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ABSTRACT. Let A > 0 be a self-adjoint unbounded operator in a Hilbert space H.
Let H1C H C H_1 be the rigged Hilbert space associated with A, where the norms
in H1 are defined as ||-|| 4, = ((A+1)*1,)1/2. Given ¢; € Hy \ D(A), a sequence
of vectors orthonormal in ‘H, and E; < 0, j = 1,..., N, a sequence of non-positive
numbers, we explicitly construct an operator T', acting from H; to H_1, such that
the perturbed operator A= AFT, defined by the generalized operator sum, solves
the negative eigenvalues problem, gwj = E;1;. We show that T is uniquely defined
if rankT = N. Besides we give a general description of all self-adjoint operators
T’ : H1 — H_1 such that A’ = AFT’ solve the same negative eigenvalues problem.

1. INTRODUCTION

Let A > 0 be a positive unbounded self-adjoint operator in a complex separable
Hilbert space H with an inner product (-,-) and the norm ||-||. We will assume that
inf) s =1 (Af, f) =0 and (Af, f) >0, f #0, i.e., that A is invertible.

Let {Hx(A)},cg: be the A—scale of Hilbert spaces (for details see below Ap-
pendix). Here we use only the following part of this scale:

(1) H_1DHo=HDH,

where H; = H;(A) coincides with the domain D(A'/2) in the norm |¢||; := ||(A+
I)*2yp||, where I stands for identity, and H_; = H_;(A) is the dual space (H_;
is the completion of H in the norm ||f|_1 := [|(A + I)~Y/2f||). Obviously A is
bounded as a map from H; to H_1, and therefore the expression (p, A) has sense
for any ¢, € Hy, where (-, -) denotes the dual inner product between H; and H_;.

Let T : Hy — H_1 be a closed symmetric operator acting in the A—scale. We
say that an operator T : Hy — H_1 is H—singular if the range R(T') contains
elements which do not belong to H. It may happens that R(T) N H = {0} and
moreover that T belongs to the H_;-class (see Appendix).

Given A and T we construct the singularly perturbed operator A= AFT using
the operation of generalized operator sum, which extends the well-known form-sum
procedure. By definition (for details see Appendix and ref. [11,12,18,23,25], [28])
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the generalized operator sum, A= AT, is the “restriction” of the operator sum
A+T:Hy — H_q onto H, where A stands for the closure of A as an operator
from H; to H_;. Precisely,

(2) DA) ={peHiND{T): Ap+Tp e H}, Ap=Ap+Tep.

In this paper we discuss the following variant of the inverse negative eigenvalues
problem (c.f. with [3], [15]).

Let ¢; € H1(A)\D(A), j =1,..., N, be an arbitrary sequence of vectors, which
is orthonormal in H, (¢;,¥x) = d;x, and let E; <0, j =1,..., N, be a sequence of
non-positive numbers. We want to construct a singular operator T : Hy — H_3
(possibly of the H_;-class) such that the perturbed operator A = AT is self-
adjoint in ‘H and solves the negative eigenvalues problem,

(3) Ay =Ej;, j=1,.,N.

In this paper we construct the required operator T' by the explicit inductive
method using, at each step, a rank one singular perturbation.

We start with an observation that for any self-adjoint operator A, a regular rank
one perturbation A; = A+ o1 (,w1) wy with w; = (A — Eq)Yy and oy = —m
solves the problem Aj1v; = FEj1; for any beforehand given real number F; and
any vector 11 € D(A), under the condition that (Awy, 1) # By |[¢]” (in fact
this condition might be omitted). We can repeat this simple construction for any
real number Es and any other vector vo € D(A), taking A; in place of A. Then
the operator As = Aj + ag (-,wa) we with we = (A; — E3)y and ag = —m
solves the problem Agws = Fathg. If 9o L 1)1, then, at the second step, the previous
eigenvalue pair, Ey, 11, is preserved, i.e., the operator As solves also the problem
Agtpy = FEqpp. Similarly by induction, at the Nth step, we obtain the operator
ANy = Ay-1+an (-,wn)wy which is a rank N perturbation of A and which solves
the problem (3) with ¢; € D(A), (¢¥;,¢r) = djk, j,k = 1,...,N, and any real
numbers Ej.

We will show in this paper that just described way admits an extension to the
case where all ¥; € H1(A)\D(A) and E; < 0. Moreover a similar result is true (see
[17]) for an arbitrary self-adjoint operator A in the case where ¢; € H, span{t;} N
D(A) = {0}, and E; € R,

We remark that in the case of a rank one perturbation, A= A¥a (-,w)w, such
that A solves the problem /Nhlz = F1), there exists a one-to-one correspondence
between the sets of pairs {E, 1} and {«,w}. Moreover this fact allows us to prove
the uniqueness theorem for the operator T' in the representation A = AFT under
the condition that rank 7 = N.

