
the mode with E = CFk/J~- , which in the cons idered  model is threefold degenera te  in the absence  of a field [4t. 
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RELATIVISTIC PARTICLE OF ARBITRARY SPIN IN A 

COULOMB FIELD AND THE FIELD OF A PLANE 

ELECTROMAGNETIC WAVE 

A . G .  N i k i t i n  

Exact solutions are found for the equations of motion of a charged relativistic 
particle with arbitrary spin in a Coulomb field and in the field of a plane 
electromagnetic wave. 

1. I n t r o d u c t i o n  

Exact solutions of relativistic wave equations are widely used in modern physics [1-3]. For the 
practically important case of the motion of a charge in a Coulomb field, such solutions have been obtained 
only for particles with spins 0, ~ [2], and 1 [4, 5]. 

It is well known that the theory of re la t iv i s t ic  equations for  par t i c les  with higher  spins encounters  
diff icult ies of a fundamental  nature  in the formulat ion of the p rob lem of motion of a par t ic le  in an external  
e l ec t romagne t i c  field. The difficult ies include super luminal  signal propagat ion veloci t ies  and complex values 
of the par t ic le  energy,  which a re  predic ted  by such equations,  and the absence  of s table  solutions in the 
Coulomb p rob lem (see [61 and the l i t e r a tu r e  quoted there) .  

In [71, re la t iv i s t i c  equations of motion for  a pa r t i c le  with a r b i t r a r y  spin were  proposed;  l ike the 
Dirac  equation, these do not have the pathological  p rope r t i e s  l is ted above.  These  equations can be wri t ten 
in the fo rm of the s y s t e m  

[F~--m+Tm (I-iFJ (~-S~.-iF.F.)F~vlw=o, (F~+m)(~-iF~)[S~S~V-4s(s-l)]W~16msW, (1) 

where  ~i, = ,I,(~) is a 8s -component  wave function, 2=(xo, xi, x~, x3), n,=-iO/Ox"-eA., A. is the vec to r  
potential ,  F~,, is the e l ec t romagne t i c  field tensor ,  Ft, a re  8s X 8s ma t r i c e s  sat isfying the Clifford a lgebra  
F~F~+F~F.=2g.~, F~=FoF,F2F3, and S~,. a r e  the g e n e r a t o r s  of the r ep resen ta t ion  [D('/2 0) eD(0 '/~)] | O) 
of the Loren tz  group.  

In the ease  s = ~, the s y s t e m  (1) reduces  to the Dirac  equation for  an e lec t ron,  and for  a r b i t r a r y  
(integral o r  ha l f - in tegra l )  s Eqs .  (1) desc r ibe  the motion of a charged  par t ic le  with spin s and m a s s  m in 
an external  e l ec t romagne t i c  field. 

The main c r i t e r ion  for  evaluating a pa r t i cu l a r  formulat ion of re la t iv is t ic  equations for  pa r t i c les  
with a r b i t r a r y  spin is the poss ib i l i ty  of using them to solve concre te  physical  p r o b l e m s .  [n [77, Eqs.  (1) were  
used to find the energy  s p e c t r u m  of pa r t i c l e s  of a r b i t r a r y  spin in a homogeneous magnet ic  field.  Below, we 
obtain solutions of Eqs.  (1) for  the case  of a charged par t ic le  with a r b i t r a r y  spin in teract ing with a Coulomb 
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field and with the field of  a plane e l e c t r o m a g n e t i c  wave .  

2 .  E q u a t i o n  f o r  t h e  R a d i a l  P a r t  o f  t h e  W a v e  

F u n c t i o n  o f  a P a r t i c l e  o f  A r b i t r a r y  S p i n  

i n  a C o u l o m b  F i e l d  

To solve the p r o b l e m s  l i s ted  above,  it is convenient  to go o v e r  f r o m  Eqs .  (1) to a s y s t e m  of s e c o n d -  
o r d e r  equat ions  for  a (2s + 2 ) - componen t  wave  funct ion.  Mult iplying (1) by %+=*/~(i+iF~) and s . . . .  /~(t-iP~) 
and e x p r e s s i n g  W_=s  in t e r m s  of T + = s  we obtain 

