shown that the statistics kj .q and xj ,q introduced in this paper are indeed measures of
closeness between samples belonglng to the class of more refined differential measure of
closeness than the coarse metric (22). In this connection, the test criterion constructed
above is recommended for identification of distribution functions in mixture models

Foy=(0—a)F, () + aP ().

We now proceed to the problem of constructing the interval ﬂi , which is the basis
of the tests proposed in this paper. Evidently, such an interval must be selected on the
region (@, b) of the line where the distinction between the probablity densities f;(u) and
f,(u) (for example in the metric C or ;) is the largest. Since these densities are un-
known, they should be replaced by the histograms f,%(u) and £,%(u) constructed with the aid
of the well-known methods of histogram estimation based on learning samples ¥X; and X,, re-
spectively. Usually it is not too difficult to determine, using the graphs of these histo-
grams, the interval in which f;%(u) and f,*(u) differ to the largest extent: Having this
interval (a, b), one could obtain order statistics x; i) and X4 itq constructed by means
of the sample ¥; which contain the interval (¢, b) or form an interval 5i,q that differs
only slightly from the interval (e, b).
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GENERALIZED KILLING TENSORS OF ARBITRARY RANK AND ORDER

A. G. Nikitin UDC 517.9:519.46

We define Killing tensors and conformal Killing tensors of arbitrary rank and
order which generalize in a natural way the notion of a Killing vector. We
explicitly derive the corresponding tensors for a flat de Sitter space of di-
mension p + ¢ = m, m € 4, which permits us to calculate complete sets of sym-
metry operators of arbitrary order n for a scalar wave equation with m indepen-
dent parameters.

1. Introduction. In recent years the classical group-theoretical approach [1] has
been increasingly replaced with more modern methods for studying the symmetry of differen-
tial equations. In particular, more attention has been placed on the study of symmetry
operators of higher orders which are a natural generalization of generators of Lie groups
and which contain important information on the hidden symmetry of the equation. These
operators are used to describe systems of coordinates in which the equation can be solved
by a separation of variables [1-4], in the study of non-Noetherian conservation laws, etc.

[5].
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It is known that the description of first-order symmetry operators (generators of Lie
groups) is based on the explicit calculation of the Killing vector [6, 7] corresponding to
the space of independent variables. Symmetry operators of higher orders have more compli-
cated structures associated with them, which are called Killing tensors (or conformal Killing
tensors) of rank j and order s (j, s =1, 2, ...).

In this article we define these tensors as a complete set of linearly independent solu-
tions of some overdetermined system of partial differential equations and compute them ex-
plicitly for all cases where the number of independent variables m is less than or equal to
four. '

The obtained results can be used to study the higher symmetries of a large class of
equations of mathematical physics in m independent variables. As an example (which is of
independent interest), in this article we describe a complete set of symmetry operators of
arbitrary order n for the scalar wave equation in an m-dimensional space.

2. Symmetry Operators for a Wave Equation. To arrive at a natural definition of Kill-
ing tensors of arbitrary rank and order, we state the problem of determining symmetry opera-
tors of arbitrary order n = 1, 2, ... for a wave equation

0
— %oV 2\ e uo__
Lq):(gu,va a —-%Z)kp—'o’ a _ axu 3 (1)
where ¥ is a real parameter, Byv @ metric tensor whose non-zero elements are equal to gy =
811 ® "8z, = ... =1, 4y, v=20,1, ..., m =1, m s 4, and repeated indices mean summation.

For our purposes, it suffices to study only solutions of Eqs. (1) which are defined
on some open set D of an m-dimensional manifold R, consisting of points with coordinates
(X0, %15 +++s Xp+1), and which are analytic with respect to the real parameters Xg, ...,
Xm+1. . The space of solutions of Eq. (1) for a fixed D is denoted by .

