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Equivalence of differential systems

K Ą Cptq differential field, A,B P Cptqrˆr

p1q

"

dU

dt
“ AU

*

p2q

"

dV

dt
“ BV

*

Differential system (1) is equivalent to (2) over K if there exists an
invertible matrix H P K rˆr such that

dH

dt
“ BH ´ HA.

Observe:

§ U is a solution to (1) ñ V “ HU is a solution to (2)

§ U,V fundamental solution matrices for (1) and (2) ñ
H “ VΛU´1 where Λ is a constant marix:

d

dt
pV´1HUq “ ´pV´1BqHU`V´1pBH´HAqU`V´1HpAUq “ 0
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Example: local study / regular singularities

take A P Cptqrˆr with no pole at t “ 0
K “ Ort´1s field of germs of meromorphic functions

there is Γ P Crˆr (unique up to conjugation) such that

"

t
dU

dt
“ AU

*

„K

"

t
dV

dt
“ ΓV

*

§ eigenvalues of Γ are called local exponents at t “ 0

§ V “ tΓ is a fundamental solution matrix for the second
system; M0 “ expp2πiΓq its monodromy around t “ 0

§ differential systems are equivalent over K if and only if their
local monodromies M0 are conjugate
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p-adic Frobenius structure

Definition. A differential system with A P Qptqrˆr admits a
Frobenius structure of period h “ 1, 2, . . . if

p1q

"

t
dV

dt
“ phAptp

h
qV

*

„Ep p2q

"

t
dU

dt
“ AptqU

*

Ep “ field of p-adic analytic elements

is the completion of Cpptq w.r.t. the Gauss norm

|
ÿ

ai t
i |Gauss “ max

i
|ai |p

t
dΦptq

dt
“ AptqΦptq ´ phΦptqAptp

h
q, Φ P E rˆr

p

§ U is a solution to (2) ñ V ptq “ Uptp
h
q is a solution to (1)

§ let U be a fundamental solution matrix of (2)

DΛ P Crˆr
p such that Φptq “ UptqΛUptp

h
q´1 P E rˆr

p
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Example: dU
dt “

1
2

1
1´tU, Uptq “ 1?

1´t

p ‰ 2 Φptq “ UptqUptpq´1 P? Ep
c

1´ tp

1´ t
“ p1´ tq

p´1
2

ˆ

1´ tp

p1´ tqp

˙1{2

gptq “ 1´tp´p1´tqp

p P Zrts

“ p1´ tq
p´1

2

´

1` p gptq
p1´tqp

¯1{2

“ p1´ tq
p´1

2

ÿ

kě0

ˆ

1{2

k

˙

pk
gptqk

p1´ tqpk

P Zrt, p1´ tq´1spĂ Ep

For a ring R such that X
sě1

psR “ 0 we denote its p-adic completion by

pR “ lim
Ð

R{psR

c

1´ t5

1´ t
“ 1` 1

2 t `
3
8 t

2 ` 5
16 t

3 ` 35
128 t

4 ´ 65
256 t

5 ` . . . ” 1` 3t ` t2 pmod 5q

” 1`8t`11t2
`20t3

`5t4
`14t5

`17t6
`24t7

p1´tq5 pmod 52q

” 1`57t`28t2
`9t3

`10t4
`9t5

`28t6
`57t7

`t8

p1´tq6 pmod 53q
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p˚q tp1´ tq
d2

dt2
` pc ´ pa` b ` 1qtq

d

dt
´ ab

a, b, c ´ a, c ´ b R Z pô irreducible monodromy on P1
zt0, 1,8uq

Theorem (Dwork) Differential equation (*) with a, b, c P QX Zp

has a Frobenius structure of period

h “ mintm ě 1 : ppm ´ 1qa, ppm ´ 1qb, ppm ´ 1qc P Zu.

Remark: multiplying (1) by t we obtain the operator

θpθ ` c ´ 1q ´ tpθ ` aqpθ ` bq, θ “ t
d

dt
,

so the local exponents are

0 8 1
0 a 0

1´ c b c ´ a´ b

and h in the theorem is such that the eigenvalues of local monodromies

M0,M1 and M8 are pph ´ 1qst roots of unity.
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Remark (continued): a Frobenius structure is a solution to the
1st order differential system

t
dΦptq

dt
“ AptqΦptq ´ phΦptqAptp

h
q.

