A COMPLETE SET OF SYMMETRY OPERATORS FOR THE DIRAC EQUATION

A. G. Nikitin UDC 517.9:519.46

A complete set of symmetry operators of arbitrary finite order admitted by the
Dirac equation is found. The algebraic structure of this set is investigated
and subsets of symmetry operators that form bases of Lie algebras and superal-
gebras are isclated.

1. Introduction. It is well known that for many equations of mathematical physics
there exist integrals of motion and symmetry operators that in principle cannot be found in
the framework of classical group analysis [1}. Indeed, in the classical infinitesimal ap-
proach of Lie, the investigation of the symmetries of a differential equation reduces to
finding the generators of its invariance group, which are first-order differential operators
in the dependent and independent variables [2]. This leaves outside the symmetry operators
(S0) of higher orders, which belong to classes of differential operators of order n > 1.

50 of higher orders carry information on the hidden symmetry of the equation, among
them, the symmetries of Lie-Backlund type [3] and the supersymmetries [4, 5]. One of the
most important applications of such operators is the description of systems of coordinates
in which the equation under study admits solutions in separable variables.

In the works [8, 9] a set of SO of arbitrary order n was obtained for a scalar wave
equation (the Klein—Gordon—Fock (KGF) equation). This result opens new possibilities in the
study of 50 of wave equations for fields with spin — the equations of Dirac, Kemmer—Duffin—
Petiau, and others.

The present work is devoted to the investigation of higher-order SO admitted by relat-
ivistic wave equations. Our main result is exhibiting in explicit form a complete set of
SO of arbitrary finite order for the Dirac equation. We also investigate the algebraic

properties of this set and we find new superalgebras of hidden symmetries of the Dirac equa-
tion.

2. Symmetry Operator of the KGF Eguation. Let us write the KGF equation for a complex
scaler function W (x), x = (X, v\, ¥, %), Y& L, (R,) in the form

Lo, (1)

where L is the linear differential operator given by

L=p p* — %2 p, = w==0,1,2 3. (2)

l' 3
ax'

Let F, denote the solution set of Eq. (1) (the null-space of the operator (2)), i.e.,
WEFy WE L, (Ry, LW = 0.

Definition. A linear differential operator of order n is called a SO (of order n) of
the KGF equation if

(Q LIV =0 WYcF, (3)
Well known examples of SO of the KGF equation are the generators of the Poincaré group

W= P A= AP AP (4)
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A SO of arbitrary finite order j < n can be represented in the form [8, 9]
; a eadly
QU = L. [F™ % pn1]+,,pa2]+, vl palL, (5)

where [A,B]4 = AB+ BA and F3132--.3j are symmetric tensors of rank j. Condition (3) for the
operators (2), (5) reduces to the following equations for the coefficients of the SO:

p(aH_] Falag‘..u/):O’ (6)

where symmetrization with respect to the indices closed in braces is understood.

In [8, 9] the general solution of Eqs. (6) was obtained and the explicit form of the
corresponding SO was found. The number of linearly independent SO of order n is

N‘“’:-l-i,—(nju 1) (n + 2)(2n -+ 3)(n® + 3n + 4), (7)
and the total number of SO of orders j ¢ n is given by the formula

r{n ! o . s

Nt ):—7’2"‘” 4+ 1y (n =23 a0 - 3)(n? + 4n - 6). (8)

Any SO of order n can be represented in the form [8]

n
() W0y ulaz...ucluL_{_lbl],..Lunx,”_cj -~ : : N [
Q = l }- Paipaz P”LJ“c—g—lbx Junb,,,_cv (9)
=0
~ . TS O -z .
Here p,, J,, are the generators (4), and porer e elfoptty b llnbnasl g g arbitrary parameters
satisfying the following conditions:
1) Symmetry and tracelessness with respect to the indices a,, a,, ..., ag;
2) Symmetry under permutations of the pairs of indices lu. .0} and lu.., b)li 1 1= L,

2, n =0
3) antisymmetry under the permutation of the indices ag4i and bj;

4) the contraction with respect to anv triplet of indices with the completelv anti-
symmetric tensor Fuwona is equal to zero.

The tensors A2i--- with the properties 1)-4) will be referred to the basic tensors.

