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1. INTRODUCTION
Let A > 1 be a self-adjoint operator in a Hilbert space H with norm || - || and with inner product
(-,-). One can think that H = Lo(R% dz), d > 1 and A = Hy + 1, where —Hy = A stands for the
Laplacian. To the operator A we assign the A-scale of Hilbert spaces

H_p JHo=H JH = 'Hk(A), k> 0. (1.1)
Here Hj;, = Dom A*¥/? with respect to the norm |||y := [|A*/2¢], » € Dom A¥/2 and H_j is the
completion of H with respect to the negative norm ||h||_ := ||A=*/2h||, h € H (for details, see

[12, 13, 3, 16, 2]). The symbol J stands for a dense and continuous embedding.

A simple but important fact is that the operator A (as well as the A-scale) can be reconstructed
from a couple of spaces H 1 Hj, (or the conjugate couple H_j 1 H) with an arbitrary fixed k& > 0.
Namely, A = /D, where D;, stands for the restriction of the canonical unitary isomorphisms
D_jk : Hi — H_j on the set Dy, = Hap = {¢ € Hy | D_k xp € H} (for details, see [3]). Note that
the relationship between A and Dy is based on the spectral theorem [12, 13], and therefore this
relationship is not evident, except for the case k = 2. However, A is uniquely defined by Dj with

any chosen k > 0. Let us use a similar relationship for the perturbed operators. Thus, let A # A
be a perturbed operator. Let A > 1. Then we associate with A the new scale of Hilbert spaces,
H_p, DHo=H 3 Hg, Hp=DomA?2 — k>o0. (1.2)

The idea of the method of rigged Hilbert spaces is that, for a given “singular perturbant” .S of
A (any order of singularity for S is admitted), we first construct one of the couples H J Hy, or
H_j, 3 H and then define the perturbed operator A as the operator associated with the scale (1.2).
In fact, the method generalizes and develops the well-known method of form-sums [5, 7, 10, 11],
where fl is defined as the operator associated with the triplet H_; 3 H 3 H;. Thus, to consider
singular higher-order perturbations, cf. [9, 20] (i.e., to treat the situation with supersingular pertur-
bants which are more singular than those in the so-called H_s-class), we must first construct one
of the spaces Hy, or H_j, k> 2. We say that an operator Aisa singular perturbation of A in the
wide sense if there is a k > 2 such that the operators flk/Q, AF/2 coincide on a set My, C ﬂk N Hx
dense in H (for the precise definition, see the next section). Clearly, in this case, the inner products
on ‘Hy, Hy, partially coincide, (¢, 1)), = (p, )y for p,¢p € My. In particular, if £ > 2, then the
set M}, is possibly dense not only in H but also in Hs = Dom A, and the symmetric operator
A= A | M, is essentially self-adjoint.

In the present paper we show that the difference between the (super)singular perturbation A and
A can be described in terms of operators S taking Hy to H_x, k > 2, which vanish on My, (or in
terms of the associated quadratic forms g, which are singular on H). Thus, one of the objectives

of this paper is to give a parametrization of the bounded below perturbations (fl > m > —o0) that
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are singular in the wide sense in terms of mappings S: Hr — H_g, k£ > 2, with some additional
properties.
2. METHOD OF RIGGED HILBERT SPACES
Let us describe the idea of the method of rigged Hilbert spaces in more detail. Consider a part

of the A-scale (1.1),
H_o OH_1 OHo=H 3H1 OHo EHQ(A), (2.1)

where Hy = Dom A with respect to the norm |¢||s := ||Ag|| and H; = Dom A'/? with respect

to the norm ||¢||; := ||[A'/2¢]|, and where H_5 and H_; are dual spaces. Recall that there is a
one-to-one correspondence between the operators A = A* > 1 in ‘H and the rigged Hilbert spaces
of the form (2.1) or the entire scale of Hilbert spaces (1.1) (see, e.g., [3, Th. 2.1]). By construction,
the linear functional [, (¢) := (p,w)1,—1 is well defined for each w € H_;, and it is continuous
on H; (the symbol (-,-)r _r, & > 0, stands for the dual inner product between H; and H_j).
Due to the Riesz theorem, we have I,(p) = (p,%)1, where ¢ = (w) € Hy, ||[¢]1 = ||w]-1-
Let D_y1 : H1 2 ¥ — w € H_ be the canonical unitary isomorphism (see [12, 13, 3]), and let
Dy :=D_11 | Dy and Dy :={p € H1|D_1,1¢ € H}. In this case, one can readily see that A = D;,
and D; = Hs with respect to the norm ||pll2 = ||A¢p||. Similarly, repeating the above argument for
k = 2, we can see that A?> = Dy with Dy = Hy, and therefore A = /D5. Thus, in the general case,
we have A = (D)% k> 2.