( au~_ra  ~ + e S..F~. ~ W (2a) ~0] 
�9 4sin / 

[S,~S"~-4s (s+i)  ] W_=0, (2b) 

~+ = 1_ r ~ _ .  (2c) 
m 

Thus,  the so lu t ion  o f  Eqs .  (1) r e d u c e s  to finding funct ions ~_  sa t i s fy ing  the s y s t e m  (2a), (2b). The 
condi t ion (2b) means  that 2s - 1 componen t s  of the function q ,  vanish  ident ica l ly .  The r ema in ing  2s + 1 
componen t s  f o r m  a sp ino r  in the space  of the r e p r e s e n t a t i o n  D( s  0) of the Lo ren t z  group [7]. With a l lowance 
fo r  what  we have said above,  Eq. (2a) can be r ewr i t t en  in the f o r m  

[ e ] 
~ - - m  2 + - -  S. ( t t - iE )  O~=0, (3) 

S 

w h e r e  ~s is a (2s + 1 ) - c o m p o n e n t  function,  S = ($1, $2, S 3) a r e  (2s + 1) • (2s + 1) m a t r i c e s  r ea l i z ing  
the i r r educ ib l e  r e p r e s e n t a t i o n  D(s  ) of the Lie a l geb ra  of the g roup  O ( 3 ) :  

[So, &]=ie~oSo, S~=s(s+i ) ,  (4) 

and E and H a r e  the e l e c t r i c  and magnet ic  field v e c t o r s .  

Equat ion (3) can be r e g a r d e d  as a ge ne ra l i z a t i on  of the Z a i t s e v - F e y n m a n - G e l l - M a n n  equation [8] 
to the case  of p a r t i c l e s  with a r b i t r a r y  spin.  

We c o n s i d e r  Eq. (3) fo r  the c a s e  of the Coulomb field, when A = 0, A 0 = z e / x .  The solut ions  of 
Eq. (4) c o r r e s p o n d i n g  to a s ta te  with e n e r g y  v can be e x p r e s s e d  in the f o r m  @~=exp (-iet)O~(X). Taking into 
account  the s y m m e t r y  of  the p r o b l e m  with r e s p e c t  to the g roup  O ( 3 ), we can convenien t ly  r e p r e s e n t  the 
function (~s(X) as  a l i n e a r  combina t ion  of  sphe r i ca l  s p i n e t s :  

O~(x)=q~ (x)~jj_~, x=lxt, 

where ~_~,~=~_~(x /x)  form a complete set of eigenfunctions of the operators j2, J3' 
is the o p e r a t o r  of the total angu la r  momen tum) :  

2 s . s ~ s . 2 t - 4 -  s J ~ j j _ ~ = ] ( ] + l ) ~ j ~ - ~ ;  ] ,~_~ , ,=m~:_~ ,~ ,  L ~_ , ,~= ( ] -~ . )  (]-~. 1)~2~-~, 

m = - ] ,  - ] + 1 , . . . ,  ]; ~=--s,  - - s + t , . . . ,  --s+2m~; m~={ ]']<~s' 
s,j>~s. 

Substi tut ing (5) in (3), we a r r i v e  at the fol lowing equat ions  for  the rad ia l  funct ions (p~(x): 

whe re  

(5) 

and L 2 ( J = L + S = x •  

D ~ -2b ~' (6) ~x  ~,(p , 

2 d ](]§ 
x dx x z ' 

S-x 

X 

i 8 j  
b~,=[k~-)~(2]-~i) ]Sx~' +--(zany' ,  a=ze  2, (7) 

$ 

~s 
- - = ( z e ) - i x 2 S . E  in the bas i s  { j~_~,~}: and ~J axz, a r e  the ma t r ix  e l emen t s  of the o p e r a t o r  

S-x 
/ / ,  

X ~r  

Before we turn to the solution of the system (6), it is necessary to determine the values of the 

(s) 
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coe f f i c i en t s  axv+-+ . F o r  s = { and s = 1, these  coe f f i c i en t s  a r e  given,  f o r  example ,  in [91. In the fol lowing 
sec t ion ,  we find the va lues  of a~a,~ for  a r b i t r a r y  spin.  