In general, the operator 7' is not unique. In section 5 we give a description of
all set operators T' : H; — H_; such that A’ = AFT’ solves the same negative
eigenvalues problem.

2. SINGULAR RANK ONE PERTURBATIONS

Here we show (by explicit construction) that for any ¢ € H; and a real E there
exists a unique (singular) rank one perturbation A of A, which solves the problem

A = Evp.
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We start with a brief account in the theory of weak singular rank one perturba-
tion of A which might be considered now as a bounded from below (unbounded)
operator (for more details see Appendix and [5,7,16,23,24,25,30]).

Let a vector w € H_1 \ H, ||w||_; = 1 be fixed. We assign to w the bounded
operator T =T, = (-,w)w acting from H;(A) to H_1(A) as follows:

Top=(p,ww, ¢ecHi(A).

It is known that each T',, produces a family of self-adjoint singular rank one pertur-
bations A = A, with a parameter o € (R!\ {0}) U co which is called a coupling
constant. We always write

Apw = AtaT, = Ata (-, w)w.

If o # oo, then A, is defined as the generalized operator sum [18]. In the case
a = 00, the operator Ay, is defined (cf. with [16]) as the Friedrichs extension of
the densely defined symmetric operator

A= A|D,
where the domain
D ={¢ € D(A) : {p,w) = 0}

is the maximal dense in H lineal on which all A, coincide with A. In any case
the resolvent of A, ., has the representation by Krein’s formula,

5 _ D' (A—apy oL
() RBe=aw =207 = A =2)7 = o)

=R, - bjxl(z)(’ 77?)772

('777?)7723

where
(5) RZ:(AizI)ilv n. = R.w, Rz:(AizI)ilv ba(z):$+<nsz>'

The domain D(A, ) belongs to H1(A) and may be described as follows. For any
z from resolvent set of Ay .,

D(Aa,w) = {1/} S H1<A) : '(/) =@ - bjxl(z) <‘p7w> Nz, P € D(A)} ’

and
(Agw — 20y = (A—z)p.

For a = 00, boo(2) = (1, w) and we get the Friedrichs extension A ., of A,
which, in the case of a positive operator A, can be described also as follows:

D(Aoo,w) = {1# € HI(A) Y =9p-— <907w> n, pE ’D(A)},
Aoo,uﬂ/) = A‘P + <907w> 7,

where we put n = (A + I)~!w and use the equality (n,w) = ||w|| 2; = 1. Thus each

o
Aq w is a self-adjoint extension of A.
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Let now A be a positive operator. It is known (for details, see [4,5,7,8,25,24])
that a pair ¢ € D(Asw) \ D(A), E < 0, solves the eigenvalue problem A, % =
E7, if and only if the vector ¢ has the form

b=(A-B)w
and F is a root of the equation
1
(6) balE) = — + (np,w) =0.

Does there exist a solution E of (6) for any « if w € H_1 \ 'H is fixed ? We give
an answer to this question under the assumptions that a < 0.
Let us consider the function

(M) aulB) =) = (A+ B ww) = [ mpdun), E<o
where dp ,(A) = d (E yw,w) stands for the spectral measure of A associated to w
and where E , is the resolution of identity for A. It is possible that a ,(0) = oc.
Evidently, a,(F) is a continuous, nonnegative, and non-decreasing function on
E € (—00,0] with

lim a,(E)=0.

E——o0

Due to (6), Aaw% = Ev for some vector ¢ € D(A,,) \ D(A) if and only if
(8) (o, R = —=
w =——.
y IVE a

Thus the answer to the above question depends of whether the value

a,(0) := éiino a,(E)

is finite or not. Since a ,,(E) grows monotonically from 0 to a ,(0), when E runs
over the interval (—oco,0], a solution E < 0 always exists for all negative a such
that

Therefore if % 1
aw(O):/ ~dp (V) < oo,
0o A

then the maximal value of the coupling constant « insuring the existence of a
solution £ <0 is

However if

lim a,(E) = a.,(0) = +oo,
then A, ,, possesses a negative eigenvalue E for any fixed av < 0. We emphasize that
the solution F, if it exists, is unique since the function a ., (E) grows monotonically
when F — 0.
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We can give some characterization of vectors w such that A, . possesses an
eigenvalue E < 0 for any fixed o < 0. We need some additional preparations before
formulating of our result.

Introduce the “homogeneous” version of the positive space Hi(A). Let H; =
H;(A) denote the completion of D(A) under the norm |[|f[|; = (Af, Y2 We
recall that by assumption A is invertible. It is clear that [|-[|; < ||, and
therefore |- > [|-[l,_, , where H_; = H_1(A) is the completion of the range

R(A) under the inner product (f,9)g_, := (A71f,g). Thus we have
(9) Ho1(A) D Ho1(4), Hi(A) D Hi(A).