Recall that the rigged Hilbert space H_; 3 H 1 Hj (as well as the entire A-scale) can be
reconstructed (see [12, 13]) from any couple of pre-rigged spaces, H_x I H or H 3 Hg. Thus, if
we change the inner product in one of the spaces Hy, k > 0 (or H_g) , i.e., replace the product
(-, )k by (+,)% (or (-,-)—k by (-,-)~%), then, taking the couple H 1 Hj (or H_, 3 H), we can
construct a new scale of spaces. In particular, we obtain a new rigged chain of the form

7:[72 :|’}-[71 :lH:l?’Nfl :|7'~f2. (2.2)

By definition, the operator A associated with (2.2) is a singular perturbation of A. If k£ > 2, then
we obtain a singular perturbation A of A in the wide sense, or a supersingular perturbation, in a
similar way. Thus, in the general case k > 2, the operator A > 1 is defined as A = Vb_k, where
Dk stands for the restriction of the canonical unitary isomorphism D_ bk - 7-lk — H_ 1 to the set
ﬁk = 7:£2k ={pe ﬂk | ﬁ,k7k¢ € H}. If the lower bound of the operator A is less than one (fi > m,
m < 1), it is necessary to make additional changes in the scales (1.1) and (1.2). Namely, the norm
| - ||l+x must be replaced by || - ||45,c:=[[(A+¢) - |1k, c=1—1.

We stress that, although the construction of perturbed operators A is not explicit in the general
case, new facts about singular perturbations can be observed. In particular, using Krein’s formula
for resolvents and the explicit representation for integral kernels (1 — A)~*/2 in terms of Bessel
functions (see [1, 23]), we can obtain information on the additional point spectrum of A and,
moreover, if perturbations are given by the d-potential §(z), € R, with an arbitrary dimension
d > 1, then one can write out an explicit form of the generalized integral kernels for operators

A7R2 k> d)2.
3. MAIN RESULT
Let an operator A > 1 be fixed. We assume that the lower bound of A is equal to 1, i.e.,
inf| r1=1(Af, f) =L
Definition 3.1. A self-adjoint operator A > m > —oo (1 := inf p =1 (Af, f)) is said to be a
singular perturbation of A in the wide sense (we write A € Py (A)) if the set
My ={pe Hk‘Alg/Qcp = AIS/QQO}, Hi = My, & Ny, N # {0} (3.1)

is dense in Hy, /o for some k > 1,

Hk/gj./\/lk, (3.2)
where A.:=A+¢, Ac:= A+c, c€[0,00) (c=0if m>1and c=1—1m if m < 1).

This definition enables us to introduce a classification of singular perturbations of A. Note that
the numbers k and ¢ are minimal possible in (3.1) and (3.2).
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In this paper, we study only operators A € Pr(A) with £ > 2. An operator A is said to be a
supersingular perturbation of A, if k > 4 (see [10, 11]). If k = 2, then A is a purely strong singular
perturbation of A (in this case, we say that A corresponds to H_o-class perturbations, see [14, 15]).

Let an operator S act on the A-scale, S: Hi — H_g, kK > 1, and let it be self-adjoint, which
means that (S, V), —r = (@, SV)_k.r = vs(@, V), p,¢ € Dom S = Dom S*.

Definition 3.2. We say that an operator S : Hy — H_j belongs to the class S_i(A), k > 1, if
the subset ker S := {p € Hy| : ys[p] = 0} is dense in Hy 2,

Hk/g T ker S. (3.3)

Recall that an operator S € S_j(A) with k = 2 is usually referred to as a singular operator of

H_o-class. If k > 4, then the operators S (or the quadratic forms 7g) are known as supersingular
perturbations. In this case, the set ker S is dense in Hy = Dom A, and the symmetric operator

A:= A ker S is essentially self-adjoint. In this case, the problem to define the perturbed operator
A remains unsolved, except for some special constructions, see, e.g., [22].
The next theorem gives the simplest version of our result.