S . x  3 .  E x p l i c i t  F o r m  o f  t h e  O p e r a t o r _  
x 

i n  t h e  B a s i s  o f  S p h e r i c a l  S p i n o r s  

The sphe r i ca l  sp inor s  ~ - x , ~  a r e  (2s + 1 ) - c o m p o n e n t  funct ions with componen t s  

(s% ._~ m) "=C,~ . ,_ . ,  uY~_~ ~_~, 

where  C~_~,,_,+, a r e  C l e b s c h - G o r d a n  coef f i c ien t s ,  and Y~_~,~_, a r e  sphe r i ca l  funct ions .  
in (8), se t t ing  ~t=m, x/x=x=(O, 0, i) , and bea r ing  in mind that  [9] 

2]-2)~+I 
Y~_~o(.~) = ( 

4a* ) ' 

we a r r i v e  at the fol lowing s y s t e m  of l i nea r  a lgeb ra i c  equat ions  fo r  the coef f ic ien t s  +J a;~ L, : 

Subst i tut ing (9) 

(9) 

w h e r e  

, s j  
(a,~,-rtS~, ) ( 2 ] - 2 k ' +  l) '/'~ +" ( lO) 

iV, k ' =  { - s ,  - s + t  . . . . .  s, ]~>s, + - s ,  - s + l  . . . . .  s, ]~>s, 
- s , - s + t ,  . . - s + 2 ] ,  j<~s, ~*= ( - ] , - ] + 1  . . . .  ], ]-<-<s. 

We give without  p roof  the gene ra l  solut ion of  the s y s t e m  (10): 

Cll) 

a+j . . . .  j _ ~  ,~ , . t { ' v ( d j - v )  ( d + - v )  ( d ~ + - v )  \ ' /*  

v = s + k = 0 ,  t, 2 . . . . .  d j=2/+t ,  d~=2s+t, dj+=dj+d+. 

Equat ions  (8), (11), and (12) d e t e r m i n e  the expl ic i t  f o r m  of the o p e r a t o r  --S'x in the bas i s  of  sphe r i ca l  
x 

sp ino r s  for  a r b i t r a r y  value of the spin.  In p a r t i c u l a r ,  fo r  s, j 5 3/2 we obta in  f r o m  (12) 

C12) 

(~+12-~12~a-~/~5 ~ -  lz; at0 =aol = -  ~ ; 

,,,; ./,j ~ ] /3 (1+1)  +,,, .,., I 1/ 3] 
,a,], ],=a,]+ , ] , = -  . ~ - F  ~ ; ~ - ' , + - + ] , = ~ - ' ] , - ' ] ~  ]+i ; 

" " V J a~ 2]+t  ' j=/=O; 

1 
::}Z== . 

2 ' 

C13) 

++.,+ .+.,+ I +o .,. .+, ] / + + I  +, , V2%  
a~-+ _ s ~ a _ +  ++-+~-- - - 2  ," a~ ,  - -0 ;  an-+ ~-+~at-+ z - + ~ - -  r 2~-t+ ; a_+ +-+~at-+ - + = - -  

+,/. +,/, i 3(s+])  ~/, v~ i 
C14) 

*'h +V, i ] /  (2S+3) (2S--I) 
a2-+,-, al-,a-, 2 V s(s4-i) ' S=/=V> 

The r e m a i n i n g  coef f i c ien t s  a~.  fo r  s -< 3 /2  and fo r  j -< 3/2 a r e  equaI to z e r o .  

