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Villegas' Conjecture

The Mahler measure of a Laurent polynomial
P(x1,...,xn) € Cxi, ..o xFY

is defined as

1 dX1 an
m(P) = ——— log |P(x1,...,%xn)] — ...
(P) (27”)n [x1]|="=|xn|=1 P ) X1 Xn

This number is obviously a period in the sense of Kontsevich and
Zagier.

For a monic polynomial in one variable we can compute m(P) by
Jensen's formula:

dx
log | P(x)] <~

= Z max(0, log |«|)

2mi Ix|I=1 o:P(a)=0
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Villegas' Conjecture

C. Smyth, = 1980:

3V3
m(l+x1+x) = HL(X_3,2)

oo
where L(x_5,5) = 52230 11 1

7
m(l+x;+x2+x3) = 2—#((3)

m(l+X1 +X2+X3+X4) =7
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Villegas' Conjecture

Conjecture (F. Rodriguez Villegas):

7(\/—715

m(l+x3+x+x3+x1) = 6 :
2mi

) 1(fis.4)

where
fis = n(3z)°n(52)* + n(z)*n(152)

is a CM modular form of weight 3 and level 15. This form
corresponds to a Galois representation arising from the variety

& (I4+x+tx+x)(1+—+—+—) =1

l+x1+x+x3+x2 =0 1 1 1
I+t +t+5+1 =0 X1 X2 X3

which can be compactified to a K3 surface of Picard rank 20.
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Mahler Measures and Differential Equations

Mahler’s Measures and Differential Equations
For a Laurent polynomial P the sequence
am = the free coeffient of P(xy,...,x,)"

always satisfies a recursion, which can be written as a differential
equation for the generating function:

at) = S amt™ Lt D)a(t) =
m=0
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Mahler Measures and Differential Equations

Observe that
1
m(l+xi+-+x,) = Em(P,,)
where

1 1
P, = <1+x1+---+xn)<1+—+---+—)
X1 Xn

and consider the sequence of the free coefficients of the powers of
P,
n=2 am:1,3, 15,93, 639 ...

n=3 an:1,4,28, 256, 2716 ...
n=4  a,:1,5, 45, 545, 7885 ...
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Mahler Measures and Differential Equations

The corresponding differential equations

are given by

Lo(t,0) = 6% — t(106% + 106 + 3) + t2(96° + 186 + 9)
L3(t,0) = 63 —2t(20 + 1)(56° + 560 + 2) + 64t%(0 + 1)*

L4(t,0) = 0* — t(350* + 706° + 6307 + 280 + 5)
+ t2(0 4 1)?(25962 + 5180 + 285) — 225¢3(0 + 1)%(6 + 2)?
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Mahler Measures and Differential Equations

These differential equations for n = 2,3 admit modular
parametrization:

t = ———- = —42 103...
n(3z)ym(2z) ~ 97 TR
n(22)n(32) )

a= D2 P 143g+3¢7+...
1(2)1(62)?
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Mahler Measures and Differential Equations

n=3:

P (77(22)77(62))6 _ ((z)n(32))*
n(z)n(3z) (n(22)n(62))?

n=4:

d, . .
La4(t, ta) is not a symmetric power,

hence there is no modular parametrization . ..
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Mahler Measures and Differential Equations

The generating function a(t) is related to the Mahler measure by
the following trick due to F. Villegas:

1 1 dxq dx,
log(- — P e — ...
(2mi)" /|x,-|=1 o8l — Plax)) S5

= tm 1 d d
= —Iogt—Z— , /|| 1P(x1,...,x,,)m£...ﬁ

= m mi)™ S = X1 Xn
> tm d._1

= —Iogt—zﬁam = —(ta) a(t)
m=1

hence
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Mahler Measures and Differential Equations

Suppose the differential equation has a modular parametrization,
then this reduces to evaluation at the cusp where t = co of

t ) at) = 70) - D [7 ] ,
(tg) 20 (Dt ? t°
where D = qdiq = %%, and we reprove C.Smyth's formulas:

3V3
—L
iy

7
m(l+4+ x4+ x +x3) = 2—#{(3)

m(l+x; +x2) = (x-3,2)
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m(Pp) via L,_1

Idea: m(P,) can be also calculated as

m(Py) = —Re (t%)_lb(t)

t=o00

where b(t) is a solution of

Ln-1(t, =l

dt)b(t) = h(t)

with some simple rational function h(t) in the right-hand side.