Let ¥ be the vector space of all complex-valued functions defined on D which are real-
analytic, and let L be a linear differential operator (1) defined on #. Then Lg€ & if
¢ €5 and 7, is the nullspace (kernel) of the operator L.

Let 2, be the set (class) of linear differential operators of order n defined on #.
Then the symmetry operator Q € M, of Eq. (1) is defined as follows.

Definition 1. A linear differential operator Q of order n defined by

Q= Y haay00% . 0%, oy a €, (2)
=0

is called a symmetry operator of Eq. (1) in class M, (or a symmetry operator of order n)
if

(Q.L1=a,L, o €M, _, (3)
where [Q, L] = QL. — 1LQ is the commutator of the operators L and Q.

In the case n = 1 the symmetry operators defined above can be regarded as generators
of the invariance group of Eq. (1). Symmetry operators of order n > 1 do not generate a
Lie group and instead define a generalized (non-Lie) symmetry. The problem of describing
a complete set of symmetry operators of order n for Eq. (1) reduces to finding a general
solution of operator equations (3).

3. Killing Tensors of Rank j and Order s. It is convenient to write all operators
appearing in Eq. (3) as sums of j-multiple anticommutators

n—1

=

N - 1 1
Q= e Qi %y = E %y, CC{,'-L =7 [[O(’Q’ au]+, au]+ + 5 [(6%5@), au]+’ (4)
fr=D) =0
where
@.f = “ [F"1E2»~-f~"’ 031]+’ aag‘L{—’ seey 001']‘1:-9
&1‘ =1 .. [aala‘l"'ai’ aa",;_' 0%]_!_, ees a,,/.]+, {(5)
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|4, B|,. = AB -+ BA,

F4% % and %% % are unknown functions which are symmetric tensors of rank j. We can al-
ways reduce operators (4) to their equivlent form (2) by opening up the anticommutators and
transferring the commutator operators to the right.

Substituting (4) and (5) into (3) and equating coeffficients of equal powers of differ-
entiation operators, we obtain the following system of equations for x2 # 0:

0‘”J+IF"1”2""’J> = 0 (6)
o %1% 8 —1 0, (7)
where F“% % and o™%%—! are symmetric tensors of rank j and the indices inside the round

brackets denote symmetrization, i.e.,
a(aj+1Fa1er...aj) — aaHJ_FaI%.‘mj _{N 0u]Fuf+1n2"'aj%‘aa‘z}v‘ulal‘“*’l%'“ai-ih _f_aal',FaJaz"‘"f—'af'f*l.
On the other hand, if «? = 0 then the equations for the coefficients of the symmetry
operator become

<y

eI Fey ) — 2‘(7—~——__ i G, P10 a1 g% 1) ), (8)
~ . 2 b .
ottt — . % 3, F (aa,...a; .y m;a; 4) (9)
ma oG —1 g’

where F%% % and a%%" %~ are symmetric traceless tensors and m is the number of indepen-
dent variables.

Thus, the problem of describing symmetry operators of order n for wave equation (1) re-
duces to finding a general solution of either system (6) or (8). 1In the case j = 1 systems
(6) and (8) coincide with Killing's equations [6, 7].

Sometimes the equations for the coefficients of symmetry operators of higher order for
systems of partial differential equations are more general than (6), (8), and are as follows

[5]:
QUL G g _ (10)
and

(919042 | g9t sFas a1t g, (11)
where the symbol [-]SL denotes the traceless part of the tensor inside the square brackets,
ym
i.e.,
[(»(alaz...aR) SL o G(C‘lae"'”R) _LiR/%(— l)aK ﬁ (azl_jaqq GRooti- ap)bb,.bog g (12)
! = ' Z ( g gblbggbsb4 " Shaa—ibre’

o==1

n! s 1
- 13
K (n — 2ay1 2% B 2n—+m—2 ° (13)

and {R/2} is the integer part of R/2.
In the case s = 1, Egs. (10) and (11) become Egs. (6) and (8), respectively.

