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Abstract. A new algebra of involutive symmetries of the Dirac equation is found. This algebra
is used to reduce the Dirac equation for a charged particle, interacting with an external field
and to describe hidden supersymmetries of this equation. Reducibility of a class of equations
of supersymmetric quantum mechanics is established.

1. Introduction

It is well known that symmetries of differential equations form powerful tools for the study

of these equations. They are used to separate variables [1], to derive conservation laws
[2], to construct exact solutions of linear and nonlinear differential equations [3—6], to find
spectra of linear differential operators [7, 8], and so on.

In this paper we investigate special involutive symmetries of the Dirac equation.
It is well known that this equation is invariant with respect to the extended Péincar
group. Pauli, Grsey, Plebanski and Pursey [9] found the additiofia(2, C) symmetry
of the Dirac equation, which is realized by antilinear transformations (i.e., including the
complex conjugation). HiddeSL(2, C) symmetry of this equation (generated by linear
non-local integro-differential operators and by first-order differential operators with matrix
coefficients) was described in [10] and [11] (refer also to [8]).

In this paper we present a new symmetry algebra of the Dirac equation. It is specified
by the following features.

(i) All its basis element are involutions.

(i) It includes proper discrete symmetries (like reflectighsT and charge conjugation
C) as well as finite rotations.

(iii) It is a finite-dimensional Lie algebra whose dimension is much more extended than
dimensions of other finite symmetry algebras of the Dirac equation.

We use this symmetry algebra for two purposes. First, to reduce the Dirac equation
to two uncoupled subsystems or even to four uncoupled one-component equations. The
necessary and sufficient condition for existence of such a reduction is that the components
of the vector potentiall , (treated as given functions @, x1, x2, x3) have definite parities,

i.e., are invariant (up to a sign) under reflectionsepf

The other important application of involutive symmetries is searching for systems with

exact supersymmetry (SUSY). Using the former algebra we extend the list of known systems
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with N = 2 SUSY [12,13] and find a class of external potentials for the Dirac equation
which generated extended SUSY.

In section 2 we describe the involutive symmetry algebra of the Dirac equation. The
corresponding reductions for the Dirac equation are discussed in section 3 and are presented
explicitly in the appendix.

Sections 4 and 5 are devoted to reduction of the Dirac oscillator and to searching for
exact SUSY. Section 6 includes application of the reduction technique to SUSY quantum
mechanics.

2. Involutive symmetries of the Dirac equation

We start with the free Dirac equation

Loy = (Vﬂpu -m)y =0 (2.1)
which is invariant with respect to the complete Lorentz group. Heréu = 0, 1, 2, 3) are
the Dirac matrices with diagonak = iyoy1y2ys:

_ 0 |2 _ 0 —0, o _ |2 0
Yo= <|2 0) Ya = (aa 0 ) ¥s = Iyoy1y2ys = (o _|2> (2.2)

o,., a =1, 2,3, are the Pauli matrices agldenotes a X 2 unit matrix.

Let us note that this equation admits also non-Lie symmetries [8, 10, 11].

Here we study the class of involutive symmetries of (2.1). Such symmetries form a
subset of the complete Lorentz group, which is defined by reflections of coordinate axes,
rotations by the angler with respect to a given axis (each of them can be reduced to a
reflection of a pair of axes) and by products of these transformations. There are 16 of them,
and they form a finite group composed of:

o four reflections of coordinates,,

Xy = 6:x), = (L= 26,,)x, A2=0123 (2.3)

e six reflections of pairs of coordinates,
Xy = Grox)y = A — 265, — 265,)x, A#Eo Ao0=0123 (2.3)

o four reflections of triplets of coordinates,

X, = (0;x), = (28, — Dx, A=0,123 (2.%)
e a complete reflection of all coordinates,

Xy = (0x), = —x, (2.4a)
e and the identity transformation

x, = (Ixy,) = x, (2.4b)

(n =0,1,2,3; no sums ovey in (2.3)). We will also use the following notation for
reflections (2.3) and (2.4):
0 = b4 0, = 65, 0 = Oy. (2.5)

We see that foi, 0 = 1, 2, 3 transformations (21§ are rotations while (28, (2.%)
and (2.®) for zerox or o are proper reflections.

