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Different ial  equations of f i r s t  and second o r d e r  descr ib ing  the motion of a re la t iv i s t ic  
pa r t i c le  with a r b i t r a r y  spin a r e  der ived .  These  equations provide  the bas i s  fo r  an exact  
solution of the p r o b l e m  of the motion of a pa r t i c l e  of a r b i t r a r y  spin in a homogeneous 
magnetic  field. Covar iant  o p e r a t o r s  fo r  the coordinate  and spin o f  the pa r t i c l e  a re  
found, and these d i f fer  f r o m  the well-known Newton-Wigner  and Foldy-Wouthuysen  
o p e r a t o r s .  The Hamil tonian of a pa r t i c le  in teract ing with an externa l  e l ec t romagne t i c  
field is  app rox ima te ly  diagonalized.  

I n t r o d u c t i o n  

In all manifes t ly  covar ian t  f i r s t - o r d e r  re la t iv i s t i c  equations descr ib ing  the motion of pa r t i c l e s  with 
spin s > �89 the wave equation has more  components  than the number  2(2s  + 1) of poss ib le  s ta tes  of the 
f r ee  p a r t i c l e - a n t i p a r t i c l e  s y s t em .  This  " super f luousness"  is evidently one of the r e a sons  why the K e m m e r -  
Duffin equation [1] (s  = 1) and the R a r i t a - S c h w i n g e r  equation [2] (s  = 3/2), which desc r ibe  the behav ior  of 
pa r t i c l e s  in external  e l ec t romagne t i c  f ields,  have solutions cor responding  to the motion of pa r t i c l e s  with non-  
ze ro  m a s s  with veloci ty  g r e a t e r  than the ve loc i ty  of l ight in vacuum.  At the p r e sen t  t ime,  only the Dirac  
equation, which does not have redundant  components ,  does  not lead to these unphysical  consequences .  

This  dist inguished posi t ion of the Dirac  equation was the s t imulus  for  cons t ruc t ing  equations of 
motion of the f o r m  

O a 
i-~W(t,x)=H(p,S)Vg(t,x),  po-----i ax-, (0. I) 

for  pa r t i c l e s  with a r b i t r a r y  spin, where  the wave function ~I, has  only 2(2s + 1) components  [3,4]. Equations 
(0.1) a re  dist inguished by the fact  that the Hamil tonian H(p,  s )  for  s > �89 is an in tegrodifferent ia l  ope ra to r .  
The r equ i r emen t  that the wave function have no redundant components  and the condition of he rmi t i c i t y  of the 
Hamil tonian and the o ther  g e n e r a t o r s  of the Poincar@ group with r e spec t  to the o rd ina ry  s c a l a r  product  

(W,, tit2) = j" dSxW,? (t, x) W~ (t, x) (0.2) 

lead to the nonlocal equations of motion (0.1) in configurat ion space .  This  c i r c u m s t a n c e  (nonlocality of the 
cor responding  Hamit tonians)  makes  it ve ry  difficult to use  equations of  the f o r m  (0.1) to desc r ibe  the behav ior  
of p a r t i c l e s  with spin s > �89 in ex te rna l  e l ec t romagne t i c  f ields.  In [4], on the b a s i s  of Eqs.  (0.1) a solution 
was found to the p rob l em  of the in teract ion of a pa r t i c le  of a r b i t r a r y  spin with an ex te rna l  field under  the 
assumpt ion  that the par t ic le  momentum is smal l  compa red  with its r e s t  mass ,  i . e . ,  a quas i re la t iv i s t i c  
descr ip t ion  of a par t ic le  in an externa l  field was obtained: 

The equations obtained by Weaver ,  H a m m e r ,  and Good [6] and Mathews and c o l l a b o r a t o r s  [7] lead 
to s i m i l a r  diff icul t ies .  The main dif ference between these  equations and the equations obtained in [3, 4] is 
that the equations of [6, 7] a r e  defined in a space with the s ca l a r  product  

(~ , ,  ~ )  -----~ d3x~,t (t, x) M ~  (t, x), 

where  M is an in tegrodifferent ia l  me t r i c  ope ra to r  that  depends on the momentum and the spin m a t r i c e s .  

Guer t in  [8|, developing the approach  of [3,4], der ived  equations of the f o r m  (0.1) using an indefinite 
me t r i c .  F o r  s > i ,  these  a r e  a lso  in tegrodif ferent ia l  equat ions.  