If there is a meromorphic solution Φ P K rˆr , K “ Ort´1s then

M0 „ Mph

0 ñ eigenvalues are pph ´ 1qst roots of 1

It is often the case that Φ P pEp X K qrˆr .
Similar considerations apply at other singular points.
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Example: θ2 ´ tpθ ` 1
3qpθ `

2
3q Aptq “

ˆ

0 1
t

1´t ´2
9

t
1´t

˙

u0ptq “ 2F1p
1
3 ,

2
3 , 1; tq “ 1` 2

32 t `
10
34 t

2 ` 560
38 t3 ` . . . P Zrr3´3tss

u1ptq “ logptqu0ptq `
5
9 t `

19
54 t

2 ` . . . “ logptqu0ptq ` uan1 ptq

Uptq “

ˆ

u0 u1

θu0 θu1

˙

“

ˆ

u0 uan1

θu0 θuan1 ` u0

˙ˆ

1 logptq
0 1

˙

, θpUq “ AU

Uanptq :“

ˆ

u0 uan1

θu0 θuan1 ` u0

˙

“ U
ˇ

ˇ

ˇ

“ logptq“02
P Qrrtss2ˆ2, Uanp0q “ Id

Look for Λ such that Φptq “ UptqΛUptpq´1 P E 2ˆ2
p . Observe:

´

1 logptq
0 1

¯´

λ11 λ12
λ21 λ22

¯´

1 ´p logptq
0 1

¯

“ const ô

!

λ21 “ 0

λ22 “ pλ11

ñ analytic at t “ 0 solutions to θpΦq “ AptqΦptq ´ pΦptqAptpq are

Φptq “ Uptq

ˆ

λ11 λ12

0 pλ11

˙

Uptpq´1 “ Uanptq

ˆ

λ11 λ12

0 pλ11

˙

Uanptpq´1
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Claim: for p ‰ 2, 3, there exists α P Zp such that

Φptq “ Uanptq

ˆ

1 α
0 p

˙

Uanptpq´1 P {Zrt, p1´ tq´1s
2ˆ2

.

§ α can be found experimentally: e.g. p “ 5

Φptq “ Φ0ptq ` αΦ1ptq, Φi P pQX Zpqrrtss
2ˆ2

Φ0ptq ”

ˆ

1` 3t 3t
0 0

˙

mod 5, degpΦ1ptq mod 5q « 8

degpΦ0ptq mod 52q « 8, but

deg
`

Φ0ptq ` i ¨ 5 ¨ Φ1ptq mod 52
˘

“

#

3, i “ 2

8, i “ 0, 1, 3, 4

ñ α “ 2 ¨ 5` Op52q
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deg
`

Φ0ptq ` 2 ¨ 5 ¨ Φ1ptq mod 52
˘

“ 3

deg
`

Φ0ptq ` p2 ¨ 5` i ¨ 52q ¨ Φ1ptq mod 53
˘

« 8, i “ 0, 1, 2, 3, 4

deg
`

pΦ0ptq ` p2 ¨ 5` i ¨ 52q ¨ Φ1ptqqp1´ tq5 mod 53
˘

“

#

8, i “ 4

8, i “ 0, 1, 2, 3

α “ 2 ¨ 5` 4 ¨ 52 ` Op53q

¨ ¨ ¨

deg
´

pΦ0ptq ` α ¨ Φ1ptqqp1´ tq5pm´2q mod 5m
¯

“ 5pm ´ 2q ` 3

α “ 2 ¨ 5` 4 ¨ 52 ` 3 ¨ 53 ` 4 ¨ 54 ` 3 ¨ 55 ` 2 ¨ 56 ` 3 ¨ 57 ` 4 ¨ 58 ` 59 ` . . .

“ ´12 ¨ log5p3q

For all p we tried, this experiment gives a unique α

Φp0q “

ˆ

1 ´3pp ´ 1q logpp3q
0 p

˙
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