The corresponding symmetries of the Dirac equation form a projective representation
[14] of the 16-dimensional group (2.3) and (2.4), and have the following form

Y (x) = Ryy(x) = Subur (x) = S (0ux) (2.6)
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where

S/tv = )7//,)71) 35;/_ = 775)7/L *§4/L = - A/44 =Yu
Yo=170 Ys=17s5 Ya = 1Ya
k,1,=0,1,...5 m=0,1,2,3 a=123

and the trivial identity transformation (corresponding to £2.% omitted.

It is easy to verify that such defined operat®&g commute with the operataty and
so transform solutions of (2.1) into themselves.

Symmetries (2.6) satisfy the following commutation relations

[Rkl» Rmn] = 2'(8101 le + SlmRkn - Slanm - 8km Rln) (27)

(by definition R, = —Rpy).

In accordance with (2.7) symmetries (2.6) realize a representation of the alg&bya

Let us now specify antilinear (i.e. including the complex conjugation) symmetries of
equation (2.1) corresponding to reflections (2.3) and (2.4). On the set of solutions of the
Dirac equation they are reduced to the form

Y (x) = By (x) = CRuyy (x) (2.8)
where Ry, are transformations (2.6) ard is the charge conjugation transformation
CY(x) = yacy (x) = iy2h™ (x). (2.9)

Using the relations
[C, Rka] = {C, Rka} = {Cv Rab} =0
a,b,c=12,3 ro=045 (2.10)

we conclude that among the transformations (2.7) there are six representatives which satisfy
(Bac)?> = —1I (for A,C =0,4,50r A, C =1, 2,3) and nine representatives which satisfy

the condition(B,c)? = I, where! is the identity operator. We have a special interest

in such transformations (2.7) whose square is positive (otherwise the correspdging
cannot be diagonalized to the real mattyy and so they cannot be used for reductions
considered in the following section). The corresponding symmetries are

Ba, = CRu, (2.11a)
Bs, = CRs, (2.11b)
Bo, = CRo,. (2.1

Using (2.7) and (2.10) it is not difficult to specify commutation and anticommutation
relations for operators (2.6) and (2.11). We notice that the set of operfRyrs=
iRy, Bua, C} forms a basis of the 25-dimensional Lie algeb#as characterized by
commutation relations (2.7) and (2.12):

[Bow’ Bﬁb] = _2(8abﬁaﬂ + (Saﬁéab)

[B(Jtaa Rﬁa] = 2(801/330[1 - 6(103/311)

[Baav R\bc] = _Z(SacBab - 8abBac)

[Baa’ Iéﬁb] = €aabBco By — Z(Subaaﬁc (212)
[C’ B(xa] = Zéaa [C’ Iéaa] = ZBota

[C, R\ab] = [C’ R\aﬂ] =0

a,b,c=12,3 o, B,0=0,45.
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Remark By including all symmetries (2.8) and products of symmetries (2.6) and (2.8),
and the operator of multiplication+ /—1, the algebrad,s can be extended to the 64-
dimensional Lie algebra defined over the field of real numbers. Additional extensions can
be made by including the non-Lie involutive symmetries [8, 11].

Thus involutive symmetries of the Dirac equation generate the extended Lie algebra
Azs. In the following sections we use it to reduce the Dirac equation for a charged particle
interacting with various external fields and to search for supersymmetries of the Dirac
equation.

