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We cons ide r  the p r o b l e m  of the reduct ion of un i t a ry  i r r educ ib le  r ep re sen ta t i ons  of the 
genera l i zed  Poincar~ groups  ~'(~, n) with r e s p e c t  to the i r  subgroups ~'(t, n-k) .  We find 
the explici t  f o r m  of the un i ta ry  o p e r a t o r  that  r e l a t e s  the canonical  ba s i s  of the r e p r e -  
sentat ion to the 9 0, n~-k) ba s i s .  The act ion of the g e n e r a t o r s  in the 9(1, ~-k) ba s i s  
i s  given explici t ly.  The ca se  of the inhomogeneous de Si t ter  group i s  cons ide red  in 
detai l .  

I n t r o d u c t i o n  

The genera l i zed  Poincar~ group ~(1,  n) is  the s e m i d i r e c t  product  of the groups  SO0(l, n) and T, 
where  T is  the addit ive group of the n -d imens iona l  rea l  vec to r s  P0, Pl . . . . .  Pn and S00(t, n) i s  the 
connected component  of the ident i ty  in the group of all  l i nea r  t r a n s f o r m a t i o n s  of T onto T that  p r e s e r v e  
the quadrat ic  f o r m  p20 - p] - . . .  - p2 n. 

In [1, 2] it was suggested that  the g roups  ~(1,  n), ~ ( t ,  6), 9~(i, 4) should be used  to desc r ibe  
phys ica l  s y s t e m s  with va r i ab le  m a s s  and spin. An example  of such a physica l  s y s t e m  is  one consis t ing of 
two (or three)  f r ee  re la t iv i s t i c  p a r t i c l e s .  F o r  in this case  the ene rgy  ope ra to r  has  the f o r m  

E : ] / p 2 + M  2, M= (mi2+K ~)'~2+ (m22+K2),~2, (0.1) 

where  P = p(1) + p(2) is  the eros m om en t um of the p a r t i c l e s  and K is  the re la t ive  momentum.  (For  
m o r e  detail  about this see [2] and the l i t e r a tu r e  ci ted the re .  ) 

It  i s  well known [3, 4] that  Eq. (0.1) is  obtained by the reduction of the d i rec t  product  of two 
un i ta ry  i r r educ ib le  r ep re sen t a t i ons  of the group 9~(1, 3). Since an i r r educ ib le  r ep re sen ta t i on  of ~ ( t ,  n>3) 
is  reducible  with r e s pec t  to 9~(1, 3), it is  na tura l  to cons ide r  the p r o b l e m  of the reduct ion of these  r e p r e -  
senta t ions  with r e s p e c t  to the i r r educ ib le  r ep re sen t a t i ons  of the Poincar~ group.  [In fact  one p e r f o r m s  
the reduct ion with r e s p e c t  to r ep r e s en t a t i ons  of the Lie a lgebra .  We denote the Lie a lgebras  and the 
g roups  cor responding  to t h e m  by the same  symbols .  In [11], the reduction of reducible  r ep resen ta t ions  
of 90 ,  n) with r e s p e c t  to 9(t,3) was cons idered .  ] 

Apar t  f r o m  these  appl icat ions ,  the gene ra l i zed  groups  9~(i, 4), ~(2,  3) , etc,  may  a lso  have a 
d i rec t  bear ing  on the p r o b l e m  of extending the S m a t r i x  off the m a s s  shell  [5] and of the descr ip t ion  of 
pa r t i c l e s  with in terna l  s t ruc tu re  [2, 6]. In all  these  p r o b l e m s ,  the p r i m a r y  p r o b l e m  is  that  of the r educ -  
tion of i r r educ ib le  r ep re sen t a t i ons  9 ~ (l, n ) -+~ (l, 3). 

In this paper ,  we p e r f o r m  the reduct ion of i r r educ ib le  un i t a ry  r ep re sen ta t i ons  of the group 
~ ( t , .  n)- -+~(t ,  n - k )  fo r  the ca se  when the op e ra to r  of the square  of the " m a s s "  sa t i s f i es  P~P"~Po2-Pk2= 

• (k=l ,  2 , . . . ,  a) and the ene rgy  ope ra t o r  sa t i s f i e s  P0~>0. 

