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Abstract. The completed group classification of systems of two cou-
pled nonlinear reaction-diffusion equations with general diffusion matrix
is carried out. A simple and convenient method for the deduction and
solution of classifying equations is presented.
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1. Introduction

The group classification of differential equations is one of corner stones
of group analysis. This classification specifies the origin of possible appli-
cations of powerful group-theoretic tools such as the construction of exact
solutions, group generation of solution families starting with known ones,
etc. A very important result of group classification consists of an a priori
description of mathematical models with desired symmetry (e.g., rela-
tivistic invariance).

One of the most impressive results in group classification belongs to
S. Lie, who had completely classified second-order ordinary differential
equations [17]. Lie was also the first who presented the group classifi-
cation of partial differential equations (PDE), namely, he had classified
linear equations including two independent variables [18].

Using the classical Lie approach, whose excellent presentation was
given in [25], it is not difficult to derive determining equations for possible
symmetries admitted by equations of interest. Moreover, to describe Lie
symmetries for a fixed (even if very complicated) equation is a purely
technical problem, which is easily solved using special software packages.
However, the situation changes dramatically whenever we try to search

Received 11.01.2005

ISSN 1812 — 3309. (© Institute of Applied Mathematics and Mechanics of NAS of Ukraine



154 GROUP CLASSIFICATION OF SYSTEMS...

for Lie symmetries for an equation including an arbitrary element that is
not a priori specified, i.e., when we are interested in group classification
of an entire class of differential equations.

The main problem of group classification of a substantially extended
class of partial differential equations (PDE) consists of the effective so-
lution of determining equations for the coefficients of generators of a
symmetry group. In general, the determining equations are rather com-
plicated systems whose variables are not necessarily separable.

A nice result in group classification of PDE belongs to Dorodnitsyn
[26], who had classified nonlinear (but quasilinear) heat equations

U — Ugy = f(u), (1.1)

where f is an arbitrary function of the dependent variable u, the sub-
scripts denote derivatives with respect to the corresponding variables,
ie, uy = Ou/Ot and uy, = 0?u/dx®. Moreover, in [26], more gen-
eral equations u; — (Kuy), = f(u) were classified. The related deter-
mining equations appear to be easily integrable, which made it possible
to specify all nonequivalent nonlinearities f (which are power, logarith-
mic, and exponential ones) that correspond to different symmetries of
Eq. (1.1). The nonclassical (conditional) symmetries of (1.1) were de-
scribed by Fushchych and Serov [10] and Clarkson and Mansfield [6].

The results of group classification of Eqgs. (1.1) play an important role
in the construction of their exact solutions and the qualitative analysis
of the nonlinear heat equation (see, e.g., [28]).

In the present paper, we perform the group classification of systems
of the nonlinear reaction-diffusion equations

0 _
% — Alayug + ajpug) = fH(ug, ug),
(1.2)

Ous
5 Alagiur + asous) = f2(u1, u2),
where u = ( Zl > is a function of ¢, x1, x2, ..., Ty, the symbols a11, a1z,
2

as1, a9y denote real constants, and A is the Laplace operator in R™. We
also write (1.2) in the matrix form:

= AAu =T, (1.3)

1
where A is the matrix whose elements are ai1,...a9 and f = ( ;2 )
Mathematical models based on Egs. (1.2) are widely used in math-
ematical physics and mathematical biology. Some of these models are
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discussed in [23] and in Sec. 12 of the present paper, and the entire col-
lection of such models is presented in [20]. Thus, the symmetry analysis
of Egs. (1.2) has a large application value and can be used, e.g., for the
construction of exact solutions for a very extended class of physical and
biological systems. The comprehensive group analysis of systems (1.2)
is also a nice “internal” problem of the Lie theory, which admits an ex-
act general solution for the case of an arbitrary number of independent
variables x1,xo, ..., Tm.

Symmetries of Eq. (1.3) for the case of a diagonal (and invertible)
matrix A were investigated by Yu. A. Danilov [7]. Unfortunately, the re-
sults presented in |7] and cited in the handbook [14] are neither complete
nor correct. We discuss these results in detail in Sec. 12.

Symmetry classification of Eqgs. (1.3) with diagonal diffusion matrix
was presented in [3], and then some results missing in [3| were added in
Addendum [4] and the paper [5]. However, we shall demonstrate that the
results given in [3-5] are still incomplete and add the list of nonequivalent
equations given in these papers.

Note that symmetries of Eqgs. (1.3) with diagonal diffusion matrix
were partially described in [15], where symmetries of a more general class
of diffusion equations were studied.

Equations (1.3) with arbitrary invertible matrix A were investigated
in [23|, and the related results were announced in [24|. Unfortunately,
mainly due to typographical errors made during the publishing procedure,
the presentation of classification results in [23] was not satisfactory.!

In the present paper, we give the completed group classification of
coupled reaction-diffusion equations (1.3) with an arbitrary diffusion ma-
trices A. Moreover, we present a straightforward and easily verified pro-
cedure of the solution of determining equations, which guarantees the
completeness of the results obtained. We also indicate clearly the equiva-
lence relations used in the classification procedure. In addition, we extend
the results obtained in [23] to the case of a noninvertible matrix A.

The additional aim of this paper is to present a rather straightforward
and conventional algorithm for the investigation of symmetries of a class
of partial differential equations that includes (1.3) as a particular case.
We show that the classical Lie approach (see, e.g., [11] and [25]) when
applied to systems (1.3) admits a rather simple formulation, which can
be used even by investigators who are not experts in the group analysis of
differential equations. Furthermore, the algorithm can be used for find-
ing conditional symmetries of (1.3) [23] (for the definition of conditional

IThe tables presenting the results of group classification were deformed and cut
off. It is necessary to stress that it was authors’ fault, one of whom signed the paper
proofs without careful reading.
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symmetries, see [12]).

There exist two nonequivalent 2 X 2 matrices with zero determinant,
namely, the diagonal matrix with the only nonzero element and the Jor-
dan cell. We consider the following generalized versions of the related
equation (1.2):

8tu1 — Aul = fl(ul, 'LLQ),

! (1.4)
615?,62 —p#a'uul = f (Ul, UQ)

and
atul — puﬁuuz = fl(ul, ’UQ),

(1.5)
Oruz — Auy = f2(uy,uz).

Here, p,, are arbitrary constants and the summation is carried out over
repeating p =1,2,--- ,m. Moreover, without loss of generality, we set

pr=p2=""=pPm-1=0, pp =p. (16)

In the case p = 0, Egs. (1.4) and (1.5) are nothing but particular cases
of (1.2), which include such popular models of mathematical biology as
the FitzHugh-Nagumo [9] and Rinzel-Keller [27] ones. In addition, (1.5)
can serve as a potential equation for the nonlinear d’Alembert equation.

The determining equations for symmetries of Eqgs. (1.2) are rather
complicated systems of PDE including two arbitrary elements, i.e., un-
known functions f' and f2. To handle them we use the approach de-
veloped in [29], whose main idea is to make an a priori classification of
realizations of the related Lie algebras. In fact, this method has roots in
works of S. Lie, who used his knowledge of vector-field representations of
Lie algebras in a space of two variables to classify second-order ordinary
equations [17]. In the case of partial differential equations, we have no
hope to classify all related realizations of vector fields . However, for some
fixed classes of PDE, it appears to be possible to make this classification,
restricting ourselves to realizations that are compatible with equations of
interest [29].

Note that an analogous technique was used earlier [13] for the clas-
sification of the nonlinear Schrédinger equations with cubic nonlinearity
and variable coefficients.

In Sec. 2, we present the general equivalence transformations for
Egs. (1.3) that are valid for arbitrary nonlinearities f! and f? and give
the list of additional equivalence transformations that are valid for some
fixed nonlinearities.

In Sec. 3, a simplified algorithm for the investigation of symmetries
of systems of reaction-diffusion equations is presented.
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In Sec. 4, we deduce determining equations for symmetries admitted
by Egs. (1.3) and specify the general form of the related group generators.

In Sec. 5, we present the kernel of the symmetry group for Egs. (1.3)
and give definitions of main and extended symmetries.

In Secs. 6-8, the results of group classification of Egs. (1.4) and (1.5)
are presented. Equations (1.3) with invertible diffusion matrix are clas-
sified in Secs. 9 and 10, and the case of a nilpotent diffusion matrix is
studied in Sec. 11.

In Sec. 12, we discuss the results of group classification and present
some important model equations that appear to be particular subjects of
our analysis. Appendix includes an a priori classification of realizations
of the low-dimensional Lie algebras that are used in the main text for
solving the determining equations.

2. Equivalence Transformations

The problem of group classification of Egs. (1.2)—(1.5) will be solved
up to equivalence transformations.
We say the equation

iy — AAG = f(@) (2.1)

is equivalent to (1.3) if there exist an invertible transformation u — @ =
Gu,t,2), t =t =T(t,z,u), 2 — & = X(t,z,u), f — f = Fu, t,z, f)
that connects (1.3) with (2.1). In other words, the equivalence transfor-
mations should keep the general form of Eq. (1.3) but can change concrete
realizations of the matrix A and nonlinear terms f' and f2.

Let us note that there are six ad hoc nonequivalent classes of Egs. (1.3)
corresponding to the following forms of matrices A:

10 . . (10 (a -1
P (D0) ras (0 mas(n ).

10 10 0 0
HLA(G1>,IVA<OO),VA<1O>,

where a is an arbitrary parameter. Indeed, any 2 x 2 matrix A can
be reduced to one of the forms (2.2) by using linear transformations of
dependent variables and scaling independent variables in (1.3). For the
matrices I and I11, it is possible to restrict ourselves to the cases a # 0, 1
and a # 0, respectively, but we prefer to reserve the possibility to treat
the version I* as a particular case of the versions I and 1.

(2.2)
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The group of equivalence transformations for Eq. (1.3) can be found
by using the classical Lie approach and treating f! and f? as additional
dependent variables. In addition to the obvious symmetry transforma-
tions

t—t'=t+a, z,— QUL = Rywwy + by, (2.3)

where a,b, and R, are arbitrary parameters satisfying the condition
R, R\ = 0., this group includes the following transformations:

g = K%y +ba,  [*— NKPS,

24
t— A2, xg — AN, (24)
where K are elements of an invertible constant matrix X commuting
with A, A # 0, and b, are arbitrary constants.
Let us specify the form of matrices K. By definition, K commutes
with A, and so, for the versions I-V presented in (2.2), we have

I': K= < g; g;z ) , K11Ka — Ko1Ky # 0, (2.5)
I,LIV: K= ( Igl [8,2 > KKy #0, (2.6)

IT: K:(ﬁ }?), K2+ K240, (2.7)
IIT,V : K_<2 [?,1>, Ky #0. (2.8)

In addition, for case I there is one more transformation (2.4) with

K:(? é) N =a. (2.9)

Such transformations reduce to the change a — % in the related matrix

A, i.e., to scaling the parameter a.

The equivalence transformations (2.4) are also valid for Egs. (1.4) and
(1.5). The related matrices K are given in (2.6) and (2.8).

It is possible to show that there are no more extended equivalence re-
lations valid for arbitrary nonlinearities f' and f2. However, if functions
f! and f? are fixed, the class of equivalence transformations is more ex-
tended. In addition to transformations (2.4), it includes symmetry trans-
formations that do not change the form of Eq. (1.3). Moreover, for some
classes of functions f! and f2, Eq. (1.3) admits additional equivalence
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transformations (AET). The corresponding set of equivalence transfor-
mations for Eq. (1.3) can be found by using the classical Lie approach
and treating f! and f? as additional dependent variables constrained by
the relations specifying the dependence of f! and f? on u; and us.

In spite of the fact that we search for AET after the description of
symmetries of Eqs. (1.3) and the specification of functions f! and f2, for
convenience we present the list of additional equivalence transformations
in the following formulas:

S Otk W=

10.

11.
12.
13.
14.