The p resen t  pape r  is a continuation of [3, 4]. On the bas i s  of the r equ i r emen t  that the Hamiltonian 
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H(p, s)  in (0.1) be a di f ferent ia l  o p e r a t o r  of f i r s t  o r  second o rde r ,  we find ali poss ib le  (to within equivalence 
t r ans fo rma t ions )  Po incar6  invar iant  equations for  a re la t iv i s t i c  par t ic le  of a r b i t r a r y  spin that,  like the Dirac  
equation, admit  a s tandard  introduction of an in teract ion with an externa l  field. The wave function in the 
s e c o n d - o r d e r  different ia l  equations has  only 2(2s  + 1) components .  F o r  the lowest  in tegral  spins (s  = 0, 1) 
these  equations coincide with the well-known T a m m - S a k a t a - T a k e t a n i  equations [9]. Thus,  as  in the T a m m -  
Saka t i -Take tan i  f o r m a l i s m ,  the Hamil tonian H (p, s ) is not Hermi t i an  with r e s p e c t  to (0.2), but it is 
Hermi t i an  in a space with indefinite m e t r i c .  Thus,  an indefinite met r ic  is the p r i ce  that one must  pay if the 
Hamil tonian H(p,  s)  in Eq. (0.1) is to be a di f ferent ia l  o p e r a t o r  and the wave function (I,(t, x)  is not to have 
redundant  components. 

Using the equat ions obtained,  we solve exac t ly  the p r o b l e m  of the motion of a re la t iv i s t i c  pa r t i c le  
of a r b i t r a r y  spin in a homogeneous  magnet ic  field.  It is shown that the equations obtained do not lead to the 
paradox  of causa l i ty  violat ion inherent ,  for  example ,  in the R a r i t a - S c h w i n g e r  equation [2]. 

1.  S t a t e m e n t  o f  t h e  P r o b l e m  

We obtain the d i f ferent ia l  equations of motion of a par t ic le  of a r b i t r a r y  spin on the bas i s  of the 
following r ep resen ta t ion  of the g e n e r a t o r s  Pv and J0v of the group P(1,  3) [5]: 

0 
P0----gs, P.=p.-~-i-~x ~, J~b=xopb--xbpa+S*b, ]oa=xopo--'/2[x~,H,]++)~, Xo=t, (1.1) 

where  [A, B]+ = AB + BA, H s is an as  yet  unknown different ia l  o p e r a t o r  that includes the der iva t ives  O/8x a 
to not h igher  than second o r d e r ,  

S~=S~ (so 0 ~ ,  (a,b,c)cyclic p e r m .  of (t, 2,3), (1.2) 
~o S c  ] .  

Sc a r e  the g e n e r a t o r s  of the i r reduc ib le  r ep re sen ta t i on  D ( s )  of O(3) ,  and )t a a re  ce r t a in  o p e r a t o r s  whose 
explici t  f o r m  is de te rmined  by the r e q u i r e m e n t  that  the g e n e r a t o r s  (1.1) sa t i s fy  the Poincar6  a lgebra  P(1,  3 ). 

Equations (1.1) de t e rmine  the mos t  genera l  f o r m  of the g e n e r a t o r s  of the Po incar6  group c o r r e -  
sponding to local t r a n s f o r m a t i o n s  of the 2(2s  + 1 ) -componen t  wave function of the par t ic le  plus ant ipar t ic le  
s y s t e m  under  a ro ta t ion  of the coordinate  s y s t e m .  Represen ta t ions  of the f o r m  (1.1), where H s for  s > 1 
belongs to the c l a s s  of in tegrodif ferent ia l  o p e r a t o r s ,  were  cons idered  e a r l i e r  in [8]. 

DEFINITION. We shall  say  that  Eq. (0.1) is Po incar6  invar iant  and d e s c r i b e s  the f r ee  motion of a 
par t ic le  with m a s s  m and spin s if the o p e r a t o r s  Pa and Jvv in (1.1) and the Hamil tonian H s sa t i s fy  the 
commuta t ion  re la t ions  of the a l geb ra  P(1 ,  3 ): 

[p,, p .]_=0,  [p,, ] , . ]_=~(g~p~_g~,  ), (1.3a) 

[ l~,v, 1~o] _ =t (g,,J~+g,~l,,-gw, l,,-g,~] r (1.3b) 

p.p~_ H,~-p=2=m 2, (1.3c) 

W,W"W=m2s (s+i)  W, (1.3d) 
! . 

where [A, B]_ = AB - BA, g~v is the me t r i c  t ensor ,  gvv = ( - 1 ,  1, 1, 1), W~ is, the L u b a n s k t - P a u h  v ec to r  

l W~= he~,,J,oP~. (1.4) 

It follows f r o m  what we have said that if we find all such o p e r a t o r s  H s and )~a fo r  which the re la t ions  
(1.3) a re  sa t is f ied we shall  t he reby  have solved the p r o b l e m  of cons t ruc t ing  Poincar~ invar iant  equations of 
the f o r m  (0.1); for  if the re la t ions  (1.3) a r e  sa t i s f ied  then the conditions of invar iance  of Eq. (0.1) under  the 
Poincar6  a lgebra  P(1,  3) a r e  sat isf ied:  

where  QA is an a r b i t r a r y  g e n e r a t o r  of the group P(1 ,  3) .  