We observe (see (7)) that

2
aw(0) = llwly_, -

Therefore w € H_y iff a,(0) < oo. Thus if we assume that w € H_;, then

limp_pa,(E) = a,(0) < oo, and the root E of equation (8) is absent, if the

value of the coupling constant satisfies f%@ < a < 0. Indeed if F is a root of

the equation a = — <w, (A—E)_lcu>_1 then the coupling constant o should satisfy
the inequality

1
< .
o <a,(0)

Thus we have the following result (cf. with [4]).

Theorem 1. For a fized element w € H_1 \'H, ||w|_; = 1, the operator A, ., =
A¥a (-,w)w possesses exactly one negative eigenvalue E < 0 for any o < 0 , if and
only if

(10) WEHfl\Hfl.
In such a case, the uniquely defined eigenvalue E is a root of the equation
(11) au(E)+a t=0,

and the corresponding eigenvector has the form ¢ = (A — E)~lw.

In the considered situation we have a one-to-one correspondence between pairs
{o,w} and {FE,¥}. Now we show that such a correspondence exists in a more
general situation.

Theorem 2. For each bounded from below (unbounded) self-adjoint operator A in
H, any nonzero vector 1 € Hy, and a real number E, there exists a uniquely defined
rank one (singular) perturbation A = Aq ., withw € H_1 and « given by

(12) w=(A-E), «

which solves the problem

(13) Ay = Enp.
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In other words, the operator
(14) A=Ay, =AFa (L w)w

with w € H_; and a coupling constant a € (R!\ {0}) U oo defined by (12), for
any beforehand given vector 0 # 1 € Hy and a real number E, solves the problem
(13). We put A = A, if w = 0, i.e., if Ay = E¢. Conversely if A is a rank one
weak singular perturbation of A (see Appendix) and A solves the problem (13),
then this operator admits the representation (14), where the coupling constant «
and the element w are uniquely connected (precisely w is defined up to the factor
%) with ¢ and E satisfying relations (12). Thus this relations establish a one-to-
one correspondence between {E, 1} and {a,w} under the condition that A solves
problem (13).

Proof. Let ¢ € H; and E € R! be given. In the trivial case where 1) € D(A) and
Ay = Evp, we put A = A, and (13) is satisfied. Otherwise w # 0 and a # 0 too.
Assume « # oo. By the direct checking we find that the operator

(15) A= af (— ) (. (A—E)) (A-E)o,

1
(¥, (A=E)Y)

solves the problem gw = FEv. Moreover for any other operator A = A¥o
()W, W # 0, & # oo, which solves the same problem, the element w’ nec-
essarily has the form o’ = e¥w, § € [0,27) and o/ = a, where w and « are given
by (12). If ¢ and E are such that (A, ) = E|[¢]°, (w # 0), then @ = oo, we
define A by Krein’s formula

(16) Ez = (Aoo,w - ZI)_l = (A - ZI)_l - mzilw('arﬁ)nm

with 7. = R.w where w = (A—E)). We recall that now Ay # E¢. By the
direct checking we find that R, ¢ = ﬁw, ie., A= Ay, solves the problem (13).

Conversely if A is the Friedrichs extension of a symmetric operator ;1 defined by
some element w € H_1 \ H, and A solves the problem (13), then the resolvent of A
has the form (16) where necessarily w = (A—E)t, and (A4, ) = E|[¢||*, which
corresponds to a = oo. O

Thus in the family of rank one perturbations A, such that each A, . solves
the problem Ay = FE1) with a real E and some v € Hi, we have a one-to-one
correspondence between pairs {F € R',¢ € H;} and {a € (R'\ {0}) Uoo, w €
H_ 1}

We remark also that a similar result is true (for details see [17]) for a strongly
(pure) singular rank one perturbation A € Pg(A) (for notation see Appendix) with

1 € H and w € H_5. In this case, the operator A may be defined for any beforehand
given E € R! and ¢ € ‘H by Krein’s formula

("E*Z)il = (A72)71+b;1('777?)7727 Imz#(),

with
n:=(A—E)(A-2)""
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and

The above described procedure of constructing the operator A which solves the
problem (13) is called the inverse eigenvalues method in the singular perturbation
theory. In the next section we will use this methods in the case of finite rank
perturbations.

