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Abstract. Besides the usual and well known Lie symmelries of the Schrédinger equation,
we study higher-order symmetry operators and point out their impact on classes of solvable
potentials when time-independent interactions take place for one-dimensional (space)
systems. We consider the case of nth-order symmetry operators and more particularly the
third-order context.

One-dimensional non-relativistic systems have already been studied through the
Schrodinger equation

3
ax

i0,9(x, 1) = [~302+ U(x)]¥(x, 1) h=1 m=1 9= ;7 0.= (1)
where we have introduced time-independent potentials U(x). From the symmetry point
of view, such an equation has been visited by many authors [1-5] and the admissible
{solvable) cases have been listed. Let us just recall that the free case {(L/ =0) and the
harmonic oscillator case (U =jw’x?) are isomorphic and admit six symmetries [1, 2]
while others admit four or two symmetries according to some specificities we do not
collect here [3, 4]. In connection with these results, Miller [5] has also given the first
systematic treatment showing how separation of variables relates the sets of symmetry
operators associated with specific interaction terms, i.e. through the corresponding
invariance Lie algebras.

In fact, as it is evident from equation (1}, the above studies only consider the first-
and second-order symmetry operators leaving invariant the Schrodinger equation. Let
us also point out that a first-order derivation in time is directly connected to a
second-order derivation in space when, as it will be the case in the following, we limit
ourselves to symmetry operators acting on solutions of (1).

In an elegant and compact way, such developments can be summarized in the
following problem. Let us consider {1) written on the form

LY(x, t)=[is, —3(p"+ V(x))1¥(x, ) =0 p=—id; (2)
and let us search for symmetry operators (Q satisfying the invariance condition
(L, Q]=0 (3)
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when these Q-operators have the following structure:

Q= (ho- plo+ (B p), (4)
if first-order operators only are considered, or

Q2= {hy' plo+{hy-p)y+(h2:P), (5)
if the second order is required. Here we have introduced the notation

(hyp)a={{ha P)a-s, P} (bo* o= ho (6)

where {A, B} is the anticommutator of A and B (=AB+ BA) and where h,(n=
0,1,2,3,...) are arbitrary functions of x and 1,

It is easy to recover the old results [1-4] corresponding to the solution of (3) with
@.=(5). They lead to the most general potential (6]

Vi) =lax’+Bx+y+ w70 e

(& +ux)?
which can be included in an invariant Schrodinger equation (admitting six symmetries
when 8 =0 or four symmetries when 8 # 0).

Here we now propose to extend these developments to arbitrary nth-order sym-
metries with

Q. =éo(hk-p)k (8)

and to search for the corresponding classes of solvable potentials admitting such
nth-order symmetry operators.

For any order n, we notice the following operator identity containing n anticommu-
tators:

n12"*k

(n-I)Tk! (9kh,)en ", 9

{- . -{{hn,p}! P}, L sP}=(_i)" kéo

It will be very useful in the following in order to get the systems of differential equations
which are characteristic of the general Q,-problem (2), (3), (8). Let us briefly sketch
the steps leading to these equations. For each k-term in the operator (8) we can evaluate
the following commutators:

[id,, (Bu- p)i] =i A pa (10)
and
[—3P°, (he phd =3kl pin: (i

due to the x- and f-dependences in the arbitrary functions b, (k=0,1,...,n). Notice
that dots refer to time derivatives and primes to spatial ones. From (10) and (11) we
immediately get, for the free case (V =0), the set of commutators

(Lo, (i p)i] = ihe phe+2i(Rk p)ias (12)
where evidently
Lo=is, —ip*=is, +%a2. (13)

For considering the Q,-problem with interaction, we need the additional commutators
[V(x), (he-p)id, Yk=0,1,. .., n These tedious cases can be more easily handled by
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considering separately even and odd k’s. By using explicitly the identity (9), we have
obtained for k=1

[V(x), (ho p)ac]

202k )
Zk—-2m-1)1(2m+1)!

k—1}
==i ¥ (-
m=0
X (M d 22" V(X) - Plamn (14)
and for k=0

[V(x), (A1 P)axs1]

2(2k+ 1)1
Rk-2m+1)1(2m)!

k
=i Z (_])m+k+l
m=(}

X (Mo 3252 V(X)  pome (15)

By superposing the results (10}, (11}, (14) and (15), it is easy to show that the
Q,-problem (3) associated with the Schridinger equation (2) is characterized by the
following sets of commutators

(L, (o o) = iCho* o (i), (16a)

o 1,
(L, (hz pla]1=1(hoi P)2e +*2*1(h5k'17)2k+1

1, %0 2(2k)! S
+= _qym+k (h 2k-2m IV .
21 mz=0( 1 2k —2m _1)!(2m+1)!\ 260 % (X) P2+

