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> 1
R.Apéry, 1978: ¢(3) = >_ 3 ¢ Q
n=1

(n41)3upy1 = (34n +510° +27n + 5)u, — n3u,_y
=1, w=5 ~ u,€Z
u=0 wm=6 ~ E?,u,, €Zl, = lem.(1,2,...,n)
We denote the first sequence by {a,;n=0,1,...} and the second
one by {b,;n=0,1,...}:
an - 1,5,73, 1445, 33001, 819005, . ..
by : 0,6,351/4,62531 /36, 11424695 /288, . ..
0 < by —a,¢(3) < (V2 —1)*"
(a(bn = anC(3)) > 0= ((3) £ Q



How to prove that a, € Z7?

(n+ 1)3an+1 = (34n3 +51n% +27n+ 5)a, — nap_1
. d N2 m 2
R. Apéry : a, = EO (") (D)

F.Beukers: proof using modular forms

Mo(6)T =To(6) UTo(6)W W = 1 <0 —1>

Jo\6 0
n(T)n(67) \12 2 3 4
t(r) = (RTIROTI NS _ 01262 + 66q° — 220g* + ...
(7) (77(27)77(37)> q —129° + 669 q*+
2 7
f(r) = @I | 5q 4 1362 + 236° + 206% + . .

(n()n(67))°



[(t%f — t<34(t%)3+51(t%)2

+27(e2) +5) + (e +1)°|f = 0

f(r) =1+ 5t(r) + 73t(r Za,,

= a, €7

{ f(q) € 1+ qZ[[q]]
t(q) € g+ ¢*Z[[q]]



d
D3 — t(34D% 4+ 51D% 427D +5) + t*(D+1)* D= t

D* —¢(D+ %) (34(D? + D)+ 10) + (D +1)*
!
D? + t(D + %) (a(D2 + D) +ﬁ) + yt3(D +1)3

Problem. Find values of parameters «, 3, such that the
corresponding differential operator has modular parametrisation.



Definition. Apéry’s operator is a differential operator of the form
D* + t(D+ %)(043(D2 + D) + f1)
+ t2(D +1)(a2(D +1)? + Bo)
+ a1t* (D +2)(D + %)(D +1)
+ aot* (D 4 3)(D 4 2)(D + 1)
where D = t% and parameters a3, ap, a1, ag, 81, Bo € Q.

V. Golyshev, J.Stienstra, “Fuchsian equations of type DN", 2007
V. Golyshev, “Classification problems and mirror duality”, 2005

Remark: With (a3, az, a1, ag, f1, fo) = (a,7,0,0, 3,7) we obtain
the previous operator.



D* + t(D+ %)(ag,(Dz + D) + B1)
+ (D +1)(02(D +1)* + o)
+ a1 t*(D+2)(D+ g)(D +1)
+ ag t*(D+3)(D +2)(D +1)
= (1+ast+aat? + ar1t® + apt*) D3 + ...

To determine singular points we rewrite the coefficient near D3 as

4
t

1 t t2 £3 th = (1——).
+ azt + axt” + a1t” + o U Y

Definition. Apéry’s operator is called non-degenerate if all \; are
different.

Theorem.(Golyshev, Stienstra) A non-degenerate Apéry's operator
has regular singularities located at t = 0, A1, A2, A3, A\4. The local
monodromy around t = 0 is maximally unipotent.



Consider the Frobenius basis near the point of maximal unipotent
monodromy t = 0:

¢0(t) =14+ uwut+ U2t2 + U3t3 + ...

gf)l(t) = |Ogl’¢o(t) +wvit+ w t2 + V3t3 + ...

$a(t) = (logt)? go(t) + ...

In case our equation has modular parametrisation by t(7), f(7) we
must have

$o(t(7)) = f(r) 1(t(r)) = 2mitf(r) ¢(t(r)) = (2miT)*f(7)

¢1(t) B V1t+V2t2+...
¢0(f)) = texp T+met. . )

1
= t+v1t2+(§v12— v+ w)td + ...

q = exp(2mit) = exp<

~  tq) = qg— vig® + ...



B 1 3 3., 1 1.3\,
Po(t) = 1 251t+(16a361+32ﬁ1 52 8ﬁo>t +...

