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Nahm's problem

Let r > 1 and
qgnTAn-l—nTB-l-C
Fasg,clq) = Z D (D lgl <1
ne(Zso) . q ne
where
A € M,(Q) positive definite, symmetric
n
BeQ", CeQ, (q)a=]J-d"
k=1
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Nahm's problem

Let r > 1 and

LT AntnTB+C

2
Fasg,clq) = Z q

nE Z>

, gl <1
D g

where
A € M,(Q) positive definite, symmetric

n

BeQ", CeQ, (qa=]JC1-d¢"

k=1

Problem (Werner Nahm): for which triples of parameters (A, B, C)
the function Fa g c is a modular form?
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thecase r =1

Theorem(D. Zagier, M.Terhoeven, 2007) All triples (A, B, C) in
Q4+ x Q x Q for which Fa g ¢ is modular are given in the following

table.
A B C FaB.c(e*™)
2 0 —1/60 05,1(2)/n(2)
1 11/60 05,2(2)/n(2)
1 0 —1/48 n(z)*/n(5)n(22)
1/2 1/24 n(2z)/n(z)
—1/2 1/24 2n(22)/n(2)
1/2 0 —1/40 | 651(%)n(22)/n(z)n(4z)
1/2 1/40 | 65,2(%)n(22)/n(z)n(42)
Here n(2) = g/ TIS4 (1 — a"), 05 5(2) = X (—1)in/100gr /%0,
n=2j—1(10)
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Asymptotics of F4 g c(q) when g — 1

Lemma. Let F(q) be a modular form of weight w for a subgroup
of finite index ' C SL(2,Z). Then when £ \,0

F(e™®) ~ be et (1 + o(eN)) VN >0

for appropriate numbers a, b € C. Moreover, a € 72Q here.

Masha Vlasenko Nahm's conjecture about modularity of g-series



Asymptotics of F4 g c(q) when g — 1

Lemma. Let F(q) be a modular form of weight w for a subgroup
of finite index ' C SL(2,Z). Then when £ \,0

F(e™®) ~ be et (1 + o(eN)) VN >0

for appropriate numbers a, b € C. Moreover, a € 72Q here.

Strategy: compute the asymptotics of F4 g c(e™°) when ¢ ™\, 0.
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Asymptotics of F4 g c(q) when g — 1

Lemma. The system of equations
T A
_ 0O — i .
1 QI_HQJ 5 I—l,...,r
j=1

has a unique solution with Q; € (0,1) forall 1 </ <.
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Asymptotics of F4 g c(q) when g — 1

Lemma. The system of equations
T A
1_Qi:HQjU7 i=1,...,r
j=1
has a unique solution with Q; € (0,1) forall 1 </ <.

LnT An+nTB+C

N\, anlq) = T
Fap,.c(q) = zn: n(q) n(q) (@D ---(Q)n,
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Asymptotics of F4 g c(q) when g — 1

Lemma. The system of equations
T A
1_Qi:HQjU7 i=1,...,r
j=1
has a unique solution with Q; € (0,1) forall 1 </ <.

LnT An+nTB+C

q2
Fapcla)=) an(q) an(q) = 77—
2 an " (@D (@)
Let g — 1 and n; — oo so that ¢ — Q;. Then

1 , , ,
3n+e,-(Q) B anAe,—i-ze,.TAe,-i-eiTB Qf:l o Q;A” B
= — =1.

an(q) 1— gnitl 1 - Q
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Asymptotics of F4 g c(q) when g — 1

Lemma. The system of equations
T A
1_Qi:HQjU7 i=1,...,r
j=1
has a unique solution with Q; € (0,1) forall 1 </ <.

q%nTAn—l—nTB-I-C
F, = a d ) (9.
A8,c(q) zn: n(q) n(9) (@) - (9)n,

Let g — 1 and n; — oo so that ¢ — Q;. Then

T e+ lel Aeitel A; .
3n+e,-(Q) _ q" Aei+3e] Aej+e B R Q... QrA,r _
an(q) 1—gnit! 1 - Qi

For fixed small e terms a,(e™¢) are maximal around

o~ <_M7, _—/L(Qr))_

.
3 9
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Asymptotics of F4 g c(q) when g — 1

Theorem. There is an asymptotic expansion
o
FA,B7c(e_8) ~ 6e?_“"5 (1 -+ Z CmEm) , e N0
m=1

with the coefficients given as follows:

r

a =Y (L1)- L)) >0,

i=1

B_detA—l/ZHQ Q) 1/2’ ’7—C 1 1+ Qi

1_QI

where L(x) = Li>(x) + 3 log(x) log(1 — x) is the Rogers dilog,

Qi

>0
- Qi

A = A+ diag{&,..., &}, f:—
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Asymptotics of F4 g c(q) when g — 1

and
Cm = det7\1/2(27r)—f/2/cgm(3,g, t)e 2t Atgt

where Gy, are certain polynomials in 3r variables.