15.
16.
17.

up — exp(wt)uy, uz — exp(pt)us,
U] — U1 + wt + A\gqg + ,ua:2, Uy — U2,
Uy — U1, up — up + pt + Aaq + pa’,
up — u1 + pt, ug — ugexp(pt),
uyp — exp(wt)uy, uy — ug + wt,
up — ui, Uz — U + ptuq,
2
up — exp(wt)ur, ug — uz +w—,

2
2

u; — exp(wt)uy, ug — ug + Ktug + Py

2

up — u1, ug — U2 — ptug + P/\57 (2.10)

up — exp(pt)ur, ug — up — Kpt,
/2
u; — exp(pt)uy, uz — exp(pt) (uz + €P§U1),

u1—>u1—i—pt—|—1/x2, u2—>u2—pt—1/x2,

_P
ur — u1 + pt, upg — e vlug,
2

up — uy + pt, u2 —>u2+PtU1+P§7

U] — U1 coswt — ug sinwt, ug — ug coswt + uq sin wt,
uy; — exp(wt)uy, us — exp(wt)(ug — wtuy)
Transformations (11.2) valid for equations with matrix A

of the type V only.

Here, the Greek letters denote parameters that are either arbitrary
or specified in the tables presented below. We stress once more that, in
contrast to (2.4), the equivalence transformations (2.10) are admitted by
some particular equations (1.3), which will be specified in what follows.
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3. An Algorithm for the Description of Symmetries
for Systems (1.3)—(1.5)

Let us investigate Lie symmetries of systems (1.3)—(1.5), i.e., find all
continuous groups of transformations for u, ¢, x that keep these equations
invariant. In contrast to equivalence transformations, symmetry trans-
formations do not change functions f! and f2.

Since any term in (1.3) does not depend on ¢ and x explicitly, this
equation with arbitrary functions f' and f?> admits obvious symmetry
with respect to translations of all independent variables and rotations of
spatial variables present in (2.3). For Egs. (1.4) and (1.5) such symmetries
also have the form (2.3), where the indices of R, run through the values
1,2,....,m—1.

To find all Lie symmetries we require the form-invariance of the sys-
tems of reaction-diffusion equations with respect to one-parameter groups
of transformations:

t—t'(t,z,¢), r—2'(t,x,¢e), u—u'(t' 2 e), (3.1)

where ¢ is a group parameter. In other words, we require that /(¢ 2/, ¢)
satisfy the same equation as u(t,x):

L' = f(u), (3.2)

where L are the linear differential expressions involved into Eqs. (1.3)—

(1.5), i.e

0 0? 0 6
L=2 a4 g 2 iy -
ot Z@xf a$m7 Za /2 m

)

Here, B is the zero matrix for Eq. (1.3), B = ( 2 8 ) for Egs. (1.4),

0
andB(O

Beginning with the infinitesimal transformations

0
for Eq. (1.5).
") for Ea. (15)

t—t =t+ At=1t+en, Tog — Th =X+ Axq = x4 + €%, (3.3)

Ug — UL = Ug + Aug = ug + emg

we obtain the following representation for the operator L':

L = [1+£< gtJrg“aaa)]L[l—s( gt+§“aaa>] +0(£?). (3.4)
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Using the Lie algorithm, one can find find the determining equations
for the functions n, &,, and m,, which specify the generator X of the

symmetry group:
0 0 0
X =np=+&— =
Mot T b " oy
where the summation from 1 to m and from 1 to n is assumed over the
repeated indices a and b, respectively. We will obtain these determining

equations directly.

(3.5)

First, note that, without loss of generality, we can restrict ourselves
to functions 7, £, and m® that satisfy the conditions

o _, o o

dug | Ouy  Ouduy

(3.6)

This is nothing but a consequence of results of [2], where PDE whose sym-
metries satisfy (3.6) are classified. These results admit a straightforward
generalization to the case of systems (2.2) with invertible matrix A.

Substituting (3.3) and (3.4) into (3.2), using (1.3)—(1.5), and neglect-
ing the terms of order €2, we find that

0
Q,L|u— Lw=m7f+ 8uf (—ﬂ'abub — w“) , (3.7)
where 9 9

[@Q,L] = QL — LQ is the commutator of the operators @ and L, and =
is the matrix whose elements are 7%, so that [23] 7 = 7%, + w?, with
7 and w® being functions of independent variables t, z.

Equation (3.7) is compatible with (1.3)—(1.5) and does not impose
new nontrivial conditions on w if the commutator [@Q, L] admits the rep-
resentation

QL] =AL+¢ (3.8)

where A and ¢ are 2 x 2 matrices dependent on t, x.
Substituting (3.8) into (3.7), we obtain the following classifying equa-
tions for f:

k

(Akb + ka) fb + cpkbub + (Lw)k = (w* + W“bub) 9

S (39)

Thus, to find all nonlinearities f* generating Lie symmetries for
Egs. (1.3)—(1.5), it is necessary to solve the operator equations (3.8) and
find the general form of the matrices A, 7, and ¢ and the functions n and
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¢. In the second step, we find the nonlinearities f® solving system (3.9)
with its known coefficients.

We stress that the described procedure of group classification of
Egs. (1.3)-(1.5) is equivalent to the standard Lie algorithm but is more
straightforward. In addition, it is rather convenient, and, till an appro-
priate moment, all equations (1.3) with nonsingular matrices A can be
analyzed in a parallel way.

4. Determining Equations

Evaluating the commutator in (3.8) and equating the coefficients for
linearly independent differential operators, we obtain the determining
equations

agr o 0% n
A=— AA+TA = — =A 4.1
<8.%'b + 81_(1) 5ab( + [ 771-})7 ItOT, 0, ot ) ( )
Bfa 8 “ _Or
5 axa Am — AAE* =0, p= AAm (4.2)

where d,p is the Kronecker symbol.

The general expressions for the coefficient functions n, &%, and w of
symmetry X (3.5) can be obtained by evaluating the determining equa-
tions (4.1) and (4.2). We do not reproduce this procedure here but present
the general form of the related generator (3.5) found in [23]:

~ 0
X = AK +0,Go + waGo + uD — 2(C“bub + Ba)@u
+ U 2,0, +v0 + 0y (4.3)
where the Greek letters denote arbitrary constants, ¥# = —WU¥* B® are
functions of ¢t and x, C% are functions of ¢ such that
CabAbk _ Aabek =0, (44)
and
0 x? 0 0 0
k=212 i) - (g sl
ot "o, ) T g W) Mg —im{ug ey
1 0
Go =0y + —x0(A™H)%
+ 5%l ) b
0
Go = " (Do + 317047 Pung - ).
0 8
D= Qta + w“@

(4.5)
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If a = 0, then the related generator X again has the form (4.3), where,
however, A = 0, = w, = C? =0 and B? is a function of ¢,z and u.

Formula (4.3) presents a symmetry operator for Eq. (1.2) iff the re-
lated classifying equations (3.9) for f! and f? are satisfied, i.e.,

1
(AM(m+4) 4+ p)f*+ (5)\3:2 + oz, + ’ye”twumo (A-1yabysb
+CfP + CfPuy + Bff — AA®B

1
= (BS + C*Puy + Atmus + (5)@2 + oy

9 fa (4.6)

+ vevtwu:co (A_I)Skuk> 5

Thus, the group classification of Egs. (1.3) with nonsingular matrix
A reduces to solving Eq. (4.6), where A, u,0,,w,, and 7 are arbitrary
parameters and B® and C® are functions of (¢,) and t, respectively.
Moreover, the matrix C' with elements C* should commute with A.

Note that relations (4.3)—(4.6) are valid for the group classification of
systems (1.3) of coupled reaction-diffusion equations including an arbi-
trary number n of dependent variables u = (uq,ug, . ..uy), provided that
the related n x n matrix A is invertible [23]. In this case, the indices
a,b,s, and k in (4.3)—(4.6) run through the values 1,2...n.

Now consider Eq. (1.4) and the related symmetry operator (3.5). The
determining equations for 7, £, and 7% are easily obtained using (3.8)
and (3.9) and have the following form:

o On _ogr
Tt = 77zu - aua - 07 ét - aUa - 07
OPnt _, Om, . ox'_om® _
oupdue  Ow,  Ouz  Oup (4.7)
ol on? 1 .
8_u1_8_uz:§m it p#0,

o, &, = —0"n, p#m,

where the subscripts denote derivatives with respect to the corresponding
independent variable, i.e., n; = %, &L = %, etc.
Integrating system (4.7), we obtain the general form of the opera-

tor X:

0 0 0
X = vy +py0,+ U0, D—2B°-L _oFu,-L _2Gu,—2-, (4.8
VoLt Pu Oyt TutH Oug ulaul u28UQ (48)

u=2(F-G) if p#0, (4.9)
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where B are functions of (¢,z), F and G are functions of ¢, and the
summation over the indices p and v is assumed with y,v =1,2,--- ,n—1.
The classifying equations (3.9) reduce to the following ones:

(u+ F)f' + Fug + (0, — A)B!
0 0 0 0
1 2 0 1
(B 8’&1 + B aUQ + FU16 + GU28U2>JC

4.10
(M+G)f +Gt'LL2 +Bt —p32 ( )

(Blaal + BZ% + Fulai1 + Gy — >f2
Relations (4.8)-(4.10) are valid for p # 0 and p = 0 as well (in the
last case, condition (4.9) should be omitted). Solving (4.10), we specify
both the coefficients of the infinitesimal operator (4.8) and the related
nonlinearities f! and f2.
For Egs. (1.5), we establish by analogy that generator (3.5) reduces
to

X:M(37§3t+233u3 _U26i> F<u1i+u2 0 >—B“ 9
2

0 (75} 8UQ 6ua’
(4.11)
while the classifying equations are
(Bu+ F)f' + Fyuy + B} — pB2
0 0 0 0
(31 + B?— + Fuj— + (F+,u)u2—)f1,
6u1 8’&2 3 Ul OUQ (4.12)
(4p+ F)f? + Foug + B — AB!
0 0 0 0
B! B? Fuj— + (F 2
( 81—1— 82+ u1a + ( +u)u28 Q)f,

where F and B!, B? are unknown functions of t and ¢, x, respectively.

The determining equations for the symmetries of Eq. (1.5) with p =0
are qualitatively different for the cases where the number m of spatial
variables x1,%9,...T;, is m = 1, m = 2, and m > 2. The related
generator (3.5) has the form

X:aD+</(N—M)dt)g+2mHa 0

ot 024
0H, 0 0H, 0
— (N —2 — (M 2 —
< +(m ) 0z, ) “ ouq < +(m+2) 0z, > 2 Ouo
g g9 B3u1i (4.13)
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where the summation from 1 to m is carried out over repeating indices,
the Greek letters denote arbitrary parameters, M and N are functions
of t, B! and B? are functions of t,z, B? is a function of t,z,u;, and
H, = 2)\yzpxq — 22N\ for m > 2 . For m = 2, H, are arbitrary functions
satisfying the Cauchy—Riemann conditions %2111 = %—1;122, %—I;; = %I;?, for
m = 1, H; is a function of z, and the sums with respect to a in (4 13)
degenerate into single terms.

The corresponding classifying equations have the form

(%+2N—M+( 2)?9H)f1+NtU1+Bt
(Bla(z1 BQ%+B3U1%+(N+( ) ) aiul
<M+(m+2)g ) )fl
(4.14)

oH,
(2 + N+ (m+2) 5= )f2+B3f1+Mtu2+B uy + B}
a

—ABl—F(?—m)(AaHCL) (Bl 0 + B2 — 0

Oz Ouy Oug
0 OH 0
B3uj— + (N —2)— % uy—
+ u18u2 + ( +(m )&ca)ul@ul
0H, 0 9
+ (M 2 G g) £

Note that, in this case, the symmetry classification appears to be
rather complicated and cumbersome. Nevertheless, the classifying equa-
tions can be effectively solved using the approach outlined in the subse-
quent sections.

Thus, the group classification of Egs. (1.3), (1.4), and (1.5) reduces
to finding general solutions of Egs. (4.6), (4.10), (4.12), and (4.14). To
solve these equations it is necessary to make an effective separation of
independent variables. To do this we will use an approach that includes
the a priorispecification and simplification of possible forms of generators
X (4.3), (4.8), (4.11), and (4.13) using the condition that X belong to
an n-dimensional Lie algebra with n = 1,2,.... This specification will be
based on the classification of algebras of 3 x 3 matrices of special form.