3. SINGULAR FINITE RANK PERTURBATIONS

Let A = A* > 0 be invertible. Given a sequence of vectors ¢, € H1(A) \ D(A4)
orthonormal in H and a sequence of non-positive numbers F; < 0, j = 1,..., N,
introduce the sequence of operators Ay, ..., Ay as follows. At the first step we put

Ay = Afa (w)wi, wi =w) = (A— E)Y

with
1 1 1

O(lz— = — =

(1, (A — E1)r) (1, A1) — E; a9, — By’

where
a’(l)l = <w1a A¢1> .

We remark that under starting assumptions co # ay < 0 since (t1, A1) > 0 and
—FE > 0. According to constructions of the previous section, A; is a weak singular
rank one perturbation of A, which solves the problem Aq1; = E117 and therefore
it is a uniquely defined by beforehand given vector 11 € Hi(A)\ D(A) and number
E; < 0. We note that A; may be written also in the form

Ay = E\ Py, ® A,

where P, stands for the orthogonal projector onto the vector 11 and Af is the
part of A acting in the subspace orthogonal to ¢;. It is clear that A > 0.
At the second step we construct a weak singular rank one perturbation of Ay,

Ay = Artoo (rwy)wy, wy = (A1 — E2)is,

where

w% = (Al — Eg)’gﬁg S H_l(Al),
since ¢3 € H1(A) and norms in H;(A) and H1(A4;) are equivalent, and where

1 1
a2:— =

(Yo, (A1 — Eo)s)  aby— En’

We find that

1
a3y = (2, Aqha) = (1ha, Atha) + aq | (o, w1)|* = a3y — ﬁElMgﬂZ,

a1y
agl = <’¢2,A'¢}1>7
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and therefore

g = —
|CL(2)1|2

0

a9y, — By — —24
22 2 0
au—El

By the construction, Ay solves the problem Asys = Fa1be, and moreover it solves
the problem Asy; = Ei117 too since 1 L 1. Thus by our construction and due
to Theorem 2, the operator A, is uniquely defined by the vectors 1; € H1(A) and
the numbers E; < 0, j = 1,2, singular rank two perturbation of A, which solves
the eigenvalues problem Asv; = E;v;, j = 1,2. We note that A, may be written
in the form

Ay = E1Py, @ B3Py, © Ay,

where Py, j = 1,2, stand for the orthogonal projectors onto vector v, and Ay is
the part of As acting in the subspace orthogonal to the vectors 11, 12. Obviously
As, as a rank two perturbation of A, has the representation

Ay = A+T;
with a singular rank two operator Ts : Hy(A) — H_1(4),
Ty = oy (-wi)w + as (-,wy) wy,

which can also be written in the form

2
Ty= Y tin(w))wk, wj = (A= Ej),

Gk=1
where
P 210 |2
11 = a1+ az(a) |a21| )
0
t12 = arasasyg,
0
to1 = a1aeayy,
t22 = (9.
Thus

2
Ay = ATy = AT | D tj (- wj) wi

j,k=1

We can continue our constructions to any finite step up to n = N. At the nth
step we construct a weak singular rank one perturbation of the operator A,_1,

An = An—lz‘;an <_7wn—l> wn—l’

n

where
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since the norms in H;(A) and H;(A,,—1) are equivalent and 1,, € H;(A), and where

1 _ 1
<¢naw3_1> N aZT_Ll 7En’
aryt = (P, Ap_1ty)

= <{¢)n7 An72¢n> + an71| <wnvw2:%> ‘2 = a27_12 + an71|a2;1271 27

Oy = —

with
n—2 __

an,nfl - <wn7An72wn71> .

Thus
1
Qp = — |an—2 2
n—2 n,n—1
ann  — En - ‘a(] |2
a;i:i),n—l - E"—l - a 2_1 El
11
We set

(17) Ay = A, = Atoq (Lw)wit o Fa, Gl Dol N =n,

By Theorem 2 the operator Ay is uniquely defined by a vector ¥y € Hi(A)
and a number Ex < 0, weak singular rank one perturbation of A,,_; which solves
the eigenvalues problem Anty = Enty. Moreover by induction, Ay is uniquely
defined by the vectors ¢; € Hq1(A) and the numbers E; < 0, j = 1,...N, weak
singular rank N perturbation of A, which solves the eigenvalues problem Ayw; =
Ej’ll)j for all Ej S 0.