3. Reduction of the Dirac equation

Now we shall apply the results of the previous subsection to reduce the Dirac equation for
a charged particle in an external field

Ly = (ym, —m)y =0 3.1)

wherer, = p, —eA,, p, =id/0x*, A, = A,(x) = A,(xo, x) is the vector potential.
Equation (3.1) is invariant under one of the transformations described in) (a2t
(2.3a—0¢) provided the vector potentiad,, satisfies one of the relations,

A, (=xo, —x) = — A, (X0, T) 3.2)
A”(QAX) =1- 28//.)»)A}L(-x) (33&)
Au(Orox) = (1A — 26,y — 28,65)A,(x) (3.30)
A/L(Q)/\x) = (ZS/M - 1)A[L(x) (3.%)

respectively, withh ando being fixed. On the other hand, if we require that (3.1) admits one
of the symmetries (2.H-0), the vector potentiall,, has to satisfy one of the corresponding
relations,

AM(G;X) = —(25,0 — DAL (X) (3.4a)
Au(eax) = _(1 - 28[461)A/1 (.X) (34b)
A, (Bgex) = —(1— 28,0 — 26,a) A, (X) (3.40)

respectively.

We note that relations (3.3) and (3.4) leave the Lorentz gayge¢' = O invariant.

To reduce (3.1) we diagonalize the corresponding symmetries (2.6). Let us consider in
detail the case (3.2), i.e. when equation (3.1) is invariant under the transformation

Ry (x) = ys09 (x) = ysy (—x). (3.5)
To diagonalize this symmetry we use the operator
1 1 A A A
W= 72(1 + )/5)/0)72(1 + ysy00) = 04 + yoyst- (3.6)

with 4 = 3(1£6), then

WRW' = Wyso W' = ys. (3.7)
Simultaneously, the operatdr of (3.1) is reduced to the block diagonal form:

WLW' = L' = —ysmg — %ieabcyaybncé —m. (3.8)
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Thus the transformed equation

L'y =0 v =Uy (3.9)
has the desired reduced form

(—umo— o - 7 — m)y, =0 n==1 (3.10)
where v, are two-component spinors, i.e. non-zero components of eigenvectops of
satisfyingysy’' = uy’'.

For A, = 0 equation (3.10) is equivalent to the one considered in [15].
If equations (3.10) again admit a discrete symmetry, say

Y (x) = Ry, = 030129, (x) = 039, (x') X' = (f12%) (3.11)

(which is the case 0fAg(x") = Ag(x), A1(x) = —A1(x), Ax(x)) = —Az(x), A3(x) =

As(x)), then they can further be reduced to one-component uncoupled subsystems. Indeed,
by diagonalizing symmetrg = o361, and using the transformatiofy, — v/ = Wy, (the
corresponding transformation operatoris= [1 — 61, — ioa(1 + 612)]/2, WL = W) we

change equation (3.10) to the following,

[— o — Ay — O1a(wz + im2) — ml,, =0 (3.12)

where bothy and 2 runs independently over the valugs — and v, are one-component
functions, i.e. non-zero components of eigenvectors of mayigatisfyingosy; = 1v,.

We notice that transformations (3.6), (3.7) and (3.8) can also be used for the reduction
of Dirac’s equation with the anomalous (Pauli) interaction:

k
(y"rr# —m— ZIZS,WF“”) V=0 (3.13)
where

i .
NS Z[Vuv ol F.= |[7T;u ).

For example, ifA,, satisfies (2.4), then (3.13) is reduced to the following two subsystems
for two-component spinors:

~ ek iek A
—pung—o -0+ —o0-H-—p—o-E0—m|y,=0 u==1
m m

where H and E are vectors of the magnetic and electric field strengths: = Fy,,
H, = Eabc‘Fbc‘/Z-

In an analogous way it is possible to reduce the Dirac equation (3.1) if vector potentials
satisfy one of the relations (3.3) or (3.4). We present the complete list of the corresponding
reductions in the appendix.