These tensors are irreducible, since, generally speaking, they have a nonzero trace with res-
pect to any pair of indices (ay, agr) if ¢ > ¢ and (or) &' > c. The general expression of

a SO of arbitrary order n for the KGF equation which contains only irreducible parameters

can be derived from (9) by decomposing the basis tensors into irreducible ones. Correspond-
ing rather cumbersome formulas are given in [8, 9].

Thus, all SO of an arbitrarv order n of the KGF equation are polynomials of order n
in the generators of the Poincare group (4), which can be expressed in the form (9).

3. General Form of a SO of Order n for the Dirac Equation. The Dirac equation, too,
can be written in the form (1), where ¥ is a four-component bispinor and L is the following
first-order linear differential operator with matrix coefficients:

L = ’Y“Pu -~ m, (10)
where Yy are numerical matrices of size 4 x 4 which obey the Clifford algebra rules
Yy - TV = quv' (11)

As the formal definition of an SO of order n admitted by the Dirac equation one can
take relation (3), where F, denotes the null-space of the operator (10), We Fp Wy € Ly (Ry),

LY =0(Vy o= 1,2 3,4 are the components of the bispinor ¥). Here one assumes that the
coefficients of the SO are matrices of dimension 4 x 4 which, generally speaking, depend on
X.

Well-known SO for the Dirac equation are the generators of the Poincaré group
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Pu::pu, Juvzzxupv~—xvpu+~5uw (12)

where

{
Spy = 7 Wu’ Yol (13)

References [4, 6, 10] give a description of a complete set of S0 for the Dirac equations
in classes of first- and second-order differential operators with matrix coefficients. The
problem of describing such operators is connected with that of solving a very tedious system
of defining equations for the coefficient functions [10].

Below we give a simple proof of the fact that all 50 of arbitrary order n for the Dirac
equation are polynomials in the generators (12), and we find the explicit form of all linearly
independent SO. The basic idea of the proof is to exploit the fact that the soluticns of the
Dirac equation satisfy the KGF equation componentwise, and consequently the 50 for the Dirac
equation must also be SO for the equation (1), (2).

Let us subject the bispinor Y and the operator (10) to the invertible transformation

Y, oo W_;“]’, Lo L = W':}LV";’, (l&"%)
where
1 P
W4 $’CXP(”";T PiY“Pu>EE F— ﬂf PPy
, ‘ (15)
Wil=1- T P-_&y“/’u’ P-{ = =D ) 7= (YeViPa Vs
As a result, using relations (11), we arrive at the equivalent equation
L'V =0, L'=—P m+P_(pp, — ), (16)

which due to the orthogonality of the projectors P, and P_ splits into uncoupled subsystems
(p*p, —m% W =0, (17)
Y=, Ty = p:r_\[r" (18)

The matrix iy, can be taken diagonal with no loss of generality. Then ¥' will have only
two nonzero components.

With each SO Q of the Dirac equation one can associate, in a one-to-one manner, an SO
Q' of Eq. (16):

C=W.Qwy, Q=WwiQWwy, (19)

where Wy is the operator (15). It is convenient to decompose the operator Q', defined on the
set of functions ¥' with two nonzero components, into a complete set of matrices oH:

0,00, (20}

o] —

Q= GMQI’L’ g == sabc'sbc’ Op =

Here Sp. are the matrices (13), b, ¢ = 1, 2, 3. Then Q) must be an SO of the XGF equation

for a scalar function; a complete set of such operators was described in the preceding sec-
tion.

Let QL be an SO of an arbitrary fixed order n for the Eqs. (1), (2). Then, by (8), (9),
they depend polynomially on /&, J,, (4), or on P, Juv— Sy where Py, J,, are the genera-

tors (12). But on the set of solutions of Eq. (16) the matrices S;. are expressible through
P, and J, [1, 4]:

« r ; a ol .
25,3V = — (Puu o P\,VC*” -+ I

P UL e
el WPy, (20

Hvpo N
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where

Wu:—le 7%°p° (22)

2 “uvpo

is the Lyubanskii—Pauli vector. From this we conclude that the SO are polynomials in the
generators (12).

The operator Wy (15) obviously commutes with the operators Py Jpv (12), and hence (19)
implies Q' = Q, i.e., all SO of arbitrary finite order n for the Dirac equation are poly-
nomials in the generators of the Poincare group.