5. Basic, Main, and Extended Symmetries

Let us begin with Eq. (1.3). The general form for the related symme-
tries and the classifying equation for nonlinearities f' and f? are given
by relations (4.3) and (4.6), respectively.
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Equation (4.6) does not include the parameters ¥, v, and p, present
in (4.3), and, thus, for any f! and f2, Eq. (1.3) admits symmetries gen-
erated by the following operators:

Py =0, Py\=0,, Juv = xu&, — x,,au. (5.1)

For some classes of nonlinearities f' and f2, the invariance algebra of
Eq. (1.3) is more extended but includes (5.1) as a subalgebra. We will
refer to (5.1) as to basic symmetries.

Operators (5.1) generate the maximal local Lie group that is admitted
by Egs. (1.3) for any functions f! and f2. In other words, the basic
symmetries generate the kernel of the invariance group of Eq. (1.3).

Let us specify main symmetries for Eq. (1.3), whose generator X has
the form (4.3) with V# =v =p, =0, =w, =0, i.e.,

~ 0 0
X = uD + C%uy— + B®

Du. o (5.2)

The classifying equation for symmetries (5.2) can be obtained from (4.6)
by setting u = 0% = w® = 0. As a result, we get
ab aby rb ab a ab b nb n 8fa
(16 + C) f° + C{Pup + B — AAB’ = (C™up, + B )8— (5.3)

Un,

Operator (5.2) is a particular case of (4.3). Moreover, it is easily veri-
fied that operators (5.2) and (5.1) form a Lie algebra that is a subalgebra
of symmetries for Eq. (1.3). On the other hand, if Eq. (1.3) admits a more
general symmetry (4.3) with o, # 0 or (and) A # 0, w" # 0, then it has
to admit symmetry (5.2) as well. To prove this we will calculate multiple
commutators of (4.3) with the basic symmetries (5.1) and use the fact
that such commutators have to belong to symmetries of Eq. (1.3).

Let Eq. (1.3) admit the extended symmetry (4.3) with o, # 0 and
\If“”:puzyz)\:wk:(), ie.,

X = 04Ga + pD + (C%uy + B“)a%. (5.4)
b

Commuting Y with P,, we obtain one more symmetry:

a—i—B“

Yo=—5 U ug, + Big,

+ Py, (5.5)

The last term belongs to the basic symmetry algebra (5.1) and so can
be omitted. The remaining terms are of the type (5.2).



A. G. NIKITIN 167

Thus, supposing that the extended symmetry (5.4) is admissible, we
conclude that Eq. (1.3) has to admit the main symmetry as well.

Commuting (5.5) with Py and Py, we arrive at the following symme-
tries: 5 9

Y#y = Bgﬂxl’a—ua’ Y/J,t = Bgl‘ta—ua'

Any symmetry (5.4)—(5.6) generates its own system (4.6) of classifying
equations. After straightforward, but rather cumbersome, calculations,
we conclude that all these systems are compatible, provided that the
following condition is satisfied:

(5.6)

of®

Up .
oup,

(Afl)abfb — (Afl)nb

(5.7)

If (5.7) is satisfied, then Eq. (1.3) admits symmetry (5.4) with g =
C% = B% =0, i.e., the Galilei generators G, of (4.5).

By analogy, supposing that Eq. (1.3) admits the extended symmetry
(4.3) with A # 0 and w® = 0, we prove that it should also admit symmetry
(5.4) with u # 0 and 0, # 0. The related functions f* and f? must satisfy
relations (5.7) and (5.3). Moreover, analyzing a possible dependence
of C% and B® on t in the corresponding relations (4.6), we conclude
that they should be either scalars or linear in ¢, i.e., C% = u%t 4+ %,
Moreover, up to the equivalence transformations (2.4), we can choose
B® =0, and reduce (5.3) to the following system:

ofe
6uk’

(m+4) f* + p® £ = (uFup + muy)

a a
pab pb 4 aby kb f ,
oug,

(5.8)

where the parameters % and p are different from zero only in the case
of the diagonal matrix A.

Finally, for the general symmetry (4.3) it is not difficult to show that
the condition w, # 0 leads to the following equation for f¢:

afk
b Ou,

(AP +u’) = (A1) % (5.9)

Note that relations (5.7) and (5.9) are particular cases of (5.3) for
p=0,C%=(A"1H% and gy =0, C% = " (A71)® respectively. Thus,
if relation (5.7) is valid, then, in addition to G, (4.5), Eq. (1.3) admits

the symmetry
0

up )
Oug

X =(A"hH (5.10)
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__ Alternatively, if (5.9) is satisfied, then Eq. (1.2) admits the symmetry
G4 (2.6) and also the following one:

X = ewt(A_l)abub aia,

v #0. (5.11)

Thus, it is reasonable first to classify Eqgs. (1.3) that admit the main
symmetries (5.2) and then to specify all cases where these symmetries
can be extended.

Conditions under which system (1.3) admits extended symmetries are
given by relations (5.7)-(5.9).

As for Egs. (1.4) and (1.5), we note that, in accordance with (4.8)
and (4.11), they admit only basic symmetries.

We are now ready to seek solutions of the classifying equations (4.10),
(4.12), and (5.3). To present clearly the main details of our approach, we
begin with the group classification of systems (1.4) because this problem
appears to be much simpler than the other ones considered here.

6. Symmetry Algebras of Equations (1.4)

Consider Eqgs. (1.4) and assume that the parameter p is nonzero.
Then, scaling dependent and independent variables, we can reduce its
value to p = 1.

To solve the rather complicated classifying equations (4.10), (4.12),
and (5.3) we use the main algebraic property of the related symmetries,
i.e., the fact that they should form a Lie algebra. In other words, instead
of going through all nonequivalent possibilities arising via the separation
of variables in the classifying equations, we first specify all nonequivalent
realizations of the invariance algebra for our equations whose elements are
defined by relations (5.2), (4.8), and (4.11) up to arbitrary constants and
arbitrary functions. Then, using the one-to-one correspondence between
these algebras and the classifying equations (4.10), (4.12), and (5.3), we
easily solve the group classification problems for Egs. (1.3)—(1.5).

Let us begin with the classifying equations (4.10) and the related sym-
metries (4.8). For any functions f! and f2, Eqs. (1.4) admit symmetries
(5.1), where the indices p, v and A run through the values 1,2,...m —1
and 1,2, ...m, respectively.

In accordance with (4.8), any symmetry generator extending algebra
(5.1) has the following form:

) P P
X—,U,_D—QB aua _2FU18—1“+(M_2F)U28—2,52 (61)
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Let X; and X5 be operators of the form (6.1). Then the commutator
[X1, Xo] is also a symmetry whose general form is given by (6.1). Thus,
operators (6.1) form a Lie algebra, which we denote by \A.

Let us specify algebras A that can appear in our classification pro-
cedure. First, consider one-dimensional A , i.e., suppose that Eq. (1.4)
admits the only symmetry of the form (6.1). Then any commutator of
operator (5.1) with (6.1) should be reducible to a linear combination of
operators (5.1) and (6.1). This condition gives us only the following pos-
sibilities:

X=X, =uD - 204ai — Qﬂula% — (26— u)ugi,
1

Oug Oua
0 0 0
X = X, = ¥ a — — 6.2
»=¢"(a aua+6u18u1+ﬁu28u2)’ (62)
X — X3 — eut—i-p.xaai’
Oug

where the Greek letters again denote arbitrary parameters and p - x =
Pu -

The other choices of arbitrary functions F and B® in (6.1) correspond
to algebras A of dimension larger than one.

The next step is to specify all nonequivalent sets of arbitrary constants
in (6.2), using the equivalence transformations (2.4).

If the coefficient of uaﬁ (a is fixed) is nonzero, then, translating
uq, we reduce the related coefficient a, in X; and X5 to zero; then,
scaling u,, we can reduce all nonzero «a, in (6.2) to £1. In addition, all
operators (6.2) are defined up to constant multipliers. Using these simple
arguments, we come to the following nonequivalent versions of operators
(6.2) belonging to one-dimensional algebras A:

) B
xW =D — g (o= Duag

8uQ’
0 0

X§2) = D+U28—UQ +Va—u17
x®_p_ 0 9

1 16U1 8UQ

. ) 5 (6.3)
X v) _ vitpax _ _

e (u1 Buy + 28uz>’

1) _ oit+prx 9 9
X3 = e At

3 ¢ (8U1 * au2)’
X3()2) — 6‘72t+P2'xaiu17 X:,()g) = 603t+p3'maiu2.
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To describe two-dimensional algebras A we represent one of the re-
lated basis elements X in the general form (6.1) and calculate the com-
mutators

Y = [P07X]_2MP07 Z:[P()?Y]a W:[X7Y]7

where Py is the operator given in (5.1) and Y, Z, and W denote the terms
on the right-hand side. After simple calculations, we obtain

% :Ft(uli +u2i) el

ouq Oug Ou,

0 0 0
Z =F, —_— —_— B, — 6.4
tt (Ul 8’1,&1 + ug aUQ) + tt aua, ( )

0
W =2utZ + pbebeW.
a

By definition, Y, Z, and W belong to A. Let F; # 0. Then it follows
from (6.4) that

,LL#OZB%:F“:B%:O, (65)
p=0: Fy=aF,+~B* B =~"F+ (%BY; (6.6)

otherwise the dimension of A is larger than 2. The Greece letters in (6.5)
and (6.6) denote arbitrary parameters.

Starting from (6.5), we conclude that, up to translations of ¢, the
coefficients F' and B, have the following form:

F=octor F=p; B*=vit+aif un#0.
If F = ot, then the change

Ug — Uge 7 — %t (6.7)

reduces the related operator (4.8) to the following form:

0 0
X = 1% <D + Uga—u2> - 20éaa—ua, (68)

i.e., X coincides with X; of (6.2) for § = 0. Moreover, it is possible
to show that (6.7) gives an equivalence transformation for the related
equations (1.4) (i.e., for Egs. (1.4) that admit symmetry (6.8)).
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The choice F' = (3 corresponds to the following operator (6.1):

0
ou,’

X =X,=X; —2ta” (6.9)
where X is given in (6.2).

Thus, if one of the basis elements of a two-dimensional algebra A is
of the general form (6.1) with g # 0, then it can be reduced to (6.8)
or (6.9). Denote such a basis element by e;. Without loss of generality,
the second basis element ey of A is a linear combination of the operators
Xéy) and Xéa) (6.3). Going over possible pairs (e1, e2) and requiring that
le1, ea] = aje; +agea, we come to the following two-dimensional algebras:

0
A1:<D—|—U2—’X§O)>, A2:<X§2)7X§3)>7

8UQ
Ay = (xP, x), A= (xMxP), A5 = x xP), (6.10)
o 9 9 @) 6.10
Ag <D+2uga +u181+ut82X >,
_ 0 0 9 (1)
A7f<D+2ula o Buag - Butg X >

The form of the basis elements in (6.10) is defined up to transformations
(6.7) and (2.4).

If A does not include operators (6.1) with nontrivial parameters pu,
then, in accordance with (6.7), its elements are of the following form:

0 0 py O
ea = Flo) (ula—u1 +U28U2> + B(a)a—w), a=1,2, (6.11)

where F{,) and B?a) are solutions of (6.6).

Formulas (6.10), (6.11) define all nonequivalent two-dimensional alge-
bras A, which have to be considered as possible symmetries of Eqgs. (1.4).
We will see that, asking for the invariance of (1.4) with respect to these
algebras, the related arbitrary functions f* are defined up to arbitrary
constants, and it is impossible to make further specification of these func-
tions by extending the algebra A.

7.  Group Classification of Equations (1.4)

To classify Egs. (1.4) that admit one- and two-dimensional extensions
of the basis invariance algebra (5.1) it is sufficient to solve the classifying
equations (4.10) for f® with known coefficient functions B* and F' of
symmetries (6.1). These functions are easily found by comparing (4.8)
with (6.3), (6.10), and (6.11).
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Let us present an example of such calculation that corresponds to
the algebra A; whose basis elements are X1 = 2t0; + .0, + u28%2 and

Xé = ula% + uzaiu? (see (6.10)). The operator X2(0) generates the

following form of Eq. (4.10):

fl = U1F1 <%> y f2 = ulFQ <%> . (71)

Here, Fy and Fy are arbitrary functions of Z—f

Equations (1.4) with nonlinearities (7.1) admit the symmetry Xéo).