4. Reduction of the Dirac oscillator

The Dirac oscillator equation [17, 18] can be written as
(y" pu — i0yoyaxqs —m)y = 0. (4.2)
This equation isP-invariant, i.e. admits the following involutive symmetry,

Xo = X{ = Xo x—>x =-—x ¥ (x0, ) = yoy (X0, —)
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and consequently can be reduced to two uncoupled subsystems. Indeed, using the
transformationy — ' = Wy whereW = (1/+/2)(1 — iysRa0), equation (4.1) decouples
and can be expressed as

povs = [*(o-p+ mé{)) +iwo - :cé(’,]wi. (4.2)

Equations (4.2) admit involutive symmetry (3.9) and by means of the opeWattor
(3.9) can be reduced to four one-component uncoupled equations.

However, there is another involutive symmetry for equation (4.2) which can be written
as

0 = BY; 0’=1 (4.3)
where B is the Biedenharn operator [18]:
=% g=o-L+1 L=zxp. (4.4)
q

OperatorB anticommutes withr - p ando - x; thus Q introduced in (4.3) commutes
with the operator in square brackets defined in (4.2). On the set of funafipreatisfying

oy, = ny) p==% n==%1 (4.5)
equations (4.2) are reduced to the form
povy = (po - p+ ppmB +ipo - xB)Y). (4.6)

In other words, the Dirac oscillator equation is reduced to four uncoupled two-component
subsystems.

Settingm = 0 in (4.2) and (4.6), we receive the equations which we shall call the Weyl
oscillators. Analogously to the Dirac oscillator case they generate oscillator-like spectra and
are related to the free (Weyl) equation by changing> p — iwx8 with § = P or 8 = B
being an operator anticommuting with the differential part of the corresponding Hamiltonian
in (4.2) or (4.6), respectively.

The Weyl oscillators will be studied in more detail in the next paper. It appears they
have very interesting symmetries and supersymmetries which are preserved if we change
x — aW/dx in (4.6), whereW (x) is an arbitrary even superpotential.

5. Extended supersymmetries

We say that an equation of motion is supersymmetric if it admits specific symmetries
(superchargesp,, a = 1,2, which form the Witten superalgebra [19] (we choa8g
Hermitian):

{Qu, Q) = 25, H [Qs H] =0 (5.1)

H is the related Hamiltonian.
To search for SUSY we use the following anticommutative relations for involutive
symmetries (2.6):

{Rkla Rmn} = eklmnngfg + 28km8[n1 - 28/m8kn I (52)

We start with the Dirac equation (3.1) for a charged patrticle interacting with the time-
independent magnetic field. The corresponding vector potentials have the form

AO =0 A, = Au (33) (53)
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Denotingy. = (1 Fiys)¥ we have

Y=v v w+=<‘§) w=<§> (5.4)

where ® and & are two component spinors, and 0 is the two component zero column.
Expressingy_ via ¥, we come from (3.1) and (5.3) to the following equations:

(pg—m2)<1>:I:ICI> H=n%’—e¢o-H (5.5)
1

E=—(po—o-m. (5.6)
m

We will search for the SUSY of equation (5.5). The corresponding symmetries for (3.1)
can be found using relations (5.4) and (5.6).

For the case of arbitrary vector potentialx) equation (5.5) admits the following
symmetry operator (supercharge),

O1=0-m (5.7)

which satisfies the relatio@? = H and so commutes with the ‘Hamiltoniadl .

To find additional supercharges we suppose that the vector potdptial satisfies one
of the relations (3.3) wherg, 0 = 1,2,3. The corresponding equation (5.5) admits the
following symmetries:

o(t,x) > r, @@, ) =0,0(t,0,1) (5.83)
O(t, ) = rap®@, ) = 40P (1, Oupx) (5.80)
O(t, ) — rd(t, x) = 1, Ox). (5.%)

Operators (5.8) satisfy the following relations (compare with (5.2)),
razzrazb =r’=1 {rap,rp} =0 {ra,rp} =0 a#b (5.9
(now sum over) and

{rro-w}={r,,o-w}=0 [rap,o0-7] =0 (5.10)
which enable us to construct the second supercharges
Qo =iro-m and Qr,=iro-m (5.12)

for the cases (3@ and (3.8), respectively.