) Theorem~ 3.3 (k = 2, c = 0). There is a bijective correspondence between the operators
A€ Py(A), A= 1, inf| ;=1 (Af, f) = 1 and the positive bounded operators S € S_3(A) such that
lelf < (Sp,0)—22 =7sl¢] <llel3, ¢ €Npi=Hy SkerS. (3.4)

Proof. Let A > 1 belong to the class P5(A). Then, according to (3.1), there is a set My in Ho
which is dense in H; and such that A and A coincide on this set. Hence, the operators A and A
are distinct self-adjoint extensions of the symmetric operator A := A | My = A | M,. Since Mo
is dense in Hy, it follows that the Friedrichs extension A, of A coincides with A and, moreover, it
is the maximal positive extension. Therefore, A < A. Consider the bounded positive operator

B:=A1_- A% (3.5)
Obviously, B = 0 on Mg := AMs. Since A, A > 1, the operator b := B | Ny, where Ny := HES My,
satisfies the inequalities
0<b<, 0<b<1—-A1 (3.6)
Thus, on Ny, we have
0<A'<sp<1, where sg:=1—b. (3.7

Now let us introduce an operator S: Hy — H_5 which is equal to zero on My and coincides with
AspA on Ny, where A stands for the closure of A: H — H_o. It follows from (3.6) and (3.7) that
0 < (A7th,h) < (soh, h) < ||h||?, where h € Ny and h # 0, and
(Ap, ) = ol < (s0dp, Ap) = (S, )22 < [l¢ll3 and A~'h =g € N>,
which proves (3.3). Conversely, starting from a positive operator S: Ho — H_o of class S_5(A)
which satisfies condition (3.3), we define the operator
so:=A"YS | Ng)A~L, where N := (Aker S)L.

Due to (3.3), this operator satisfies inequalities (3.7). Next introduce the operator b := 1 — sy and
denote by B the extension of b by zero to My. It is clear now that the operator A given by the
relation A := A=' 4 B belongs to the class Py(A). Indeed, by condition (3.3), the set My := ker S
is dense in H;, and A > 1 by (3.6). O

Now let us consider the case in which the lower bound m = inf) f”:l(ﬁ f, f) of the operator
A e Py(A) is less than one, m < 1. In this case, introduce the space Hy,., ¢ = 1 —m > 0,
which coincides with the domain Dom A*/2 with the norm || f||.c := ||(A+¢)*/2f||, f € Dom A*¥/2,
Certainly, the last norm is equivalent to the norm || f||.

Theorem 3.4 (¢ > 0, k = 2). There is a bijective correspondence between the operators

A€ Py(A), A >, m <1, and the bounded positive operators S € S_5(A) (S are singular in H)
which satisfy the inequalities

el < (Se, )22 =9sle] < llellse: ¢ ENpe:=Ho e O Mo, c=1-m, (3.8)

and have the property ]
inf vs[e] = 1. (3.9)
PEN2 o, [l@ll1,e=1
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Proof. According to (3.1), for any given operator A > 7 in the class P5(A) there is a subspace
Moy in ‘Hs dense in H; and such that the operators A, = A + ¢ and A. = A+ c coincide on

this subspace for ¢ = 1 — 7. Note that the lower bound of the operator A, is equal to one. Now
we replace the norms || - ||y in the spaces Hy, kK = 1,2, by the equivalent norms of the form