2 .  D i f f e r e n t i a l  O p e r a t o r s  H s o f  S e c o n d  O r d e r  

We give the solution of ou r  p r o b l e m  in the f o r m  of the following theo rem.  

THEOREM. All poss ib le  (to within equivalence t r an s fo rma t ions  rea l ized  by numer ica l  mat r i ces )  
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differential opera tors  H s of second o rde r  satisfying the algebra P(1,  3) (1.3) are  given by the formulas  

t H~=a,mTasklS.p+ ~m (a,-ia~) if-(k,S.p)~], (2.1) 

tt,=a, (,m_k ~ )  _~(h[p~§165 (S.p)~, p2=p ,§ ,Tp ,, (2.2) 

2m 2m 

H'/~=a'(m+~--m )+~m G~[(S'P)2--~/'f]§ 2rai 'k"--iOsf' (2.4) 

where ~a are  2(2s + 1 ) - row Pauli mat r ices  that commute  with Sa, and k~ (1 = 1, 2, . . . ,  5) are  a r b i t r a r y  
complex pa r ame te r s .  

The proof can be made in accordance  with the scheme descr ibed in detail in [3-5]. Fo r  brevity,  we 
omit  it. We give only the explicit fo rm of the opera to r s  Xa for  which the genera tors  (1.1), (2.1)-(2.5) 
sat isfy the relat ions (1.3) (which can be proved by di rec t  verification).  

If the Hamiltonian H s has the fo rm (2.1), 

~. ~ ( t ---~-~ ) [ io3S.--~((h--i(h) (pX$). ]. (2.6) 

If H s is given by one of formulas  (2 .2)- (2 .5) ,  

i H, 

2 z ~  z 'i~ where B~=2E+[H~, ~]§ E=( f+m~)  '~, p=(p: +p2 p~ ) , A = i [ H .  A]_. 

Remark  1. It can be seen f rom Eqs.  (2.1)-(2.5) that the relat ions (1.3) determine the Hamiltonians 
of the relat ivis t ic  par t ic le  to within constant complex numbers  k l (l = 1, 2 . . . . .  5). Equation (0.1) with 
such Hamiltonians is invariant under the "strong ref lect ion" t ransformat ion  O = CPT but, in general ,  is not 
invariant  under the P, C, and T t ransformat ions .  The invariance of Eq. (0.1) under any of these t r a n s f o r m a -  
tions can be ensured by a special choice of the numbers  k/. For  example, if we set k~ = 1/s  in Eq. (2.1) for  
spin s = ~, and in Eqs.  (2 .2 ) - (2 .5 )we  set k 2 = 1, k 3 = 0, k 4 = t, k 5 = 0, then we obtain P- ,  C-, and T -  
invariant Hamiltonians of the fo rm 

p2 

H,l~=~im+2c~S-p, (2.9) 

p2 

1 (2. 11) 
2m 8m j " 

The opera to r  (2.9) coincides with the Dirac Hamiltonian, and the opera to r s  (2.8) and (2.10) with the 
Tamm--Sakat i -Taketan i  Hamiltonians [9] for  par t ic les  with spin s = 0, 1. The opera to r  (2.1) for  spin s = 
was considered ea r l i e r  in [10]. 

Remark  2. All the genera to r s  of the group P(1,  3) determined by formulas  (1.1), (2.1), and (2.6) 
�9 belong to the c lass  of differential  ope ra to r s .  Fo r  ki = 2, the genera tors  J0a (1.1), (2.6) take the par t icu la r ly  

simple fo rm [3, 4] 
]o~=xop~--i /2[ x~, H~ ] +. (2.12) 

Remark  3. 'The Hamiltonians (2.1)-(2.5) and the remaining genera tors  (1.1), (1.2), (2.6), and (2.7) 
of the group P( 1, 3 ) can be reduced to the canonical Foldy-Shi rokov fo rm [11, 12, 3, 4]. This is achieved by 
the i sometr ic  t ransformat ion  
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Po-+Po~=VPoV-'=o,E, Pa'+P.~=VP.V-'=p~, ~ _ -l__ 

..~ a , " ~ ~ a Sabpb 
Yo~, Yo~ =T'Yo~V- =xop~-- /~[x.,Po ]+--o~ E---~m , E=(m~+pZ) '~, 

where  the ope ra to r s  V have the f o r m  

a P V----V~V2Vs, V,=exp((h  S.p rth-~-) V~= 2-~[E~,++m~,--2(h~-S.p] , 
p 

Vs- - -exP[Tm O,~+(kr ] , ~ '= 'A( i •  

fo r  the Hamiltonians (2.1) and 

fo r  the Hamiltonians (2.2)-(2.5) .  