In order that this equation be also invariant with respect to Xy, the
functions f! and f2 must satisfy Eq. (4.10) with F' =0, i.e.,

oft 1 0f?
1 2
_ . _ 1 _ 7.2
f “ 811,1 ’ f 2 “ 8u1 ( )
It follows from (7.1) and (7.2) that

! =auduy?, 2= duy . (7.3)

Thus, Eq. (1.4) admits the symmetries X(()2) and X1, which form the
algebra A; (6.10), provided that f! and f2? are functions given in (7.3).
These symmetries are defined up to arbitrary constants o and A. If
one of them is nonzero, then it can be reduced to +1 or —1 by scaling
independent variables.

By analogy, we solve Egs. (4.10) corresponding to the other symme-
tries indicated in (6.3) and (6.10). For the one-dimensional algebras (6.3),
the related nonlinearities f! and f? are defined up to arbitrary functions
Fy and F5, while, for the two-dimensional algebras (6.10), the functions
f! and f? are defined up to two integration constants. We do not repro-
duce the related rather routine calculations but present their results in
Table 1.
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Table 1. Nonlinearities and Symmetries for Eq. (1.4)

with p=1
No | Nonlinearities Arguments | Symmetries
of F1 FQ
1. f; = u?'*:lF uguh " nD — ula;zl + (= Duz 22 u;
ff=ulT R,
2. f1 = F1u72, w1 — vinus
fongl Dt g + Va0
3. | fl=w(F+Anw), | 2 e (w152 + w255 )
f2 = ’LL2(F2 + )\lnul)
4. ;;:uzil, —Inwuy Dfula%glf%
= Uil
5. f'=F, Us e"t\ll(ac)(,ﬁ—‘z2
f2 = Fb 4+ vug
>\t+uzm\i/ a
6. | f'=au+F, u R ( L) Fuy
P=Xu+F p=A-v-a
Tm+t ~
7. f!'=ou+ Fi, uU—v eMe U, (%, xm +t) (%
2 _
=X+ B +52) n=A-o+}
8. ;;:guzugf, D+u2%, u1%+uzﬁ
= PUiUqy
9. f; = e ", D —|—uz6%2 + %, \I/(ac)a%2
fF=2xe™"
Do o
10. 1 _ A 3uz Bul Odug?
0 fz ezu ’ Do (t, x)
fF=ae
11 = auirt? pD — Zla;il +(n 1)u2 duy”’
: - 1 )
7= )\u;lurl \IJ(CC)%
) )
19. Fr= a2 (NN - 1~)Da_ UL 5os — U275,
2= aug‘“l Po(t, &) 5,7
13. flzuil, f Inuy D+2u20u +u18u1 +tau2,
1
14. | f Inuz, f*=oau; D+2u16u +3U26u +3t8u1,

<I)0 (t :L‘) Duy




174 GROUP CLASSIFICATION OF SYSTEMS...

Here, D is the dilatation operator given in (4.5), &= (71, T2, ..., Tm-1),
VU (x) is an arbitrary function of spatial variables, and ¥, (Z), ¥, (Z, z, +
t), and ®,(t, &) are solutions of the Laplace and linear heat equations

Ay =l MU=l (5~ R)g =0,
~ 52 52 52 B 92 (74)
A= 9 44 % A=A+ L.

o2 "o T T A T o2,

Note that Egs. (1.4) with nonlinearities 5, 6, 9-14 of Table 1 admit
infinite-dimensional algebras A because the related symmetries are de-
fined up to arbitrary functions W(z) or arbitrary solutions of Eqgs. (7.4).
Nevertheless, the form of these nonlinearities has been fixed by requir-
ing the invariance with respect to the one- and two-dimensional algebras
enumerated in (6.3) and (6.10).

The second note is that Eqgs. (1.4) with nonlinearities given in case 8 of
Table 1 admit additional equivalence transformations u, — ‘1, while
for cases 9, 11, 13 and 10, 12, 14 we have at our disposal transformations
3 and 2, respectively, from list (2.10).

8. Group Classification of Equations (1.5)

Similarly to (1.4), Egs. (1.5) with arbitrary functions f! and f? admit
the basic symmetries (5.1), where u,v = 1,2,....,m — 1. To classify
equations admitting other symmetries it is sufficient to find the general
solution for Egs. (4.12).

We solve (4.12) using the technique applied in Secs. 5 and 6. Com-
paring (4.11) and (6.1), we conclude that the generators of extended
symmetry for Egs. (1.4) and (1.5) are rather similar, and so we can es-
sentially exploit the algebra classification scheme used in Sec. 5. As a

result, we easily come to the following list of one-dimensional algebras A
(cf. (6.3)):

= (1) - 0 0

XW = yD — w2 g

1 1% U1au1 U28u2,

@ _n_ 0 cwy_ o, O O

X, =D V@ul’ Xy ' =e <U18ul+uzau2>7

- - 0 0 0

ng) =D+uig—tupz—+v— (8.1)

8u1 3u2 6u2 ’

~ 0 0
X(3) _ ost+psz (Y Y
3 ¢ <8'LL1 + 81@) ’

(5 bt O
X:)(,J) = €U’t+p1w%7 j=12,
J
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where D = 3t0; +2x,0, — 'LLQa%. The two-dimensional algebras are given
by the following relations (cf. (6.10)):

Al = < aXé()))) AZ = < ~1(2)7X?(,3)>7
A3 = < 53)>X:£,1)>7 A4 = <X§1)7 §2)>7 A5 = <X§1)7X?E1)>a
. e 9 9N @ (8.2)
As=(D+4 —_— — — ), X
6 < * <UQ6UQ +U18U1 +t(3UQ)7 3 >7
~ ~ 0 0 0 (1)
A7, =(D —_— — — ), X .
7 < +3(UI8U1+U26U2+2€8U1>7 3 >

Using (8.1) and (8.2) and solving the related classifying equations
(4.12), we find the nonlinearities f! and f? that are given in Table 2. In
six cases enumerated in the table, the corresponding equations (1.5) admit
infinite-dimensional symmetry algebras whose generators are defined up
to arbitrary functions (see cases 5-7 and 9-14 there).

Table 2. Nonlinearities and Symmetries for Eq. (1.5)

with p=1
No | Nonlinearities Arguments | Symmetries
Of F1 FQ
1 1+3 —p—1 = ) )
= uj 2
2. fr=udFy, u1 — vinug D_Va_il
f2 = U%F2
3. fl=ui(Fi+vinu), 2 eVt (ulaiulJru?%)
f2:u2(F2+1/lnu1)
4. ;;:ui?’ us — vinug D+u1% +U28Lu2+l/%
=u P
5. fl = \ui + F‘l7 Uu2 e)‘t\Il#(a:)%
fP=—pu + B
6. ' =vus + Fu, U1 e“f”ﬂ”’”\ll(gfz)a%2
P=dus+ Py
ff=ou+ F
_ 1
M= A—o + 1
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o
dug

1_ -2 3 - )
8. fH = oauy“us, D, U1 5 + U2
2 =vui3uj

9. = ae3, D_aiul’ U (%) 2=

Jug
f2 — U64u1

D+ ui 5% +us 5% + 52,
Wo(z) 72

Ouq

10. ! = ae 22,
f2 — V€73u2

M le] ls]
‘U'Diulﬁulirll'z@ug’
V() 5o

Ous

11. = ou*
Ap+1
f2 — IJullH—

S o) )
vD — uq ur U235

12. ! = au2vt,
= yu§”+1 ‘Ijo(x)%
7 ) ) )
13. flzau% DTS%QE—FZLUIE’_M—FZLW%’
f2 = l/lri’t,lll \I/(J?)a—uz
14 £ = vlnus D+3u1%—|—2maiu2+2ut%,
' f2 \/Oi ’ \IIO(ZL‘)W
Uz

Here, ¥, (z) and ¥, (Z, xy, +t) are arbitrary solutions of the Laplace
equation AV, = pW,, and p, v, and A are arbitrary parameters satisfying

vA #0.

Equations (1.5) with the nonlinearities given in case 8 of Table 2 admit
the additional equivalence transformation u, — €“*u,. Furthermore, for
cases 9,11,13 and 10,12, 14 we have transformations 3 and 2, respectively,
from list (2.10).

9. Group Classification of Equations (1.3) with Invertible
Diffusion Matrices

In this section, we present the group classification of systems of cou-
pled reaction-diffusion equations (1.3) with invertible matrix A. In ac-
cordance with the scheme outlined in Sec. 4, we first describe the main
symmetries generated by operators (5.2) and then indicate extensions of
these symmetries.

As in Secs. 5 and 7, the first step of our analysis consists of the
description of realizations of Lie algebras A generating basic symmetries
of Eq. (1.3). However, the basis elements of .4 are now of the general form
(5.2), while in Secs. 5 and 7 we have been restricted to representations
(6.1) and (4.11), respectively, which are particular cases of (5.1).
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Thus, the first step of our analysis is to describe nonequivalent real-
izations of finite-dimensional algebras A whose basis elements have the
form (5.2).

Let us specify all nonequivalent “tails” of operators (5.2), i.e., the
terms

0 0
_ vab, Y a
T=C “baua+B o

(9.1)

These terms can either be a constituent part of a more general sym-
metry (5.2) or represent a particular case of (5.2) corresponding to pu = 0.

If Eq. (1.3) admits a one-dimensional invariance algebra A, then the
commutators of m with the basic symmetries Py and P, should be equal
to a linear combination of 7 and operators (5.1). In other words, there
are three possibilities:

1. 0% = %, o= e, (9.2)
9. Cab _ e)\t'uab’ B® — e)‘t,ua,

3. Cab _ 07 B® — eAt+w-zNa’

where p® i, A\, and w are constants.

In any case, the problem of classification of one-dimensional algebras
A includes the subproblem of classification of nonequivalent linear com-
binations (9.1) with constant coefficients u® and u®. To describe such
linear combinations we use the isomorphism of (9.1) with 3 x 3 matrices
of the following form:

0 0 0 0 0 0
g=| B* o o2 |~ ut ot ou2 . (9.5)
B2 (2 (12 p? 2t

Equations (1.3) admit the equivalence transformations (2.4), which
change the term 7 (9.1) and can be used to simplify it. The corresponding
transformation for matrix (9.5) can be represented as

g—9g =UgU™, (9.6)
where U is a 3 x 3 matrix of the following special form:
1 0 0

U= KUY K2 |. (9.7)
b2 K21 K22
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We will use relations (9.2)—(9.4) and the equivalence transformations
(9.6) to construct basis elements of basic symmetry algebras. For different
forms of the matrix A specified in (2.2), the transformation matrix (9.7)
needs further specification in accordance with (2.5)—(2.8).

The obtained nonequivalent realizations of low-dimensional algebras
A are presented in Appendix. Starting from these realizations, one easily
solves the related determining equations (4.6) for the nonlinearities f! and
f? and specify all cases where the main symmetries can be extended (i.e.,
where relations (5.7)-(5.9) are satisfied). In addition, we have to control
all cases where the basis elements of A depend on arbitrary solutions ¥
of the linear heat equation. Such algebras (whose basis elements can be
obtained from (A.1.10), (A.1.11), and (A.1.15)—(A.1.18) by replacing gs
and g3 by Wgs and Wgs) are infinite-dimensional, but they generate the
same number of determining equations as the low-dimensional algebras.

10. Classification Results

We do not reproduce the related exact calculations but present the
results of group classification in Tables 3-9. In addition to equations with
invertible diffusion matrix, we present here the results of classification
related to a diffusion matrix of the type I'V, while the type V is considered
separately (see (2.2) for a classification of diffusion matrices).

Tables 3-9 present classification results for different types of Egs. (1.3)
corresponding to the nonequivalent diffusion matrices enumerated in
(2.2). The type of a diffusion matrix is indicated in the fourth columns of
Tables 3 and 4 and the third columns of Tables 5 and 6. In Tables 7-9, the
results of the symmetry classification of special equations are presented;
these equations are indicated in the table titles. In the last columns of
Tables 3, 5, and 6, the additional equivalence transformations (AET) are
specified that are possible for the related class of nonlinearities. Finally,
D, G,, and Go, denote generators (4.5), ¥, denotes an arbitrary solution
of the linear heat equation %@ZJM — Ay, = papy,

By = Uy for Class 111,
Y e'(z) for Class IV,

and ¥(z) and ¥, (x) have the same meaning as in Tables 1 and 2.