One should remark that in the general case the membership of all SO of arbitrary order
to the enveloping algebra generated by the generators of the symmetry group of the equation
under study is by no means necessary. In particular, for the massless Dirac equation there
exist first-order SO that do no belong to the relevant algebra [4].

4. Algebraic Properties of the SO of First Order. In the description of SO of an
arbitrary order n a key role is played by the case n = 1, considered below. According to
what we proved in the preceding section, a complete set of corresponding SO can be obtained
by a direct sorting out of polynomials in the operators Pu and J,,; moreover, as we shall
see below, it suffices to restrict the considerations to polynomials of degree n < 3. This
leads to the known [4, 6] 26 linearly independent SO, including the generators Pys Jpv (12),
the identity operator I, and the following 15 operaters:

! , i
Wa= 5P, —mv,) Wyo= 5P, — Wl (23)

I3

. ] woo o
B =iy, (D—myx,), A, = 5 Va€yype! VO T 5 T (24)

where D = x¥tp, + —g i.

SO of higher orders are expressible through products of cperators (12), (23), (24),
which justifies the interest in studying the algebraic properties of this set. It turns
out that the operators (12), (23), (24) include subsets that form bases of Lie algebras and
superalgebras.

A direct computation yields the commutation relations

(P PY=0, [P, ], J=10(g,P,— &,

w’ uet v

[‘I,uv’ ch} =1 (gua‘]vk + gvk‘lp.o - gux"va - gchuL); (25)
[Pu, W_»\ = 07 [Pll’ Wﬂ;»] = 01 [Wur JVO] = i(guvwg —gwwv),

[‘]u\" W/prx] =1 (g;xcw,vp + gvauo - gupwvo - g\vowup);

! , po 7 . i .
Wy, Wyl = ?Euvpow . Wy, Bl = —Q—Pu + lmAu, (26)
[W"“, A\,] = t'gm,B -+ i[./m‘, W{f]+,
PR i oy
Wy, Wl = o (&u(ﬁ.f\’P()_ Eupkk‘Da) W,
7 : 1 0 i Y4
[All' Wil = i Jl_- 2 FuouvP - (gukpn - guopl) B W u ‘/7.0!+ !
(A, BY = iegvpad "A°,
(A A = — iy + leuvpe (B — W), (27)

- i
[u/uw B] = ?({Pu' A\7]+ - [P'v’ Au]_}_)'

1P, Bl=20W, [Py, A= %AW,

W’
[W/u\w Wpﬁ] = '-L2- (-‘3 P P —¢ P P )Wk

+ e — ¢
uvpk” o ' “povk® I nvak” p pouk” v
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Relations (25) define the Lie algebra of the Poincare group AP(l, 3), a basis of which
is provided by the generators (12). The remaining SO of first order, given by formulas (23),
(24), do not form a Lie algebra. However, one can indicate a subset of the 50 (23), (24)
which constitutes a basis of a Lie algebra. Such a set is provided by the operators

= 1 7 O3
= P (“‘ Wux+ T €pupo W 0). (28)

which satisfy the following commutation relations on the solution set of the Dirac esquation
(in (28) we take the sign + for definiteness, and we denote Iy == S,):

sy
g“uv’“paj

14

—_> g —g 3
TR Juo] (guo vo - gm uo “up® Vo Duo}'\’s)’

= |
[Zuw ‘D).} =0

We see that the extension of the class of SO allows one to discover a wider invariance
algebra of the Dirac equation than the well-known Lie algebra of the Poincare group. The
16-dimensional algebra spanned by the basis (12), (28) includes the algebra AP(1,3) as a
subalgebra [4].

The operators (12), (23), (24) include subsets that possess a structure of Lie super-
algebra. To isolate such sets let us calculate anti-commutation relations (which will also
be used for a constructive description of independent SO of the Dirac equation). We have

|

W Wi, = 5 (PP, —mig, ),
Wy Waal, = 00 18,,P. — g P
(Wi, W ol = T‘)(g‘.,/i/a., PP — 8PP, — g, P P,
W Bl, = = L P,
W dal, =~ e, 0" = Wi (29)
Wuv, Bl, = —mJ . — —;— N
(A Wl = %}— Eopnn s PR I 2o, W, gm,W’u,
[, Av), = ‘l) fbu |./',w/”” = —;‘\'\}——IJW‘, J}”\v}_{,}
Bl om0, B