V= (E +o,H~) (2E2+E[ H,, ~, ] +)" 

(2.13) 

3 .  D i f f e r e n t i a l  F i r s t - O r d e r  H a m i l t o n i a n  E q u a t i o n s  

By analogy with the Dirac e lec t ron  theory ,  we postulate that in Eq. (0.1) the Hamiltonian I~ s of a 
re la t iv is t ic  par t ic le  with a r b i t r a r y  spin is a different ial  ope ra to r  that includes der iva t ives  with respec t  to the 
spatial var iab les  of not h igher  than f i r s t  o rde r :  

(3. 
where F;') a re  ce r t a in  numer ica l  ma t r i ces .  

We choose the gene ra to r s  of the represen ta t ion  of the Poincar~ group which is rea l ized on the 
solutions of Eq. (0.1) with the Hamiltonian (2.1) in the f o r m  

. a  
Po=tt., P.=p.=--r-~x~,  J~.=x,p~-x~p,,+S~, (3.2) 

where S~v are  ma t r i ces  that f o rm  a f ini te-dimensi0nal  representa t ion  (in the general  case  reducible) of the 
a lgebra  0 ( 1 ,  3) .  Equations (3.2) specify the most general  fo rm of the genera to r s  of the group P(1,  3) 
corresponding to local t r ans fo rmat ions  of the wave function. 

and 

where 

Determining all poss ible  Hamiltonians of the fo rm (3.1) is tantamount to finding all mat r ices  F,(~) 
S~v such that the ope ra to r s  (3.1) and (3.2) sat isfy the Poincar5 a lgebra  (1.3). 

We show that the requi red  equations of motion of a par t ic le  with spin s and mass m have the fo rm 

~ . - z = ~ w ,  ~,=rY' "'"' - " ' "  -l, po~-L) -m, (3.3a) 
Ot 

t Pil-, 

so:= so soo, 
a,b 

F, ('), Sab are  8s - row ma t r i ce s  de te rmined  by the re la t ions  

,rrC'~rml-, , - ,  J+=,-g~,,9 . . . .  l , = u , ~ ' ~ ' ( ' ) ' ( ' ) r  ( ' ) ~  1, , , S~,----t~,+/,,, [x~,,ho]_=0, t~=-~l~ 1 , ,  

jab=it, joa=i]a, [j,,jb]--=i]c, Zj~=]( j 'k i )=S(S-- l ) ;  
a 

(3.3b) 

(3.3c) 

(3.4) 

i. e., the matrices F, ~), as in the case of the Dirac equation, satisfy the Clifford algebra, and the matrices 
S~v are generators of the representation [D(I/2, 0)@D(0, I/2)]eD(s--I/2, 0) of O(i, 3 ); for using (3.4), we can 
readily show that the Haniiltonian (3.3a) and the generators (3.2) satisfy the conditions (I. 3a) and (i. 3b). With 
regard to the condition (I. 3d), it can be written in accordance with (I. 4), (3.2)-(3.4) in the form (3.3b): 

i [~im~W~W~-s(s-i) ] W ~ P ~ W = W  , 
2s 
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where  Ps is the o p e r a t o r  of pro jec t ion  onto the subspace  cor responding  to fixed spin s [5]. 

Using the identity 

)p .  -- -~-s [&.s~-4s (s-i) ] (i+r, ( l + r : "  o)), 

we can wri te  Eqs.  (2.3) in the mani fes t ly  covar ian t  f o r m  

(F~('~p~-rn) W----0, (3.5a) 

(F~'~p~+m) (l+F~ (~ (S~,S~'-4s ( s - i )  ] T=i6msW. (3.5b) 

By vir tue  of what we have said above,  Eqs.  (3.5) a r e  Poincar~  invar iant  and desc r ibe  the f ree  
motion of a pa r t i c le  with fixed spin s and m a s s  m. 

R e m a r k  1. Equations (2.5) a r e  also defined for  the case  m = 0. Imposing in this case  on the wave 
function ~I, the additional Poincar~  invar iant  condition ( i - F J ' ) ) W = 0 ,  we obtain f r o m  (3.5) equations of motion 
for  m a s s l e s s  p a r t i c l e s  of a r b i t r a r y  spin, these being equivalent  for  s = �89 to the Weyt equation for  neutr inos  
and for  s = 1 to the Maxwell equations for  the e lec t romagne t ic  field in vacuum [13]. 

R e m a r k  2. By means  of the t r ans fo rma t ion  W ~ O = W W ,  where 

Eqs.  (2.3) and (3.5) can be reduced to the diagonal f o r m  

i_~ r162 p .r162  
Ot 

On the solutions of Eqs.  (3.6), g e n e r a t o r s  of the group P(1,  3) have the canonical  f o r m  (2.1). 

Note that in [14] 8s -component  diffe~:entiat equations of f i r s t  o r d e r  descr ib ing  the motion of a f r ee  
par t i c le  with a r b i t r a r y  spin s were  a l so  p roposed .  In con t ra s t  to (5.1) and (5.2), these equations become 
incompat ib le  when allowance is made for  an in terac t ion  of the par t i c le  with an ex te rna l  field.  