We note also that Ax can be written in the form

An = E\Py, @ ® ExPy, @ Ay,

where Py, j =1,..., N, stands for the orthogonal projector onto the vector ¢;, and
Ay is the part of Ay acting in the subspace orthogonal to the vectors 1;.
The above result we formulate as

Theorem 3. Let A be a rank N weak singular perturbation of a self-adjoint oper-
ator A >0, i.e.,
A= AN = AJZTN7

where T = Hi(A) — H_1(A) is a H—singular rank N operator (see Appendiz).
Let o set of vectors ¢; € Hi(A) \ D(A), orthonormal in H, and numbers E; <0,
j=1,...,N, be arbitrary and fixed. Then A solves the eigenvalues problem

if and only if the operator T admits the representation in the form

N
(18) TN:Zaj <',w§_1>w§_1a
j=1
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where the coupling constants o; and the elements wg_l are uniquely defined by the
vectors ¥; and the numbers E; according to the inductive formulae

(19) Wit = (A1 — By
1

Thus we have a one-to-one correspondence between the set of any beforehand
given vectors ¢; € Hy(A) \ D(A) orthonormal in H and numbers E; < 0, j =
1,..,N, and a set of weak singular rank N perturbations A (see Appendix) which
solve the eigenvalues problem (3); this correspondence is fixed by (18), (19), and
(20).

(20) Oéj = -

Proof is inductive and uses Theorem 2. In one direction, the theorem is proved
by the above described explicit construction of the operators Ayx (see (17)). In
the opposite direction theorem is proved in the case N = 1 (Theorem 2). In the
general case, N > 1, we use the following reasoning. Assume A is a rank N weak
singular perturbation of A > 0, i.e., A= A¥T, with some H—singular rank N
closed symmetric operator T : Hi(A) — H_1(A) (in fact T is self-adjoint). Assume
A solves the eigenvalues problem (3). Then

(AN_EWJJ :Oa j:]-v“'va
where Ay is defined by (17), and therefore

Ty =Ty =—-wl™, j=1,..,N.

This means that Ty = T since all the vectors wg_l are linearly independent by

construction, and both T, T" are rank N self-adjoint operators. Thus A=A N.- 0

‘We remark that the required operators T  of rank N can be constructed in another
way as follows [29]. Put

N
T=) tyj(wlw, wj=(A—EN;

ij=1

We assert that A = AFT solves the problem (3), if (tij)N

i1 is, up to sign, the

matrix inverse to
N .
a=(ar;)y s arj = (Vk, (A= Ej)¢y).

Indeed, the equation gz/}k = E,vy, can be equivalently rewritten in the form

N
A+ > by (Vr, wi) wj = Exthx,

ij=1
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or

N N
Z tijariw; = Zo‘jkwﬂ' = —(A - Ep)Yp = —wi,
i=1

1,j=1

N . . .
where o, = )" tijar;. Because the vectors wj, j = 1,..., N are linearly indepen-

dent, we conclude that Ay = Epiby, k = 1, ..., N, holds if and only if aj, = —d,p.
This means that t;; = —(a™!);;, where a=! denote the matrix inverse to a. Thus if
we put

N
(21) T=73 (- ")y {w)w,

ij=1
then A = A¥T solves the problem (3).

4. SEQUENTIAL METHOD

Let an operator A > 0 be as above, ¥; € H1(A)\ D(A) be a sequences of vectors
orthonormal in H, and E; <0, j =1,..., N, be a sequence of negative numbers.

In this section we develop another sequential method of an explicit construction
of the operator T': H; — H_; such that A= AFT is self-adjoint and solves the
negative eigenvalues problem,

(22) /L/J] =FE;y;, E;<0, j=1,..,N.

Similar to the previous section, in the construction given below we consecutively
use only (singular) rank one perturbations of the form «(-,w) w : H; — H_q,
0 # o € R!, where the vectors

weN_:= span{(A—Ek)wk}ivzl CH_1.
Let us introduce the following notations. Put

A=A, k=1,..,N,

and define the operators

1

Af = AF Tty (o) of, by = (@r,0f)’

where
w’f = (Ag — NEk§1k)1/J1 eH_1

(here we used the same notation as in the previous section for different vectors
w € N_1). Similarly we define the operators

1

(23) Af = A?fll'v_tlk? <aw;€>w§€7 tlk = _Wa .7 > 17
7

(24) wh = (Aé?fl — NEk5jk)I/)j e H_q,
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and A;{l is the closure of A;{l as a map from H; to H_i. We note that each
operator A% can be represented in the form A% = A+TF, where T} is a rank j
self-adjoint operator acting from H; to H_; (one can easily find its explicit form).
By definition we put

) AW = Ay = ATTO,
where
N
k) . Tf:N — thk <.,w;?> wf.
j=1

Define also
XN
A-— (k)
(26) A= N kilA ,

and T : Hy — H_; as follows:

1 & 1 &
(27) T = NZT(’“) == Dt (L wh) Wk,
k=1 k,j=1

where the vectors w;-“ € H_; are given by (24) and where all the coefficients

1 1
28 tin = — =- :
(28) ey (U A NEG

Our aim in this section is to prove

Theorem 4. Given a sequence of vectors ¢¥; € Hi(A) \ D(A) orthonormal in 'H
and a sequence of negative numbers E; < 0, j = 1,...,N, let A be the operator
constructed according to (23)-(28). Then A is self-adjoint and solves the negative
eigenvalues problem (22) in the exact sense, i.e., le =By, E <0, E# Ej, implies
P =0.

