EXTENDED POINCARE
PARASUPERALCGEBRA
WITH CENTRAL CHARGES

A. G. NIKITIN

Institute of Mathematics, Academy of Sciences of the Ukraine,
3 Tereshenkivska str., Kiev—4, Ukraine

Abstract

Irreducible hermitian representations of the extended Poincaré para-
superalgebra with non-trivial central charges are described. These rep-
resentations include the representations of the usual extended Poincaré
superalgebra as a particular case and can serve as a group—theoretical
foundation of parasupersymmetric quantum field theory, i.e., as a gen-
eral viewpoint to reformulate quantum field theory and quantum me-
chanics of identical particles on the general basis of paraquantization
and supersymmetry.

1 Introduction

Poincaré parasuperalgebra (PPSA) is an extension of the Poincaré algebra
which is other then Poincaré superalgebra but includes the last as a partic-
ular case [1,2]. It appears naturally when the parasupersymmetric quantum
mechanics [3] is being relativized and can serve as the group-theoretical base
of parasupersymmetric quantum field theory.

There are two approachers in modern physics which in some sense treat
bosons and fermions on equal rights. One of them is called supersymmetry
[4] Indeed all models of supersymmetry quantum field theory admit equiv-
alence transformations which mix fermionic and bosonic states. The other



approach is connected with parastatistics and paraquantization [5,6]. Para-
supersymmetric quantum field theory [2] is a kind of a syntesis of these two
approaches.

In [1,2] the irreducible representations (IRs) of the simplest N = 1
Poincaré parasuperalgebra were considered and some representations cor-
responding to time-like and light-time four-momenta were discussed. A com-
plete description of all nonequivalent IRs for time-like, light-like and space-
like four-momenta had been found in [7].

Representations of the extended Poincaré parasuperalgebra p(1, 3; N) (i.e.,
the Poincaré parasuperalgebra with an arbitrary number N of parasuper-
charges, which includes the external symmetry algebra) were described in [8]
and [9]. Moreover, the relations of representations of p(1,3; N) with IRs of
the pseudeorthogonal algebras so(p, ¢) was established [9].

In the following we describe IRs of the extended Poincaré parasuperal-
gebra with an arbitrary number N of parasupercharges, internal symmetry
algebra and n (n < N/2 for even N and n < (N — 1)/2 for N odd) central
charges.

2 Extended Poincaré parasuperalgebra.

The Poincaré prasuperalgebra [1, 2, 9] is generated by ten generators P, J,,,
w,v =0,1,2,3 of the Poincaré group, satisfying the commutation relatlons

[P,ua Pl/] - 07 [P,ua Jucr] - i(QuVPa - guaPu)7

[Jwrs Tool = U(GuoTvp + Gupuo = Gupdvo = GvoTup); (2.1)
and N parasuperchargers Qf;l, (QQ)T (A=1,2,j =1,2,..., N), which satisfy
the following double commutation relations
Q4, Q% QC” = 45ABZ”QC 45ACZH€Q%7
(@), [( 1) (QF)) = 4402, (Qé)T — 4275, (Q3)'
QY >[Q]B7< ) | = 4eap2¥ (Qc) — 4Q%(0,) acP*,

Q)" [@% ( )TH =4 (Q’é)T (03)paP" — 4eap Z5,Q%
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where o, are the Pauli matrices, (.)4c¢ relate to matrix elements.



Relations (2.1),(2.2) include operators Z* which we call the central charges.
For the case Z% = ( these relations reduce to the form proposed in [1,2,8].

Like the case of Poincaré superalgebra the central charges are supposed to
satisfy the relations Z}; = Z% and Z" = —Z/* and commute with generators
of the PPSA.

The commutation relations between the generators of the Poincaré group
and the parasupercharges are:

[JuanjA] :T _%(UMV)AB BJBa [P,ua %234] =0, ;
s (Q4)' 1= =% (05,) ", (Q%)" [P (@%) =0
We stress that the extended PPSA is a direct (and natural) generalization
the Poincaré superalgebra). Indeed, the PSA also includes 10+ 4N elements

satisfying (2.1), (2.3), but instead of (2.2) supercharges @, (QQ)T satisfy
the following anticommutation relations

(@ Qbly = Q4Qh + Q5@ = canZ¥, [Qiy, (@) 4 = 207 (0,) anP"
(2.4)
Relations (2.2) are mere consequence of (2.4), the converse is not true.
Like the Poincaré superalgebra the PPSA can be extended by adding the
generators Y, of the internal symmetry group,which satisfy the following
relations:

Q1,2 =T8.Q%, [Sa.Pu] = [Sa, Ju) =0, [59,57] = fooxme (2.5)

(2.3)

were fF are structure constants of the internal symmetry group, the con-
stants Tfj are specified in the following. Thus, the PSA is a particular case
of the more general algebraic structure called PPSA, like the usual Fermi
statistics is a particular case of the parastatistics [6]. Moreover, in analogy

with the PSA, P, and J,, are called even and QQ, (QQ)T are called odd
elements of the PPSA.