Masha Vlasenko Nahm's conjecture about modularity of g-series



Asymptotics of F4 g c(q) when g — 1

and
Cm = det7\1/2(27r)—f/2/cgm(3,g, t)e 2t Atgt

where Gy, are certain polynomials in 3r variables. Namely, we
define polynomials in 3 variables D, € Q[B, X, T] by

exp (B—I—lQQ)Tal/2 - Z%

21— Bin(i73) Lia-m(Q) Em_l]

Then .
Cm(Bagy t): Z HDm;(Biafiati)'

mi+-+mp=m =1
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Modular Fy g ¢

Corollary. If F4 g c is modular then
@ its weight w =0
o aemQ = YI_, L(Q) e Q

° e‘75(1+220:1 peP) =1 <= ¢, = i

p! vp
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Modular Fy g ¢

Corollary. If F4 g c is modular then
@ its weight w =0
o aemQ = YI_, L(Q) e Q

("] 6_75(1+Z;C>:1 Cpgp) = 1 = Cp: %’:

Vp
Since

Cm = detZ\l/z(Zﬂ)’/2/C2m(B,§, t)e 3t Aty

are polynomials in the entries of B, ¢ and A1 we have infinitely
many polynomial equations:

(cm — %c{")(B,g,Z\—l) =0, m=223,...
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Modular Fy g ¢

Back to the case r = 1: let
1

(B¢ 5

), m=23 ...

1
m!

(B, &, A) = (A+ )" [cm —
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Modular Fy g ¢

Back to the case r = 1: let
1

Em(B7£7A):(A+§)3m[Cm_ A—|—€

o"](B,¢, ), m=23 ...

1
m!
Using Magma we have got the following decomposition of the

radical of
| = <EZ,E3,Z4,Z5> C Q[B,f,A]

into prime ideals
Rad(l) = P1-...- Pia

where the generators of P; are given below:
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Modular Fy g ¢

i generators of P;

1 §

2 E+1

3 | B-1/2, £+2, A

4 | B—1, £+2, A

5 | B, £+2, A

6 | B+1/2, 2436+1, A+1
7 | B—1/2, £243¢+1, A+1
8 | B+1/2, £—1, A—-1
9 | B, € —1, A—1
10 | B—1/2, £ —1, A—1
1| B-1, 2 —-¢-1, A-=2
12 | B, £2—-¢—-1, A-=-2
13| B-1/2, E24e-1, A-1)2
14 | B, E2re—1, A-1)2
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A B C Fap,.c(e”™)
2 0 —1/60 05,1(2)/n(2)
1 11/60 05.2(2)/n(z)

1 0 -1/48 |  n(2)*/n(3)n(22)
12 1/24 n(22)/n(z)
~1/2  1/24 2(22) /n(z)

1/2 0 —1/40 | 651(5)n(22)/n(2)n(42)
12 1/40 | 652(5)n(22)/n(z)n(42)
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Modular Fy g ¢

a 1-a 1
14 ) >,a>2,a7él.ThenaII

pairs (B, C) such that Fa g c is modular are:

Theorem. Consider A =

B C Fa.,c(e™)
<:%) é - % 2 ne%;aqawz
(1 s ;> e (1 : 2> 5 zn?z>n§+;qan2/2
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Modular Fy g ¢

Theorem. Modular functions F4 g c(z) with the matrix A being
1

of the form <1 . ;5 2 ;5 a> exist if and only if a=1, a=3/4 or
1
a=1/2. Below is the list of all such modular functions.

A B C Fa.p.c(e?™7)

0 (6, 3(22) + 6, 13 (22))n(2)/n(22)n(2/2)
) _1 ° 4 5%
0 +205,2(22)n(22) /n(z)’

(0 205 1 (22)n(22) /n(2)?
)a" ( %) 6, 3 (2)05.222)n(2) /n(2/2)"n(22)"n(102)
1 1
4 > and < It > —

8=

-l>\

05,1(5)n(2)/n(5)n(22)

&=

05,2(5)n(2)/n(5)n(22)

(65,1(3)n(22)/n(z)n(42))*

° o
~—
|
8-

1
3) and @ 0 05,1(2)05 5(2)(n(22) /n(z)n(42))?