I £llk.c == [[(A+c)*/2f|, f € Dom A¥/2 ie., we come to the space Hy ., which coincides with
Dom A¥/? as a set. Thus, the mapping AIZ/ 2, Hy.. — H becomes unitary. Further, we replace the
notation My by Moy .. Thus, the operators flc and A, are distinct self-adjoint extensions of the
positive symmetric operator A, := A, | My = A. | My . Since the subspace Mj . is dense in
Hi,c, the Friedrichs extension A. o of the operator AC coincides with A, and, moreover, it is the
maximal positive extension. Hence, A, < A,. Thus, we can introduce the bounded positive operator
B,:= A1 — At (3.10)
on H. Obviously B, = 0 on My := A.Ms . and, on Ny := H & My, the operator b. := B, | N
satisfies the inequalities
0<b.<1l, 0<b.<1—A" (3.11)
s:=1-b,, 0<A'<s< 1 (3.12)
Now let us define the operator S : Hy — H_o. It is equal to zero on My, and S = A sA,
on Ny = Ha. © Ms,., where A, stands for the closure of A.: H — H_o. It follows from
(3.11), (3.12) that (A7 'h,h) < (sh,h) < [|Al]?, h € No, and (Acp, ) = |lpllic < (sAcp, Acp) =
(S, )22 < |l¢l3... ¢ = A-'h € N3, which proves (3.8). Further sup”h”:l(flglh, h) = 1 because
the lower bound of the operator A. is equal to one. Therefore, 1 = sup| hH:l((Agl + B)h,h) =
SUDpe s, nf=1((Az ' +b)h, h). Replacing b. by 1—s gives 1 = supp,e s jn =1 (17121 1R —(sh, h)),
and hence supy, e, n=1 (12121, — (sh,h)) = 0. Since the operator A.: Ha . — H is unitary, we

In other terms,

obtain supweN“’”@”Q’C:l(HgoHic —vslp]) = 0, ¢ = AZ'h, which obviously coincides with (3.9).
Conversely, let us begin with a positive (singular in H) quadratic form vg or with the associated
operator S : Hy — H_o in the class S_5(A) (the set ker S is dense in H;). We certainly assume
that conditions (3.8), (3.9) hold. Using S, we construct the operator s := A, 'SA' | Ny, where

No = (Acker S ) Due to (3.8), the operator s satisfies inequality (3.12). Next introduce the pos-
itive operator b, := 1 — s. Denote by B the extension of b. to Mg by zero. It is clear now that

the operator AC given by A L:= AZ! + B belongs to the class Po(A) because the operators A,
and A, coincide on the subspace My . dense in ‘H;. Thus, the lower bound of A is equal to one.

Therefore, the lower bound of the operator A = A, — ¢ is equal to m =1 — ¢ < 1. O

The next theorem gives the most general version of our result.

Theorem 3.5 (¢ >0, k > 2). There is a bijective correspondeqce between the family of singular
perturbed operators A € Pr(A), k > 2, that are bounded below, A > m > —oo, and the family of
bounded positive operators S: Hy — H_y of class S_;(A) which satisfy the inequalities

lel1%/2.c < vsle] = (S, 0) ik <ll¢lfes @ € Nie:=Hy,e Oker S, (3.13)
and are such that inf slg] =1, (3.14)

PENk e, l@llk/2,c=1
wherec=0ifm>1and c=1—m >0 if m < 1. The correspondence can be given by the relation

(A+ce) "2 =A7%2 4 B.),  Bep=1—AF25A%/2 (3.15)
Proof. We must consider the case ¢ > 0, k£ > 2 only. Let an operator A > m > —oo, m < 1,
belong to the class Pr(A), k > 2. According to (3.1), there is a subspace My, in Hj, dense in

Hp 2 on which the operators fl’f/ % and AIZ/ 2 coincide, where ¢ = 1 — /. Denote this subspace
by M. . Simultaneously, let us replace the norm in Hj by the equivalent norm | - ||.5. Hence,

the operators fllcc/ ? and AF /2 are distinct self-adjoint extensions of the positive symmetric densely
defined operator A o) 1= AIS/Q [ Mek = AIS/Q [ M, . Since the subspace M., is dense in H, j /2,
it follows that the Friedrichs extension of the operator A(k ¢) coincides with Ak/ 2 Thus, this is the

maximal positive extension. Hence, Ak/ 2 < Ak/ 2 Introduce the bounded positive operator

By, == AR — AZR2, (3.16)
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Clearly, B., =0 on Mg := A§/2Mc,k, and the operator b, := B | Ny satisfies the inequalities

0<be <1, 0<by <1—AZF? (3.17)
on the subspace Ny := H © M. Thus, for s, := 1 — b, in Ny, we have
0<AZF? < s < 1. (3.18)

The operator S is zero on M. ;. On N, i, the operator S'is S = Al(f/zsckAk/2 It follows from (3.17),
(3.18) that (A2 "/*h,h) < (sarh,h) < DI, b € No, or [@]2 .. = (A2 0, 0) < (sarAep, Ac %)
= (Sp,p)— kk < H‘Pch = (Ak/2<,p, AF/? ®), ¢ = AFPh € Nk, which proves (3.13). Further,
SUP||py(|= 1(A h h) =1 because the lower bound of the operator A, is equal to 1. Therefore,

1= sup”hnzl((A; + Be)h, h) = SUPheNO,||h||=1((A; + ber )R, h).