4 .  E n e r g y  L e v e l s  o f  a R e l a t i v i s t i c  P a r t i c l e  w i t h  

A r b i t r a r y  S p i n  i n  a C o u l o m b  F i e l d  

We turn  to the solut ion of  Eqs .  (6). The m a t r i x  I[b~, [1 obvious ly  c o m m u t e s  with the o p e r a t o r  D (7), 
and, at l eas t  fo r  c~ << 1, can be d iagona l ized .  This  means  that the s y s t e m  (6), (7) can be reduced  to the 
fol lowing chain of  decoupled equat ions :  

D(p=x-*b+Jq~, (15) 

w h e r e  D is the o p e r a t o r  (7), and b s) a r e  the e igenva lues  of the ma t r i x  Hb~,[!. Each  of Eqs .  (15) r educes ,  in 
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i ts  turn ,  to the we l t -know equat ion [10] 

w h e r e  

z dz 2 dz 4 4 g=0, (16) 

t [ z ]'/~ eo~ k~=(2 j+ l )2+4(b~ j )24aL  (17) 
Y = T f f  rn.2_e~ j % z=2(m~-e2)  ''~ ,8 = (m2_e~)v;, 

The solut ions  of Eq. (15) can be e x p r e s s e d  in t e r m s  of confluent  h y p e r g e o m e t r i c  funct ions ,  which in the c a s e  
of  bound s t a tes  (~ < m)  r educe  to g e n e r a l i z e d  I , a g u e r r e  po lynomia l s .  The p a r a m e t e r  fi can take the 
values  [I0] 

~ = ( k + t ) / 2 + n ' ,  n '=0 ,  t, 2 . . . . .  (18) 

F r o m  (17) and (18), we obtain 

e = m  t q (19) 
(n '+ ' /2§  [ (]+'/2)~-~+b~]'~=) -z " 

The e x p r e s s i o n  (19) d e t e r m i n e s  the e n e r g y  leve l s  of a p a r t i c l e  of a r b i t r a r y  spin in the Coulomb 
The p a r a m e t e r  bSJ in (19) takes  values  equal to the roo t s  of the c h a r a c t e r i s t i c  equation fo r  the field.  

ma t r i x  (7), 

det [~2-~(2]+l)-b~]Sx~, + - - a a ~  =0, 
S 

where  *J a r e  the coef f i c ien t s  (12). a ~ ,  

Equat ion (20) is an a lgeb ra i c  equat ion of  o r d e r  (2s + 1) if j >- s, o r  of o r d e r  2j + 1  i f j  -< s.  
This  equat ion can be solved in r a d i c a l s  only fo r  s -< 3/2 o r  j -< 3 /2 .  To ana lyze  the s p e c t r u m  (19) in the 
c a s e  of a r b i t r a r y  s and j, it is suff ic ient  to c o n s i d e r  app rox ima te  solut ions  of Eq. (20), which can be 

r e p r e s e n t e d  in the f o r m  

Using (12), (20), and (21), we can r e a d i l y  ca lcu la t e  in expl ic i t  f o r m  the coef f ic ien ts  b~ d i r ec t l y  fo r  

a r b i t r a r y  values  of s, j, and X: 
( a  ~j ~z 

. ~j t [ ( a ~ J )  ~ + ~  ~+~j , 
0h = 2-/~r [ j_~+t  ~_] ] 

where  a~ ~j a r e  the coef f i c ien t s  (12). 

of ~2. 

(20) 

(21) 

(22) 

We subst i tu te  (21) in (19) and expand the function on the r igh t -hand  s ide of (19) in a s e r i e s  in powers  
To t e r m s  of o r d e r  c~ ~ we obtain 

s=rn  \ t - 2 7  ~ n ~(dj-2L) 8 n ~ ] 
(23) 

The e x p r e s s i o n  (23) d e t e r m i n e s  the fine s t r u c t u r e  of the e n e r g y  s p e c t r u m  of a Coulomb pa r t i c l e  of 
a r b i t r a r y  spin in the Coulomb field.  The p a r a m e t e r s  b~ in (23) can be r ead i ly  ca lcu la ted  f r o m  (22}. F r o m  
(22) and (23) it can be seen that  in the gene ra l  ease  each e n e r g y  level  c o r r e s p o n d i n g  to fixed values  of the 
quantum n u m b e r s  n and j is s p l i t i n t o  ks. ) sub leve l s ,  where  ks) = 2s + 1 if j >- s andks)  =2 j  + 1 if j -< s .  
An except ion is the c a s e  s = ~-~, when b7 = 2X/dj , and the c o r r e s p o n d i n g  s p e c t r u m  is degene ra t e .  