Using relations (25), (26), (28), and (29) we can isolate several different sets of SO of
the Dirac equation that constitute the basis of a Lie superalgebra. Let us indicate a set
which includes the algebra AP(1, 3} and a maximal number of SO operators of first order:
{W’u» Wi Pu, Ju\'v Pup\'. 1} (30}
Here left [respectively, right] to the semicolon we wrote the odd (0) [respectively, even

(E)] elements of the superalgebra. According to (25), (26}, (29) the commutation and anti-
commutation relations of the operators (30) are incorporated in the scheme

[E,E}~E, [E, 0]~ 0, [0,0] ~E, (31)
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which characterize a superalgebra [11]. The dimension of the superalgebra (30) equals 30.

Thus, in addition to the known relativistic invariance, the Dirac equation possesses a
hidden symmetry with respect to various Lie algebras and superalgebras, which include
AP(1l, 3) as a subalgebra.

Let us give also a series of other relations for the operators (12), (23), (24), which
hold on the solution set of the Dirac equation

m Wuv = Pqu —_ Pqus

(32)
B == -—;— Eu\ypoJqurjoy
e e L
n m Fuw:o — TI?L_ e
P“P“ == ]]["', P“W"“ = 0Y (33)
PuAY o, PUW s mW,,
Wuv, W' == mB,
Pl AT 0,
Eu\'pcw/vnpn =0 ’
e ]”V“7“’~'iiln (34)
pvpot - P ’
" , 1 , .
{J;nw W ,;0] e [J,nm u/ll\'].:., - -4' lfvpulpu T Fpu\'LPO - fVlma'/vp\’_ FUH\ZP“':}} }ﬂ-'

5. A Complete Set of SO of Arbitrarv QOrder n Admitted by the Dirac Equation. Accord-
ing to the analysis carried out in Sec. 3, the description of all nonequivalent SO of order n
of the Dirac equation reduces to the sorting out of linearly independent combinators of the
form

ko 1‘53-"“‘(l“'r-{-l"i]---{“/:""/1—0]
Q - )] PMJPU_: Pa(“]nf“f'lhl J“'/“"J/J—r‘ (35)

al“g"“"c{“(—H[’,]"‘l“/\'“"k—c] .
where P,, J,;p are the generators (12) and 7 are arbitrary parameters.

The index k is allowed to take arbitrary integer values in the interval [0, n], and the pos-
sibility that k > n is not excluded beforehand. As it will be shown below, it suffices to
take 0l -2, 0o A

By relations (25), (32), one can consider that the tensors i = @dsail- b o pog-

sess properties 1)-3) formulated above in the explanations to formula (9); however, in
general they do not possess property 4), i.e., are not basis tensors. The reason for this
is that for the operators (12) (in contrast to the generators (4)) the Lyubanskii—Pauli vec-
tor (22) is not equal to zero.

To give an effective description of the linearly independent operators (35) it is con-
venient to decompose i et 18] yith respect to the basis tensors. Let us write

the first terms of such a decomposition:

nalaﬁ. ..uc[zic_Hlv]]. lagbp ol _ }vuluc . "‘L'LUC»}-!”, Voo dagphp - guk——l Opp} QO v
5 kalag. . '”c["‘cﬁ»l”’ll‘ B 2, VAT WS | _;'7 {»'dlhluc L 1(11)\’{!](12/13 . '(‘c[”cA}‘jf'zl colapi 4
+ £ blac—{1”1)~ag”3"'”L'—I[”cd1”"(:—;—‘l”g"'-[“'/':/’Ic—cl + &',Jlbluc-i_“l](»'d-gdluc*_ghi -
% }»dﬂaz. . '“c[“c—}—S”g]' vlapbp_el + t_“"C"f"‘“l”C'i‘f"zt,ac‘-r‘*-'-‘,’:}uc*f—"“4 )valaz ceeafapnsb b luphy gl
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Qo yybidp iy, baloyguy,diageocuclacagb e lapby ] ey 'LLIC-i'l-’[}z,, Ogtiegad)
+8 T 1'7‘..6[113 T 1}\'1, +& Odl T
a ...ac_l[dlac][ac+4b4}...[akuk_c} KICPRE T dyagaga, dgac_i_ghu
X A% g, Mg, T gy
) (36)
a0, G, oldplde g b Voo bdpnp gl
R cile-g eVt
x A3 : I