4 .  C o v a r i a n t  C o o r d i n a t e  a n d  S p i n  O p e r a t o r s  

On the t rans i t ion  to a new iner t ia l  f r a m e  of r e f e r ence ,  the o p e r a t o r s  of the physical  quant i t ies  N i 
(coordinate,  spin, e t c . )  t r a n s f o r m  as  follows: 

N~-~ N,'=exp ( iQ~O~) N~ exp (-iQ~Oz) , 

where Qz (l  : 1, 2 . . . . .  10) a r e  the g e n e r a t o r s  of the Poincar6  group and 0 l a r e  the t r ans fo rma t ion  
p a r a m e t e r s .  

One of the diff icul t ies  encountered in r ep re sen ta t i ons  of the type (1.1) (when the g e n e r a t o r s  J0a 
cannot be e x p r e s s e d  as  a sum of commut ing  "spin" and "orbi ta l"  par t s )  is that the o p e r a t o r  x v has a non-  
covar ian t  t r ans fo rma t ion  law under  which the in terval  is not conserved ,  xo2-xa2~(Xo')2 (x,)2. There fo re ,  x v 
cannot  be in te rpre ted  as  a covar ian t  coordinate  o p e r a t o r .  

Below, we shall  de t e rmine  the covar ian t  coord ina te  o p e r a t o r  in the r ep resen ta t ion  (1.1) and (2.1). 
In pr inciple ,  we shall  the reby  solve the p r o b l e m  for  the a r b i t r a r y  represen ta t ion  (1.1) and (2.6), since the 
g e n e r a t o r s  J0a (2.12) and (1.1) and (2.6) a r e  re la ted  by the equiva!ence t r ans fo rma t ion  J0a ~ VJ0a V-~, where  

V = e x p [  (a,-ia2) (2-k,) 2--~S.p 1. 

We go o v e r  to a r ep re sen ta t i on  in which the g e n e r a t o r s  J0a (2.12) have a local ly  covar ian t  fo rm:  

]o.--z~176 s,.=ia2&, p~ (4.1) 
Ox~ 

This  is achieved by the t r ans fo rma t ion  

i 
Io. = V]o.V-', V : exp [ - ~ m  (az + ia,) (2S'p - P~ ] �9 

In the r ep resen ta t ion  (4.1), 

(4.2) 

the covar ian t  coordinate  ope ra to r  :~v can be chosen in the f o r m  :~v = xp. 
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By means  of the inverse  of the t r ans fo rma t ion  (3.2), we obtain the explici t  f o r m  of these  o p e r a t o r s  in the 
or ig inal  r ep r e sen t a t i on  (2.12): 

/B 

On the t rans i t ion  to the new iner t ia l  f r a m e ,  the o p e r a t o r s  Xp t r a n s f o r m  as  the components  of a f o u r - v e c t o r  
and sa t i s fy  the canonical  commuta t ion  re la t ions  

[p,. X.]_=~g,.. [X,. X.]_=O. (4.4) 

All this  enables  us  to conclude that  X v (4.3) can be in te rp re ted  as  covar ian t  coordinate  o p e r a t o r  of the 
pa r t i c l e .  

In the case  s = �89 the o p e r a t o r s  (4.3) take the mani fes t ly  covar ian t  f o r m  

, i x~--x.-~-.m (i+~,) ~., (4.5) 

where  ~=a , ,  ~f0=~,, %-----2/~2Sa a re  Dirac  m a t r i c e s .  By what we have said above,  the o p e r a t o r  (4.5) can be 
chosen as  covar i an t  coordinate  o p e r a t o r  of a Di rac  pa r t i c l e .  It is in teres t ing  to note that with this definition 
of the coordinate  the ve loc i ty  o p e r a t o r  

2,ffi  - ~[H,,,,X,] . . . .  (i  + ~,)~o p" 
m 

(where H!  is the Dirac  Hamil tonian (2.9)) has  continuous s p e c t r u m  and sa t i s f i es  the re la t ion iX., Xb]=0. How- 
' e v e r ,  [H,h, X~]- 0. 

We emphas i ze  that the o p e r a t o r  (4.5) d i f fe rs  e s sen t i a l ly  f r o m  the coordinate  o p e r a t o r s  proposed  
e a r l i e r  by Newton and Wigner  [15], Foldy and Wouthuysen [16], and many o the r s  [17]. The dif ference is that 
the o p e r a t o r  (4.5) is local  and t r a n s f o r m s  as  a covar i an t  fou r -vec to r ,  whereas  the coordinate  o p e r a t o r s  
proposed  in [15-17] belong to the c l a s s  of nonlocal in tegrodif ferent ia l  o p e r a t o r s  with noncovar iant  t r a n s -  
fo rmat ion  law. 