In Sec. 1, we give the n e c e s s a r y  informat ion  about r ep re sen ta t i ons  of the group ~ ( t ,  4) - the 
inhomogeneous de Si t ter  group - and we fo rmula te  the p r o b l e m  of the reduct ion 9~(i, 4 ) - ~ i l ,  3). In Sec. 2, 
we find a un i t a ry  ope ra t o r  connecting the canonical  ba s i s  of the group 9~(1, 4) to the 9~(1, 3) bas i s .  Here  
we a lso  give the reduct ion ~(1,  4)-+3v(i, 3 ) - - ~ ( t ,  2). Section 3 is  devoted to the reduct ion ~ ( l ,  n)-~ 
2 ( i ,  n--i)--~- . . . .  9~(1, n - -k ) .  
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1.  B a s i c  D e f i n i t i o n s  a n d  S t a t e m e n t  o f  t h e  P r o b l e m  

The group 5~(1, 4) is  the mos t  natural  genera l i za t ion  of the Poincar~ group ~(1,  3), and we 
the re fo re  cons ide r  in detai l  the reduction ~ ( i ,  4)-~-9~(1, 3). Some of the resu l t s  given for  the group 9~(i, 4) 
can be read i ly  t r a n s f e r r e d  to the case  of the group 9~(2, 3). The group 3~(1, 4) has  th ree  bas ic  invar ian ts  
(notation given without explanation is  the s ame  as  in [1]) [1]: 

P2=Pf=Po2-P~2-P,2, Vt2~lhco~J, V2~---~/d~r ~, o~=I/~8~vP~Y ~. (1.1) 

The Lie a lgebra  of 9~(1, 4) is genera ted  by the o p e r a t o r s  I~V and Jpv,  which sa t i s fy  the commuta t ion  r e l a -  
tions 

The g e n e r a t o r s  P# and Jpv in the canonical  bas i s  IP, P~, ],, ~,; ], ~, g> have the f o r m  

O 
Po=F-,=~po~+p22+u~, P~--.p~,, ]~b=ipb'-~p -- ip, o~b+ S~b , a, b=t ,  2,3; 

(i. 3) 

d 0 ~ = - -  ~p0 l ~ =  ~P, ~ - ' J0~ = -  ~po Op~ E+x  cOP~ tp~ ~ +S~o, cOp~ E+~r 

where S~z (k, 1 = 1, 2, 3, 4) a r e  the m a t r i c e s  of the i r r educ ib l e  r ep resen ta t ion  D(j ,  ~-) of the Lie a lgebra  
of SO(4)~SU(2)| The n u m b e r s  • j, ~- c h a r a c t e r i z e  the i r reduc ib le  r ep resen ta t ions  of the c l a s s  
I (1~ > 0) of 5~(1, 4). In the space  H of the i r r educ ib le  r ep resen ta t ion  of ~ ( t ,  4) the o p e r a t o r s  

Pc Vt + eV2 + . V__L% - eV~= "~(-c+i)I, Pf=z~l,  e = ~ (1.4) 
J~=4• 7 - ~ x  =](] 1)I, T~= 4• ~ 2• JPol 

a re  mul t ip les  of the ident i ty ope ra to r .  The m a t r i c e s  Ja  and T a c a n  be e x p r e s s e d  in t e r m s  of the m a t -  
r i c e s  Sk~ as  follows: 

]o='/~(~o~o&~+s,o), ro=%.(~o~,~&~--S,o). (1.5) 

The o p e r a t o r s  (1.3) a r e  defined on the GSrding space  D C H (see the Appendix). 

The bas i s  vec t o r s  ]p!,p,, ]~, z~; ], z, • * a r e  no rma l i zed  in accordance  with 

<p, p~, ]~, ~; ], ~, • p~', ]3', ~J;/ ,  ~, • (~) (p -p ' )5  (p~-pJ) 6 ..... ,5~,, 

and the s c a l a r  product  has the f o r m  

,. #p  + 

We shall  ca l l  the bas i s  of the i r r educ ib le  r ep resen ta t ion  of :~(i, 4), in which the o p e r a t o r s  of the 
2 2 square  of the m a s s ,  M 2 = P2 0 - p2, and the spin, W 2 = W 0 - Wa, and a lso  the ope ra to r s  Pa and $3 a r e  

diagonal the Poincar6 bas i s  and denote it b y  [p, ra, s, s,; ], ~, x>. 

We n o r m a l i z e  the bas i s  v e c t o r s  in accordance  with 

<p, m, s, s~; j, ~, z[p' ,  m', s', sJ; ], % • =2po6(m--m')6~(p--p')6~,,5~,~,, (1.6) 

and this means  that  

(~' r E r , d*p + J dr J-- po'p  
s 

The e igenvalues  of the o p e r a t o r s  M 2 and W 2 co r r e spond  to i r reduc ib le  r ep resen ta t ions  of the group 
~'(i ,  3). 

Our p r o b l e m  is  to de t e rmine  the s p e c t r u m  of poss ib le  values  of M 2 and W 2, find the explici t  
f o r m  of the g e n e r a t o r s  Jpv and P~ in the 5~(t, 3) bas i s ,  and find the uni ta ry  ope ra to r  that r e l a t e s  the 
bas i s  iP, P~, ]~, ~,; ], v, • to the bas i s  IP, m, s, s~;/, % ~r 

2 .  T h e  R e d u c t i o n  ~ ( 1 , 4 ) - ~ ' ( 1 , 3 )  

1. The i r r educ ib le  r ep resen ta t ion  ( 1 . 3 ) i s  c h a r a c t e r i z e d  by x 2 > 0 and the numbers  j and T, 
which speci fy  the i r r educ ib le  r ep resen ta t ion  of the l i t t le  group SO(4). On the r e s t r i c t i on  to the subgroup 