3  Wigner little parasuperalgebra

The extended Poincaré parasuperalgebra (2.1)-(2.3), (2.5) has two the main
Casimir operators [1,2, §]

Cy = P,P*,  Cy= P,P'B,B" — (B,P")’ (3.1)
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where

1 Vo o AB Ai i
B,u = §‘€pr0‘] PP + Efil (O-M) QAQB'

We will use eigenvalues of C7,C5 to classify the IRs.

Like the case of the ordinary Poincaré group [10], IRs of the PPSA are
qualitatively different for the following cases

I. P,P*>0,II. P,P*=0,]III P,P* <0.

For the cases I and II there exists the additional Casimir operator C5 =
Py/|Py| whose eigenvalues are £1. Here we consider only such representations
which correspond to C; > 0 and C3 > 0. This class of representations will
be denoted as .

As follows from (2.1)-(2.3) four—vector B, satisfies the relations

[B;u Pl/] = 07 [B,ua Juo] = i<guuBa - g,uchu)a (32)

[B/u Q%] - %PMQELU [Bm@fél] - _%P#Qfm [B/u B,,] - iam,ng/’B“. (3-3)
Consider these relation in the momentum representation and rest frame

of reference P = (M,0,0,0). For this particular choice of P we define the
three-vector j; by the identities

The central charges Z% have to be equal to the unit matrix multiplied
by the numeric coefficients Z%. We will treat these coefficients as elements
of the N x N antisymmetric matrix Z. Up to the unitary transformation

7 — 7 =UzU" (3.5)

any such matrix can be reduced to the following quasidiagonal form

Z9 = U U ZH, (3.6)
where
~ g . ij
ZY =" ® D (N even); Z" = ( 8 ®D 8 ) (N odd), (3.7)

where D is a diagonal matrix with the positive real eigenvalues Z,,, m =
1,2,...,{N/2}, {N/2} is the integer part of N/2, £ is the unit antisymmetric
tensor.



Relations (2.2) are invariant under the simultanecous transformation
79— Z9 =UWUT 2N, Qy — Q= UhQ) (3.8)

(U*E are elements of the unitary matrix U of (3.6)), where all nonzero Z%
are exhausted by the following ones

ZQm—l,Qm — ZQm 2m—1 — gm (39)

~

Denoting (Q))t = Q]A and choosing a new basis

~2m—1

= @ QM. @ = @ ;?12 ) (3.10)
Q= H(Q3" T+ Q) QFm = 5(Q) —Q

we reduce relations (2.2), (2.7), (2.8) in the rest frame P = (M, 0,0,0) to the
form

1

[ja;jb] = Z-Eabcjca [jaa Qi}] = [jaa Q%] =0

Q¥ [QB :Qj || = 0aB0km(2M — Zk)@é,
C?;:f[QB QU1 = 6480k (2M + Z) Q% g

Q Q! Qo“ = 04B0km(2M — Z )Qc;
Qs [0F". Qul) = 6a50um(2M + Z,)Q

the remaining double commutators of the parasupercharges are equal to zero.
Let all Z,,, < 2M then we find the general solution of relation (3.11) in
the form

2m V= (=) N2M — Z,, (Sans1.8m—11444 — 1SAN11.8m—10444), (3.12)
= (—=1D)A2M + Z,,(San+1.8m—9+44 — 1SaN1+18m—8+44)

[
{ (3.11)
[

where S, are generators of algebra so(4N + 1) satisfying the following rela-
tions

[Skis Smnl = —1(gkmSin + GinSkm — GknSim — GimSkm) - (3.13)

Here gy, = —dy; and 0y, is the Kronecker symbol.