Definition 2. A symmetric tensor F“% % satisfying system (10) is called a Killing
tensor of rank j and order s. A symmetric traceless tensor F“% % satisfying Eqs. (11)
is called a conformal Killing tensor of rank j and order s.

In the case s = 1 the above definitions are equivalent to those state in [8].

4. An FExplicit Form of Killing Tensors of Arbitrary Rank j and Order s = 1. We look
for a general solution of system (6). This system is overdetermined, since it includes
CJ+mJ equations for Cs;+y-;J unknowns (C§ is the number of combinations containing g ele-
ments from a set of b elements).
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We study a set of differential conditions obtained from system (6) by a successive dif-
ferentiation of each term with respect to Xp,s Xpys +-ot
ahxab2 . abka(aj+lFa1a2...ai) - F‘“l“c"'ai’“i—l-l)blbz"'bk =0 (14)
(the indices after the comma denote derivatives with respect to the corresponding argument).
nquatlon (14) defines a system of linear homogeneous algebraic equations in unknowns
Fofe@pitthi® % - gnd the numbers of equations (N k) and unknowns (Ng¥) are
Ny = CinChinat, Nb = Climo CETL. (15)
Clearly, Ny& < Npk, k < 3; NGK = Ngk, k = 5.
LEMMA 1. System of llnear algebraic equations (14) is non-~degenerate.
This lemma is proven in [9].

The results proved earlier imply that for k = j system (14) has only trivial solutions,
s0 therefore F%% % are polynomials of order j. According to (15) these polynomials in-
clude ij arbitrary parameters, where

for Nk b i —1 —
N i<mH-—-N;;::7%-CﬂMFJCﬁJn (16)

LEMMA 2. A general solution of Egs. (6) can be written as

F“'J":"'a,f e ’:\;1 Aulug...ufla,_f_;b 1., [all)j o \b Vb \bl - (17)
=0
where 3% 1“”i~¢ are arbitrary parameters which are tensors that are symmetric with respect
to permutations of indices ¢, and oy, u, v=1, 2, ..., ¢, are anti-symmetric with respect

to permutations of indices ¢..; and by, 1 £ 1 ¢ j — ¢, and cyclic permutations of every
triplet of indices is equal to zero.

To prove the above lemma it suffices to check that Egs. (6) hold for functions (17)
and compute the number of independent parameters A« %el%libl19hi—l yhich is equal to that
defined in Eq. (16).

Factoring tensors A% @%bl 4l 4o jrreducible ones (i.e., ones that in addition

to having the properties listed in Lemma 2 also have zero traces over any pair of indices),
we obtain the following representation of solutions of system (6):

Fayayeee g(tj_‘a/[ @,y .a5_9) e 7111112...(1]-. (18)

P 7;

where [%"""/~% is a general solution of Egqs. (6) for j » j — 2, and f% is a solution of
Egqs. (6) that depends on N ;- NJ ,™ arbitrary parameters, which we explicitly list below.

1. m =1, in which case /% %

available variable.

reduces to a scalar that does not depend on the only

2. m =2, in which case the number of linearly independent solutions /™% is equal
to N;2 — N;.,? = 2j + 1. The solutions are numerated by integers c, 0 € ¢ £ j, and in cases
¢ =0 and ¢ > 0 they have one and two, respectively, arbitrary parameters that define the
independent components of a symmetric traceless tenser A%“% " %/~c of rank j — c. We have the
following explicit expression for %%

~

faxaz“’”" 3 a,a,...a; Haya,.aj g aph
o= Scfcl‘ l""(l""‘sc) Ifg 12 & X1y

where ¢%' is a unitary anti-symmetric tensor, g = 1/2(1 — (-1)°),

(aa. /2t j—et2n .‘miﬂ(fi/ﬂ.{(i-H)/Z;——l) i (6121
[ A AR e T I grarentt)| (= DCligy (172, (19)

p=0 i=j—cil k= (j—c)/2+u+1
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j B * s B > A,
= g1y, = (— 1)I+C—H: ( n (Px) == [ Ll:_«.]A P = (19)
= L, B<A4,

and indices (a,,d,...a;) on the right-hand side of (19) denote symmetrization.