We give the explici t  f o r m  of the covar i an t  o p e r a t o r  Z~v of  the spin of the par t i c le  descr ibed  by 
Eq.  (0.1) with the Hamil tonian (2.1): 

i t 
~=S~b+~m(iO~+c,)S~pd , (a,b,c)=(i,2,3), Eo~=iosSb~---(ia~+g2)[2S.p--po, 

By analogy with (4 .1)-(4.3) ,  we can show that  the o p e r a t o r s  Y~  t r a n s f o r m  as  a covar ian t  t ensor  of second 
rank,  and the o p e r a t o r  ~ab c o m m u t e s  with the Hamil tonian and is an in tegra l  of the motion. 

Note also that the coordinate  o p e r a t o r  of the par t i c le  descr ibed  by Eqs.  (3.5) can be obtained f r o m  
(4.5) by means  of the subst i tut ion ~ ~ F~ ~). 

5.  E q u a t i o n  f o r  a C h a r g e d  P a r t i c l e  i n  a n  

E. x t e r n a l  E l e c t r o m a g n e t i c  F i e l d  

One can show that  the introduction of a minimal  e l ec t romagne t i c  in teract ion d i rec t ly  in Eqs.  (3.3) o r  
(3.5) has  the consequence that Eqs .  (3.3) as  well  as  Eqs.  (3.5) become  incompat ib le .  In o r d e r  to ove rcome  
this difficulty, we wri te  (3.3) in the f o r m  of the single equation 

where  >t is an a r b i t r a r y  p a r a m e t e r .  The equivalence of (5.1) and (3.3) follows f r o m  the re la t ions  

The mani fes t ly  oovar ian t  s y s t e m  (3.5) can, in i ts  turn,  be wri t ten in the f o r m  

[B , ( r ( ' : f _m) - •  ]v~=O, B,= t6-~s(r~',p~+m) (l+r$~) [s,~s~-2s(s-~) ] , (5.2) 

since 

208 



[B., r(~'~p'--m]_W---O, B,B,=B. 
In (5.1) and (5.2) we make the substitution p,-~n,=p,-eA~, where A, is the vec to r  potential  of the 

e lec t romagnet ic  field, and we show that as a resu l t  (5.1) and (5.2) reduce to a sys tem of manifest ly covar iant  
f i r s t - o r d e r  differential  equations descr ibing the causal  motion of a charged par t ic le  of a r b i t r a r y  spin in.an 
external  field. Since Eqs.  (5.1) and (5.2) u l t imate ly  lead to the same resul ts ,  we cons ider  only Eq. (5.1), 
which takes the fo rm  

{P, (:~) [~o-~. (~)] +• ~=0, (5.3) 

,t:~)=z0 ~; :~~ m, ~ , (~ )=P .+  (I-L('))[F~')=~,p.]_. (5.4) 

Multiplying (5 .3 )by  P,(~) and [l--P,(g)] and using the identit ies 

we a r r i v e  at the sys tem of equations 

~-~ -.' (t, z ) = / L  (~, A,) �9 (t, ~). (5. 5) (.~ c,) (. t r(.)(i_rC.~) r t ~ ~,c.~,,c.~l 

{P.+ ~ ( , - r , " )  [r:%~, P.]_} ~=o, (5.6) 

which, like (3.3), can  be wri t ten in the manifest ly covar iant  fo rm 

I i c~ c.~ F,,]  (5.7) 

(m+F,~ ~) ( i - r~  ~ ) [S,.S~'-4s(s-i) ] W--i6rasW. (5.8) 

We show that Eqs.  (5.7) and (5.8) do not violate causal i ty .  To this end, we make the substitution 

W(t,x)-~V.(t,x), V~-exp[ (l-r{") ~---~r,'~]. (5.9) 

Substituting (5.9) in (5.7) and multiplying the resu l t  f rom the left  by the ope ra to r  

F=m+'/2 (r.C'~zr - t ~ F  t ~\ 

where }Iob-----S~b, ,~o~----iS~o, we a r r ive  at the.equation 

( ~ - m ' - - ~ s  ~ ' ~ .  ) �9 (t,x) =0. (5.10) 

F r o m  (5.8) and (5.9) we obtain an additional condition for  6 in the fo rm 

P,q)=O or  '/2S~b2O=s(s+t)O. (5.11) 

Equations (5.10)-(5.11) genera l ize  the Z a i t s e v - F e y n m a n - G e l l - M a n n  equation [18] for  s = ~ to the 
case  of a par t ic le  of a r b i t r a r y  spin. The solutions ~(t, x)  of this equation descr ibe  [19] causal  propagation 
of waves (with subluminal velocity).  The solutions ~I,(t, x )  of Eqs.  (5.7)-(5.8),  which a re  re la ted to ~(t, x)  
by the equivalence t ransformat ion  (5.9),  obviously have the same p rope r t i e s .  