¢1(t) = logto(t) +(t) = logtpo(t) + (—%%—I—%Bl)t + ...

q = exp(Z;Eg) = t+ (—%a3+%ﬁl>t2+...

1 1.\,
t = — — =
q+(2a3 2ﬁ1)q +

f = Golt(r) = 1- 5619+ ...

to find modular Apéry operators <> to determine «;'s and f3;'s
such that these are expansions of a modular function and a
modular form of weight 2



Definition. The spectral elliptic curve of a non-degenerate Apéry's
operator is (the resolution of the singularity at co of)

y2 =z + a3z3 + 05222 + a1z + ap.
Theorem.(M.V., V.Golyshev) Suppose a non-degenerate Apéry’s
operator has modular parametrisation and the modular form of
weight 2

¢1(t)>

téo(t) = Y q", q = exp(%(t)
n=1

is in addition a newform. Then

00
Cn

ns
n=1

is the L-function of the spectral elliptic curve.



Idea of proof:

First we show that

ndqg o1(t)  P1(t)9o(t) — d1(t)go(t)
chq q t¢0(t)d¢o(f) - ¢o(t) i

pulls back to a holomorphic differential on the spectral elliptic
curve £ under the map to P! given by (y,z) — t =1/z.

t (and hence q) can be considered as a local parameter on £ near
the origin.



Theorem (Atkin & Swinnerton-Dyer)

Let p # 2,3, and let y? = z3 + Bz + C be an elliptic curve over Z,
with good reduction. Choose a local parameter at 0 so that
z=£62+ S jdp€"and y = €73 4 ... are the respective
expansions , and write

Loz (Z c,,{”)d;.

2 y n=1
If B, C,dp, c, are p-adic integers, then

Chp — @pCp + pco = 0 mod pordp(”)+1
p

where
p_1<m3+Bm+ C)
—p )

m=0



In our case -
1dz , dq
—_—— = chq R
n=1 q

and g is a local parameter on £ near the origin.

Therefore for almost all p we have Atkin & Swinnerton-Dyer
congruences

Chp — @pCp + pca = 0 mod pordp(")+1
P

where aj, are the coefficients of the L-function of this elliptic curve

dn

modularity =  ¢p,ap =0(n) = ¢, = a, for almost all n
multiplicity one theorem for newforms = ¢, = a, for all n (End)



Corollary: one has ¢y = ¢ - ¢m Whenever (m, n) = 1.

Solving these equations

Ce = C2-C3
Clp = &G
Cl5 = 3G

w.r.t. to the parameters 0'2,3 we obtain the list of all cases when
the Theorem is satisfied. The list appears to be finite modulo
1-parametric transformations

t—

f f(1
Tt — f-(1+et)

which act on @ and (3 as
2
(a3, 0,1, 0) = = (a3 — de, 0 — 3ea3 + 67,

3

o1 — 2ea + 32a3 — 463, a9 — eay + 2 — 3az + %)

(B1,B0) = (B1 — 2¢, Bo — P1e + €2)



g

All non-degenerate Apéry's operators with multiplicative c,(&, 5):

a3 ay a1 Ji(€) N(E) ge(7) Bo
0 44 0 -16 | —20204 | o 22.10? -4
0 44 0 -16 80 | 4°.206/22.82.10%.402 | 4
0 -28 0 -128| 20786 24 2-4.6-12 -4
0 28 0 -128 48 4%.124/2.6-8-24 4
0 -40 0 144 352 24 2-4.6-12 -8
0 40 0 144 48 4*.124/2.6-8-24 8
0 -68 0 1152 | 3005617154 | 43 4*.12/2.6-8-24 | -28
0 68 0 1152 24 2-4.6-12 28
0 -48 0 512 | 287496 32 42 . g2 -16
0 48 0 512 32 42 . 82 16
0 o0 0 -256 1728 32 42 . 82 0
0 0 0 256 64 8%/42 .16 0
0 -36 0 432 54000 144 121264 . 24* -12
0 36 0 432 36 64 12
-4 -88 -300 -304 | —122033936 | 73 12112 -8
0 0 -108 0 0 27 32.92 0
-2 -43 -156 -216 | L8109 | 15 1-3-5-15 -5
-2 59 -136 -80 | 4950477625 | 14 1.2.7-14 -5

941192