* We shall  say  that  !p, p,., h, T~; ], ~, x> is  the canonical  ba s i s .  
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9~(1, 3 ) ,  the space H .decomposes into the d i rec t  sum of 9~(1, 3 ) - invar ian t  subspaces Hp4 (one for  each 
value of p4 ) . The subspaces tip4 a re  i r reduc ib le  with respec t  ~ ( t ,  3) if  and only if the representa t ions  
of the l i t t le  group ~ ( t ,  3) a re  i r reduc ib le .  The in tersec t ion  of the groups SO(4) and ~(1, 3) is the l i t t le 

2 + ~r and this is  the group SO(3). It t he re fo re  group in 9~(1, 3) corresponding to the orbi t  p2 0 - p2 = P4 
follows that .the space H is decomposed into subspaces corresponding to uni tary  i r reducib le  r e p r e s e n t a -  
t ions of the subgroup :~(i-, 3), with the following values  of the mass  m and spin s: 

• Ij-~[<~s<~j+T. (2.1) 

The opera to r  V 4 relat ing the canonical basis  to the ~ ( i ,  3) basis  is a ce r ta in  mat r ix  (which 
depends on the var iab les  p and p~) defined in the space of the i r reduc ib le  representa t ion  of ] ( i ,  4) of 
dimension (2j + 1 ) ( 2T + 1 ), and to find its explici t  f o r m  it is t he re fo re  natural  to use an  expansion with 
r e spec t  to a compIete  sys tem of orthogonal p ro j ec to r s .  We shall seek the opera to r  V~ in the f o r m  

v,= ,V_.. (p, p,)Am,, (2.2) 
r 

whe re  
"__L - ~' T.__Z _ ~, 

a , = H v  , B,=II P r-r" l--l" (P=~P") (2.3) 
"'~'" ~*'t' J'p T'p 

are  project ion opera to rs  onto the e igenspaces  of the Hermi t ian  ope ra to r s - - -~ ,  ~ ,  which sat isfy the 
P P 

conditions of orthogonali ty and comple teness :  
J J 

The inverse  ope ra to r  V~ 1 has the fo rm  

�9 s 
BzBz'=f,,B~, 2 Bz=i, T.p __ IBl. (2.4) 

P 

V~-t= ~,  Z a,~-~(p,p~)A~B . ( 2 . 5 )  

r 1 

Since the gene ra to r s  P0, P~, lob,/o~ in the ~(1,  3) basis  have the canonical  Wigner-Shi rokov form,  the 
O.ISerator Vt must  sat isf~ the conditions 

V~PoV~-i=TpJ+m 2, m2=~2+p, 2, (2.6) 

V~P~ V,-'=ph, (2.7) 

i �9 0 . 0 v,J. ,v,-  =,p, ~ p ,  - , p . - ~  + s.,. (2. s) 

0 8 ~ p .  _ Jo~', ( 2 . 9 )  L]~176 po+ra 
-1 

where Po, P~, Lb, J0o, Sob are  f r o m  (1.3). It follows f r o m  (2.6)-(2.8) that the functions a r l  and arz a re  
sca la r s  under  th ree-d imens iona l  rotat ions,  i . e . ,  

a,~ (p, p~)=a,~ (p 2, pa), a#(p, P,i =ar~(P z, P'). (2.10) 

Final ly,  the s t ruc tu re  of the functions arz and arl~ de te rmines  the relat ion (2.9). We write  i t  in the fo rm 

[V,-i,/o~]V4 = ((pX]),+(pXT).)  (n--rn~ ~ (J , -T.)p,  (2.11) 
(E+m) (E+• E+u 

F r o m  Eq. (2 .11) ,  we find the conditions that the functions a,z and a~z must sat isfy.  To calculate in 
explici t  f o r m  the commuta to r  on the lef t -hand side of Eq. (2.11), we use  the relat ions [7] 

A i 0 ] _ _  i (pXJ),,(2A_A,__A,+,)+~p(j~, p~ JXP)(A~+_A~_,) ' 
, , - ~ p ~ - -  -~[A,,(pXJ)~] 2P ~ ' P P (2.12) 

o t ( p •  l [B,, i.~p~]= ----~ [ B,, (pXT).]=~(2B,-B__-Bt+,)-t- '-~p ( 2 p'p TXp) (B ,+ , - -B , - , ) . p  / 

Substituting (2.2) and (2.5) into (2.11) and taking into account (2.12), we arr ive at the equation 

t.,,~'.,' E+ra )J ,.~'.,' p Op 
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a : ~ c [ { i E . ~ +  (pXT).--i: (p• ~ ]} ~ -~ 7p~l Op. ~ } a~zA.B,= 2 { p Oa~' Ea~zA'Bl-ma"~'a~([ Be+ 
l '  r ' , l ,r  