Thus, we have shown that Eqs .  (5.7) and (5.8) descr ibe  the motion of a charged relat ivis t ic  par t ic le  
with a r b i t r a r y  spin in an external  e lec t romagnet ic  field and do not violate causal i ty .  Note also that Eqs.  (5.7) 
and (5.8) admit  a Lagrangian formulat ion;  for  choose the Lagrangian density L (x )  in the fo rm 

0cr'a~ v ,.,,) +v ,., ~ 1 ~ / . ~ . ~ '  (5.12) L(x)=(m~'+i F~ (t F, )[S~,S W-4s(s-l) +i6rnsWg'W" 
where 

X 

q, and X a re  8s-component  functions,  and F,(~, 8,, a r e  t6s  • 16s matr ices :  
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r$ o ( r:.= ,: ), fro'" o ). r,-,.= ,o ~ v O  \ 

'" - r : ' ,  r,;, o I '  (o  

Using the principle  of l eas t  action, we obtain f ro m  (5.12) Eqs.  (3.5) for  the function ~I, and the equations that 
0 0 

a re  the complex conjugate of (3.5) fo r  the function X. Making in (5.12) the minimal substitution ~ - - , -  ~ + 
Oz, Ox~ 

~A~, we a r r i v e  at Eqs.  (5.7) and (5.8). 

6.  E x p . a n s i o r ~  in  P o w e r s  o f  1 /m  

The Hamiltonian (5.5) can have both posit ive and negative eigenvalues.  By means of a s e r i e s  of 
success ive  t rans format ions ,  we obtain f rom (5.5) an equation for  s tates  with posit ive energy,  in the same 
way as  Foldy and Wouthuysen [16] did for  the Dirac equation. Then the ope ra to r  I~s(~ , A 0) will be r e p r e -  
sented in the fo rm of a s e r i e s  in powers  of l / m ,  which is convenient for  per turbat ion calculat ions.  

The main difficulty in diagonalizing Eqs.  (5.5) and (5.6) is that it is n e c e s s a r y  to find t ransformat ions  
that reduce to diagonal f o r m  two different  equations s imultaneously.  We diagonalize f i r s t  the additional 
condition (5.6), and then, using ope ra to r s  that commute  with the t rans formed equation (5.6), we reduce 
Eq. (5.7) to diagonal fo rm.  

We subject  the wave function W (t, x) to the t ransformat ion  W.-,-~=VW, where 

/F (') " ~'~)" ' . 

Applying the ope ra to r  (6.1) f r o m  the left  to (5.5) and (5.6), we obtain an equation for  WF : 

H, (~,.Ao)~=i~t ~'  H'(n'A~ 2 ~  Fff) ( l -  (k,S p)Z+ ~S(H-iE+ik,E)], (6.2) 

P,~----~ o r  '/~S,~'W=s(s+i)VF, (6.3) 

where H.=-t[a~, no]_ and Eo=-[u0, ~ ]_  a re  the s t rengths  of the magnetic and e lec t r i c  fields,  and Ps is the 
project ion ope ra to r  (3.3c).  

F r o m  (6.3) and (3.4) we conclude that the wave function if/ has 2(2s + 1) nonzero components .  The 
m a t r i c e s  Sab and the ma t r i ces  I'0 "~, F~ (~ which commute with them on the set  of such functions can be 
represen ted  in the fo rm  

(so 0 )  p(,, = ( 0  I )  ~(,, / I  0 )  
, . .  l ,  ~,~3=~0 --I ; (6.4) S,b~S~= 0 s~ I 0 ' ' 

where s c a re  the gene ra to r s  of the represen ta t ion  D(s )  of the group O(3) ,  and I and 0 are  the (2s + 1 ) -  
row unit and null matr ix,  respec t ive ly .  Substituting (6.4) in (6.2), we obtain the Hamiltonian Hs(V , A 0) in 
the f o r m  

i {g~--(k,S'~ff+--~eS[II-i(l-k,s)E]} +eAo. H, (g, A0) =~im+kla0S.~+ ~-~m (o~-ioz) s (6.5) 

Equation (6.5) gene ra l i zes  the Hamiltonian (2.1) fo r  a f ree  par t ic le  of a r b i t r a r y  spin to the case  of 
in teract ion with an external  e lec t romagnet ic  field. Thus, on the basis  of the manifest ly covar iant  equations 
(5.7) and (5.8) we have obtained a p resc r ip t ion  for  introducing interact ions into the Poincar6 invariant  
equations without redundant components  found in Sec. 1. 