Replacing b, on 1— sk, we obtain 1 = SuPheNo,HhH:l(||h‘|%k/2,c+ |h||? = (scxh, B). This means that
suPheny, h=1 (1217 /0. = (sekhy b)) =0 and  supuen . jiofe.=1(1#l7 2. = vsle]) =0
(which is obviously equivalent to (3.14)) for h = Al %0, ¢ € N . because the operator
AIE/Q: Hy,c — H is unitary. Conversely, beginning with the operator S : Hi — H_j belonging
to the class S,k(A), k > 2 (it is supposed that S satisfies conditions (3.13), (3.14)), we construct
the operator s, := _k/QSA_k/2 I Ny on the subspace Ny = (AIZ/2 ker S)*. It obviously satisfies
inequality (3.18). Then we define the operator b, := 1 — s, and denote by B the extension of b,
by zero to Moe. It is clear now that the operator A = A.—c given by the rule A, k2 Agkm—l—Bc]C

belongs to the class Py (A). That is, the lower bound of A satisfies 1 > m =1 — ¢ > —oo. 0

4. CONSTRUCTION OF A-SCALE
It is clear from the previous section that, from any couple of spaces (either H_, 1 Hy or
Ho 3 Hy), we can reconstruct the entire A-scale. In particular,
H_o OH_1 OH 3H1 O Hs. (4.1)
Moreover, we then can obtain the operator A as an operator associated with this scale. In this
section, we discuss the construction of a new rigged Hilbert space of the form (4.1) and its relation
to a quadratic form vyg(p, ) = (Sp,¥)_22, where S € S_5(A) plays the role of a perturbation,
in more detail. Let us show how to consider a strongly singular perturbation belonging to the class
H_2(A) by using the approach of rigged Hilbert spaces. We begin with the rigged triplet (1.1)
associated with the free operator A = A* > 1 on H and then come to the consideration of the
chain of five spaces,

_=H_o3H_1 OHIH1 JHo EH+(: DOInA). (4.2)
Using a positive quadratic form v € H_5, we define a new inner product on Hy,
(hl,hg)zl = (Ailhl,hg)+’7(A71h1,1471h2), hl,hg S H (43)
If the quadratic form - satisfies the condition
—IfIE <A< IAIZ = 1IFIT, f € Ho = Dom 4, (4.4)

then A € P2(A). The following theorem shows that each singular perturbation corresponding to
v € H_o admits a construction by the modified form-sum method.

Theorem 4.1 [3]. For each operator A € Py(A), A>1 (i.e., A corresponds to a class H_o(A)
perturbation), the inner product (-,-)~y in the space H_o = Dom A can be represented as the
singular form-sum perturbation of the inner product in H_o,

()2 =(,)—2+7(,), (4.5)

where the quadratic form T defined on H is singular on H_o, which means that ker ~y is dense in H_5.

Proof. Let us sketch the proof. By Krein’s formula (3.5), (hy,ho)~y = (A 'hy, A" hy) =
(A=hy, A= hy) + 7(hy, ha), where

7(-,") = (A" B)+ (B, A" + (B, B"). (4.6)

Obviously, the form 7 is Hermitian but not positive. By construction, we have ker 7 = ker B C H_1

since the operator A belongs to the class A € P,(A) (see Definition 3.1). Therefore, ~ is singular
on H_q, and in H_o as well. O
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The converse assertion is also true, but it requires additional constructions.