The results of group classification are briefly discussed in Sec. 12.
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Table 3. Nonlinearities with Arbitrary Functions and
Extendible Symmetries for Egs. (1.3) and (2.2)
No | Nonlinear Argu- Type Main Addi- AET
terms ments of sym- tional (2.10)
of F1 F5 | matrix metries Ssym-
A metries
1, 1V, v For I : 1,p
L =R, w | p#EL |2 o Ga if = pw
L= R Wi | I-1V, | Py =0, if
p=1 K250, ap =1 v=20
fl = ul(Fl I’ IK et o For I :
ur |p#l | ugg 5
2. |4elnui), m I21V, |+ L) Go if
f2:U2(F2 Uy 1 ? H 2811,2 a’u/:]_
+eplnug) B=
1 _
;2 _ Zif;l(;_ vz, o e (ua % For 11 :
= v \u - * ) .
3. U1 w I, III
+ug) + u1 Fo ve ’ jrrul 3u1) G‘ilf_l
+’U,2F1, U2 dug a=
v#0
5 For I11 :
fl — 'U«11/+1F1, s iul 5 CTVOI‘ i
4. | f2 = (Frus we | IO 082 b0
+F2u1) 18u1 — Y%
—U2 Odug a=-1
For I* :
u v 0 i
5 |f'= &’ Fru, U1 I IIT |27 Y2 5u, 6 if
9 Lu2 Ul g, ifv=0, |[v=0
f — e U1 (F1U2 F2:0
+F)
For I :
Yo 50
D
)
+2u28_u2 3,6
if
F =0,
v=20
wui .
fl:ul(Fl_V)7 * vt _o_ . duz 3if
6. f? = Fiug + F, “ R l;‘ F1=0
v#0 L=H
For I :
ff=uFi 4+ us b et (uRZ | it
7. | —vz(pur + us2), Re** I+ 11 _i't)t 9R “
fP=uFi —uiFs 9z pw=a, .
v # 0; 15 if
+vz(ur — pug);
if
R=(u} +u)}, R
—1(u =a, =
z = tan (ﬁ) v =0
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Table 4. Nonlinearities with Arbitrary Functions and
y

Nonextendible Symmetries for Eqgs. (1.3) and (2.2)

Argu- Type Symmetries and
No | Nonlinear terms ments of ma- AET (2.10) [in square

of F, trix A brackets]

1_ v 9. 0 190

1. f = U2 Fla u2€u1 I, IV Vp 2u2 dug + 28u1
P =ul R [4if v =0]

1_

9. fr=F +eu, uze¥l I,IV et (UQB?/, _%>’

f? = Fous + eujus 2 !
1 _ _vujp

I 2uz, 111 |vD —2uy 52 — 252

f2 — eVl (F2 + Flul) —uy 2 1
1
= F 2 * 7

o |t | (e )
f2 =vui + Fius + F» "

. (v—ap)t _o_
= + Ry For IT : e Vg

S wr | ILIIT A For IT7: e+,

w=oa

1: vz VD—Q[,L (U1i+u2i)
o [zt [ e [ [Pk e
= buz — Fruy _2<“1%_u23_ul>
3 B

7. | ff=0, f2=F us v |Yomn W

[2; 1,p=0]

o 7 o
8 | ff=0, f2=F w | heFL DA dgg, dogg
v 13,6]
1_ ~

9. |4 =1 u LIILIV |4, 52

2= F+vuy 2
1_ —

10. f2 =B+ (V ,u)ul, U2 — UL ?Va 71 eut\I/#($) <Bu + %)
fP=F+ (v—ap)us ! 2
fH=our +p, Gy

* v a )

1L | fy = puy + F, u I T8~y o

ap =0 Ouz
vt 9
fh=ui, . ¢ gy

12. w I 11T
J2 = wiug +vuz + F, et (aiu? +tu1%)

13, |1 = (Wi -1), u I, 111 e (w gy + 70 )

o= (w )z + F ' ’ et (g g2 — 0
uo uo
1 2 vt & g D
14, }c f((;hiul))tl +F w o |© OB TSntgg)
2= 2 e”t(sintula;;—i—cost%)
1,1V
fl=e"2F Huz p#0; _ ( 9 L)
512 _ grua “un | anarr PP 2 Hea e
p=20
fl =e""F ) Is}
16. P = U2 117 1/D72ﬁ
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Table 5. Nonlinearities with Arbitrary Parameters and

Extendible Symmetries for Egs. (1.3) and (2.2)

Nonlinear Type Main Additional AET
No terms of ma- symmetries symmetries (2.10)
trix A Y Y ’
Go ifav = —p 1, vw
Y D—2 o ,
O A S % ol |£0 &K Fup
fr=ouiug v —2ur g y:ﬁ7a7é1; =0
¢0— if o=0, 2;1,
v=—-1&Ga :“’
if p=a#0 _‘Bp
& Kifa=1+12 B
o o 21
YoBur 2 3uy v
if o =0, +up
v=-l,a=1; =0
Gao, K if 1, vw
o=1A#1 +pp
p=-v=a=1; =0
urga if p =0, 1w
)\—aa—l i
& Buz +tui g, 8u2 _%p
ifr=1
v 9
2. flfkui:i v VP Rame | (= M) g if 3
=ou]™, _2:‘“‘23;227 ;u :'fa—l
o2 o i
)‘07&0 1/J08u2 v=_0, au=1; 3
“At, D
(& u18—u2 if 3.
v=0,a=1, & 1, ,,0
et (Uulc’)_z—i—)\c’}ul) = pw
if u=2
fH=Auy Yoz, eM (mi +)\i) 5
3. e T III P2 . duz du1 6 if
[ =ouf e g if =2 A=0
1o e D—2 2 ifo=0 ;
T B O S Ll I sl
fP=oeltim, ~25ur Lupgl ifa=1; “T
A#0 Jogls (=) 35 34
uz
ifr=0,a=1
1_ y,u1 D—2-2 3;
5. fz_Aeul’ r |Z Jom urgl ifA=0 6 if
f“=oe w()m =0
) 3
£l=det, D - 252 o™ 2;5 if
6. |f*=oe, LIV 5 02 & tor T 2
A#£0 Yo gu; or I uzg,s 0=
ifa=1
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1,
u For I*: G = w;
v+1 f * _ _0 a 14 )
7o\ fr= et e, | IN I | pD 2u18u2, ity = 0; 6 if
p=0
1,

w . p=uw
£2 = "% (s vD — 2u1 52 Fl?r y f Ia',, Ga if
Foujui ~2u25,; &Ky i v=0;

m 6 if
p=0
o .
8. |f'=e"*R"(\u I IT vD - 2:1671 For 1" : L
o) ’ —2u2g,-, Go ifv=0; p=w
1,
£2 = e R” (\us D — 2us 50 Fl?rﬂli .alclia p=w
) = .
+ouq) +2u237ul & Kify— % if
v=20
fr=euf™, pD=2uigi | o
9 2 m I* ,Qi Oug +lus Oug 6
. f :6’(,[,1(U2 %u27 lfuzl
71nu1)a /“L7é07 UlTw
o 3D +uizh- |For L,a#1,IV: | 3,7, 9
10. f2:ainu I A u1 5o + et 5o (for IT :
B et if A = 0; 3,7)
-, For I*, I11 3,9;
Yoz & 6,7
(ur = At) 5o if
& (for I™) A=0
u1a%“+staiu2 (7 for I'*
ifA=0 only)
poun 5o
—e 2 ety _9_ 10
11. f1:0, I’IV Quz’ ) 1 9uy ’
12 = cus + Inwy -, ifa=1 K=¢
Ve 5oz
B vt 0 4 8
12. | f1 = dug Inw, 1,1V 1/11,% 6. (ul Buy +tau2) 5137,/
f2=vus +Inu if v=M\ -
eAt(()\— v)u 52 10,
+5% ) if v # A K=V
1D — 2uy 55~ .
1 +1 g el ;
= k", —QUQT, wp =2 ’
13. j; _ Uu}t«kl III Ouz jfl)?ui 0 6 if

1o ~ 5 A=0

Ao =0 Y05z

Here and in what follows, ¢ = 41, K is the generator defined in
(4.6), and K = K + 1% [t ()\ula%l +(2- )\)uQaiw) + ulé%}. In the
subsequent table, Q = 2 ((,u —av)t — ﬁaﬁ) for the version I1 and Q) =
2 ((n— v)t — 5%-2?), a # 0 for the version I11.

2am
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Table 6. Nonlinearities with Arbitrary Parameters and
Nonextendible Symmetries for Eqgs. (1.3) and (2.2)
Type
No | Nonlinear terms of ma- Symmetries AET
. (2.10)
trix A
8
£ /D= 2y
1. f27,uug+l I.I,III —2u267u2 2
lIIO( )('?ul
fl )\( )l/+1 I ;ﬁ 1 I/D*2U1Tu1
= A(u1r + u2 s , el
2. , —2up 2, 12
fr=p(un +uz)" ™ 1v 26u23 o
U=yt vD — 2u1 55~
3. | f% =¥ Oz + puf), I fzauQ%, 6
v+o#0,1,u#0 ula%z
Ly uz D—2-2_,
0 |,= Aeu; I1,111 Buz 2
1?=oe Wo(e) 5
5 f _ /\e(“1+“2) Ia#1, D — 2832 12
’ — gelurtuz)
fr=get Vo e (8 - o)
6 1= Aube™ Ly P 252, 13 if
. fQIO'U;+1€u1, ) u 9 —Vi c=0
2 2 28u2 Ouq
v +(a—1)*#0
D—252 —2uy ;2
1 _ uq uq Ous? . :
7. ;Z, B 22 o IIIT |y 2 ?i\ 6 E)f
- 1 uQ =
(& uz 5= au for )
1 — uq — D 2 - — 2i
]. :;2 ‘;Z ) € +1, I,IV 2—: U[f Buz 1[] gul 3
= Aux —oNt=2L 022
Oug Oug
1_ A(Quz—uz) \D — _o
9. f2 o 1 A’(Qu —u?) I, I ol ouz 0 14
72 = (v + ) o i
5 -
FY = An(2uz — u?), D+ 2u1 5o + duz 5o
10. | f? = o(2uz — u?g I +4,\t ( +u 622> : 14
+Aui In(2ug — uy) +u “
Bul Ul 5oy dug
1 1 ‘IIO( )8u17
11, | £, = #inus, ILIIT | D+ 2ui 52 9
fF=rvinus u1
+2uz 5% + Q52
\IIO(:‘C) (% - aiw),
. Fr=cln (us + us), ?‘;17517 (a—l)(D+2u13;31 19
2P =vin(ur + uz) a:’O +2u26%2)+(2(a5+1/)t

+e+ux2) (ifi)

m Ouq dug
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v 9
=t v(D + 2 )
13. | f2 =Ilnwuy, I,V _gul 52 —2t ag2, 3
A 1 0
(v+1)# o5
B
f _AUV+1 VD—Z(ula—m
b * a a
14. e /\uyﬂlnul I |y 2 +u1%)7 3
Yo 52
1=yt VD—2ula;1‘l1
15. f2 = Aufuz + u1 Inug, I* —2tu1% 6
Alv—1)#0 —2(1—V)32%, ul%
V‘D Ul 50y du; 2u23%’ .
Py v
TR T oy e S IV [/ P B O
(202 = ud)” +l if p=0, y:§> v=0
10
v 9 ’
=2y Inug + wiug, X = et )t<“1ﬂ K = U
17. | f2=—(v—p)hu 1,1V +(N—V)ai) if
ug ) ?
+2puz £X 4 elut)t 0 ptv
uQ — 0
+ Agt d 10,
= 2vuy Inwug + uius, X+ =e (Ulm k=2
18. | f? = 2uus LIV 4 (g — 20) 52 ) , if
(2 ug
—|—(1 (v u))lnm M= ptvtl uw+v
==+1
e(”+y)t[costu1%
—(sint + (v
= 2vu Inug + viue, —) cost)ai],
19. | f? = 2uus I,V ety [ v
—(1+ (v —p)?) Inu e’ [Smtula_ul
+(cost+(
—v)sint) 52 -
£ = e(2us — ud), X; = et (2%
2 _ 2 .
20. " (n+eur) (2ue —uf) |I*, 11T +2u1 52 + eu%),
—Eeur, p#0 tX1+€€“ti
f1 = e(2uz — u), X*F= e“il(%il 14if
21. [f2 = (p+ew) (2uz —ui) |I*, 11T +2u1 52 5
2 =
—l—l UL +e(p il)i) K
(25cost<a ™
+uy %) + (pcost
fl = E(QUQ — U%) _sin t) )
22. f2 = 1+“‘ eul I*,I.II ut “2
_,_(M_,_gul)(QuQ —u?) e <2esmt(m