We t r a n s f o r m  (6.5) to diagonal fo rm.  As in the case  of the Dirac equation [16], this can be done 
only approximate ly  for  v~ << m. Making a s e r i e s  of success ive  t ransformat ions :  

/ . kiS.~ 
H~(~, Ao)-~V~V2V,H~(~, A.)V,-'V2-tV~-'=H/(~, Ao), V~=exp (-~oz m ) 

and ignoring t e r m s  of o rde r  1 /m  a we obtain 

]_]} 
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( zz e S . H ) + e A r , ~ ( S . E • 2 1 5  ' e [i_~Qob~E. +s(s+l)diVE] + 
It," (n, Ao) = ~  m +  2m 2sin 24m:s' t z ax~ 

ie(2s--i) H + e_l~ OH, 
8ra~s ~ (S .n•  • 24rn~s~Q,b'~Xb, Q~=3[S,,S~]+--2~o,S(S+I). (6.77 

On the set of functions satisfying the additional condition o,O=| the Hamiltonian (6.7) is posi t ive-def ini te  and 

contains t e rms  corresponding to dipole ( -  2 : ~ S . H ) ,  sp in -o rb i t  ( -!i6m~s " ~  - (S .EX:c-S-g•  quadrupole 

( 48s2-m ~ e  Q,b~Xb),OE,\ and Darwin ~,{--+e(s+l)24sm, d ivE)  in teract ions  of the par t ic le  with the field. The two las t  

t e rms  in (6.7) can be in terpre ted  as magnetic s p i n - o r b i t  and magnetic quadrupole in teract ions .  

The approximate  Hamiltonian (6.6) coincides with the one obtained in [20], in which the point of 
depar ture  was the Z a i t s e v - F e y n m a n - G e l l - M a n n  equation (5.10). In the case  s = ~, (6.7) coincides with the 
Hamiltonian of Foldy and Wouthuysen [16] obtained f ro m  the Dirac equation. 

7.  E x a c t  S o l u t i o n  o f  t h e  E q u a t i o n s  o f  M o t i o n  f o r  

P a r t i c l e s  o f  A r b i t r a r y  S p i n  in  a H o m o g e n e o u s  

M a g n e t i c  F i e l d  

Let  us cons ider  the sys tem of equations (5.5) and (5.6) for  the case  of a par t ic le  in a homogeneous 
magnetic field. Without loss of genera l i ty  we can assume that the vec to r  H of the s t rength of this field is 
para l le l  to the third project ion p~ of the par t ic le  momentum. Then the components  of the e lec t romagnet ic  
field t ensor  Fp,  a re  

Fo,=E~=O, F2s=Hl =0, F~i =112=0, FI~=H~=II. 

It follows f r om (7.1) that v~ can be chosen in the fo rm  

~i=pt-eHx2, n~=p~, u,=p~, 

Substituting (7 .1 )and  (7.2) in (5.8), we obtain Hs(lr) in the fo rm 

0 

H.(,)--r:"r:%.+r:' § r~ { - s . )  

We t r a n s f o r m  Hs(Tr) to a f o rm  in which it contains only commuting quanti t ies .  
de te rmine ,  without solving the equations of motion (5.5) and (5.6), the eigenvalue spec t rum of the Hami l -  
tonian (7.3); for  as a resu l t  of the t ransformat ion  

H,(~,) -+H,'(:,)=VH.V-', P.(~)-+ P,'(~)=VP,(~) V -t, 
whe re 

! 1 x '/, 

(7.1) 

(7.2) 

(7.3) 

This enables us to 

(7.4) 

we obtain 

in [21]. 

, O - t  t ,~'t~ (=7=r0 ) , (7. 
P,~=qJ o r  l/2Sab'~)=S(8-}'t)r , ~=V~I t". (7.6) 

The ope ra to r s  Fg '~, S,~ and ~2 commute with one another  and have the eigenvalues 

F0 (')$=eq), e = •  Si2r s s = - s , - s T i  . . . . .  s, (7.7) 

n2O=[(2n+t)H+p~]O, n=0, l, 2 . . . . .  (7.87 

Equations (7.7) follow d i r ec t ly  f r om (3.4) and (7.6), and the relat ion (7.8) is derived,  for  example,  

The square  of the Hamiltoniaa (7.5) and the ope ra to r s  (7.7) and (7.8) have a common sys tem of 
eigenfunctions ~,,,,~,. Hence and f r o m  (7.7) and (7.8) we conclude that the eigenvalues of the Hamiltonian 
(7.5) a re  equal to 

Ee~8~,=e Ira2+ ( 2n + t--s~/s ) eH Tp~ ] v'. (7.9) 
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The relation (7.9) generalizes the well-known formula [21] for the energy levels of an electron in a 
homogeneous magnetic field to the case of a particle with a rb i t ra ry  spin s. As can be seen f rom (7.9), the 

values of such a particle are real for all s, whereas the Rarita-Schwinger equation for s = 3/2 leads energy 
to complex energies when the analogous problem is solved [2]. 

For  completeness we give the form of the eigenfunctions @...~, 

(I) . . . .  p,----q)~r 

w h e r e  q).p, a r e  t h e  e i g e n f u n c t i o n s  o f  t h e  o p e r a t o r  ~2 [21] 

�9 . H Pi 

H n are Hermite polynomials, and ~ ,  O., are eigenfunctions of the operators  r(.) and --0 Si2  ' 
form can be readily found for any part icular  representation of the matrices F(0"J and S~2. 

(7.10) 

(7.11) 

whose explicit 
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