Let us show now that, for rank one singular perturbation A € Pa(A), A > 1, the inner prod-
uct in H; also admits an interpretation as the generalized form-sum perturbation of the inner prod-
uct in H;. Let A be the rank-one singular perturbation corresponding to an element w € H_o\H_;.
Consider a new inner product on Ha, x(-,-) = (-, )1 + (-, ), 7(-»-) = B(A,n)(n, A-), n == A" w
Note that n € Ho\H1, and therefore kervy T H;y. Obviously, v(-,-) > 0. Further, if we take a

constant (3 such that ) )
0 <~lel < llellz = llelli, ¢ €Ha, (4.7)

then the space Hy (given below) is densely embedded in H. Note that, due to kery C H;, we
have the orthogonal decomposition H, = H; ® H.,, where H, is the Hilbert space obtained from
DomA by completing with respect to the inner product given by «(-,-). One can readily see that
={eny}, ny == A7y, c € C, where we have used an explicit form of ~. Therefore, the mapping
A = AH, — No = {cn} ¢ € C, is unitary. Our theorem on the structure of the space H;
(Hy = H1 ® Ny <= A € P,(A)) implies that the operator T := 1 @ A is also unitary from the
Hilbert space H, into H1 Thus, we obtained Hl, and hence A.
A similar result holds for an arbitrary k. Choose a k > 2. Let A be an operator associated with
H_yx TH_ k2 I Ho 3 Hyyo 3 Hy = Dom A2, (4.8)
Then each positive quadratic form v € S_j, defines a new negative inner product (hy,ha)™, 2 =
(A=*/2hy hy)o + Y(AF/2hy, A=F/2hy), by, hy € H. If this form satisfies the condition —HfHk/2 <
YALIIE - Hin/Q, f € Hi, then we can introduce a chain of new Hilbert spaces
H_ k:IH k/QjHij/ngk (4.9)
and construct the associated operator A € Pr(A). In a similar way, we can also construct the
positive space Hj /2 for an arbitrary rank-one supersingular perturbation. Namely, let x(+,) =
(k2 +7(-,-) be a new positive inner product on Hy, where y(-,-) := BAFR/2. Yo (n, A¥/2.),,
n € Ho\Hx 2, and the constant 3 is such that 0 < y[¢] < |l¢[|f — Hcsz/Q, ¢ € Hy. Then, similarly
to the case of k = 2, using the operator T'=1+ Ak/z, we pass from H, to ﬁk/g, where A := AlH,
(H., stands for the Hilbert space obtained from Dom A¥/2 by completing with respect to the inner
product y(-,-)).

In the above sense, every supersingular perturbation of class H_j; admits the definition using
the modified form-sum method. Thus, we can formulate a general assertion in this direction.

Theorem 4.2. For each A € Pr(A), A > 1, the inner product (+,-)~) on the space H_ is a
singular form-sum perturbation of the inner product in H_y, (-,-)~, = (-,-)—k + (-, ), where the
Hermitian quadratic form 7,(-,-) := (A=%/2..B-) + (B-, A=*/2.) + (B-, B-) is singular in H_y.

The proof is essentially the same as for Theorem 4.1. Note that 74 is Hermitian but not positive.
Thus, the results discussed above show that one can construct supersingular perturbations of
any order (using the method of rigged Hilbert spaces) by changing the inner products in each of
the spaces in (4.2) or in (4.8).
5. EXAMPLES

In this section, we show, in particular, that (among singular perturbations Ae Pr(A), k
there are new kinds of operators which cannot be obtained as singular perturbations of order k

> )
<2

Example 5.1 (Rank one supersingular perturbations of order k > 2).

Consider the perturbation A of A given by the quadratic form y,[¢] = (o, W)k & {wW, ¥) .k,
w € H_t\H_k/2, k > 2. The operator S, : Hip 3 ¢ — (@, w)r,—kw € H_j associated with 7,
belongs to S_j (see Definition 3.2) because the set ker S,, = ker~,, = {¢ € Hi|(p,w)r,—r = 0} is
dense in Hy /o since w ¢ H_j /o (see [9, Th. A.1]). In particular, if & > 4, then ker S, is dense in
H> = Dom A, and one cannot use any of the usual methods to construct the perturbed operator A.
Here we suggest the idea of regarding 7, or S,, as a perturbation of A*/2: H;, — H. In other words,
we define A as (A_k/z—i—Bw)Q/k, where B,, is a rank-one operator in ‘H of the form B,, = 3,,(-,70)no,
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no := A~*/%w, with an appropriate constant 3,,. Thus, if we set 3, = 1 — o,, (this corresponds
to the representation b = 1 — s, see Section 3), then the constant o, must satisfy the inequality:

[m0]/2, < 0w, < 1. Only in this case we obtain A > 1 (see [3, Example 3.1]).
Set w = o, (AF/2p — M), @ € H\Hp 2, 9] =1, A € R. Then, using Krein’s resolvent formula

(AF/2 — )71 = (AF/2 — )71 4+ B (2),
where Bw(z) = 5w,z(’ 7772)7727 UP (Ak/Q - )‘)(Ak/z - 2’)_11/17 6w,z = 1/(()‘ - 2)(1/%?72))7

we solve the eigenvalue problem for A*/2: AF/2p = Ay (for details, see [4, 6]). Therefore, the
operator A solves the eigenvalue problem Aty = A\2/*4) with the same eigenvector .