3. m = 3, in which case the number of independent solutions is equal to ﬁj3 - Nj_23 =
1/3(j + 1)(23% + 43 + 3). The solutions are numerated by pairs of integers ¢ = (c;, C,).
satisfying conditions

0o, << 2{j/2}, £, Ko< j—2{(e, + 112} (20)

and for every c include a set of 2j — 2c; + 1 arbitrary parameters that define the indepen-

dent components of a symmetric traceless tensor A%% %-= of rank j — ¢;. The corresponding
solutions can be explicitly written as follows:
~ h(a (B nl ate,
a. @ .. a7 a3, 1 —¢ el Xes
igl ERR e Eczfﬂjfi LA e, REN V! b
a.c . . . .
where &g, is a unitary anti-symmetric tensor and
A;L‘?' l‘_lL . RO EF I IR G N RPNy S|
= Al Ay AL :re L GarGon 1\t
'fclv., “ \ K;}V"‘HCM M(\ ﬂ X ) (.\') "y ﬂ g 1\/ . (21)
i fas Ay 4L e (A ALy 1 2L '
Here
e G e g s ) g XY
O A 7! o re={c,’ 2}
el Rl 9 A e ) = 2
URETRETN e (22)
Au = ! _‘1"4’?5\; 13, A1 {1 11 {on e 1Y "
Lyr=cy-r iy — 20 cua s b
ren Byt by 1
3 i 5. ) “"\"‘1“ o
!

The summation in (21) is carried out over all possible nonnegative integer values of u
such that
<e (23)
4. m = 4, in which case the number of independent solutions is equal to Ni% — N ot =
1/4!(j + 1)(3 +2)(25 +3)(§% + 35 + 4). The solutions are numerated by triples of 1ntegers
= (c;, €y, C3), satisfying conditions (20) and a condition 0 < cy s j — 2{(c; + 1)/2} -
2c2, and for every c they include a set of NC arbltrarydparameters (that define the indepen-
dent components of an irreducible tensor A" 1%l +DcAD Y where

0<Cu, <{ey/2), o=~y -+ 1y == {0/2], 0T ps<Ce,,.

(j—ci—c 41, =10
2(—c¢y—Co+ DN(f—~ec;—c, -2, + 1), ,50.

The corresponding solutions can be explicitly written as

- Bage (T e iz
1Y AP Auses a; et \* ¢ o
I, E Kyh ( n X ) ( n g °/e-§-) () n, (24)
u i= Ay et he=i( Ay + Ly 0y /2141

where p, x?, Kys Bys Ly, Fy are defined in (22) and (23),

l=(— WY, Ay=j—c,~by—c,
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B-4,, b.b,...b
aBwdpes Xo Xy e Kb X, Xa, - Xa, PR Bm(ala2 agu[aAu+1d1][aAu+2d2] [aAu-{—cadcx]’
|53 2 *

and the indices a4,...a; on the right-hand side of (24) denote symmetrization.
We state our results derived so far as the following theorem.

THEOREM. Equations {(6) have ﬁjm linearly independent solutions that are polynomials

of order j. These solutions are given explicitly by Egqs. (18)-(24), and N;™ by Eq. (16).

Thus, we have explicitly computed all linearly independent first-order Killing tensors
of arbitrary rank that depend on m parameters (where m < 4).

We now study first-order conformal XKilling tensors of arbitrary rank, which by defini-
tion are solutions of Egs. (8). Since theoretically the analysis of these equations is
similar to the analysis of system (6), we cite without proof an explicit expression for
their general solution in the case m < 4.