(16b)

and

- L
[L, (hapr Pl 1 = 1(Aziir P2k +E (M2 ‘P)2k+2

l- ul _qymtk+1 2(2k+])! 2k=2m+]
+21mz=0( 1) (2k_2m+1)'(2m)|(h2k+lax V(x)'p)Zm
{16¢)

respectively for k=0, k=1 and k=0,

These general results can now be exploited. Let us here only point out and discuss
the first new non-frivial context, i.e. the third-order symmetiry operaters. In such a
problem we are asking for symmetries of the Schrédinger equation (2) according to
the condition

[L, Q:]=0 (17)

with

3
Qszkz_:o(hk‘l’)k =(hy-plot(hy-p)i+{ha pla+(hy pl. (18)
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By using the above identity (9) we immediately notice its explicit form
Q; = 8ihya% +[12i(9,h;) —4hy1a% +[6i(32hs) —4(3,hy) — 21k, 15,
+[i(33hs) = (93hy) =19k, + ho). (19)

Then, through equations (16), we easily get the following system of five differential
equations:

hi=0 (20a)
2h,+hi=0 (20b)
2h,+ h—6h, V' =0 (20¢)
2R+ hy—=4h, V' =0 (20d)
ho—h, V' +h V" =0, (20e)

Evidently, if h, is identically zero, we recover the Boyer system [4, 6] associated with
the second-order symmetry problem.

Equations (20a, b, ¢) lead to three arbitrary unknown functions (hereafter called
a, b, ¢) depending only on the time variable and the equations (20d, €) to an
inhomogeneous differential equation of the fourth order in terms of the potential V(x)
given by

aV" —(2dx*+6aV+c—2bx) V' —6(2dx+aV' - b) V' - 124V

=204 x*~2bx +¢&). (21)
It admits as a particular solution the explicit form
Vi(x)=3ax?+Bx+ vy (22)

where a, 8 and vy are arbitrary constants. It also ensures that this potential (22) and
more generally the potential (7) admits third-order symmetries we are discussing.

The general resolution of (21) then asks for the three subcases a =0, a =@’>0
and a = —w? <0 as it was the case in the second order problem [4, 6] where we also
know [6] that these are isomorphic contexts with respect to Lie structures subtended
by the corresponding symmetry operatars. Consequently, let us point out some results
and comments by considering here the a =0-case only reducing the difficulty in a
significant manner.

The resulting potential evidently becomes

ViP(x)=Bx+y (23)
and it is easy to get from (21) and (23) that

@()=0 b (t)=6pd(1)

&(t)=—6vi(t)—3B%a(1) +3Bb(1).
The complete determination of the functions a{t), b(t), c(¢) and hy(x, 1) requires ten
arbitrary constants leading to fen symmetry operators. With respect to the well known
results concerning the second-order problem [4, 6] (remember that the context of the

potential (23} is isomorphic to the free case admitting six symmetries), we thus get
Jour new symmetries which evidently correspond to third-order symmetry operators.
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Let us mention their explicit forms easily obtained for the free case as follows

X, =x+it— 292 + Zixta, (24a)
X, =2ix3, — 2183 +i (24b)
Xa=—92 (24¢)
X,=—(if3, +x) (25a)
X, =-ia, (25b)
Xe=1 (25¢)
X;=iror+3x32+39, —3itx?9, —3tx —x’ (26a)
Xy =122 +21x32 + 213, —ix"9, —ix (26b)
Xo=ital+xa2+a, (26¢)
Xio=idt. (26d)

We recognize the generators {X,, ..., X} of the semi-direct sum of the second-order
operators of the conformal algebra {X,, X,, X} with the first-order operators of the
Heisenberg algebra {X,, X;, X}, i.e. the six symmetries belonging to the largest
kinematical invariance algebra for one-dimensional systems [1, 2. The other operators
{X;,..., X} are the third-order symmetry generators which do not form a closed set,
neither between themselves, nor with the above six operators. Consequently they
correspond to the so-called ‘non-classical Lie’ symmetries as referred and described
in particular by Fushchich and Nikitin [7] which have also been recently studied in
the supersymmetric context [8]. Let us just notice further possible determinations of
closed Lie algebras among these ten generators but with only six of them. It can be
verified that the following largest structures close:

{ X1, X5, X5, X4,X5,X6} and (X1, X2, X7, X4, X5, Xe}

Both structures are once again semi-direct sums between the Heisenberg algebra and
other non-semisimple three-dimensional ones which are isomorphic to each other as
it can be easily shown.