Thus the corresponding equation (3.3) admits= 2 SUSY.

If A,(x) satisfy two or more relations (3.3) simultaneously, then equation (5.5) admits
extended SUSY. All non-equivalent possibilities are listed in the following formulae:

A Opx) = (1 — 264p) Au() (5.12)
A Oc) = (1 — 28,0)Au()

OQr=0-m Qr=irno-n Qz=iro-m c#b b,c=123
Ag(Or2e) = (1 — 25,1 — 28,2)A() (5.13)
Ay(O1x) = (1 — 26,1 — 20,3) A()

Q1=lrpo -7 Qr=lirgio0-m Q3 =lirpo-m
Ag(rze) = (1 — 2841)Aa()

Ay(rox) = (1 — 2624) Au () (5.14)
Ay(rsx) = (1 — 203,) Au()

Qi1=irno -« Qr,=irno -« Qz=liro -7 Qs=o0-m.
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Relations (5.12) define three classes of vector potentiglécorresponding to different
fixed values ofb, ¢). OperatorsQ, (5.12) and (5.13) realiz&/ = 3 extended SUSY, while
the corresponding operators (5.14) reali¢e= 4 extended SUSY.

It is necessary to note that the extended SUSY found in the above does not have
direct connections with SUSY quantum field theory and cannot be used for a non-trivial
extension of the Poincargroup. However, the symmetries (5.12)—(5.14) have rather non-
trivial consequences in the quantum mechanical context, which consists of the specific
degeneration of the corresponding energy spectra. Indeed, calcdatmygutationelations
for the supercharges (5.12), we obtain

A

[Q1, Q2] = —in,H [Q2, Q3] = —irycH [Q3, Q1] =ir.H. (5.15)

It follows from (5.9) and (5.15) that on the subspace of solutions of equation (5.5),
corresponding to the non-zero eigenvaldef the HamiltonianH, the operators

R 1 A i
Ry = —— R, = —
4k ﬁQk Xl 2E|

satisfy relations (2.7) and (5.17):

[Ok. Q1] (5.16)

A 1 A A
RI?[ =1 EgklmanlRmn = 3rap. (517)

Eigenvalues ofr,, are equal to+1, and so operators (5.16) realize the representation
D(3. 3) ® D(3, —32) of the algebraso(4).

In an analogous way, choosing the basis (5.16), we conclude that the supercharges
(5.13) generate the same representation of the algelirh, but the supercharges (5.14)
generate the representatidii;, 3, 3) of the algebrao(5) (in the last case we have in (5.16)

k,1 = 1,2,3,5). The corresponding commutation relations for operators (5.16) again can
be expressed in form (2.7).

Thus, for any symmetry (5.12)—(5.14) each non-zero eigenvalue of the Hamiltahian
has fourfold degeneracy due to the hidden symmetky#) or so(5).

N =2 andN = 1 SUSY aspects of the Dirac equation were discussed by a number of
authors, refer, for example, to papers [20], surveys [12,21] and the monograph [22]. We
extend the list of problems generating this symmetry and find a class of potentials generating
extended SUSY.