The case m = 1 is trivial, since the corresponding solution is an arbitrary constant.

In the case m = 2 relations (8) become Cauchy—Riemann equations. The corresponding
solutions are defined up to arbitrary analytic functions ©(xq, %;) and o(x,, x;) as follows:

[=0, F=qy  j>0, F"'=(@+¢)+i(9;+ @),
(25)

The remaining components 1% can be expressed in terms of (25) by using the properties
of tracelessness and symmetry.

In the case m = 3 the number of independent solutions is equal to 1/3(j + 1)(2j + 1)-
(2j + 3). The solutions are numerated by pairs of integers ¢ = (c¢;, c,), where 0 < ¢; < j,
0 € ¢, € 2¢;, and they contain 2c,; + 1 arbitrary parameters that define the independent
components of a symmetric traceless tensor A%%. The corresponding solutions can be writ-
ten explicitly as

LG el a,...a; D{ 848y .. G _17) SL
fcl P lecgfcllc; - 302) fc‘c;—i = Sf;xc] ’ (26)
where
ay~~w_~‘%ﬂ5 OV b=k b b L bpla o, .a, g G0 k1,80 —p19 ap) 2y{1cy/24—k) (27)
,fclcg = E (— 2)°C} AP1% 1% G, —ky €y XTI L Xy Xy X, (XY .

b==0

In the case m = 4 the number of independent solutions of Egs. (8) is equal to 1/12(j +
1)2(j + 2)2(2j + 3). The solutions are numerated by triples of integers ¢ = (c¢;, ¢,, Cg)
such that

0<o<), —a<a<ea, 0<<o<<{e,—Ilc V2, (28)

and for every c contain N, arbitrary variables, where

— (el -+ 1% op =,

2(lcal + 205+ 1) (2 — | o | —2¢5 4+ 1), ¢35 | 6.

c
These parameters define the independent components of an irreducible tensor A% [@u—mtit2ede,—ic,l)
of rank R; + 2R, where R; = |c,| + 2¢c3, R, = ¢; = [cy| = 2cs5.

The corresponding solutions have the following explicit form:
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k+2¢,
Firtret [ Z (—_ l) Ck+2c X2 7\, 1P P2 _l(ala2"'alczlﬁ"kl“[lalczl“‘k'*‘[’*‘1d1]"‘Lalcll"k”zcs'}'id‘cl—lczl] hat
‘ =o st (29)

2o k] i1 ﬂc —k i}-2
X x 1 i . x xblxl,2 .’C/z+2¢3+ixdlxd2 xdcl——lcgl ’

where k = —t,, ¢,.< 0 and ¥ = 0, c, 2 0. The indices 4a;...a; on the right-hand side of
(29) denote symmetrization.

5. Explicit Expression for Killing Tensors of Arbitrary Order. To completely describe
Killing tensors of arbitrary order it is necessary to find a general solution of system (10).
In analogy to the results derived for Eq. (6) in the previous section (for details see [9]),
we conclude that such a solution is a polynomial whose order is no larger than NSi and
which contains N, sj arbitrary parameters, where

1isi . sj S F e SN |
N = jAs— 1, m = %‘Clzg-m_1c,'+5‘;,_m,_;.

The corresponding solutions can be explicitly written as [9]

A
~
= Z F%dipa—1 %t 00 be A la-t g Gf—1 iF‘(lzfz"'“fw?' o gjfaiaz“'”iy (30)
|

Q

where F"% "%He=! are first-order Killing tensors of rank j + o — 1l.which are explicitly de-

scribed in the above theorem, F{i»“~? is a Killing tensor of rank j — 2 and order s,

~ $i/23—1
. G,...0; [Tpeiny (a,  a, a a ag,,. 491, 1300 1 Gi .ot 14 [a;)e]
1% 9 — —_ s o 1y 21 2u 1920 -2 P2 L3820 g g"i2 15
f V' (= DUCHp x| Pig kg 02 b g%i-2% 16 X
n=>0

and A% is an arbitrary anti-symmetric tensor of rank two.