The vector ¢ can be taken in the space H; (since k > 2 now). This is of importance and proves
that one cannot solve the above eigenvalue problem in the framework of singular perturbations of
class Py (A) with k < 2 (see [6]).

Example 5.2 (Perturbations of Bessel potentials by the §(z)-function, € R?, d > 3).

Let A be the Laplace operator on Lo(R%, dz). As is well known [1, 25], the inverse operator of
A= (1—A)*2 k>0, is the integral operator with Bessel kernel Gy = §~1((1 + |£|>)7*/2), where
& ! stands for the inverse Fourier transform. Recall that the representation by the Bessel potential
is ¢ = G * h = (1 — A)~*/2h. In particular, if h ranges over Lo(R%, dz), then ¢ € Dom(1 — A)*/2,
which is a Sobolev space, W¥ = H;, := {¢ = Gp*h, h € Ly}. Recall the explicit presentation for G,

() = — e = (o) [T t)dt

o) = G [ g = e [ ey a(alat
where J, stands for the Bessel function of order v. For more details on the explicit representation
for Gy, see [1, 25].

Choose a d > 3 and take k > d/2. By the Sobolev embedding theorem, the above functions
¢ are continuous. Thus, we have an embedding W§ C C(R?), which enables us to introduce the
generalized Bessel kernel G, = Gy + 3 (-,ms)ns, B > 0, where n5 = Gy, * 6 stands for the convolution
G}, with the delta function d(z) € Wy ", If d > k > d/2, then § ¢ WQ_k/Q. This ensures that the
generalized Bessel potentials ¢ = Gip*h, h € Lo(R?, dzx), form a new Hilbert space WQI“ such that
W¥ C Ly and which coincides with the ordinary Sobolev space on a set My = {p € W2 | ©(0) = 0}
dense in Ly. The canonical unitary isomorphism Dy: W2 — Ly(R% dx), after the restriction to
the space W3, := {¢ € W2 | Dry € Ly(R%, dx)}, defines a self-adjoint operator A=*/2 in Ly, which
corresponds to the heuristic expression “(1 — A)k/ 2 1 6.” Finally, the operator A (formally given as

“—((1=A)F/2 £6)%/% £17) can be regarded as a uniquely defined version for the formal expression
—A + §(z) in the case of x € R, d > 3.

Example 5.3 (Perturbations of Bessel potentials by fractal measures).

Let T' C R? be a compact support of a chosen fractal measure p on R¢ (for more details and
definitions, see [24, 8, 21]; see also the related papers [19, 17, 18]). Assume that the Cj, o-capacity
(in particular, the Lebesgue measure) of I is zero, Cy /(') = 0, m(I") = 0, but Cy(I") > 0. (For the
definition of Cj-capacity and its properties, see [1, 23].) Recall only that the Cj-capacity of a set T’
can be defined as follows:

ar) = it | [Gile = pavyviy).

where (7; stands for the Bessel kernel and the infimum is taken over all Borel measures such that
I' C suppv. Further, assume that the quadratic form v,[¢] := [|¢|*du, ¢ € W¥, is bounded

on W¥. Then there exists an associated operator Sy wk — W{k acting as the multiplication
by 1 and belonging to the class S_j (just due to Cy/o(I') = 0). Therefore, we can define a new

version of the generalized Bessel kernel, ék u = Gy + B, where B, is the integral operator given
by the kernel

Buew) = [ [ Gl =26ty = )l utd=).
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Similarly to the previous example, one can introduce a new version of generalized Bessel potentials
@ = Gr*h, h € Ly(R% dzx), to construct a new Hilbert space Wy, T Lo and to define the
singular perturbation corresponding to the heuristically given expression “—A + p.” This is a

uniquely defined self-adjoint operator on Lo formally given by the expression (G’ku)
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