +y?)? .

Mpu ubomy
G(x,y) = x* +y2.
3arasibHuin peKypeHTHUIA npouec FD-meTogy m-ro paHry 6yae TakuM:

02ul+D(x,y) . 02ul*+D(x,y)

X2 o A0 —g(x,y) ud*D(x,y) =

j
=—  AGFIPUE (%, y) + G(x, y)uBD(x,y) = FUD(x,y),
p=0

x,y) R? j=012,....m—1,

UG+1)(X, y)u(o)(xl y)dxdy = O, j = O, l, e

R2
YMmoBa po3B’A3HOCTI 3a4adi (49) npuBoanTb 40 hopmMyin
G0, Y)u@ (x, y)u@(x, y)dxdy

AG+D) = R?
u©(x,y) 2 dxdy

R2
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B pe3ynbTaTi BUKOHaHHS peKypeHTHOro npouecy (49)—(51) ogep>XyemMo HabMMXKEHHA M-ro
paHry

D, Uxy) = u@(x,y). (52)
j=0 j=0

PO3B’A30K KOXHOT i3 3a4a4 (49) WwyKaemMo y BUTNALI

c© p
_ - ) _
ud*D(x,y) = u®(x,y) al ) K xByP7% = O,y D(x,y),  (53)
p=0 s=0

nonepefHbo nepetsopuslun F U+ (x,y) go dopmu

[ee] p i
FO™D(x,y) = uO(x,y) 50 X2y P2, (54)
p=0 s=0

Mpy nobyaoBi cMBOILHOTO anroputmy FD-meTogy 6yAeMo BUKOPUCTOBYBATM Tab/uMLO No-
3HaueHb

X252 uO(x,y) ? dxdy

R2

BZS,Zp = s,p=20,1,..., (55)

u©(x,y) * dxdy
R2

a NPU KOHKPETHUX 0BUNCNEHHSIX — TabNLIO NonepeaHbo 3HaAEHUX X YNC/TOBUX 3HAUYEHb. 3
ypaxyBaHHsAM BBefeH/X no3HauyeHb hopmyny (51) MOXKXHA NepeTBOPUTM A0 BUTNSAY

(o)

AG*D = aé's),zp_ZS (B2s+2,2p—2s + Bas,2p—2s+2) - (56)
p=0 s=0

Lani nigctasnsaemo (53) y NiBy YacTUHY PiBHAHHA (49) i NPUPIBHIOEMO KOeqiLiEHTU NPU O4Ha-
KOBWX J06yTKax x?y2P s, p = 0,1,..., 31iBa i cnpasa, O NPUBOANTL 1O HECKIHUYEHHOT CHC-
TEMM AiHIAHUX anrebpaiyHnX PiBHAHb BiJHOCHO HEBIAOMUX KoedilieHTiB i3 306paxkeHHst (53).

[ns ofep>kaHHA L€l cucTemMy NpoBegemMo nonepesHbo NeBHi NePeTBOPeHHsS. CnovaTKy Hase-
AemMo chopmynu ana KoediuieHTiB i3 306paxkeHHs (54). Maemo

G+1) _ a) a) @ — _
Frsop—2s = “Agsop—2s * s p2p—2s * 8350p—2s—2» S=0,1,...,p—=1, p=12...,

g+1) _ 0)) 4+1) _ ()] ag) _
foo ~ = —Ago Taso = —Azsotag oo S=12,...,

]
() _ j+1—p),(P)
Agsot—2s = AU+ p)aZS,Zt—ZS'
p=0
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3arimeMocsl Tenep NeEPeTBOPEHHAMU pe3y/bTaTy nigcTaHoBKM (53) y NiBy YacTUHY PiBHSAHHS
(49) po noTpibHOro Ham BMIrNsa4y. BHacnigok Lboro BUHMKalOTh TakKi JOAaHKW:

) ou@(x,y) ovl*D(x,y)

= — 2 22 _ 4_ 4
Ix Ix = 4exp Xc+y 1-2 X" —y* x

(4+1) 2s,,2p—2s
x 25858 5 o XSy, (57)
p=0 s=0

) ou@(x,y) ovi*D(x,y)