To prove this, we start with

Proposition 1. The operator A defined by (26) coincides with the generalized
operator sum,

(29) A=ATT.

Proof. Using above notations and definitions (see (23)—(28)), we have

A(l) = Ajl:N = A;:Nflq:tNl <7w]1\7>w11\f

= AN _yF+tn-1.1 <'7w11v—1> wi_1+tn1 <'7W11v>wzlv

N
= A‘T‘thl <-,w]1.>w]1-.
j=1
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Similarly for any k£ > 1,

A(k) = A_]]C:N = Al];:N_lii:tNk) <’w]kv>w1kv

N
= A—T—thk <-,w§?>w§“ = AFT®,
j=1
Therefore,
N N
~ 1 ~1 ~
A=+ > AW = At > Tk = AT
k=1 k=1
O
Let

Ab: Hy —H_q,

AM: My Moy, kj=1,..,N,

denote closures of the operators A and A? as maps from H; to H_;.

Proposition 2. All the operators Ak, A? are self-adjoint in the sense of a pair of
spaces.

Proof. Recall that Af = A, and A;? = A;ﬂl—T—tjk <-,w§?>w§“. By the construction,
all these operators, as maps from H; to H_1, are densely defined symmetric and
bounded. Therefore their closures are self-adjoint. O

Proposition 3.
Alpy=0, if 1<j<k

Proof. By the construction, for j = 1 and any k£ > 1 we have

(30) zﬁwlefw::A¢y—agfgﬂgwhAwkolzo
Similarly, for j = 1 and any k > 2,
@%—M%—M%@mg%w%AWﬁM%—&
and also
%mAﬁu.Mm@%;WQQMAw»AW2o,

since Ay =0, and (¢, Afs) = (Af1,12) = 0 due to (30), where we used the
self-adjointness of the operator A% in the A—scale (see the previous Proposition).
By induction for an arbitrary [ < j < k we have

1
[ ATy (AT At =0
9 j—

since A?_lwl =0ifl <j—1<k, and <¢l7 Af_le> = <A§_11/)l, 1/1j> = 0 too, where
we again used that operators A;?_l are self-adjoint in the A—scale. O

Al = Al = A% oy —
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Proposition 4.
Afpy = 6 NEwr, if 1<j=k

Proof. Let I < j = k. Then similarly to the previous arguments, we have
Abyy = Ay,

1
= A?—ﬂ?l -

(Vp—1, AF_19r—1) <wl’A£—1wk—1>A£—1¢k—1 =0,

since

(1, Af 1) = (AF_ b, i)
and A¥ ¢, =0,1<j =k — 1. In the case where [ = j = k we have
k-1

Ak = Akyy,
1

= Ak _
1Y g (AR, — NEwu)
= A}_ 1Y — (Af_y — NEy)¢y, = NEgiy.

(Vr, (A} — NEp)vw) (A}, — NEp)ix

Proposition 5. Let k < j. Then

(31) AMpy, = NEw, if k<4,
and
(32) Afpy =0, if 1<j, 1#k

Proof. By the definition

1
(V5. (AF_| = NEwS;—16)¢;5)
X (r, (A¥ | — NEuS;_16)05) (AF | — NEwS;_1.x)0;.

Al = Al = Aoy, —

Assume k = j — 1, then obviously Aﬁ_ﬂ/}k = N Ey. Besides,

<¢ka Al;—1¢7> = <A§_1¢k,¢7> = Ek <wk:a¢]> = Oa

since ¥y, L ¥,k # j. Thus A;?wk = NEpyy, if j = k+ 1. By induction, we have a
similar relation for any j > k, i.e., (31) is proved. To prove (32) we have to consider
only the case | < j, | > k, since the case | < k is already proved in the previous
proposition.

At the first step, put j = k+ 1 =[. Then we have

A]l:+1¢k = Allz+11/)k

1
= A — ———— (e, Al Y Al = 0.
R <¢k+17A]§1/1k+1>< ety Atr) A
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At the second step we take j = k + 2, and consider [ = k + 1,k + 2. By a direct
computation we have

Al]2+21/’k+1 = A]1§+21/1k+1
1

(Vht2, AL 1 Pki2) (Vrs1s Al Yiez) Al prtiee = 0,

k
= Ak+11//k+1 -

since

(Yrr1, Af 1 nto) = (AF 1 ¥ki1, Yrsa) =0

and Aﬁ 11%k+1 = 0 similarly to the previous arguments. In the case | =k + 2, we
have

Allz+21/)k+2 = AZ+27/)k+2
1

Vhto, Af  Upp2)

= A} 1 Upgo — < (Vry2, A1 Urio) Af 1 ¥ks2 = 0.