Let  us c o n s i d e r  in m o r e  detail  the s p e c t r a  (19) and (23) for  the c a s e s  s -< 3/2 and j < 3. 

(13) and (14), we obtain f r o m  (22) 

dj+L 2 ( t - ) J )  ~ = ~  1,0,--i ,  ]~0, 
b~~ L=0; b~'t'~=2L/d~, s b~"J=X 2d~(d~-)v) dj~-i ' ( - i ,  ]=0;  

t i 3 il 

2 ' 2 ' 2 ' ]=~-2- '  

i i 
2 '  J = -2-- ; 

(dj2-26s (~2 - ~ - ) 
,~= 5 (d + V A )  (s  l 

Z b~ 4~(dj--/~)~) (dj--~la)~) t8 d~(dj+2s (dj--4)~) 

Using 

3 
2 '  )v= 
3 
2 '  (24) 
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b~~ ~.=-s; b' '/~ (-t)'+~+' ] 4s~(2s+l) ) ~ = - s , - s + l ;  b f =  t _ ~ [ ~ /  d~+~' 2(t--~ '~) 
' 2s 2 t d~(d~-~') d~ 

d~=2s+1, k ' = ~ . + s - i ,  X=-s ,  - -s+l ,  - s + 2 .  

F r o m  (23) and (24) we conclude  that in the c a s e  s = 0 Eq. (23) g ives  the wel l -known s p e c t r u m  of 
e n e r g i e s  of  a s c a l a r  pa r t i c l e  (descr ibed  by the K l e i n - G o r d o n  equation) in a Coulomb field [111, and that in 
the case  s = ~ (23) is ident ical  to the f o r m u l a  fo r  the fine s t r u c t u r e  of  the s p e c t r u m  of the hydrogen  a tom 
[11]. F o r  s = 1, the r e s u l t s  given in (23) and (24) a g r e e  with thos~ obtained e a r l i e r  in [5] if we denote 
%=]-v, % ( 2 ] + i - k ) = •  Cons ide r ing  the s p e c t r u m  (23), (24) for  j -< 1, we conc lude  that each level  c o r r e -  
sponding to fixed va lues  of  j and n is spl i t  into two subleve ls  if j = ~ and th ree  fo r  j = 1. The magni tude  
of  the spl i t t ing d e c r e a s e s  with i n c r e a s i n g  spin.  in the c a s e  j = 0 the re  is no spl i t t ing.  

We now turn  to the exact  e x p r e s s i o n  (19). F o r  s <- 3/2 o r  j -< 3/2,  Eq.  (20), which d e t e r m i n e s  
the values  of  the p a r a m e t e r  bS), can be solved exac t ly .  F o r  c o m p l e t e n e s s ,  we give the c o r r e s p o n d i n g  
solut ions  fo r  s -< 3/2 and j ~ 1: 

b '1' J=%~-Z(d~2-4a~) v~, ~.=-+~/~; (25) 

b~=V3+2~cos  [ ' /~(~+2)~)],  ~.=0, +1, ] r  b~~ (26) 

w h e r e  cos "t=b/]/a 3, b--V-- ~2+~/3d -'/.~7, a=b+V27-a2; 

b'/~J_b ~ ~ + - -  ~ (~t, b) =/z  (/~ eA+'vV (i+eA) z-2g-e~A-' (2g+ t2b -9~) ) ,  (27) 

where e and v independent ly  take the values  • 

:t:l, A ]]y-- / ~ - 2 ,  y = t + V 2 ~ t + 2 ~  cos (V~• cos • c=13,a~+2(p~+b-~-l, k = 3 5 f + 3 3 ~ - S 7 ~ b +  

i8b~+33b-l ,  ~=~/~ [j ( /+I)  +2b],  b='/~(al3)~; 

b'~ b"/'=s(s+l)--~-++-~-s]/P(2s+l)~-a~, b"=~/~+2~/pcos['/~(~+2~.n)], X=O,•  

cos ~=q/]/p~, q=V~(a/s)~+ V:,d~--7~7, p=q+*/~7-(a/s)~; b~'/'=s(s+4)--~V~+b~(~ ~, b~), (28) 

W=%[s(s+i)+2b'], b'='A(~/s) ~. 