Equation (30) gives recursive relations for explicitly calculating the Killing tensor
of order s and rank j in terms of known tensors of rank j + o — 1 and order one and rank
j — 2 and order s. This calculation can be easily carried out by using explicit expressions
for first-order Killing tensors given in the previous section.

The explicit expressions for Killing vectors of order s < 3 in a three-dimensional
space obtained from relations (30) are as follows:

b .
Fly =0 +¢° cnbxm

aeb - .
F(n) = F(]) + ;\ra xb hxa + —_ X E Xy - Sabc’l]bdxcxd,
a abc b b
Fay = Flgy + M7 x,x, + 10, + 90,0, 0% 4 690000 00%7 4 Ex 2% — xE%x,x,.

Here &% is a unitary anti-symmetric tensor, and other Greek letters denote the arbi-
trary parameters that define the symmetric traceless tensors.

Conformal tensors of arbitrary rank j and order s are defined as general solutions of
system (11). As in Sec. 4, we can show that these tensors are polynomials of x, of order
2(j + s —1). We cite without proof an explicit expression for these tensors in the case of
arbitrary j and s and m < 4.

The number of linearly independent solutions in cases m = 3, 4 is equal to

m=3, N§j=f6~(214- D2+ 2+ 1)(2I+S~“ 1);

m= 4, Nii=%g+l)2(j+s+1)2(2j+s+2)y
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and in the case m = 2 there are infinitely many of them. Solutions can be explicitly writ-
ten as follows [9]:

(-Ja S e 2i) s—{

Qoenald; Q. ...a; 11— (10 SN

Foge 1 = Y (Fpsto- 1™ 1§ pitartie) (31)
=0

=0

where ﬁhﬂr i are first-order conformal tensors defined by Egs. (26) and (29) and [i%-9
are tensors of rank j which are explicitly described below.

In the case m = 2 we have fh4¢ “7=0. 1In the case m = 3 the independent functions
f% % are numerated by integers c, 0 < c < 2j, and are determined up to an arbitrary sym-
metric traceless tensor A% “%+%i~l These functions can be explicitly written as

2y enely b(aa P1.a; SL
Fiafs®l = oo + (1 — )] e 1ok, (32)
where
t¢/24 o
a.a,...q; e ej2h—ri verbgnl@ @, ai__pyAiensy Gj 12 a; p N
ﬂdb* /== Sj( Y'Cl 251 Pl 8,0y dpn g ”+~“.x“”x%4¢2”.x¢a+n(xﬁ”L”? ",

rzwo

In the case m = 4 the function ﬁ;@“ﬂf is described by a pair of supplementary inte-

gers ¢ = (e3, ¢), =j € ¢; €3, 05 ¢y < {(j— |e1[)/2}, and is determined up to an arbi-
trary irreducible tensor A% l¥=ntidi~lall of rank R; + 2R,, where Ry = [e;| + 2¢, + a, R, =
3 — [ey]. These functions can be explicitly written as

) a2,
L.
1% ‘ !
ft'c\'. [ (—— 1 '7 p—% 2 *
cz_—_O
(33)
T PR - IO Ae [T 1 .
. 19 -3¢, 4821 %y - Qc t—i1H 0 g bmrted 11 e £ ——if SEINE SR I QI P g A
A s bt DTS LR X Xy e K26, ocimiXa Xd, oo Ko s
2 2 1

where n = -¢y, ¢y < 0 and n = 0, ¢, > 0, and the indices ay...2; on the right-hand side of
(33) denote symmetrization.