Similarly we obtain the same relation for j =k+3, I =k+1,k+2,k+ 3. And so
on. O

As a consequence we obtain

Proposition 6.

(33) ARy = NESbe, if k,l=1,...,N.

Proof. To check this assertion, it is convenient to present the above considered
operators in the form of the operator array,

Af=A AboAL o AL = AL
Al =A A2 A3 - .. A% =40
. Nt .
AL =A AN o AN = A
and consequently to look and check the assertion for each operator using the pre-
vious propositions. We remark only that A2 = A3 = ... = AN A3 = A = ...
— AN, 0

We emphasize that each operator A%*) does not depend on the order in which
the pairs {9;, (5jkNEj}§V:1 are taking in the construction of this operator. In other
words,

AW = AF = AP (-

where P : {1,..,N} — {i1,...,iy} denotes a permutation in the set of indices
{1,..., N}, which preserves the index k. Therefore each A*) admits the represen-
tation

(59 AW = A6OTR, (k) ko,
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where A0 is constructed by the inverse eigenvalues method from a sequence of
. N
pairs {¢j,0}j:1,#k, and

Wy = (AR — NEy)¢y,

1
t%k = 77]@0
<¢)7€7L‘}27 >

Here we again used the additive property of generalized sums. Clearly, each A*:9)
is positive,

(35) ARO) >,
and moreover it solves the problem
(36) ARy, =0, j# k.

Proof of Theorem 4. Directly from (26), (29) and the above propositions it follows
that A is self-adjoint and (22) is fulfilled. So we have to prove only that there
absent additional negative eigen-solutions for the operator A defined by (26).
Assume Ay = Evp, E < 0, for some vector . Clearly, ¢ ¢ N:= span{ﬂ)k}gﬂ,
and moreover 1) should be orthogonal to this subspace. However each operator A*)
is positive in the subspace H& N (see (35), (36)). Therefore ) = 0, and A solves
the problem (22) in the exact sense. O

We remark that the operator T' defined by (27) satisfies
RankT < 2N.

Indeed by our constructions all elements w;? in (27) belong to the subspace
N_1 = span {Avy, (A — NEj)’([}j}ﬁjzl .
In other words, for the range of the operator T, we have
R(T) C Ny C H_;.
Evidently, dim N_; < 2N. Therefore RankT < 2N also.

Another explicit solution of the problem (3) with an operator T of rank 2N can
be obtained as follows [29]. Assume for a moment that all the vectors ¢; € D(A).
Then we can introduce in H the N—dimensional subspace N/ = span {wj}J.\L and

Jj=1
the operator
N

T'=> Ei(-, ).
i=1
Let P = Zﬁil(~, 1;)1; be the orthogonal projection onto A/ in H. Then the oper-
ator

A=(I-P)AI-P)+T =A+T,
T = PAP — PA— AP+ T’
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obviously solves the problem (3). In a general situation, where ¢); € Hy(A), the

explicit solution of (3) can be presented in the form A= AT, where T has the
form

N
T=T+)

i=1

N
(Z(WW) (A, i) 1/%) = (5 Ai) i — (i) Ay

k=1

Finally we remark that among all other operators A that give a solution of
the negative eigenvalue problem (3) our construction (see (26)—(29)) possesses the
rather specific property. Namely, each operator A®) k=1, ..., N, solves the follow-
ing negative eigenvalue problem: A(k)wj = Ej} v;, where 9; are the same vectors as
in (3), while £} = NEy and £ = 0, if j # k. We note that each A®) is arank N per-
turbation of A (see (23)-(25)) and by our construction (A% = lim; Af) at any
step the operator A;? (which is a rank j perturbation of A) also solves the negative
eigenvalues problem. Moreover each operator of the form A1k = A1) 4 4
Ak k. < N, also solves the negative eigenvalues problem, A(k'l’“"ki)?ﬂj = E; Y5,
where Y = NEj, if at last one of the indices k1, ..., k; coincides with j and E} =0
otherwise.

5. A DESCRIPTION OF T

Let A > 0 be as above. Let Ac Paa(A). This means that A can be represented
by the generalized sum, A= A¥T, of A and a bounded self-adjoint operator 7T :
Hi(A) — H_1(A) (see Appendix). Assume that A solves the negative eigenvalues
problem (3) with E; <0, j =1,..., N, in the exact sense, i.e., the set {¢;, Ej};-v:l
exhausts all eigen-solutions of equation (3) with negative eigenvalues. In this section
we find a general description of the operators 7.