Let us now add to this letter two main comments, one concerning the constructive
information on classes of potentials admitting third-order symmetries and another one
on a supplementary result on nth-order symmetries,

(a) On classes of admissible potentials and third-order symmetries. If third-order sym-
metries are studied we thus get the inhomogeneous differential equation (21) on the
admissible potentials. As already noticed, the functions (7) are particular solutions
and, besides the general resolution of (21), we want also to mention that there exists
a lot of new solutions extending in that way the classes of admissible potentials. Let
us here comment on the inverse way, i.e. let us show that unusual but admissible
potentials have third-order symmetries. As particular potentials which lead to exact
solutions as discussed by Bagrov and Gitman [9], let us collect the five following ones:

2¢? s o
Vix)=——7 V(x)=2c"tan cx
cos” ex
V(x)}=2c*(tanh® ex—1) V(x)=2c*(cotanh® cx —1) (27
c? cosh ¢x '
Vix)= +e? .
x) sinhZex © sinh® cx
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We can show that all these potentials admit the symmetries associated with the
generators X:, X§, X and X |, where primes refer here to their explicit form corre-
sponding to (25) and (26) but in this interacting context. Only X}, X} and X, form
a closed Lie algebra. We thus conclude that the requirement of symmetry under the
third order is less restrictive than vnder the first and second orders. It permits the
extension of classes of admissible potentials.

As a last remark, let us come back on particular potentials (also considered by
Bagrov and Gitman [9]) appearing as special cases of (7), i.e.

207
Vix)=p8x+y V(x)—m v#=0
(28)
Vix) K pw#2vt w0 v

T (v +n)?

The first potential admits fen symmetries, the second one admits eight symmetries
(which contain the four third-order ones) and the third potential admits only four
symmetries (but none of the third-order type).

(&) On nth-order symmetries. By looking at the ten symmetries subtended by the four
first orders of differentiation as characterized by equations (24-26), we can distinguish
among these ten operators that the zeroth order gives one symmetry (Xg=1), the first
order rwo symmetries (X, and X;), the second order three symmetries (X,, X, and
X;) and the third order four symmetries (X;, X3, Xy and Xy,). Then the total number
of operators included in this Q,-problem is equal to 1+2+3+4 =33+ 1)}{(3+2). These
rules appear as interesting properties which can be generalized in the following
proposition concerning the free Q,-problem.

Proposition. For the one-dimensional free Schriodinger problem, the number of nth-
order symmetry operators is always equal to n-+1 and the total number of operators
included in the Q,-problem is

N={a+1)(n+2). (29)
Let us exploit the results contained in the commutators (12) by noticing that the
definitions (6} lead immediately to a basis on the derivatives. By considering success-

ively the zeroth, (n+1)th and kth (k=1,2,..., n) orders we get (n+2) differential
equations on the following forms:

By=0 hj, =0 2k +hioy =0. (30)
By iteration we then get that
&:‘Hhk(t, x)=0 and 82_thk(l,x)=0

so that our arbitrary functions become

n—k k
hix,t)=%Y ¥ C¥™"x"t" (31)
p=0 m=0
where CP™ are (k+1)(n—k+1) constant coefficients for each k=0,1,..., n. These

are constrained through
2Am+1)CE™ +(p+1)CEI™ =0 k=1,2,...,n (32)
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due to the relations (30). Consequently the total number of independent parameters is

N=7Y (k+1)(n—k+1)= ¥ k(n—k+1)

k=0 k=1

=n+i+ i (n—k+ 1) =-equation (29).
k=1

As a last remark connected with a very recent reference [10] (communicated by
the referee), we just want to point out that our symmetry operators are conformal ones
as discussed by Kalnins er al Indeed, we have solved the invariance condition (3)
while our symmetry operators  do not contain first order time derivatives remembering
that they act on solutions of (1) as already mentioned: all the operators Q,=(8) only
contain space derivatives.

One of us (AGN) thanks the Belgian Interuniversitary Institute for Nuclear Sciences
(ITSN) for financial support during his stay in Liége where part of this work was
elaborated.

References

[1] Niederer U 1972 Helv. Phys. Acta 45 802

[2] Niederer U 1973 Helv. Phys. Acta 46 191

[3] Anderson R L, Kumei S and Wulfman C E 1972 Rev. Mex. Fis. 21 1

[4] Boyer C P 1974 Helv. Phys. Acta 47 590

[5] Miller W Sr1977 Symmetry and Separation of Variables Encyclopedia of Mathematics and its Applications
vol 4 (London: Addison-Wesley)

[6] Beckers J, Debergh N and Nikitin A G 1991 On supersymmetnes in nonrelativistic quantum mechanics
Preprint Liége PTM

[7] Fushchich W I and Nikitin A G 1987 Symmetries of Maxwell’s Equations (Dordrecht: Reidel); 1987
J. Phys. A: Math. Gen. 26 537

{8] Beckers J and Debergh N 1990 J. Phys. A: Math. Gen. 23 L353; 1991 Helv. Phys. Acta 64 25

[9] Bagrov V G and Gitman D M 1990 Exact Solutions of Relativistic Wave Equations (Dordrecht: Kiuwer
Academic)

[10] Kalnins E G, Levine R D and Miller W Jr 1991 Conformal symmetries and generalized recurrences
for heat and Schrodinger equations in one spatial dimension Mechanics, Analysis and Geometry:
200 Years after Lagrange ed M Francaviglia (Amsterdam: North-Holland) pp 237-56