+[B,,, Oi.-d~.~ ] A,, )}A,Bz= Z { iEp: Oa't-'Op a , , -m [ ~ ( 2 a , z - ' - a ~ i  ,-a~-Ji l)+ <p• (2a, _l_ 
P: ,.z P P~ 

" 7 ) -  - - 1} --a,,+,--a,,-,) ~p l,-- P (a._,,-a.+,,)+ To P P (a ....  --a.,+,) A.B~= 

= [ (pXJ).+(p• (u--m) + (l.-T~)p~ (2.13) 
(E+m) (E+• E+m 

P. Equating in (2.13) the coefficients of the l inear ly  independent vectors  i - - A . B .  %A~Bz, ]~A,B~, (pXJ).A.B,, 
P 

and (p• we obtain 
O a r , - '  . r a  . . _~ _, _, -, 

a,, +-~ptr(a~_, ,-a~+, ,)a,,+l(a, ,_,-a~ z+,) a~, ] =0, 

im - t  - i  p ~  i r n  + _, _~ , p~  
- w - ~ a ,  , - , - -a~  ~+~)a,~ = ,-~--~,  ( 2 . 1 4 )  

2p'(a'-~'--a'+' ,)a,~= --E+• ~p ~ , • 

, . - ~ - ( 2 a ~ -  - a ~  _ _ - - a ,  ~+,)a,~ = ~  2p i(2a~ (E2km) (E+• zp L~-era) (E+u) 

After  some simple t ransformat ions ,  the sys tem (2.14) is reduced to 

O a , ,  -~  . P~ -~ E---~p a~ ,+~(r - -1 )=O,  a.+, ,a,l 
xE+ra2~ipp, 

m (E+• 
- -  exp  (~:iO~), 

-4 uE+m:'+ipp, PP~ aretg PP~ 
a. ~,a~r m (E+• exp (-T0~), 0,=arctg- m2+• E = 2 (E+m) (m+• " 

We show that the general  solution of the sys tem (2.15) is given by 

art=R~ exp i (r--l) 04, 

where R 4 is an a rb i t r a ry  function of p4. To see this,  we represent  arz in the form 

a~l=B ~ exp[ iE (r--l) O~--C~l ], 

where Brz and Crl are  functions of p2 and P4' and we obtain f rom (2.15) 

Denoting Be ic by R 4 and substituting (2.19) into (2.17), we ar r ive  at (2.16). 
substitution of (2.16) into (2.17) t r ans fo rms  the last  equation into an identity. 

Taking into account the relation 

S4.p.__~ = Z (r-l)A.Bl 
P 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

It is  easy to see that the 
It follows f rom (1.6) that 

(2.19) 

and substituting (2.16) into (2.2), we obtain 

V,=]/raexp( i  S*'P" 2 arctg PP-' ,~ (2.20) 
- -  p ,  \ p ( E + m )  ( m + •  " 

Equation (2.20) is the required operator  of the t ransformat ion f rom the canonical basis to the ~ ( t ,  3) 
basis .  

We now find the explicit fo rm of the genera tors  J04 and J4a in the ~ ( i ,  3) basis .  Using the 
Hausdorff-Cambel l  identity 

e~'Be-~= ~ { B'A}(') {B,A}(,)=[{B,A}(,~-,),A], {B, Ay'~=B, (2.2!) 
H [ 

v ~ o  
we obtain 

VJ opoV'-'-----iOpo (E+• (E+m)Em re(E+• m(E+m) (E+x) '  
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V,S,=V~ ~ S'~(mZ+• P~ S,bp~(m--z) So@@, 0 0 x z 
- =  . . . . . . . .  f i - - - 4  m(E+• p m p ( E + m )  (E+• l- , . V j  V , - ' =  ~r S,apa 

m (E+• ~ Op, 2p~m ~ E m  ~ E (E+x) ' 

V,S~pb V~-~ =So@b "+ q - -  -4 
( E + •  r e ( E + •  m ( g + m )  ( g + u )  

Making then the change of va r iab les  p,-~e,]/ra~-• ~, e,==el, we obtain the explici t  fo rm of the opera -  
t o r s  J0a and J4a in the 9~(t, 3) bas is .  

Thus,  we have a r r ived  at the final resul t .  

THEOREM. The space H of a uni tary  i r reduc ib le  represen ta t ion  of the group 9~(t, 4) with n 2 > 0, 
P0 > 0, decomposes  into subspaces corresponding to uni ta ry  i r reduc ib le  representa t ions  of the subgroup 
9~(I, 3) with the following values  of the invar iants  M 2 and W2: u~<m~<oo, []--'~l<~s<-/+'n The opera tor  of 

the t ransi t ion f r om the basis  [.p, p,, 1~, ~; 1, ~, ~) to the ~ ( t ,  3) basis  is given by (2.20), and the opera tors  
Jttv and Pp in the ~(1,  3) basis  have the fo rm  

0 0 
�9 P o = ~ f + m  ~, P~=p~, P,=e~u z, e~=• ]~b~ipb~pa -- " ~ + S~b, !o~=--ipo 0 Sobpo 

l o , ~ - - i E { s , ~ t -  x~- 0 "  _ 

{V } V V ~42 0 gz 0 ~ ~p,zS,bpb b 8~. t "~- - -  S~a, 
m ~' O-m" -- iem i rn ~ Op. ra ~ (E+m)  ra ~ E + m  ra 

where  {A, B}-~AB+BA. 