6. Reduction technique in supersymmetric quantum mechanics

The idea of diagonalizing a discrete symmetry in order to reduce the corresponding equation
of motion can be applied to many problems in mathematical physics. Continuing the theme
of SUSY, we apply this idea to one-dimensional SUSY quantum mechanics [19]. The
corresponding equation of motion has the form

.0
i—y = Hy (6.1)
8xo

where H is the Hamiltonian with matrix potential

1 .0
H=2(p>+W?+ Waz) p=—i—. (6.2)
2 0x

Equation (6.1) admits specific symmetries (supercharges) of the form

1 . . — 1 . .
Q= Tﬁ(oz +lo)(p +1W) 0= Tﬁ(az —lo)(p —1W) (6.3)
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which transform solutions into themselves and generate the following superalgebra (which
is isomorphic to (5.1):
_2 _ —
0°=0"=0  Q0+00=H
[0, H]=[Q, H] =0. (6.4)

Let us demonstrate that this superalgebra is reducible for odd superpot&nigisi.e.
for which W(—x) = —W(x). Indeed, forW odd there exists the invariant operator

K =o3p (6.5)

(p¥(x) = ¥(—x)) which commutes with superchargésand Q. In order to diagonalize
K we apply the operator

U=py —iop_ pr=31%p) (6.6)
so that

UKU' = o3. (6.7)
The corresponding supercharges are transformed into the diagonal form

Uou' =0 = 2#2[(1 —ops — L+ o3)p 1(h +iW)

V2
vout=0 = —%ﬁ[u— o)p — (L+02)ps](h — W)
i.e.
; 0 0 = @ 0
-5 8) a5 8)
where
i _ [
0, = —72(17 +1W)p, Q.= 72(17 —iW)p_ (6.9%)
i _ i
_=—(p+iW)p_ _=——(p—=iW . 6.%
0 ﬁ(p+' )P [ ﬁ(p iW)py (6.%)

Thus supercharges (6.3) generate a reducible representation of the algebra (6.4) which
is equivalent to a direct sum of representations g6.8nd (6.®). The corresponding
Hamiltonians are of the form

Hy = 1(p°+ W+ Wp) (6.108)
and
Ho =%+ W2 —Wp). (6.10)

Operators (6.8) and (6.1@) (as well as (6.8) and (6.1®)) form a one-dimensional
realization of SSQM, which has a very unique property: superchadgeand Q. are not
products of commutive bosonic and fermionic operators. As a consequence of this fact the
spectra of superhamiltonians with familiar potentials differ from the corresponding spectra
in standard realization of SSQM. For instance Wf = wx then supercharges (&Pand
Hamiltonian (6.10@) correspond to a specific version of the supersymmetric oscillator for
which differences between eigenvalues are not equal fccompare with [19]) but to 3,
whereas supercharges (& %nd Hamiltonian (6.14) present a supersymmetric system with
spontaneously broken supersymmetry (i.e. with a degenerated ground state).

In conclusion we notice that th¥ = 2 Wess—Zumino SSQM [23] with a superpotential
being an odd complex function is also completely reducible too.
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7. Conclusion

We present the extended Lie algebra formed by involutive symmetries of the Dirac equation
and apply it to reduction of a number of problems connected with interaction of a%spin—
particle with an external field.

Such a reduction technique can be generalized for reduction of systems of ordinary
differential equations as well as many other systems of partial differential equations,
including nonlinear ones. We plan to outline the results of our investigations of these
possibilities elsewhere.

The other interesting application of involutive symmetries is searching for exact SUSY
for the Dirac equation. We demonstrate that in addition to the known class of systems with
N = 2 SUSY this equation also generates extended supersymmetries. Moreover, the list of
supersymmetric problems can be extended by including antilinear involutive symmetries.

The other goal of the present paper is to demonstrate that a wide class of realizations
of SSQM is completely reducible. We obtain a one-dimensional representation of the
Witten superalgebra (6.4) which can be extended to the case of multidimensional space of
independent variables.

Finally, we note that the Weyl oscillators of section 5 are the simplest consistent
examples of generalizations of the Dirac oscillator [17,18]. Such generalizations for the
cases of arbitrary spin multi-body systems are intensively discussed in the literature [24, 25].
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Appendix. Explicit form of reductions

Here we present in explicit form reductions of the Dirac equation which are possible if the
vector potentiald,, satisfies one of the relations (3-3) or (3.4a—q). To reduce (3.1) it is
sufficient to diagonalize the corresponding symmetries (2.6) or (2.8). This can be done by
using the operators

1 .