Using (32), we obtain an explicit expression for conformal Killing vectors of order
s £ 3 in the case m = 3 as follows:

__ a4 ac, s ¢« 2 b o
Ffl) - /( + & T]Z{)xc ’L S(XT — ang(l)xb + Al‘l(j}'g"’

(ad ~ s
a o) ‘a9 5 ab PR ab : be
Fioy = Foy + Fi\x? -+ iy, + 0@ % x, -+ E a0 — 2% (9 XX,

ot

L ~
~a a ‘q ab ar_ bd . eab 5 T 5
I = R A 2 ;S A e ORI T 2 2 WA abe . ac ik ab » aebed
Aﬂ%‘ﬂﬂ:FmAxx(MMha%nM%Mﬁsm%x&QMwWMJ+XmM%+%$Mm%MH4@&%%V—Qﬂ%ﬂwﬂd

6. Explicit Expression for Symmetry Operators of the Wave Equation. We have explicit-
ly found all linearly independent solutions of Egqs. (6), (8), (10), and (11) that describe
Killing tensors and conformal Killing tensors of arbitrary rank and order. These solutions
allow us to describe symmetry operators for a large class of mathematical physics. In par-
ticular, for wave equation (1) such a description is accomplished by substituting solutions
of Eqs. (6) and (8) into Eq. (4), which determines the general form of symmetry operators
of arbitrary order. In the case x? 20, j = 1 we use (4), (18)-(23) to obtain the follow-
ing complete set of symmetry operators:

Qa = Pr: = [aav Qab = ';ub = xapb"—xbpa' (34)

Equations (34) describe generators of the Poincaré group. Using representation (17)
for the general solution, we see that symmetry operator (4) for Eq. (1) is a polynomial of
operators (34). In other words, all symmetry operators of arbitrary finite order for the
wave equation belong to the enveloping algebra induced by the generators of the Poincare
group (34).
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We shall count the number N(n, m) of linearly independent symmetry operators of order
n. Analyzing Eq. (18), whose first term on the right-hand side corresponds to a complete
set of symmetry operators of order j — 2, we conclude that N(n, m) is equal to the number
of linearly independent solutions of system (6) for j =n and j = n — 1. According to (16)
we have
207 - 2nm - m(m— 1)

N(nm)=Np+ Nooh = =) Cro2_Cm2 .. (35)

Equation (35) gives the number of linearly independent symmetry operators of order n
for the wave equation with m variables. In particular, for m = 4 we have
Nn, 4) = % {(n -~ D(n-+ 2)%(n -+ 3)(n* -4 4n + b). (36)
The corresponding symmetry operators can be explicitly obtained by substituting (18)-
(23) into (4).
In the case « = 0 the number of symmetry operators of order n is equal to

1
12

s

Nin d) = =5 NV (= 17+ 2 (2] -+ 3%

0l

Nin 3= — = N @24 D+ D@Ei+3), N2 =oo
T

The symmetry operators in this case are explicitly given by Egs. (4) and (29). It can be
shown that these operators are polynomials of the generators of a conformal group D =
ixuau + i, Ky = 2xD + x\,x\’iap and Py, Jyy (34).

7. Conclusion. We have defined Killing tensors and conformal Killing tensors of arbi-
trary rank and order and derived them explicitly in the case of m independent variables,
where m < 4.

Equations (10) and (11), which define Killing tensors of arbitrary order, are a natural
generalization of Killing's equations [6, 7]. They appear during a determination of symmetry
operators of order s for systems of partial differential equations, in particular Maxwell's
equations [5].

The obtained generalized Killing tensors can be used to study higher symmetries of the
equations of mathematical physics. 1In this article we have used them to completely describe
symmetry operators for the wave equation.

The notion of a (conformal) Killing tensor of arbitrary rank (and first order in our
notation) was introduced in [8]. The general solution of Eqs. (6) for j = 2 appears in
[10]. The authors of [9] cite solutions of Egs. (6), (8), (10), and (11) along with some
technical details and numerous examples. The use of symmetry operators of higher orders in
describing coordinate systems in which equations can be solved by a separation of variables
is discussed in [2-4, 11].
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