(65,2(3)n(22)/n(z)n(42))?
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Relation to K-theory

The Bloch group B(K) of a field K is defined as the quotient of
the kernel of the map

ZIK] — NK*
[x] = xA(1-=x), [0],[1] —0O
by a subgroup generated by the elements of the form

W+ D+ =]+ ] + [ ]
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Relation to K-theory

The Bloch group B(K) of a field K is defined as the quotient of
the kernel of the map

ZIK] — NK*
[x] = xA(1-=x), [0],[1] —0O
by a subgroup generated by the elements of the form
— X 1—y
v el ol B

1
X+ ]+ L=+ [

If K is a number field then
B(K) 2z Q= K3(K)®zQ
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Relation to K-theory

The Bloch group B(K) of a field K is defined as the quotient of
the kernel of the map

ZIK] — NK*
[x] = xA(1-=x), [0],[1] —0O
by a subgroup generated by the elements of the form
— X 1—y
v el ol B

1
X+ ]+ L=+ [
If K is a number field then
B(K) ®z Q = K3(K) ®2 Q
and the regulator map is given explicitly on B(K) by
B(K) — R"™
[x] = (D(01(x)), . ., D(0,(x)))
where
D(x) = S(Lir(x) + log(1 — x) log |x|)

is the Bloch-Wigner dilogarithm function.
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Relation to K-theory

r
1- @ = [, i=1..r
j=1

then [Q1] +--- + [Q/] € B(K):
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Relation to K-theory

r
1- @ = [, i=1..r
j=1

then [Q1] +--- + [Q/] € B(K):

Y RUA1L-Q) = ZQ,'/\HQJ-AU = > AjQAQ =0.
i i j

i7j
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Relation to K-theory

r
1- @ = [, i=1..r
j=1

then [Q1] +--- + [Q/] € B(K):

Y RUA1L-Q) = ZQ,'/\HQJ-AU = > AjQAQ =0.
i i j

i7j
If Fag,c is modular for some B, C then we must have
L(Q1) + -+ L(Q) € 7%Q

for the distinguished solution with all Q; € (0, 1).
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Relation to K-theory

Conjecture.(Werner Nahm) For a positive definite symmetric r x r
matrix with rational coefficients A the following are equivalent:

@ There exist B € Q" and C € Q such that F4 g ¢ is a modular
function.

@ The element [Q1] + - - - + [Q/] is torsion in the corresponding
Bloch group for every solution of “Nahm's equation”.
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Relation to K-theory

Conjecture.(Werner Nahm) For a positive definite symmetric r x r
matrix with rational coefficients A the following are equivalent:

@ There exist B € Q" and C € Q such that F4 g ¢ is a modular
function.

@ The element [Q1] + - - - + [Q/] is torsion in the corresponding
Bloch group for every solution of “Nahm's equation”.

True when r = 1: one can prove that all solutions of
1-Q = Q"

are totally real if and only if A € {1,1,2}, and for the element [Q]
the condition of being torsion is equivalent to being totally real
since

D(z)=0«<=z€cR.
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Relation to K-theory

1-— . .
For A= <1 i 5 5 a) all solutions are zero in the Bloch group:

1-Q = QG @7,
]-_Q2 == Q%_aQéa’

hence

1-@ _ <@>a _ @
Q2 Q2 1-Q°

(1-Q)1-Q) = AR,

QL+ =1 = [A]+[Q] = 0in B(C).
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Relation to K-theory

A counterexample to the conjecture:
F = —F Ay
3/4 —1/4\ (1/4\ ,  n(3)n(22)
—-1/4 3/4 J'\-1/4)" ¥

but there are non-torsion solutions to

1-@ = @,
1-@ = '@
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Relation to K-theory

A counterexample to the conjecture:

_ ()
3/4 —1/4\ (1/4)\ n(5)n(2z)
~1/4 34 ) \1/a) 7
but there are non-torsion solutions to
1-@ = ¢/ @V,
1-Q, = Q2"
Let t = Q1/*Q; /%, then
1-@ 1/2 _
12 t* = QP =301 @Q),
>
1-Q

— ¢33 = Q7 = B01-Q).

Qi

We substitute these equalities into 011/2 =2 Q21/2 and get
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Relation to K-theory

31— Q) = P31 - Q),
tH1l-@) =1-Q =1- t'Q,
th = 1.

Therefore all solutions are (Q1, @) = (x,x) where
1 —x = txl/2 t=1
or

1-x)*=x> & (x*-3x+1)(x*-x+1) = 0.

Hence (Q1, @) = (Hﬁ V=3, HT v_3) is a solution, and 2[% V_3] is
not torsion because

D

(1% v_3) = 1.01494...
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Relation to K-theory

Counterexample with integer entries:

3110 1
1 3 01 1| -1 1
A‘1010’B_§1’C_T5’
01 01 1
22)%60s 1(z
Fag.c(q) = (22) 5311()
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Relation to

Problem: find a correct formulation of Nahm's conjecture.
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Relation to K-theory

Problem: find a correct formulation of Nahm's conjecture.

For a positive definite symmetric r X r matrix with rational
coefficients A the following are equivalent:

@ There exist B € Q" and C € Q such that F4 g ¢ is a modular
function.

@ The element [Q1] + - - + [Q/] is torsion in the corresponding
Bloch group for EVERY (?) solution of

r
1-Q =J[QY, i=1..r.
j=1
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