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Abstract

A complete description of nonlinear Schrdinger equations with t— and z-
independent nonlineariries is present which admit a nontrivial (i.e., distinct
from displacements and rotations) Lie symmetry.

1 Introduction

Complete investigation of symmetries of the linear Schrodinger equation was carried
out by Niederer and Boyer [1] who described all potentials which generate nontrivial
Lie symmetries. Recently higher symmetries of this equation were described also [2].

In the present paper the complete description of symmetries of the nonlinear
Schrodinger equation (NSE)

A 1)
= =——
ot Ox? ’
is presented, where ¢ is a function of ¢, z, s, ..., x,,, F'is an arbitrary function of ¢

and ¥*.
Considering real and imaginary part of 1) as new variables, we can reduce (1) to
the system of nonlinear diffusion equations
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where u, f(u) are related to 1, ¢ as follows
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If A is an arbitrary matrix then relations (2) define the general system of nonlinear
diffusion equations which has many important applications in mathematical physics,
chemistry and biology.

2 Determining equations

Investigation of symmetries of general equation (2) can be carried out in frames of
the classical Lie algorithm [3]. In application to systems (2) this algorithm admits
rather simple formulation which is valid for an extended class of partial differential
equations. We present it here as two successive steps:

1. Solve the operator equation
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where 9
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L is operator (2), A and ¢ are n x n matrlces dependent on (t,z,), and find the
corresponding matrices A, 7, ¢ and functions n and &.
2. Solve the following system of equations for unknown nonlinearities f(u):
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The corresponding Lie generators X will have the form X = 77% + 5“8%1 — ﬂ“a%a.

We shall not present here detailed calculations. The list of nontrivial symmetries
is rather extended and present in the following section.

3 Nonlinearities and symmetries

The results of our analysis are present in the following tables.
Table 1. Nonlinearities with arbitrary functions

Condi-
Nonlinear Type of | Argu- tions Symmetries
No terms matrix | ments of | for para-
B V1, P2 meters
1. | F = %u’f(uluggpl—u%, B=1 Z—% kE#0 Xo+vD;
2= U’erd(Pz




2| fl=exp(EO)lprus +pou] | B=A | Rexp(~df) | k#0| Xo+vD
f? = exp(kO)[prus — pauy]
3 flzul(nlnul-i-cm) B=1] z—i n#0| Xo+v,G,
f? = ua(nlnuz + ¢2) +pexp(nt)B
v,G,
4. f1=p1us + poun+ B=A+dl | Rexp(=df) | n#0 | Xo+vGa
+2 (LI R+ 0) (duy — uy) d#0 +pexp(nt)B
2= pr1u; — paus+ n=0| X,+ uB+
5 (;11 InR+ 9) (dug + uy) Gl
R? = uj 4+ uj,
A = arctan <Z—f>
5.0 f1= (o1 — nb)ug + @ouy, B=A R n#0| Xo+v.Go
f? = prur — paus d=0 +upexp(nt)B
n=>0 X() + ,MB+
MaGa
bk
6. fl—u1< R ) B=1 slnug + kusg Xo+ vDs
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12 = uk exp(suy)ps
TSt =evexp () uit
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Here the Greek letters denote arbitrary coefficients, D,,, G% and G XA, Y, B are
different kinds of dilatation, Galilei and special transformation generators, specified
in the following formulae
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In the following table we present nonlinearities which depend on arbitrary param-
eters and generate symmetry w.r.t. dilatation



Table 2

Conditions Symmetries Class of
No Nonlinear terms for para- matrices
meters and para-
meters of
symmetry
generators
L ff=(guius — s)w s =0,q#0, Xo + pF+ I,
g+r== +vDj d=—q/r
f?:(pugu;—§>u2 s=0,q#0 Xo+ vE+ Lk=r+q,
q+r# L r#0 +pDy d=—q/r
r+q#0
s#0,q#0 Xo+vF+ ILk=r,
+pDg d=—q/s
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Yoz
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Here (F, B) is one of following pairs matrices:

1 0 0 0 10 0 —1
e (30 me (00 )ome pe(10), m( ).
d —1 10
mor=(F3) 5(30).
and gerators D,,, Ay, Go, Go, X, Y, (if no specified in (6)) have the following form
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Thus we have found all possible versions of nonlinear Schrédinger equations which
admit a nontrivial Lie symmetry. Part of them is given in the tables. These results
can be used to construct mathematical models with required symmetry properties
and to search for their exact solutions.
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