Way = 72(1 — iysRay) v=0,1,23 (Ala)
1 .

Woa = 50 +ivsy) A+ vaRo)  a=123 (Alb)
1 .

Ws, = 72(1 —iysRs,) (Alc)

or

_ 1 . . /

Wae = é(l-i- 1y5y2)(1 — 1y2Baq) a=13

_ 1 .

Waz = 5 (1+iys70050)(1 + y0) (A2a)

_ 1

Wss = é(l + vay0) (1 + yoBsa) a=123 (A20)
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1
vz

In all the cases we hav,z Rz W), = iys orWABBABWLB = ¥s.
The transformationg: — W, gy reduce equation (3.1) to uncoupled subsystems of the
following form:

Wou (14 y5Boa). (A2c)

[770 F (0 - ™ — imfp)]| Y+ = 0
[0 F (o - 7 — mb,0,)] Y+ =0 (A3a)

[0a(Fmo+m)bp, + 0 - ]y =0
[toF o7 —opm+ (10,60u £ 0p)mp]pe =0 (A3b)

[0 F (o - 7 + mp)] Y= = O

[toF o -7 +imbl o,y =0 (A3c)
or

(ézCT[o —o-wxim)yL =0

(Frno—o -+ 7y(00 F icé(’l/) - Cé,;/m)lﬂi =0 a=13 (Ada)
(no sums over repeated indices). Here are two-component wavefunctions, i.e. hon-zero
components of eigenvectors of the matrix

(fmo + éa/aara s —m)YL =0

(£70 + choo - —m)Yy =0 (Adb)

(£mg—0 - — icéogolm)wi =0
(Fmg—0 -7 — icéoltrgm)wjE =0
(7m0 Fo-mTF CéOZm)w;t =0. (A4C)

ys correspond to the eigenvalugsdl.

Symmetry (4.8) commutes with operatér of (3.1) iff A, = 0 and so can be used
only for reduction of the free Dirac equation (2.1). The corresponding ope¥dtce
(1/+/2)(1 + iysC) diagonalizes symmetry (2.9) to the forpg and reduces equation (2.1)
to the following uncoupled subsystems:

(po—po-p+ iUZCm)wu =0 pn==x1 (AS)

Imposing condition (4.5) on solutions of the first equation Aand settingd,, = 0
we come to the equations proposed in [16].

If the vector potentiald,, has such parities that the corresponding Dirac equation (3.1)
admits two commuting symmetries from the set (2.6) and (2.8) then we can reduce (3.1) to
four uncoupled subsystems. If we find such a @i, S»), then(S1, S152) and (Sz, $1.57)
are also sets of commuting symmetries equivalent to theSges,). Using (2.7) and (2.12),
it is not difficult to write down the 51 non-equivalent pairs of commuting symmetries.

In other words, there are 51 possible reductions of the Dirac equation to four uncoupled
subsystems by means of linear and antilinear involutive symmetries. The explicit form of
these reductions can be found in analogy with the above.

{Roa» Roc}s {Raas Ry}, {Roas Rap}s {Roas Rap}s {Baa, Ros},
{Boas Rsp}, {Bsa, Rap}, {Bsas Rap}s {Baas Rap}s {Baa, Rsa},
{Boas Rao}, {Boa,» Rso}, {Boa, Rso}
a,b,c,=1,2,3,a#b,a#c,b+#c.
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We notice that only two of the involutive symmetries of the Dirac equation commute
with any Lorentz transformation, namely and C given in (3.5) and (2.9), respectively.
Consequently the corresponding reduced equations (3.9) and (4.19) are Lorentz invariant.
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