(2.22) 

Remark.  If we set n 

Po=u f + m  ~, 

2. In the case  n2 
9~ (i ,4) a re  

= 0 (P4 ~ O) in (2.22), the opera to rs  Jttv and Pg take the fo rm [1] 

• 0 "[ 
J -- i  O - ~ - - i p ~ + + S ~ b .  J o , . = - i E { e ~ V l - - m - -  7,  O"-'m" m ' = p ,  a, ~ - -  pb Opa 

i 8 , V t  ~r 0 ~ , i s  l ~r 0 Sabpb 
/ " = - 2 - P ' {  -m---7"~mJ m ~ Op~ e, E + m "  

< 0 the gene ra to r s  of the canonical  i r reduc ib le  represen ta t ion  of the group 

P0=Yp. -  10.=-ip0-gzp+s~176 

0 0 S~bpb-S~oPo 0 So~p~ 
�9 - -  - - - - ,  i o ~ = - i p o  - -  

]~=tp~--~p~ -- ip~ Op~ P~+~t Op~ P~+~I 

where Sg v a r e  the gene ra to r s  of the i r reduc ib le  represen ta t ion  of the group SOo(I,  3). By means of the 
i somet r i c  t rans format ion  

V=exp ( - i  So,p~ arcth p -/) P 

and the subsequent change of var iab le  p,-+e~l/m~-• 2, we obtain 

Po=~p~2+m ~, P~=p~, P~=e,l/m2+q ~, 

CO 0 0 S~pb 0 1] So~pa 
J~b=iPb ~ p  -- i p ~  + S~, Jo~=-ipo Opt�9 E + m  , Jo~=-ipo ~.-r----top~ m --m ' 

{V - - ,  1/ . . . .  

i + n ' , O ~  ~ ,  0 np~_q~pb ~1 S~pb 
- - ie~ g m~+~l ~ 4 + ~ So~+-e~ i J ~ = - - ~ p ~  t m z OmJ COp~ mZ(E+m)  m m 2 E + m "  

2 > ~ ,  these  equations define the represen ta t ion  of the group ~(1, 4) in the g ( t ,  3) bas is .  If P4 

3. In some physical  p roblems  in which the 9~(t, 3) s y m m e t r y  is  broken but the re  is still  s ym-  
m e t r y  under  the subgroup ~(1, 2), it is  convenient  to use  the ~'(t,  2) bas is .  In connection with this,  it  
i s  of i n t e re s t  to continue the reduct ion with r e spec t  to the subgroup ~ ( I ,  2). This  means t ransi t ion to a 
bas is  in which the gene ra to r s  P0, P=, I~ (~, ~=i,  2) have the canonical fo rm 
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0 0 O S=~p~ 
Po=E=]/P~+m8 ~, P~,=p=, m~=m~+p~ 8,, I ,~=ip~7. - -  ~ P ~  'Opsl- S,~, Io~=-ipo Op~ E+m8 " 

Let  us  find the f o r m  of the remain ing  g e n e r a t o r s  of the group ~ ( t ,  4). F o r  this,  i t  is  sufficient to d e t e r -  
mine an o p e r a t o r  V 3 satisfyirIg the condit ions 

VsP~ V8 --pc,, V3PoV3-'=E, - '--  

0 S~,~p~ 
Vslo~ Vs-'=-ipo ~p~ - E + m ' 

where  the o p e r a t o r s  P0, P~, ]0~, S~ a r e  defined in the .~ (1,3) ba s i s .  

We r e p r e s e n t  V 3 in the f o r m  

Vs=R8 exp [i ~ -  08 ip[8=Vpi~+pz ~, 
\ Iph ! 

where R 3 and 03 a r e  ce r t a in  functions of P3' P4 and ] p ]3' P3' P4' r e spec t ive ly .  
functions,  we subst i tute  (2.25) into (2.24). Then 

[ 0 S~,P~]v~ S~sp~+ (m-m~)S~p~ 
Vs-',--ipo Op~ E+m8 E + ~  (E+m~) (E+m) 

Using (2.21), we obtain 

V -' S=~p~ V~-=-- 
~ -ipo ap"-~- E+ra8 

whence 

(2.23) 

(2.24) 

We choose  the f ac to r  R 3 
the f o r m  

(2.25) 

To determine these 

(2.26) 

p: 008 E Sa=p~ S~,p~ ,, ma ( p~, Sa#~ 
-ms  ~ - 08) + S~ ) sin 0a, (2.27) Ip18 /Ol-~s [p l8  [pla (x cos ~ Ipl~ Ipl~ 