+uy %) + (usint
+cost)%>
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Table 7. Symmetries of Egs. (1.3) with a Diagonal Matrix A
and the Nonlinearities f' = u; (uInu; + Alnwuy) and
f?=wuy(vInug + olnuy)

No | Conditions Main symmetries Additional
for coefficients symmetries
and notation
t 0 ~
L | r=0 e Uz, Go ifa#0,
p=v eht (ula%l +atu26%2) =0, n#0
5 | A=0, My Ga if p#0,
pF# v Buz U—v=ac
et ((M_V)ulaiul Gqo if a0 = —v,
+ouz 52 n=0;
%8%2 if
oc=v=0;
woa%l if
ul%, éa
ifa=1, v=0
p=0#0
_1 2
; 1) ; z(HO— v) Xy = ewot (2)\1&18%1 G, if v £ —p,
: +Xo =0, _ L) 2x =a(v -
w+v=>2wo + v 'u)u23u2 ’ ( 2
Ao #£0 e“0t2u28% +tX, Go if A =av
2 p=-v#0
B N
L | Ao#o, et (Aw o Ga if pv # Ao,
o=1, b —pugl), | A=l utao)
vt ()\uli : _
w+ =wo 1 Our o fa_lfVM—AU,
+(wo —p) U2,37u2> =ap
ewot (2)\ cos tulaiu1
+ ((v — p) cost
—2sint) ug 72 ) ,
5. 6=-1 ) Ouz none
ewot (2)\ sin tulﬁ
+ ((v — p)sint
)
+2cost) uz 5o

Equations (1.3) with the nonlinearities presented in Table 7 admit
the equivalence transformation 1 from list (2.10), provided that uv = Ao.
The related parameters p and w should satisfy the condition puw + Ap =
0. In addition, the equations corresponding to the last version in case

2 admit the additional equivalence transformation 6 given by formula
(2.10).
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Table 8. Symmetries of Egs. (1.3) with a Matrix A of the Type
I*,II and the Nonlinearities f! = (pu; — ouz)In R+ z(Auj — vus)

and f? = (uug + our) In R + z(Aug + vuq)

No | Conditions Main symmetries Additional
for coefficients symmetries
L A=0, bt D For IT: G,
p=v o7 ifac =0, p#0
e“t(R%—l—Ut%) F‘or[]:Ga
ifa=v=0,0#0
For I*: @a
ifo=0, u#0
A= eyt%’ For IT: G, ifac=v—p
2 | agh | el o ’
’ +(u—v)RZ) nw#0ora=0, pu#0
For I1: G,
ifac=v, p=20
For I*: CAv’a
ifu#0, c=0
For I* : G.
ifu=0,0=0
5 | 6=0, &:w@m% ?ﬁ?ﬁa
A#0 + (v —p) ) alu - v) = 23
For I1: G,
ifav=—-X, wo =0
For I* : @a
ifu=v+#0
For I'* : G.
ifpu=v=20
4. g\jlo’ e+t (AR% éa if uv # Ao,
—|—(w+—p§&), A=a(v—pu+ao)
w_t
i(wE)\?Z_I;%) Go ifvu =Moo, A= —ap
For I* : G4
ifo=0, pu#0
For I* : G,
ifo=p=0
exp(wot) [2A cos tR-x
+ ((v — p) cost
5. | d=-1 ~2sint) 3], none
exp(wot) [ZASthR%
+ ((v — p)sint
+2cost) %]
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All equations enumerated in Table 8 admit the additional equivalence

transformations 15 from list (2.10).

Table 9. Symmetries of Eqs (1.3) with Nonlinearities

3
2
f!'= Mg + puy Inug and f2 = u1 2 + (oug + ,uu2.) Inu; 4+ rus and
matrices A of the type 1] (and I* if a = 0)
No | Conditions Main symmetries Additional
for coefficients symmetries
_9 -
1 A=0, vt, 8 wuauz.lfﬂ—(),
' wEv € UGy & G, if
av=0#0
: Ga, if w#0,
ert u—I/Ri—l—Uuli ’
(=R +omzlz) | T,
ut, 0 woa—uz ifp=0,
2 A=0,u=v ¢ B oc#0
. ) Mt (R8R+Utu1322) &D+uQ%
ifa=0
Goifo =0, n#0
c=0 \ Gaifv=0
3. ’ " (ARORr + (p — v)udy ’
U\ £ 0, ( R (/L ) ) =)
n#v,a=1 e ROr Gaifv—p=2A\
Ga if wo = 0
=0 X, = et 2 ’
4 =€ 2AR _
4. w+v = 2wo, ( 5 VE foakgc
/\;AO +(V_N)U1TW>7 D+2u16_u1
ifa=0
2690ty 2 S X G if wo #0,
2a A =p—v
A#£0 p 9 G, if p=al
5. ’ w+ (AR +( ,U/)’UJT), ’
§=1, R Fuz uw = Ao
Go if ur # Ao,
wi =wo =+ 1 (/\RBR+( u)m%) p—v=2A—o0,
a=1or
c=a=0, u#0
e“O* [2X cos tR 2=
_ _94i 9o
6. 5= 1, +((v—p) cost — 2sint)us 5], Hone
e“O' 2AsintR 5
+((v—p)sint + 2 cost)uy %]

(2.1

If \=p=0o0r A=v =0, then the related equation (1.3) admits
the additional equivalence transformations 16 or 6, respectively, from list

0).

Tables 3-9 present the results of the group classification of Eqs. (1.3)
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with invertible diffusion matrix A. The results presented in Tables 3-7
are also valid for equations with a singular matrix A of the type I'V but do
not exhaust all nonequivalent nonlinearities for such equations. Moreover,
the equations with singular diffusion matrix admit strong equivalence
transformations u; — w; and ug — e(ugz), where e(ug) is an arbitrary
function of us, that reduce the number of nonequivalent symmetries in
Tables 3-9 for a = 0.

The completed group classification of Eqs. (1.3) with a matrix A of
the type I'V is given in [21].

11. Classification of Reaction-Diffusion Equations
with Nilpotent Diffusion Matrix

To complete the classification of systems (1.3) we need to consider
the remaining class of these equations where the matrix A belongs to
the type V, i.e., is nilpotent. The procedure of classification of such
equations appears to be more complicated than in the case of invertible
or diagonalizable diffusion matrices. The general form of a symmetry
admitted by this equation is given by Eq. (4.13), whereas the classifying
equations take the form (4.14).

A specific feature of symmetries (4.13) is that the coefficient B* can be
a function of u1. One more specific point in the classification of equations
with a matrix A of the type V is that they admit powerful equivalence
relations

up — uy, ug — ug + P(uq) (11.1)

and
up — ug, ug — ug + P(uy,t, x), (11.2)

which have not appeared in our analysis presented in the previous sec-
tions.

Transformation (11.1) (where ®(u;) is an arbitrary function of u;) are
admitted by any Eq. (1.3) with a matrix A of the type V. Transformations
(11.2) are valid for the cases where f! does not depend on us and, at the
same time, f? is linear in uy. Moreover, the related functions @(ul, t,x)

should satisfy the following system of equations:
32(i)t—<i)tt—f1(i)ml =0, (11.3)
fgz(i)zy - (i)tacl, - fl(i)ulccy =0

Thus, the group classification of Eq. (1.3) with nilpotent diffusion
matrix reduces to solving the classifying equations (4.14) with applying
the equivalence transformations discussed in Sec. 2 and transformations
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(11.1) and (11.2) as well. To do this we again use the analysis of low-
dimensional algebras A, whose results are given in Appendix. We do not
reproduce the related routine calculations but present the classification
results in Tables 8-10.

In Tables 8-10, we use without explanations the notation applied
in Tables 1-9. In addition, a number of classified equations exhibit a
specific symmetry Wa,,, where W is a function of ¢, x and u; that solves
the following equation:

fu2 Wulfl

Table 10. Nonlinearities with Arbitrary Functions for
Egs. (1.3) with Nilpotent Diffusion Matrix

Argu-
No | Nonlinear terms ments Symmetries
of F,
le( —l)D—I/ti
e ma i | g = D
72 = Fout uz & (m— 2) —TaQ1
ifv(m—2) = 4
,u(mf2):m+2, m#£ 2
fl = Flulug‘fl, ‘U'D — U2 632
& W2 1f p=1
2 — U1 u2
;7= Fou, & H 52 — HY, us 52
£ 75 0 Oz g 6u2
2 ifm=2
vt el s
X = gt y € (a +vwm)
. 1
f2=F+vus &e 8u2
if =0
4 fr=Fug ug D_12 o 8
| P =P uze pD = tgr = U2 T 5y
= 2
1_ B
5. ?27;‘21—% uge™? e”t<at+uu2%71/621>
= 2 vuz
\Ifo(:r)i
6. fl = O, f2 = F2 uz dur’ 9
xaa +2ur g,y
W o
T =R, =0 ur e
Tagey — 2U25u;
1_ v 2—p
f - ,,Lflul + FlUl ’ . eVt <(1 o /’L)t% vy =
8 f? = iz + Faua, e Vg 52 )
- 2 Buy
p#1
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0 fl=wF, m=1 o? QQZCOS(Q&’)(U@% — 3u2%>
. 2
2
=usFo +u .
[ =wbtu +sinEe)r2, Qs = (Qa)a
flmwb, m=1 Q= (& bl —3ursly )
10. £ = Py — U2UY
=u2l? — w1 Q5:e*2“(i—ui+3u i)
ox 1811.1 26u2
fl=F,
o) b 9 )
11. f2 = us I, uge™t Ham — sz (U2a—u2 — m)
m =2
uy
12. ft=vewr, u1 D*u16i
2= ez_fF e
1 _
13. fr=n, U1 ewa%
Fy =usFs + F3 2
1 __ _vus
14. fr=e"h, uy VD*OL
f2 — euu2F2 u2
1 — plul
15. f e, Uz vD — 8%
f2 — evu1F2 1
1 _
16. fr=vut B U ety ()2
K Ouy
fo = pur + F2
ft= ui (F1 + vinui),
u vt a d
17. fQZUQ(F2+V1nU1)7 i € (ula_m+“2%)
v#0
f'=uF = vu, t a a o
wy e (U5 — UL — U2 5
18. f2 — Z/M(UQ _ Ul) ure 1 A( Oug Ouq Bug)
uy & Gy ifa=1
Hur Fo — uaFy
19. fl=u"R, ulez_? vD +u13;zz - ulaiul - u2%
f2:u‘1'(F2u1—F1u2) & Goifr=0,a=1
1 utl
=u Fi, .
O 2| nD gl gl
:ul 2

For the nonlinearities enumerated in cases 2 (for p =
Fy = 0), 4, and 8 of Table 8, the related equation (1.3) admits the ad-
ditional equivalence transformations (11.2). In addition, transformations
(2.4) and (11.1) and some equivalence transformations from list (2.10)
are admissible, namely, transformations 9 for the nonlinearities given in
cases 1 (for v = —1 and p = 0), 6, and 1820, and transformations 1
with p = w for the nonlinearities from cases 1 (for v = 1 and p = 0),
20 (for p = 0), 18, and 19. Finally, for f' and f? presented in case 7,

transformation 3 of (2.10) is admissible.