Substituting (3.12) into (3.10) we obtain parasupercharges in the rest
frame

Yot _ M((—l)A_IS4N+1,8m—11+4A — 4S4N11,8m—10444)+
+\/@(54N+178m,9+“ + i(—1)Suns1,8m—s+44);

2 = \/@(—S4N+1,8m—7+4,4 +i(= DA Sanv s sm-6aa) T
+\/WZTT"((_1)AS4N+1,8m—5+4A + 1S4N+1,8m—1+44)-

The related vector of spin S, has the form

(3.14)

S1=(1/2) 1‘111(—1)1:_1(521',2&3 + Soi-1,2i+4) @ J1,
Sy = (1/2) ﬁl(—1)171(52i+3,2i—1 + S2i2i+4) D Jo, (3.15)
Sy = (1/2) N, Sai 1.2 D ja

where j3 are generators of the IRs D(j) of algebra so(3), commuting with
Sy -

In accordance with the above, the IRs of the class I of the extended
Poincaré parasuperalgebra with central charges Z,, < 2M are labelled by
the following sets of numbers (M, j,n1,ng, ..., Nan, Z1, Za, ..., Z{n/2}) satisfy-
ing the relations ny > ny > ... > nan, Zn < 2M (all ny,ne, ... are either
integer or half integers ). The corresponding basis elements P,, J,, and
parasupercharges (which can be obtained starting with (4.8) by means of the
Lorentz transformation) have the form

Py=FE, Py = pa,

Jab = TaPb — TpPa + EabeSe,

JOq:xOpa_%{%,E}—F—% )

Q1= m[(E + M + p3)Q1 + (p1 — ip2) Q3] (3.16)
Q@

Q= m[(m +ipa) Q] + (
i=1,2...N

where z, = ia%a, E=MFp% and Q%, (j =2m —1,0r j =2m, A =
1,2) are matrices given by relations (3.14).

IRs of the PPSA with central charges can be constructed also for the case
Zm = 2M. Moreover, in contrast with the PSA, there exist such IRs of the
PPSA which correspond to Z,,, > 2M for some m < {N/2}.
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Let us consider the most general case when

Iim <2M, m=1,2,...,p,
Zm=2M, m=p+1,p+2 ..s, (3.17)
L > 2M, m:s+1,s+2,...,{%}

for some integers p, s, satisfying 0 < p < s < {N/2}. Using again the basis
(3.10), we come to relations (3.11). For m < p we have the old solutions
(3.12), (3.13). For p < m < s relations (3.11) have only trivial solutions
for Aim_l (all the double commutators for parasupercharges which are not
present in (3.11) should be equal to zero), and formulae (3.12) and (3.14) are
replaced by

N2m—1
A — 07

¢ , 3.18
,24m = (—1)A_12V M (San—254m—5+24 — 1SAN—25 4m—4+24) ( )

and -
N%m” = 2V M (San—2s4m—3 — 1SaN—254m—2),
~§m71 = 2V M (—Sin_254m—1 — 1S4N—25.4m),
Q%m — Qm(_S4N—2S,4m—1 + iS4N—2s,4m>7 (3.19)
%m — 2m(54N_23’4m_3 + iS4N—23,4m—2)7
m=p+1p+2 ..5s
For s < m < {N/2} it is convenient to search for solutions of (3.11) in
the form

:,24m_1 = (=) Z,, — 2M (Syn—2s8mi4A—11 — 1S4N—258m+44-10),
I = (=) 2 + 2M (S4N 25 8mi4A—9 — 154N 25 8m44-8)

which corresponds to the following parasupercharges in the rest frame

N2m—1 __ Z A—1 .
A =\ = M((=1)* " San—25+1,8m+44-11 — US4N—25+1,8m+44—10)+

\/ ZT’“ + M(San—25+18mraa—90 + (—1)ASin_2511.8mr+a4-8),

2m . [ Zm A
Am = 2” - M(—S4N—25+1,8m+4A—7 - (—1) S4N—25+1,8m+4A—6)+

V& 4+ M((—1)ASun—25+1,8m+44—5 + 1SIN_2541,8m+44-4),
m=s+1,s+2,...,{N/2}.

(3.20)
In order relations (3.11) to be satisfied (and other double commutators
for @, be equal zero), it is necessary and sufficient that Syy_2s+1, belong
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to the algebra so(2s, 4(N-s)+1), which is defined by relations (3.11) with
G = =1, p=2s—1, s <m < {N/2}; gy =1, p =2mor pu <
25+ 1; gMVZO,[L?éV-

4 Internal symmetries

It was shown in [9] that the IRs of the extended PPSA with N supercharges
(but without central charges) can be extended by internal symmetry algebra
which is u(N) for C; < 0. If the central charges are nontrivial then the
internal symmetry algebra is less extended. Indeed, consider the first of

relations (2.2) for A=C=1, B=2:
(@1 (@3, Q] = 4270 (4.1)

Calculating commutators of the Lh.s. and r.h.s. of (4.1) with ¥, and
using (2.5) we come to the following condition

TLZ% = TEZ7, (4.2)

In other words, the products of generators of the internal group with the
matrix of central charges should be a symmetric matrix.