08=2 avctg- 

x(l,4) 

3.  T h e  

bas i s .  

where  Skl 
and m i 

Ipip~ 
(E+ms) (ms+m) 

(2.28) 

in the f o r m  R 3 = 4-m-Jp 3 , and then the s c a l a r  p roduc t  in the ~ (l, 2) bas i s  has  

~ d 2 2 2 +  
g m 

Now, using (2.24) and (2.27), we can find the action of the g e n e r a t o r s  J03' J0a' J~4 of the group 
in the 5~(1, 2) ba s i s .  We have 

e:--pg[p:~, I ~  2 e8 I - -  __ I 
ms/ am~! ms m8 

: _ - 

(+1 + 

Re d u c  t i  on  ~(l, n) -* ~ ( l , n - -  1) . . . .  - -~ ( | ,  n--k) 

1. We show f i r s t  how a r ep re sen ta t i on  of the a lgebra  5~(t, n) can be specif ied in the 5~(i, n - i )  
The canonical  i r r educ ib le  r ep resen ta t ion  of the g e n e r a t o r s  of the group ~ ( i ,  n) is  given by 

O 0 
Po=E=]/p~2+• ~, P~=p~, k=l ,  2 . . . . .  n, l.b~ipb-=----- ip~-=-,+S~b, a, b<n, 

ap~ apb 

0 S~pb S~.p,~ 
Jo.=-ipo Op= Po+• Po+~r 

0 S,~p,, 0 0 

(3.1) 

(3.2) 

a r e  the m a t r i c e s  of the i r r educ ib l e  r ep resen ta t ion  D(mi, ms . . . . .  mE,m) of the a lgebra  SO(n), 
a r e  the G e l ' f a n d - T s e t l i n  num ber s .  The o p e r a t o r s  (3.1) a r e  Hermi t t an  with r e spec t  to the s c a l a r  

143 



product 
d" 

(~, ,  W~) = ~ ~pP0 Y{ ~+lY ~. (3.3) 

In the ~ ( t ,  n - l )  basis ,  the genera tors  (3.1) have by definition the fo rm of a direct  sum of the 
genera tors  of the canonical representat ions  of the group ~ ( l ,  n--t). If the representat ion of the algebra 
SO(n) is specified in the basis  SO(n)=SO(n- t )~  . . . .  then these genera tors  have the form 

0 __0 0 S~p~ 
Po=E=~P.=+m,), m.~=• Pa=p., :dab'----'iPb W -- i p . ~  + S~, ]o~-ip~ (3.4) Op~ E+m,," 

The problem of finding the explicit fo rm of the genera tors  Pg and JVv in the ~(1, n - t )  basis  reduces to 
finding an isometr ic  operator  that t r ans fo rms  the genera tor  (3.1) to the form (3.4). 

By analogy with See. 2, we shall seek the t ransformat ion  operator  in the form 

i ~ u . .  I p l . =  ( / , p o  ! V,,=R. (3. 5) e x p  
Ipl~ / '  

a<n 

where R n and O n are  cer ta in  functions of Pn and Pn' I p I n, respectively,  that  are  to be found. 

The operator  V n t r ans fo rms  (3.1) to (3.4) if  

S~pb ( ~ -m . )  
[ v . - ' , ] o . l V .  . . . . .  (E+m.) (F_,+~) 

Substituting (3.4) and (3.5) into (3.6) and using the identit ies 

0 0 
V.-li ~ V,~=i 

Op,, Op~ 

we ar r ive  at the equation 

+ S,,:p,, (3.6) 
E + •  

P~' OOIZ Snbpb ' "qabpbt" I - - ~ (  
r- -TETTt 1-cos 0. ) -- S~ 

Ip[. Op ~ Ipl. 

V~176176 

pet Snbpb \ 
sin 0., 

[p[. Ipl~ ] 

Ipl= Olpl. IpI. m Ipl. = = (E+m.)(E+• E + •  " 

Equating the coefficients of the l inear ly  independent vectors  p~ S.bp~ &.pb and S.a, we obtain a sys tem 
Ip[. I p l . '  Ip[. 

of equations for  the required functions On: 

f (x-re.)  
m. Ipl.p. m.(cosO~-t) (3.7) E 8[p[~00" j-~- sin 0,,----0, m. sin 0~ = ~ ' (E+m.) (E+• 

The solution of the sys tem (3.7) is  given by 

Ipl.p. (3.8) 0.=2 aretg.(E+m,) (m.+• " 

F r o m  the normalizat ion condition of the basis  vectors  we find that the factor  R n = mn ~ - ~ .  