Here the dots denote terms that include products of three or more completely antisym-
metric tensors eEuygs ; also symmetrization is carried out with respect to the indices

a,, a4, ..., ap and the pairs of indices [a.+i, bi], i=1,2, ...,k —c. Calculating various

contractions of ndi--: with Epvoo one can invert formula (36), i.e., one can express the
)\al. P through nal. oe

Let us substitute (36) in (35) and agree to sort out the possible values of k in their

increasing order. To the first term in the right-hand side of (36) there corresponds an S0
of the form

L RS S TP [ (NS R 15 27
Q =\ Art : e ‘ PP P
1 i N e

dogthy e J”lc”lc—r’ (37}

where P, and J,; are the generators (12). The order of this operator (which differs from (9)

only by the substitution J  -—/,) is equal to k; the number of SO of order n is given by
formula (7).

Using relations (22), (32)-(34) we obtain the following representation for the operators

corresponding to the second, third, fourth, and fifth-to-seventh terms in the right-hand side
of (36):

k-2
- aya,.-.aplac b 3oy _oby o)
Q, = B\ ppfe e Y Py Po, o Pald

[l B Zbi

e d bl g
c=:20

k—
SRR FURRE S CPRIET:IS R T P TP B
L=\ ~ Wo PePo oo Padugy o -

Aoy gby_g_g
=1
o a.l b)eed 5 ]
I SRS PRl LR LU ERRI L B 1 I R <4 . .
Q= % k4 Pa1 Py M r«'[»{—\»”;‘[az,‘%—sz ”'Jﬂk-—-Bbk—3-5“

—
= {

[

h—3 B
N ‘71“9“‘"clac-kll’ﬂ'“l“/’c~-’31‘k—3-c} N
Q.‘y . .\_’ e Aa‘PuZ [a{-/a(_{,lbl Jak_3bk__3_c e

e alen il , ) (38)
‘ < I PSR Ricra LU S BN EERE L S N PP S S S ) 5 o) 1 7
\ \ Jeu F Gy £ “C~§-1rib1‘]ac»}—‘lbg" “c—«}«(i"’s ves

f*_~;
k—t—2
(JMJ;L\=)[+ v\ \ L}v‘:lag"'ac[ar—}-lbll'-'(Gk-—ﬁ—m"’k—(y—?_‘i——cl

oy

—4—2ibk— =2

o
{==0 c=-0

! 1 !
X (Parpuk,%‘lbp - Puc_4 lJa(/v,P )A[,]PQ,P,,;’ Pa,_ll/u[_1L Qb: aee Jak——G—Qibfc—G——-Q[hc X
- a,..aplags bi]--l b 1
, JTEUNS Ny Gy Gel@og gy ) bap gy g T UV 40
X ('/u\J ) -+ }_ iy algwnJ A Puv P"c‘/“c+lbl
c b
o op g

Here W,,W,., 8,4, are the operators (23), (24), r4, Juw are the generators (12}, A}, 150"
are arbitrary irreducible tensors, and

AV, i=—8,1,92, ...,5 are arbitrary basic tensors
satisfying the conditions
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. “ﬂg"'“d“c-*—lb ]...[alb'_cj

A3 ! blbggac_}_lac_‘rg =0,
‘11"2'"ac[“c—flbl]“'l“[b}—c] ‘ _

ks 8ay0c418a,0e1. = 05 (39)

a,fa,b)lab,]..lajby]
Jg 0 T /igalazzo;

aa,.afacy 16,1 agbj_,] f
At et = ga1b1g“2”g "'g“}—c”i—c =0, C>7 N

(40)
a a:,.‘.nk,la{+1,/~ ]...[afb[_c] .
7"41 ! gac+la[+2gh1h2gac+3ac+4gbah4 gaf_lafgbf_c_lb;_, = ( (41)
I N V- PR T- I PR - £1:L | f
he T g ey, - Bap = 0, ¢ <5, @=5,8. (42)

The terms denoted by dots in (36) may be omitted: the corresponding SO include products
of operators (23), (24), which allows one to reduce them to the form (37) or (38) with smal-
ler k with the aid of the relations (26), (29).

Therefore, any SO of order n for the Dirac equation can be represented either in the
form (37), or as a product of the SO (37) by one of the operators (23), (24). Moreover, in
(37), (38) one has to put k = n for Q,, k=n+1 for Q,, Q;, and k=n+2 for Q,, Qs.