Recall that £4 is not modular, but L3 is!
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m(Pp) via L,_1

Theorem 1. Consider the following analytic at t = 0 solutions
a(t) and b(t) of

Lo(ttS)a(t) = 0 a(t) =143+

Lo(t, tjt)b(t) = % b(t) = ét+§t2+...
Then

m(Py) = 2T ()T e+ b(e)]|
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m(Pp) via L,_1

Theorem 2. Consider the solution b(t) = 7 4 O(t) of

d
_ = h
£3(t,tdt) b(t) (1)
where
W) = C3vBQ% (21262 + 251t —13)  3VB ¢

107 (1—1)3 + 5m3021 —t’

, W1/4 .
and Q = \/3107(1_[}; r(j/15)xx0)) /* is the Chowla-Selberg
period for the field K = Q(1/—15). Then

m(Py) = —(t2)" b(t)(
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m(Pp) via L,_1

Proof: Consider the 1-parametric family of varieties
Xy 0 Po(xt,oosxn) = A

and define

Q,(\) = / wy
X,\ﬂ{\x,-\zl}

where the (n — 1)-form w) is defined by

1 d d
. SN X":w)\/\d)\.
(2mi)" xq Xn
Then Q,(\) is a period for this family and satisfies the
Picard-Fuchs differential equation

d

La(A A5

)Qn(A) = 0.
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m(Pp) via L,_1

We obviously have

and by Jensen's formula

1 dX1 an+1
— log|1 —_— ...
(27Ti)n+1 /|Xi|1 % | o " Xn+1| X1 Xn+1
1 dx dx
= .n/ log |1+ x1 + -+ + Xn| —— ... —"
(2mi) Ixi|=1,|14x1++xa|>1 X1 Xn

or

(n+1)?
m(Poi1) = /1 log(\)2n(A)dA.
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m(Pp) via L,_1

We observe that if Q(\) satisfies

d

LOMA)Q(N) = 0
(A A9
then the generating function for the moments along an arbitrary
path

B o0

by = / A"QA)dX  b(t) =Y byt"

o n=0

satisfies

L(t, t%)b(t) = hg(t) — ha(t)

where £(t,0) = L(1/t,—0 — 1) and hy(t) is a simple rational
function which depends only on the values of Q and its derivatives
at A = a and can have a pole only at t = a.
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m(Pp) via L,_1

In the case of £, we have h,(t) =0 for a« =0 and a = (n + 1)2.

For the modular parametrization t(z) of L3 preimages of t =1 are
CM points in the field K = Q(v/—15), therefore the
Chowla-Selberg period for this field appears when we compute the
right-hand side h,(t) with o = 1.

(The end of the proof.)
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Double L-values

. and Double L-values of Modular Forms

To compute m(P3) and m(Ps4) using the above theorems we have

to evaluate
d.,-1 d, -1
(ta) a(t) __ and (ta) b(t) -
where a(t), b(t) are solutions of
L(t ti)a(t) =0 and L(t ti)b(t) = h(t)
dt dt

and £ has a modular parametrization, i.e. we are given a modular
function t(q) and a modular form a(q) of weight k, where k + 1 is
the degree of the differential operator L.
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Double L-values

Let D = qdiq, and suppose our modular parametrization is such
that t = oo corresponds to g = 1. Then

t -1
- (Ltp ‘ = D*lf‘ — L(f.1
t=o00 <Dt > 2 g=1 g=1 ( ’ )

(£9) a0

for the modular form f = Dt - a/t of weight k 4+ 2. Here for
f=> " 5amq™ the L-function is defined by

[e.e]

L(fs) = > 2

m=1

for sufficiently large Re(s) and by analytic continuation otherwise.
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Double L-values

Analogously, since the pull-back of £ under the modular
parametrization is given (up to a contant multiplier) by

d - 1 Dk+1 1

E(t’ tﬁ) ~ Dt-a a

we have D¥*1[b/a] = Dt - a- h(t). In other words, b/a is an
Eichler integral of a modular form of weight k + 2. Finally,

(t%)_lb(t)

t=00

where f = Dt - a/t and g = Dt - a- h(t) are both of weight k + 2.
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Double L-values

For two forms of weight k

() 0
= Z anq" f= Z bmq™
n=1 m=0

(g is a cusp form) their L-function is defined by

L(g.f,s1,52) ZZ ns( n+m

n=1 m=1

for Re(s1 + s2) > 2k, Re(s2) > k and by analytic continuation
otherwise. Critical double L-values (0 < s1, s, < k, integers) are
periods in the sense of Kontsevich and Zagier.
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Double L-values

7<(3)

Applying the above strategy in the known case m(P3) = = we
get the following equality:
147 72
———((3) + —L'(x_3,-1) = L(g,f,2,1
3ﬁ<( )+ L(x-3-1) = Llg )
or s )
2 s
———m(P3) + —m(P2) = L(g,f,2,1
AP + g m(P) = Lig.F.2.1)
where the forms g, f of weight 3 are given by
g = q+4¢°+q¢>—16¢* +... = E(z)+7E(2z) — 8E(4z2)
f=1+qg-5¢+q¢ +... = E(z)—2E(2z)—8E(42)

with E(z) = —§+ ;dzljx_g(d)dzqn € Ms(To(3), x_3).
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Double L-values

Analogously, the number

? —15\5
P (i 12(7_) L(fi5, 4 )
m(Pa) ) Lfis.4)
from Villegas' conjecture is an expression involving 7, the
Chowla-Selberg period x and double L-values of meromorphic
modular forms with poles at CM points in the same field

K = Q(v—15).
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