Now, using the explicit fo rm of V n, we can readi ly  find expressions for  the genera tors  J0n and 
Jan in the ~ ( i ,  n - i )  basis .  Taking into account the identi t ies 

0 0 p~p,,S,~pb p,~S,,,, Sabpb ( m~-- ~ ) 
va@a v~-~=~-:p~ - ~m:(E+m.)(E+~.) § ,~.(E+~) + ~.(E+~5~E+• ' 

m~+uE p.S,~bp~(m~--U) p~S~pb 
m~(E+• m,,(E+m,,) (E+~) ra.(E+• ' 

0 0 ~r l i~r 2 
�9 V,~-'=i_..z--,+S,,~,p,,[~ z ) V,a--~p~ Op~ \ Em. E(E+• 2p,,raJ 

and making the change of var iables  p.--,'e.YmJ--• ~, we obtain 

+ mj(E+m.)  --  \ m. I (E+m'.) + m,~ S.., e,,=p,,/lp.l, (3.9) 
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1 0 . = - - ~  e .  1 -  ~ , - -  - 

Thus, we have found that the explicit fo rm of the genera tors  of the group 9~(i, n) in the ~ ( i ,  n - t )  basis is 
given by (3.4) and (3.9). The genera tors  (3 ,4)and (3.9) are Hermitian with respect  to the sca lar  product 

m 
d,,-lp 

(r q~2) = I dm,~ Z 9--~qh+(*l,m)%(~l,m), 

where V is the set  of numbers  that cha rac t e r i ze  the i r reduc ib le  representa t ions  of the group SO(n-q)  
contained in the representation ~<z,, ~= . . . . .  " r : ]  )" 

2. 'We now obtain a representa t ion  of the a lgebra  ~ ( t ,  n) in the ] ( l ,  n-2) .  bas is .  
resul ts ,  we conclude that the opera to r  

V . _ , = ~  rn,,_, + . S . . . .  p,, p,,-,Ipl,,-~ 
p,,-i exp ( 2 , ~ a r c t g  (E+m,,_,)(m,,+m,,-,)'/' ~ (3. 10) 

[ 

: : '  ( 2 ) '  m~_,=(• +p. +p._,) , ]pl=-,= p2 , t r ans forms  the genera tors  (3.4) to the form 
a < . n - - I  

1/ 2 2 " 2 2 P o = E =  Vpa -t-re._,, P,,=p., a<~n--l, P,,=e,,l/m.,,~--• z, P,,_,=e,,_, i/ra.,,_,--ra,, , 

Using the above 

o o 0 ' /1 /  ~  
J.b=ipb-~p -- " ~ + So~, lo.=--ipo , lo,~-l=-- [ 1 '  i-- ~P" Opb op. E+m~_~ ~ - -  ' ~  - 

To specify the form of the remaining genera tors  in the 9~(1, n - t )  basis ,  it  is sufficient to find the gene-  
ra tor  Jn, n_l [the others can be determined f rom the commutation relations (1.2) ]. Using the identities 

_, 0 0 p,,p,~-,S,,-i op. i p,~ 
V,,-ii ~.-z.--. Vn-l=i ~ ,-- 

ap. Op,~ mnmZ,,_iE 2 ra~_' 

0 0 ( ra. 1 )+ ira,, 2 
V : - ~ - -  V:-,=~ + S.-, =p~ ~ , 

Op._, Op,,_, Em~_, E(E~m:)  p . - , m _ ,  

_ ,  m,,Z-.~ +Em S,~p.p~,-i 
V._,S,,,,_,V,,_,=S,,,,-, m,~_,(E+ra,,) + m,,_,(E+m,,~ 

we obtain 

(3.11) 

1" = - ~ { V ( t - - ' - ~ . ) ( t - -  m. \ O "~ , • ~ (3.12) 

The genera tors  (3.11) and (3.12) are Hermit ian with respect  to the scalar  product 

d~-Zp + 
(qh, r 5drn,~ i dra._i Z ~ po q~ (ra,~_l,(z)~2(m,,-i, cz), 

x raa cz 

where c~ denotes the numbers  that label the i r reducible  representat ions of the algebra SO(n--:2) contained 
in the representat ion D(m,  m2 . . . . .  r a [ i  ] ) of the group SO(n). 

3. Similarly,  a representat ion of the algebra 9~(t, n) in the :~(1, n-3) basis  can be determined.  
Subjecting the genera tors  (3.11) and (3.12) to the t ransformat ion 

V , S,,_~po ) m~-2 exp ( 2i.-z----- arctg. Ipl,~-2p,~-~ 
V~-2-- p.-z Ipl~-.~ (E+m._~) (m.-z+m,~-,) ' 

112 2 2 2 2 % l,l~ ( Z * + "  +"- ' - '~  
a ~ n - - 2  

and remembering that (3.12) and (3.2) commute,  we obtain 

2 2 
2 D n - - l ~ g n - - i  V /7 /+n- - t - -n / , n  ~. 