Subst i tut ing (25) in (19), we a r r i v e  at S o m m e r f e l d ' s  f o r m u l a  for  the hydrogen  a tom.  Equat ions  (19) 
and (26)-(28) g e n e r a l i z e  S o m m e r f e l d ' s  f o r m u l a  to the c a s e  of p a r t i c l e s  with spin 1, 3/2 and to the c a s e  of 
p a r t i c l e s  with a r b i t r a r y  spin (for j -< 3 / 2 ) .  

Note that  ou r  r e su l t  fo r  s = 1 d i f fers  f r o m  the r e su l t  obtained e a r l i e r  in [5], in which,  poss ib ly  
due to a mi sp r in t ,  the t e r m  2 /3  is absent  in the e x p r e s s i o n  fo r  b ~ (cf. (26) and Eq. (9) in [5]; in [5] b ~ is 
denoted by the symbol  ~). In addit ion,  in [5] t h e r e  a r e  two ex t r a  roo t s  b ~~ = ~=~, w h e r e a s  for  s = 1 and 
j = 0 Eq. (7) b e c o m e s  the ident i ty  b ~~ =- 2. 

5 .  P a r t i c l e  w i t h  A r b i t r a r y  S p i n  in  

t h e  F i e l d  o f  a P l a n e  E l e c t r o m a g n e t i c  W a v e  

We now c o n s i d e r  Eq. (3) fo r  the e a s e  when the ex te rna l  e l ec t r i c  field is a plane wave,  

A~=A~(~), r O,A~=k~A;:O, (29) 

whe re  the p r i m e  denotes  d i f fe rent ia t ion  with r e s p e c t  to q~. Subst i tut ing (29) in (3), we a r r i v e  at the 
equat ion 

('-d~O~-2ieA~8~+e~A~A~-m~--~S.F) (IL=0, (30) 

whe re  F=k• We seek  solut ions  of  this equat ion in the f o r m  

q)~=exp (--~p.x ~) W (r p~rn ~. (31) 

Then f r o m  (30) we obtain the fol lowing equat ion fo r  ~ ( ~ ) :  

2ik~p~W" + [ -2ep"A~+e~A~A~ --se S-F] W~0. (32) 

Equat ion (32) is r ead i ly  in tegra ted :  
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~F=exp  - - i  e pvA.~ 2k~,p~ AvA'~ d~- -  2s~p~ S . F  Up, 

0 

where  Up is a constant  spinor ,  conveniently chosen in such a way that the functions (31) de te rmine  
normal ized  solutions of Eq. (3) in the absence  of in teract ion ( i . e . ,  for  A,=F~,=0). 

The m a t r i c e s  S ' F  in the solutions (33) sa t i s fy  the conditions 

where  )~=1/2, 3/2, . . . ,  s; v= l ,  2 , . . . ,  s. Since by definition F'=k,k~A,A~=O, the condition (34) can be wri t ten in 
the fo rm 

(S.F)~,+'=0. 

By vir tue  of (35), the solutions (31) and (33) reduce to the fo rm 

2 s  n 

n = 0 \ ~ ]  exp(iS)Up, 

where S is the c lass ica l  action for  a par t ic le  moving in the field of an e lec t romagnet ic  wave: 

kVxv 

2k,p~ A"A'~ &p" 
o 

We see that, in con t ras t  to Volkov's  well-known solution [12] for  an e lec t ron in the field of a plane 
e lec t romagne t ic  wave,  the solutions of the equations for  pa r t i c les  with a r b i t r a r y  spin depend on the field 
intensity as polynomials  of degree  2s, and not l inear ly .  

I thank V. [. Fushehieh for  in te res t  in the p resen t  work and valuable advice.  

(33) 

(34) 

(35) 
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