Summing the independent components of the tensors A;2:--- in (37), (38), it is not
difficult to calculate the number of linearly independent SU of order n. For operators (37)
this number (Nl(“)) is given by formula (7), while for the operators (38) we obtain

1

N?”;-Tﬁ~n(nry DE@Rn+1)n*+n+2), (43)
N = 1) (30— 30 4 13, (44)

N < N g 20 90 13— 11 (— 1)) (45)
N = —(l)fll (n-- Ohn+3)(n*>+ n-+ 1. (46)

The total number of symmetry operators of order n is obtained by adding the numbers (7),
(43)-(46):

N = NN = 5N —-—é—(Qn -+ 1){13n% -~ 190 - 18) — 11)—11 +(— D"

et (47)
i=1
In particular, N =1, NV =25 N =154, N = 601

Let us formulate the results obtained as the following assertion.

THEOREM. The Dirac equation admits N(n) linearly independent SO of order n, where N(n)
is given by formula (47), and the explicit form of the corresponding operators is given by
formulas (37), (38).

5. Conclusion. We determined the number and explicit form of all linearly independent
SO of arbitrary finite order of the Dirac equation. These S0 are given up to arbitrary
parameters, which represent basis tensors satisfying conditions (39)-(42). Decomposing
these tensors into irreducible ones, it is not difficult to obtain a representation of S0
depending on indecomposable sets of parameters.

Let us list the linearly independent SO of second and third order obtained from the
general formulas (37)-(42) (the SO of order zero reduce to the identity matrix, and the
SO of order one were listed in (12), (23), (24)):
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noe= 2 WP P, MO T AP M P
WALy Tow Ao MPB, WUIBJ,,
MP W, MEW. I, AP, AW %,

Aledlyy 7o AEEPLA, WRTA,.

AP A, Mg A

n=23: A"P.P.P, AMUp.p.J. APJJ",

DT § T MAEN o (43)
AP P, AP P, M T T

WP Tt APPPB, AT L IR,

}vg[bC]PancB; }"([.’ab][Cdl‘lachdB’ A’?J P B

ah
Ad o d 8B, M50 JiB, AW P,
;\’gbcwapbpc’ )“?im”dqwq‘/bc‘/dm }\‘gbwu‘f*)rpcv

?(:()r 7 K ubllcd
A3 W alech(v fe nl”Wub‘/rdJ“fr

ub“d]Paph“ycdq bcHa(’P ,j W/

be

& f N
2§ty piw, /.4"b]Wa,)chJ”“’,

b k % ablea
MIP W WL, AP p A,
ub.zl] albelld &
‘ P{)Ab" cd }‘5 I e]/;u'/lrc‘]dm a A ‘/[/t‘l

abe 13 a A il
MUA Y, KA IY, 28Sp A

(4£9)

I! i o p
D A g AL,

WY eds '

b ke ,
e gnend AP, T4

aken Canen

Here P, J,. W

irreducible tensors. As is readily verified, the numbers of the operators (48}, (49) coin-
cide with those given by formula (47).

LW, A.,B are the operators (12), (23), (24), and X;&--+ are arbitrary

We should mention that the set of SO (48) differs from that found in {10}, where part
of the S0 are linearly dependent on the solution set of Egs. (1), (10).

In addition to the applications mentioned in the introduction, the SO operators found
above may be used to construct superalgebras of hidden symmetries of the Dirac equation. An
example of such a superalgebra in the class of differential operators of second order was
considered in Sec. 4. Let us indicate a chain of superalgebras in the class of order n.

Let {Q", k=12 ..,n be subsets of SO of order k of the Dirac equation which satisfy
the supplementary condition [QF, Pu}=0. By our theorem,
~ Gyt UGy U0 G qlapapgy]
= e et 2
where
oY ay a, Qe aya,...dp . Lo agp
qllz /_plpz”p",qzl_ =W ps_ P
ayay.aopylapagy) . ou, G gy 4R 1
s T=pttop W
represent SO that are irreducible tensors. Regarding ' and ¢5"~as odd, and g{"" and Py

Jyy as even, and using relations (25), (29), we convince ourselves that the commutation and
anticommutation relations for these operators correspond to the scheme (31) characterizing
a superalgebra, for any k < n and k' < 2n.
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