Let us present the explicit description of the internal symmetry algebra
for representations of Class I™. We consider consequently the following cases:
a) all central charges are nontrivial and Z,, # 0 for any m = 1,2, ..., {N/2};
b) all central charges are nontrivial, but Z,,, = 0 form = s+1, s+2, ..., {N/2};
c) the most general case including all versions (3.17) and also Z,, = 0 for
some m.

For the case a) and N even the condition (4.2) means that 7} belong to
the algebra sp(%). Indeed, the corresponding matrix Z% is antisymmetric
and invertible (see (3.7)) and so matrices T} form a Lie algebra isomorphic
to sp(%).

The N (N —1)/2 basis elements of the related internal symmetry algebra



can be chosen in the form

ARk = 7 (—Sgr 786 — Ssk_s5.86—4 + Ssk_3sk—2 + Ssk_1.8k),

Bk = Z]gil(SSka,Sk — Ssk—48k—1 + Ssk—78k—2 — Ssk—6,8k—3)+
+i(58k75,8k71 + Sgk—a,8c + Sse—7,8k—3 + Ssk—68k—2),

Cri = (By)T, (4.3)
AR = (frn + Jre) Een + (fin + Joh) Srtnsa,

B fnkzkn + fknzkn + fnk2k+2 n+2 — fnk2k+2 o>k,
Ckn = (BT n < k

where
fE = IMEZ, _ 1 IMEZ,
n IMEZy SYVES AN
Yikn = S8k 7,8n—6 — SSlc 6,8n—7 — S8k—3,8n—2 + Ogk—2.8n-3—
ji(Ssk—zsn—? + Ssk—6,8n—6 + Ssk—3,8n—3 + Ssk—2.8n—2), (4.4)
Ykn = —Ssk-78n—2 + S8k—6,8n—3 + O8k—381—6 — Osk—2,8n—7—

—1(Ssk—7.8n—-3 T Ssk—6.8n—2 + Ssk—38n—7 T S8k—2.8n+6),
n#k, kn=12..N/2.

Matrices (4.3) commute with Poincar/’e group generators P,, .J,, and
satisfy the following relations

[AMF Qfg] = Z; (6951 _,61»2k)QA’
[Bkk,QJ ] — 22_15]% 1Q2k7 [Okk Q] ] — 2Z 1(5] 2I<:Q2k 17
[Akn Q]]_ ok 1Zk1Q2k 1 ]271 IZ 1Q2kz 1 (45)
+0j00 2 QY — 05012, QF .
(B, Q%] = k12, QY +6]2n 1 2, Q%
[ClvaA] - JQkZ len 1+5J ZnZ IQ% 17

[fvnn7 Akl] —l(sknAml flémlAnk

Amn’ Bkl — 5nkBml + 5nlek

%Amn, Ckl% [Cm?'(L Ckl] — 0 ) (46)

[ I =

an, Ckl <6nkAml (5mkAnl) 4 Zkfl((snlAmk 4 5mlAnk).

Commutation relations (4.5) characterize the Lie algebra which is isomor-
phic to sp(n),n = {N/2}.
For the case N odd the corresponding matrix Z% is equivalent to the

direct sum of the invertible and zero matrices and the condition (4.2) defines
the direct sum of algebras Sp(n) @ u(1), n = (N — 1)/2. The basis elements
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of the internal symmetry algebra sp(n) again have the form (4.3) (where
k,n=1,2,...,(N —1)/2) while the generator of u(1) is

A= Siny_3an—2+ San_14N-

For the case when 0 < Z,, < 2M, m =1,2,...,sand Z,, =0, s <
m < {N/2} the corresponding internal symmetry algebra reduces to the
direct sum sp(s) @ u(N —2s). The corresponding generators of algebra sp(s)
can again be chosen in the form (4.3) provided we change {/N/2} by s in the
last line of (4.4). The basis elements of the related algebra u(N — 2s) can be
easily found using results of paper [9].

Finally, for the most complicated case 0 < Z,, < 2M, m=1,2,....s; Z,, =
2M, m=s+1,..,pand Z,, =0, p<m <{N/2} the internal symmetry
algebra reduces to sp(s) @ u(n — s — p). The explicit expressions for the
corresponding basis elements can be easily found using relations (4.3), (4.4)
and the results of paper [9].

Thus we describe IRs of the extended Poincaré parasuperalgebra which
includes central charges and internal symmetry group. These representations
include IRs of the Poincare superalgebra as a particular case (which appears
when all central charges are less then 2M and the Gelfand-Zetlin numbers are
equal tony =ng = -+ = ngy = 1/2. Essentually new moment in comparison
with the Poincaré superalgebra is the existence of IRs with central charges
whose value exeeds 2M.
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