1), 3 (for
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Table 11. Nonlinearities with Arbitrary Parameters and
Extendible Symmetries for Egs. (1.3) with Nilpotent
Diffusion Matrix

. " Main Additional AET
No | Nonlinearities . .
symmetries symmetries (2.10)
P (n+ l/)t% Ta Qe — 2/@3@2% if
1. f _ngugﬂ —(p+ 1)7“8;21 k(m+2) =
+(v - 1)u2% K(2-—m)=p
Q6:2Mu1% € TmlfA—O .
+(/L+V)xam /1’__1&233 367
—2uuy 52 —(m — Q)x“QG if ’
E =14 mA D
Wo(x) 52 if
c=0v=-1,& 17,
2.0
xaQG + 'm+2‘7j Oxq 9
if u= m+2, m # 2
Uo(x )au1 17,
ifX\=v=0 9
eV ifu=0& 17 &
Ho2 - 9%y, 0 | 6if
Tq uo
ifm=2 A=o
N T e e R e
f° = ouf + eug, Q¢ = Qolu=—1 1fu:$—i‘2, m#£ 2
o (z) 52 if
A#0 0@z 1 9
c=0,v=-1
wag 1
ifeo=0,v=1
v+ 1)D — us
5 f; = e, L Fus v (uza%z +tﬁ) 17,
2 =gelvthur, Wata duy _% ifo=0 3
e m
_ B B
Ao =0 U275, Tt 10,
if A=0 3,6
B
fl = \e(vtDuz (v-1)D - U Fuy U 5o — tg) .
4. - 410, — 2 Gui "ot for
[?=oee N +52 ifA=0
Vo(a) o oy A
W if 14—
o |F=awen, | D2 oo Cont o | 1T
C|f? = oubel 10+ up 22— Fug ,u,% H Feg  Oma 28u; |p=1
ifm=2
+1,0
) N? - “T;m xaa + 2u1 52— o
= —u
6. |7~ Ahﬁf’ T2 Wy W gy + 22g 9
f2=ou,? 7u26¥22 _ taiulv +to + 2)\75
\Ilo(x) 821 ifeo=0
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Table 12. Nonlinearities with Arbitrary Parameters and
Nonextendible Symmetries for Eqgs. (1.3) with a =0

. . Condi- . AET
No | Nonlinearities tions Symmetries (2.10)
Q7 :4,U,t8g
0, t
. =St Zjé: 1 —(p + 1)u1%
f2—aui’“u§+ — oul, a=—1 +(3N*1)U2Tuy
Q27Q3
p#0,
m=1, Q4,Qs5,Qr
a=1
_ et (o 5
2. | f = g Zl___li ‘ (8t teus M) ’ 17 if
B Q27 Q3
_ st (o 0
2 =oul®+euz — aw ZL—_IL c (‘” +6u26“2> ’ A=0
B Q47 QS
1= aubtt (h—2) D +vig
= \u
3. 7= UUZ—U’-H p#—1 —UQ% v+ 1)u16;il, 9
qlo( )Oul
2D — 8, + w1 52~
1 _ 2 _ ou2 6l 3
4. |f Aug, f e A#0 +52 +)\ta_u17 9
\IIO( )Qul
1 u
= A 27
5. f2 ‘ Ae#£0 D=2, Wo(z) 52 9
f“=o0e"?
1y, vl pa2 a
=Auj e v, D —u 22
6. f U #0 " u Oua? 5
2 p2 v vD —u1 57— —uz5—
fe=e""1 (Auz + our)uf Buy Dug
\IJO( )c?u
f=pl >
= pinuz, o
v f2=vinuy v#0 D+u1m+u2% )
v .2 9
+('ut_%x)8u1
D —to; +ulaiu1
3,6,
8 |fl=0, ff=elnwu e=+1 tetzi, 0 + uz 5o, 17
)
@(ul,x)%
P e (nus—rnu) L, | .
=e(Inuz—klnui)ur, |[m , p=w
9 fP=e(lnus—rInur) us K # ot2 +2ﬂu23 +2u18“ ’ if
6(1 K)et (U _+u2818l.2) k=1
o, | = ((m+ 2w |m#1,2 Q1, TaQ1 — 2°9za,
’ 2 — 1 = et o o
HEom i), : ' (w gh 2% )
a_9 a le]
fP=cuz (m+2)Inuy m=2, H T_HZau2%7
+(2 = m)Inuz) — aus a=0

4et 9
e ('LL Buy + u2 Bu2>
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m :11’ Q2, Qs,
?::1’ ett (waiul +uzaiu2>
m= b Q1, Qs,
- ;_’1 e (wa%l + ug %)
= puiInug, W%,
- f2 = puz Inug + vue n#0 eut(ufaiul + UQ%) 1
! = eua, N 11 Qs ze”t()\(m%—kuz%)
12 g2 23 gy, A tz:ulaa%),
+our Inug e urg,; + Qs
1
A#0, X4 :e"il()\(ma%Z1 p:7w
+ao=1 +u2%)+(uil)u1%) if
o=0
e"t()\cost(ulaiu1 +uz%)
327:_0)»\0 +(vcost — sint)ulaiw),
-1 e"t()\sint(m%Jrug%)
+(vsint + cost)u1 6%2)

12. Discussion

In this paper, we present a completed group classification of systems
of two coupled reaction-diffusion equations with general diffusion matrix.
In other words, we specify essentially different equations of this type
defined up to equivalence transformations and describe their symmetries.

We consider only nonlinear equations, i.e., we exclude the cases where
f! and f? on the right-hand side of (1.3) are linear in u; and us. Such
cases are presented in [23].

The analyzed class of equations includes six nonequivalent subclasses
corresponding to the different canonical forms of the diffusion matrix A
enumerated in (2.2). In the particular case where the matrix A has the
forms I and I* from (2.2), our results can be compared with those of |7]
and also of [3-5].

The paper [7] was apparently the first work where the problem of
the group classification of Egs. (1.3) with diagonal diffusion matrix was
formulated and partially solved. Unfortunately, the classification results
presented in |7] are incomplete and, in many points, incorrect. Thus, all
cases enumerated above in Table 7, cases 1 and 2 of Table 3, cases 1,
2, 7-10, and 15 of Table 4, and cases 2, 12, 16, and 17 of Table 6 were
overlooked, the symmetries of equations with nonlinearities given in cases
1 and 2 of Table 5 were presented incompletely, etc.

In [3-5], the Lie symmetries of the same equations and also of sys-
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tems of diffusion equations with unit diffusion matrix were classified. The
results obtained in [3-5] are much more advanced than the pioneer Davi-
dov ones; nevertheless, they are still incomplete. In particular, the cases
indicated above in cases 5 and 6 of Table 3, cases 12—-14 of Table 4, the
last line of case 1, case 9, and case 11 for a=1 of Table 5, cases 15 and 22
of Table 6, and case 1 for 0 = 0 and p # 0 of Table 7 were not indicated
in [5], which is in conflict with the statement of Theorem 1 formulated
here. Moreover, many of equations presented in [5] as nonequivalent ones
are, in fact, equivalent to one another even within the framework of the
equivalence relations (7) of [3]. The related examples are not enumer-
ated here because we believe that all nonequivalent equations (1.3) with
different symmetries are present in Tables 1-9.

Except the points mentioned in the previous paragraph, our results
concerning equations with diagonal diffusion matrix are in accordance
with those obtained in [3-5].

Consider examples of well-known reaction-diffusion equations that ap-
pear to be particular subjects of our analysis.

e The Jackiw—Teitelboim model of two-dimensional gravity with non-
relativistic gauge [19]

0 0?
—uy — au 2kuy + 2u%uz =0,
5 .

0 g+ 22 4 9y — 20042 = 0

—u Uy — 2uuy =

ot 2" da? 2o
admits the equivalence transformation 1 (2.10) for p = —w. Choos-
ing p = 2k, we transform Eq. (12.1) to the form (1.2), where a = —1,
f!' = —2ulugy, and f? = 2u3u;. The symmetries corresponding to

these nonlinearities are given in the first line of Table 5. Symme-
tries of Egs. (12.1) were investigated in [16]. In accordance with our
analysis, the generalized equation (12.1) with two spatial variables
admits the additional conformal symmetry generated by operator
K (4.5).

e The primitive predator—prey system can be defined by [20]

82u1 82’&2

il,l - D = —UuUjiug, ’[1,2 —AD
0xo

and this is again a particular case of Eq. (1.2) with the nonlinearities
given in the first line of Table 3, where, however, u = v = 1 and
Fy = —F, = 1. In addition to the basic symmetries (%, %>, this
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equation admits the (main) symmetry

0 0
X=(D—-2uy— —2us— | .
< U16ul U2OUQ>

The A — w reaction-diffusion system

w1 = DAug + )\(R)ul — w(R)UQ, Uy = DAusg —Hu(R)ul + )\(R)UQ,

(12.2)
where R? = u? + u3, has symmetries that were analyzed in [1].
Again we recognize that this system is a particular case of (1.2)
with nonlinearities given in case 6 of Table 4 with y = v = 0.
Hence, it admits the five-dimensional Lie algebra generated by the
main symmetries (2.2) with p,v = 1,2 and

0 0

which is in accordance with results of [1] for arbitrary functions A
and w. Moreover, using Table 5 (case 8), we find that, in the case
where

MR) = ARY, w=0oR, (12.4)

Eq. (12.2) admits the additional symmetry with respect to scaling
transformations generated by the operator

0 0
X = — —Us— D. 12.5

<U1 8u2 12 8u1 > T ( )
The other extensions of the basic symmetries correspond to the case
where A(R) = pln(R) and w(R) = o In(R); the related additional
symmetries are given in Table 8 for v = A = 0.

The nonlinear Schrédinger equation (NSE) in an m-dimensional
space

(% - A) b = P, 4") (12.6)

is also a particular case of (1.2). If we denote ¥ = uj + iug and
F = fi1 + ifs, then (12.6) reduces to the form (1.3) with A =
( (1) _é > In other words, any solution given in Tables 3-6 and
8 with matrices A belonging to Class II gives rise to NSE (9.4)
that admits a main or an extended symmetry. Thus, our analysis
makes it possible to present the completed group classification of
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the NSE as a particular case of the general study of systems of
reaction-diffusion equations with arbitrary diffusion matrix. Our
results are in complete agreement with those obtained in [22], where
symmetries of the general NSE were described.

Among the solutions presented in Tables 3—6 and 8, we recognize
those corresponding to the well-known nonlinearities [11]

F=F@ )y, F= @)k, F=@ )y, F=In ).

One more interesting particular case of the NSE with extended
symmetry can be found using case 1 of Table 6 for v = 2 and
m = 1, namely,

0
A _ %2
(ig-a)v=w-vp
which is a potential equation for the Boussinesq equation for the
function V' = %(1& —%).

The generalized complex Ginzburg-Landau (CGL) equation

ow
-
is a particular case of system (1.3) with a matrix A belonging to
Class IT with a # 0 (see (2.2)). Indeed, representing W and F' as
W = (uy +iug) and F = B(f' +if?) and changing the independent
variable 7 — ¢t = (7, we transform (12.7) to the form (1.3) with
-1
A= < f 5—11 > All nonequivalent nonlinearities f' and f?
and the corresponding symmetries are given in Table 3 (cases 1
and 3), Table 4 (cases 5, 6, and 15), Table 5 (cases 8 and 10),
Table 6 (cases 1, 4, and 11), and Table 8. The ordinary CGL
equation corresponds to the case F = W — (1 +ia)W|W |}, m = 2
and admits only the basic symmetries (5.1).

The nonautonomous dynamical systems in a phase space |§]

8U1 82u1

—_— — — A p—

8t 81'2 (u17u2) hl(tax)7 (128)
GUQ 8u1 82u2

W +« at _8162 — rul = hQ(t,aZ)

are also equivalent to a system of the type (1.3) at least in the case
of constant h1 and hy. The related matrix A belongs to Type I11.
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Using the results presented in Tables 3-6 and 9, we can specify
all cases where the considered system admits main or extended
symmetries.

We see that the class of equations that is classified in the present
paper includes a number of important particular systems. Moreover, we
present an a priori description of symmetries of all possible systems of
two reaction-diffusion equations with general diffusion matrix.