P.-2=e~-2 V rn~-2--m~,, 

(3.13t 

Po=E, P.=p~, P,,=e,,u215 2, 

0 0 
g~=i _--:---,pb -- ~" ~ pa+S.b," a, b<n--2, 

O p•  O p b  

r a n - 2  

�9 i t P . - i P ~ - 2  0 }+ rn~rn=_2 S~, ,~_~, .~-,  so-~op. ,+o_io_.=T/ ~ ' ~ .  --~= 
n?'n--2 /nn--2  n--t 
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. 

whe re  

)v,, 
Ip l . - t=  ( E pJ  

a<n--I 

and using the r e su l t s  of w 1-3, we obtain 

= i ~ P,,P._,,  0:_~_~} + •  ,~-~. 1,, 
"-' - 2  t m,, mJ  

Subjecting the g e n e r a t o r s  (3.13) s u c c e s s i v e l y  to the t r an s fo rma t ions  

+ S,,_,=p~ . Ipl,,-tp.-~ \ 
2i ~ arc~g . V._,= --V m.-,p._, exp ( Ipl.-t (E+m.-,) (m.-,+m._t+,) } 

l 

2 ~ l = 3 ,  4, , 

Po=E, P~=p~, P.-:=e.-: V m . ~ - m ~ + , ,  (z<k, 

03 S tbpb  69 0 
Jo==--ipo Op~ . E+m.-k+, ' a, b<n--k, Y~=i--~p~pb-i-~pbp~+S~ , (3.14) 

_ •  t'._o o } mo_o+, S . . . .  po 
Io,,-~,= 2 t m,_~' Om,_~ m~_~ m,_~, 

7)--"t 

The g e n e r a t o r s  (3.14) a r e  Hermi t i an  with r e spec t  to the s c a l a r  product  

d,,-~ p 

where  X is  the se t  of n u m b e r s  that  c h a r a c t e r i z e  the r ep re sen ta t i ons  of the group SO(n-k)  
sentat ion D(m,, rn2 . . . . .  m [~]  ) of the group  SO(n). 

Thus,  the g e n e r a t o r s  of the g roup  ~ ( t ,  n) in the 9~(t, n-k) .  bas i s  have the f o r m  (3.14). The 
k 

of the t r a n s f o r m a t i o n  f r o m  (3.1) to (3.14) is  given by V= HV~-z.  o p e r a t o r  

, :{_ ~mn-a+~ S . _ ~  =-=+t, 

' m , ~ - ~  ' 0 r / ~  m 2 

in the r e p r e -  

A p p e n d i x  

In D one can int roduce a topology with the countable s y s t e m  of n o r m s  

A =  
2 

~,v 

where  (. ,  . ) is  the s c a l a r  product  in the space  H with r e spec t  to which J~v and Pp a re  Hermi t ian ,  in 
such a way that,  comple t ing  D with r e s pec t  to this  no rm,  we obtain a space ,~ which has  the following 
r e m a r k a b l e  p r o p e r t i e s :  1) q / i s  dense in H; 2) the enveIoping a lgebra  E ( ~ ( i ,  4)) is  the a lgebra  of con -  
tinuous (with r e s p e c t  to the topology of ~) o p e r a t o r s  on ~; 3) �9 is  nuc lear .  

We give the p roof  that  �9 is  nuc lea r .  Using the r e su l t s  of [8] and the fact  that the group ~(1,  4) 
can be obtained by cont rac t ing  the group  SOo (t,5) in the InSnii-Wigner  sense  [9], i t  is  sufficient to show 
that  there  ex i s t s  an o p e r a t o r  X belonging to E(SOo (t,5)) fo r  which X* = X** and X -I  is  nuc lear .  

Cons ider  the o p e r a t o r  A = (C + 1) n, where  C is  the C a s i m i r  ope ra to r  of the group SOo (1 ,5)of  
second o rde r .  I t  follows f r o m  Nelson ' s  t h e o r e m  [10] that  C and C n a r e  essen t ia l ly  se l f -adjoint ,  and 
t h e r e f o r e  A* = A**.  

We show fu r the r  that  A -1 i s  a H i l b e r t - S c h m i d t  ope ra to r .  Obviously 

A - ' =  E i , p~, 
(c+-t) 

i 

where  P/ a r e  p r o j e c t o r s  onto the subspaces  I-I i (I-I i iS the e igenspace  of the C a s i m i r  ope ra to r  C with 
e igenvalue c i ). In addition, i t  i s  e a s y  to show that  fo r  suff icient ly la rge  n 

T h u s ,  A -1 is  a H i l b e ~ - S e h m i d t  ope ra to r .  Since the square  of a H i lbe r t -Sehmid t  o p e r a t o r  is  a lways 
e s sen t i a l l y  se l f -adjoint ,  we can take X to be the o p e r a t o r  (A- l )  ~. Thus,  �9 is  nuc lear .  I t  follows f r o m  
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the p r o p e r t i e s  1-3 that  in ou r  c a s e  the n u c l e a r  s p e c t r a l  t h e o r e m  appl ies  and the v e c t o r s  I P, P,, ]~, ~3; j, ~, • 
of the canonica l  b a s i s  belong to the space  W* (W~H~W*). 
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