— 2 22 4 oA\ A
ay 3y = 4exp XS +y 1-2(x"—y") %

o P
e B
x 2(p — 5) gk Xy, (58)
p=0 s=0

0vI*V(xy) , 02U D(x,y)
ox2 dy?

u@(x,y)

oo

p
j+1
= u(o)(xiy) ags-,zp)_ZSx

p=0 s=0
x 25(25 — l)XZS—ZyZD—ZS + (2p - 23)(2p — 25 — 1)X25y2p—25—2 —

c© p
j+1
= uO(x,y) (25 +2)(2s + 1)l Doy oe+
p=0 s=0

1

+(2p—25+2)(2p— 25+ 1)al ) ., XBYPTE,

Migcymosytoun (57) i (58), oTpumyemo

0) g+1) © (4+1)
QU (x,y) OVITI0GY) | OUTPOGY) OVETOGY) oy — x2ay2 2
ox ox ay oy
oo P i
x 25 agszt)—Zs X25y2p—23 _ X2p—25y25 NG _y4 XZSyZp—ZS + X2p—25y25 —
p=1s=1

= 8u®(x,y)ads? 1-2 x+y? * +8uO(x,y)x
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o P ] p—2s
< agjptlz)s y2p—25—2kX25+2k—2 —92 %2 +y2 X25y2p—25 + X2p—25y25 —
p=2s=1 k=1
p
[ee) 2 S
= gy a+1 G+1) G+1)
= 8uf )(X’ y) - (p—2k+ 1)a2p—2k+2,2k —2(p—1) Ap—2s,25—2 T 8p—2s—225 X
p=1s=1 k=0
x X2p—25y25 + X25y2p—23 (1 + 52p—25,25)_11 (59)

e y — uinayacTtuHa giinicHoro uncnay. TyT i gani 6yaemo BpaxoByBaTu CMMETPIO Koedilli-
€HTIB Y 300pa>KeHHI 10 B/IACHUX OYHKLIiA

Te > caMe CTOCYeTbCA KoedilieHTIB y 3006pakeHHi (54), ke MOXKHa 3anucaTtv Takum YNHOM:

NIT

(o]

p=0 s=0

OckinbKun supasn (59), (60) NOBMHHI TOTOXXHO 36iraTucs, TO 3BiACK NPUXOANMO A0 HECKiIHYEH-
HOI cucTemm NiHINHUX anrebpaiyHnX piBHAHb

(4+1) (4+1) (+1) — £0G+D
8 — (p—2k+ 1)a2p—2k+2,2k —2(p—1) Ay o5t zs 225 = Fop_252s
s=0, ... g , p=0,1,..., 8y =fH",

sIKa SIBHO PO3B’SA3YETLCS | 3HAX0AATLCSA BCi KoeilieHTn 306paxkeHHs (53), KpiM KoeduiyieHTa

a(%'l). OcTaHHili BU3Ha4aeTbcsa 3 ymosu (50):

p
- -
ag(;L )= — ags;p)—szZS,Zp—Zs- (62)
p=1s=0

AK HacnifoK BUKNALEHOro BULLE, OAepXKaHO CUMBOJIbHUI anirOpUTM, pe3ynbTaToM Ail SKoro
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ANt M-T0 paHry €

m m
m . .
= G 7 — @) — —
)\—_ AY, a25,2p—25_ _ a¢p-2s + $=01...,p, p=01,...,
j=0 j=0
(63)
m mo
uxy) = uPxy) =
Jj=0
oo p m i
= U(O)(X, y) a%IS),Zp—ZS XZsyZp—ZS —
p=0s=0 j=0
© =P n
— 1,0 2s,,2p—2s
= a .
U™ (x,y) oo s 2p_2s X Y

Mpwn imnnemeHTaLii mogndikosaHoro FD-mMeTofy BUKOPUCTOBYEMO CKOPOYEHi BapiaHTU Ha-
BeleHnX hopMy/, 3afaroun y cymax HaTypasibHe 4ncno N 3aMicTb oo, IMNpu LbOMy BUKOHYEMO
NOCNIfOBHICTb Aiil, HABeAEHY B anropuTmi 1.