Appendix

A.1. Algebras A for Equations (1.3) with Diagonal
Diffusion Matrix

Let us consider Eq. (1.3) with diagonal matrix A (version I of (2.2)
where a # 0) and find the related low-dimensional algebras A. In this
case, matrix (9.5) and the equivalence transformation matrix (9.7) reduce
to the forms

0 0 0 0 O 0
g=| B c'' 0 ~ | ptopttoo0 (A.1.1)
32 0 022 NQ 0 Iu22
and
1 0 0
U= K' 0 |. (A.1.2)
¥ o0 K

Up to the equivalence transformations (9.6) and (A.1.2), there exist three
nonequivalent matrices (A.1.1), namely

00 0 000 00 0

g=10101|, o=(1001], 5= 00

00 A 00 1 100
(A.1.3)

In accordance with (9.1)—(9.4), the related symmetry operator can be
represented in one of the following forms:

9 9
X1 = uD — 2(90)pctic—, X2 = e (ga)pelic— A.1.4
1=p (9a)bctl ouy 2= (9a)bcti 9 ( )
or a a
Xz=eMtor [ ). Al
3 c (8u2+uﬁu1) ( 5)

Here, (gq)pe are elements of matrices (A.1.3), b,c = 0, 1, 2, & = column
(up, u1,uz), and ug = 1.
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Formulas (A.1.4) and (A.1.5) give the principal description of one-
dimensional algebras A for Eq. (1.3) with a matrix A of the type I.

To describe two-dimensional algebras A, we classify the matrices g
(A.1.1) forming two-dimensional Lie algebras. Choosing one of the basis
elements in the form given in (A.1.3) and the other element in the general
form (A.1.1), we find that, up to the equivalence transformations (9.6),
there exist six algebras (eg, ea):

A2,1 = {§1>g4}7 A2,2 = {glag?)}a A2,3 = {957.&3}7 (A16)

A2,4 = {glagfi}v A2,5 = {gllag?)}a A2,6 = {927§3}7 (A17)

where g1 = g1]x=0, 9] = 91|x=1, §3 = g3|r=0, and

000 000
gi=| 000, gs=[100 (A.1.8)
001 000
Algebras (A.1.6) are Abelian, whereas algebras (A.1.7) are character-

ized by the following commutation relations:
[e1, e2] = €2, (A.1.9)

where e; is the first element given in braces in (A.1.7), i.e., for Ag4 e1=
g1, ete.

Using (A.1.6) and (A.1.7) and applying arguments analogous to those
that follow Egs. (6.2), we easily find pairs of operators (5.2) forming Lie
algebras. Denoting

0

éoc = (ea)ababﬁu = 17 27
a

we represent them as follows:

<,U,D + é1 + viéq, ég), (uD + é9 + vtéy, é1),

. . « N . . A.1.10
<,uD — €1, vD — €2>, <F161 + Gleg, F261 + G262> ( )
for e; and eg belonging to algebras (A.1.6), and

<,uD—é1,é2>, <uD+é1+I/té2,é2> (A.l.ll)

for e; and eg belonging to algebras (A.1.7).

Here, p and v are parameters that can take any (including zero)
finite values, and {F1, G1} and {F5, G2} are fundamental solutions of the
following system:

F, =) F+vG, Gy=0F+G, (A.1.12)
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where A\, v, 0, and v are arbitrary parameters.

List (A.1.10)-(A.1.11) does not include algebras spanned by the vec-
tors (Fé, Gé) (with F and G satisfying (A.1.12)) and (uD + e’ ¢,
e’ Te) - which either are incompatible with the classifying equations
(4.6) or reduce to one-dimensional algebras. In what follows, we ignore
algebras A that include such subalgebras.

The other two-dimensional algebras A can be reduced to one of the
forms given in (A.1.10) and (A.1.11) by using the equivalence transfor-
mations (2.4) and (6.7).

There exists one more type of (m+2)-dimensional algebras A gener-
ated by two-dimensional algebras (A.1.6), namely

(MD + él + (Oét + )\proxp)ég, l‘yéQ, é2>,

where v,0, and p run from 1 to m. The related classifying equations
generated by all symmetries x1é2, x99, -+ ,xT;,€2, and € coincide, and
we have the same number of constraints for f! and f? as in the case of
two-dimensional algebras A.

Up to equivalence, there exist three realizations of three-dimensional
algebras in terms of matrices (A.1.3) and (A.1.8):

Azp: e1 =41, e2 =g, e3 =03, (A.1.13)
A3o: el =gs, €2 = g4, €3 = J3,
A3’3 Loelr = gi, €9 = g5, €3 = gg. (A.1.14)
The nonzero commutators for matrices (A.1.13) and (A.1.14) are
[e2, e3] = e3 and [e1, eq] = eq(a = 2,3). The algebras of operators (5.2)
corresponding to realizations (A.1.13) and (A.1.14) are of the following
general forms:

<MD - 2é1, vD — 2é2 - 2)\té3, é3> (A115)
and
D — 2¢1 — 2utéy — 20tés, éa, €3),
(WD — 28, — vit; — Doits, &, &) (A.1.16)
(é1, Fiéa+ Giés, Faéa + Gaey),
respectively.
In addition, we have the only four-dimensional algebra
Agr: er =31, ea=gs, e3 =33, ea=ga, (A.1.17)

which generates the following algebras of operators (5.2):
(uD — 2¢1 — 2utéy, é9, 63, é4),
(1D — 261 — 2wtés, éa, E3, E4), (A.1.18)
(uD — 2é1, vD — é4, éa, €3).

Thus, we have specified all low-dimensional algebras A that can be
admitted by Egs. (1.3) with diagonal (but not unit) matrix A.
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A.2. Algebras A for Equations (1.3) with A!2 £ 0

Consider Eq. (1.3) with a matrix A of the type IT (see (2.3)) and find
the corresponding algebras A. The related matrices (9.5) and (9.7) are

0 0 0 10 0
g=\| p 2 B, U= E E |. (A.2.1)
U4 _M3 ,US b2 —k% k3

Up to the equivalence transformations (9.6) and (A.2.1), there exist
three matrices g, namely

0 0 O 0 0 O 0 0 O
0 0 1 0 0 O 01 u
(A.2.2)
and three two-dimensional algebras of matrices g (A.2.1):
As7={91,96}, A2s = {9533}, (A.2.3)
A9 = {41, 95}, (A.2.4)

where g3 is matrix (A.1.3) with A = 0.

Algebras (A.2.3) are Abelian, while the basis elements of Ay g satisfy
the commutation relations (A.1.9).

As in the previous subsection, we easily find the related basis elements
of one-dimensional algebras A in the form (A.1.4) and (A.1.5) for = 0.

The two-dimensional algebras A generated by (A.2.3) and (A.2.4) are
again given by relations (A.1.10) and (A.1.11), respectively, where e; and
e are the first and second elements of the algebras Az 7 — As g.

In addition, we have two three-dimensional algebras

. —_ _ _ =
A3,3- €1 =91, €2 = g5, €3 = g3,

- (A.2.5)
A3y: e1=gs, €2 =gs, €3 =03
and the only four-dimensional algebra
Agp: e1 =gy, e2=gs, €3 =03, €4 = gs. (A.2.6)

The algebra As 4 generates algebras (A.1.16), while A3 5 corresponds
to (A.1.15) with v = 0. Finally, A4 generates the following algebras A:

(uD —2é1, vD — 2éy, €3, é4),

eut-{—u-xég’ eut-‘,—u-ac

(A.2.7)

<é17 éQa é4>
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A.3. Algebras A for Equations (1.3) with
Triangular Matrix A

If the matrix A belongs to the type 111 given in (2.3), then the related
matrices (9.5) and (9.7) take the form

0 0 O 1 0 0
g=1| ut w2 0 |, U= b k' 0 |. (A.3.1)
U3 M4 /115 b2 k2 k3

There exist six nonequivalent matrices g, i.e., the matrices g}, g3, and
g5 given by (A.1.3) and (A.2.2) and the following matrices:

000 000 000
gr = 010 , gg = 0 00 , g9 = 1 00 . (A.3.2)
0 1 1 010 010

In addition, we have six two-dimensional algebras

Azz = {9533}, A210 = {41, 98}
A1 = {98,393}, A2.12 = {99,373},

Ass ={4g1.93}, A213={d1.95} (A.3.4)

four three-dimensional algebras

(A.3.3)

Azsz: el =g}, e2=gs5, e3=3s,

Azs: e1=gs, e2 =g}, €3 = §3, (A.3.5)
Aze: €1 =03, €2 = gg, €3 = go, o
A37: e1 =03, e2 =95, €3 =gr

and the only four-dimensional algebra
A4’3 Loep = §3, €y = g5, €3 = gi, €4 = g8g. (A36)

Algebras (A.3.3) are Abelian, while (A.3.4) are characterized by the
commutation relations (A.1.9). The related two-dimensional algebras A
are given by formulas (A.1.10) and (A.1.11), respectively.

The algebra As 3 generates the three-dimensional algebras .4 enumer-
ated in (A.1.16). The algebra As 5 is isomorphic to Az, and so we come
to the related algebras A given in (A.1.15). The algebras Az ¢ and Az 7
are characterized by the following nonzero commutators:

[62, 63} = €1 (A37)

and
[61, 62] = €2, [61, 63} = eg + e3, (A.3.8)

respectively.
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Using (A.3.7) and (A.3.8), we come to the following related three-
dimensional algebras A:

<IU,D — 2éy, vD — 2é3, é1>, <é1, D + 2e,, + 2vtéy, éa/>,

A3.9
(e ey, e"TUTe,, Eur), ( )

where o, o =2,3,0' # «a, and
(WD — 2¢y, é9, é3), (&1, VT ey e/ HWoes), (A.3.10)

Finally, the four-dimensional algebras A corresponding to A4 3 have
the following general form:

D —2¢1, vD — 269, é3, ¢ ettwee, —evttweg
H 1, 2, €3, €4),

1, € €9, ég, é4> (A.?).ll)

A.4. Algebras A for Equations (1.3) with Unit Matrix A

The group classification of these equations appears to be the most
complicated. The related matrices g are of the most general form (9.5)
and are defined up to the general equivalence transformation (9.6), (9.7).
In other words, there are seven nonequivalent matrices (9.5), namely
91,92 (A.1.3), g5 , g6 (A.2.2) and g7 — g9 (A.3.2). In addition, we have
15 two-dimensional algebras of matrices (9.5)

Ao ={G1,94}, Aoo={01,93}, Aa3=1{33,95},

Az 10 = {97,938}, A211 = {33, 98}, (A.4.1)
As12 = {73, 99}, A213 = {91, 96}

Az ={g1,95}, Az = {41, 93}, Aze = {92,393},
As1a = {g11x21, 98}, A215 = {g11, —gs}, A216 = {99.9"1}, (A.4.2)
Ag17 = {94, 98}, A2,18 = {97,353},
where

o = O

0 0 O 0 0
go=[ 0 1 0|, ¢ =gih=2=1[ 0 0
1 0 0 0 2

[\

Algebras (A.4.1) are Abelian, while algebras (A.4.
by relations (A.1.9).

The three-dimensional algebras are As; — Az 7 given by relations
(A.1.13), (A.2.5), and (A.3.3) (where tildes should be omitted) and also
A378 - A3711 given below:

) are characterized

Asg: e1 = g1, ea = gg, €3 = 3,
Azg: e1 = g4, €2 = gg, €3 = §3,
As10: e1 = g2, €2 = gg, €3 = —03,
Az11: e1 = g1, e2 = —gg, €3 = ga.
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The algebras (Asg, A3 11), Aszg, and A3 o are isomorphic to As g,
As 3, and Az, respectively. The related algebras A are given by (A.1.15),
(A.1.16), and (A.3.9), respectively.

Finally, the four-dimensional algebras of matrices (9.6) are A4 1, A4 2,
and Ay 3 given by (A.1.17), (A.2.6), and (A.3.6), and also Ay 4 and Ay

given below:

Aga: e1=g1, €2 = g4, €3 = g8, €4 = g3,
Ayt e1 = g4, €2 = gg, €3 = g5, €4 = g3.

Using the found algebras and solving the related equations (4.6), we
easily make the group classification of Egs. (1.3).
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