Anroputm 1. MoandikoBaHuii FD-meTog,

BxigHi napameTpu: N, m, ag')()) =1, aég?zp_ZS =0(s=0,1,..,p,p=1,2,...,N),
A® =0,
m m
Pe3ynbTar: A, as2p—s (S = 0,1,...,p,p = 0,1, ..., N), A(™,
06umncnTy Bok 2p—2k (K = 0,1,...,p, p = 0,1,..., N + 1) 3a chopmynoto (55);
umkn no j Big 0 (3 Kpokom 1) No m BUKOHYBaTH

o6umcautn AU*D 3a ckopoueHoto hopmynoto (56):

N

AD = ags),Zp—Zs([325+2,2p_25 + Bas,2p—25+2);
p=0 s=0

3HaNTU agjs;}}_% (s=0,1,..,p,p =1,2,...,N) i3 cucremn (61);

3HalTN ag(;'l)sa CKOpoYeHoto thopmyrioto (62):
N p
(G+1) _ _ (+1)
o0 = 35 2p—25P2s,2p—25
p=1s=0

KiHeLb.
TyT Benmunna A(™ xapakTepu3ye TOUHICTb iMMIEMeHTaLi.
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Mpuknag 4. 3a gonomoro c. K. a. Maple (Digits = 16) 3rigHo 3 moaucikoBaHum FD-
MeTooM 3 G(X,y) = x> +y?2TaN = 6, m = 6 064MC/IEHO HABIMXKEHHS [0 B/TACHOTO 3HAYEHHS!
Ao, a came,

6
Ao = 0.7863301850443145.

PesynbTaTu po3paxyHKiB HaBefeHO B Tab/. 5, a came, HaBeAeHO NOMpPaBKy }\((,’),j =12,...,17,
[0 B/TACHOTI O 3HAYEHHS Ag.

Tabnuus 5

AD

0.7978845608028654
—0.1067861937157927e—1
—0.8566485705929936e—3
—0.2196694150259330e—4

0.2634656238956339e—5

0.2244688851304913e—6
—0.1795600285161990e—8

~N OO0 WN P |-

MepeBipKy SKOCTI 0flep>aHoro Hab/AIMXKEHHS NPOBOAMMO 3a AOMNOMOIoL0 AOCNIKEHHSA He-
B’13KM, IKy 064YMCNHOEMO Y TaKmii cnocib. Bygyemo Bupas

N p
m,N m —
U (x,y) = u@(x,y) a x?SyP2s, (64)
2s,2p—2s
p=0 s=0
3a J0MOMOrrOH0 SIKOro 3Haxo4MMO NOIIHOM
2 m,N m
2,22 _ U Uo(xy) m,N _
exp  X“+y = ae T MTakxy) Uo(xy) =
N+1 p
_ 2s,,2p—2
= I'm,2s,2p—2sX Sy,
p=0 s=0
3a HeB’A3KY NpUMaemMo (PyHKLitO
, N—1 p
_ 2 2 2s,,2p—2
Rm(X,y) =exp — X“+y I'm,2s,2p—2sX Sy pes,
p=0 s=0

3MEeHLUEHHS BEPXHbOTO IHAEKCY MiACYMOBYBaHHS Y 30BHILUHIM CyMi NOB’sA3aHe i3 TUM, Lo
NpU 4YKUCENbHIN IMMIeMeHTauUil 3amicTb dpopmynu (63) BUKOPUCTOBYETHLCA hopmyna (64).
306paXkeHi Ha PUCYHKY NiHIT piBHA yHKLUiIA RE, = 10°Rm(X,Y), X,y [—2,2] (a, B, o) Ta
ix 3D-rpachikn (6, r,e) (npum = 5,s = 7(@, 6),m = 6,s =8(, N, m=7,s =9
(B, €)) AEMOHCTPYIOTb eKCNOHEHLia/IbHY LUBUAKICTL 36IXKHOCTI 3anponoHoBaHOT Moandikauii
FD-meToay.
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