Assume for a moment that the range

R(T) € H_1(A)
(see (9)) and that T, as an operator from H;(A) to H_1(A), is bounded,

(37) Qr LAl = (Tf, ) < M| f]3, .

where Q7 [f] stands for the quadratic form of 7. Then by the Birman-Schwinger
principle [14] the operator A , = A+aT does not have any negative eigenvalues if
0 < |a| < 4 . Indeed, (37) implies

. 1
aQr(fl < (Af,f), i 0<lal <7,
since (Af, f) = Hf||§1,1 . Therefore in this case,

(Af, ) +a(Tf, f)>0.

This means that the quadratic form of ﬁa is positive and hence A « does not
possess any negative eigenvalue.

Conversely, if A= AT is positive, A> 0, then
(38) ~Qrlf1 < Ifl, = (AL
Therefore, in this case T' may be considered as an operator (not necessarily bounded)f
acting from H;(A) to H_1(A) and which obeys the inequality

(39) —Qr [f] <(Af. f), [ e Hi(A)NDT).
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Theorem 5. Let an operator A = ATT belong to the class Paa(A) (see Appen-
diz). Then it solves the negative eigenvalues problem (3) with E; <0, j =1,..., N,
in the exact sense if and only if T admits the representation

(40) T =Ty + Taa,

where T has the form (18) and the quadratic form Q. [f] =(Taaf, f) obeys the
inequality

(41) —Qr,. [f1 < (AL f)

and, besides,

(42) Ker Thq D N: = span {¢; }j\[:l :

Proof. Let A’ = ATT' solve the negative eigenvalues problem (3) with E; < 0,
j=1,...,N, in the exact sense. Consider the operator Ay = A+Tx constructed in
Section 3 that also solves the same problem. Define

Tad = ;&7 — AN : Hl(A) — H_l(A),
where A’ = A+T’ and Ay =A+Ty.SoToqg =T — Ty, and we can write
A = AFT' = AF(Tog + Ty ).

We will show that Thq satisfies (41) and (42). Indeed (42) is fulfilled since both A’
and Ay solve the same negative eigenvalues problem and therefore T,q equals zero
on the subspace

N = span {1, }j\;l .
Thus we have only to prove that the quadratic form of Qr,, [f] obeys the inequality
(41) on the subspace Hi-(A) which is defined as the closure of Hi (A4) = Hi(A)S

N in H{(A). By the additive property of generalized operator sums (see Appendix)
we have

(43) A" = AT (Tya + T) = (AFTN) FToa = AnFTha.
Therefore
N 1t N N N
A=A ©)Y EiPy, = |Ay®©)Y EPy, | +Twa = (A§v+TJd) ®© ) EiPy,,
j=1 j=1 =1

where | stands for the restriction onto subspace Hi (A) and where we used that
il " . oY
Toqg = Tg[d @ 0. We note now that both A’ and Ajrv are positive, since A’ and Ay

_ ~1 .

solve the problem (3) in the exact sense. Thus the operator A’ can be viewed as
a perturbation of the positive operator Ajrv by Ta[d. By the arguments before this
theorem,

—(7{1.1) < (ALL.F).
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Hence we can conclude that

~Qrat[f] S (AMF f), fe HE(A)nDT),

since, by the constructions of Section 3, it is obvious that Ay < A. Therefore the
quadratic form of the operator T,q obeys the inequality (41).

Conversely, let 7" admit the representation (40), 7" = Ty + Taq, where T is
constructed in Section 3 and Thq obeys inequality (41) and satisfies (42). Then
gad = AFT,q is positive and coincides with A on N/ C Ker T,q. Now we note that
if we will construct the operator T (see Section 3) starting from gad, instead of
A, we get the same operator since this construction involves only the values of A
on the subspace N where both A and A,q coincide. Thus we can write

Tn(Apa) = Ty (A) = Th.
Therefore by the additive property of the generalized sum,
Al = AT = (A¥To)FTy.

Now we remark that by the construction of Section 3 the operator (A—T—Tad)—T—TN
solves the starting negative eigenvalues problem. O

6. APPENDIX. (GENERALIZED OPERATOR SUM. ADDITIVE REPRESENTATION

Here we introduce two families of operators ﬁ, which we denote by Pys(A) and
Pada(A), and discuss the question about the additive representation of A in the form
of a generalized sum, A= A¥T, with T : Hy — H_1.

Given A > 0 in H (with obvious changes, one can assume that A is bounded
from below) introduce an A-scale of the Hilbert spaces,

(44) H_sDHo=HDHs, s>0,

where H, = H,(A) = D(A*/?) in the norm |¢||s := ||(A + I)*/¢p||, and T stands
for the identity, and H_s = H_s(A) is the dual space with respect to Hs (H_; is
the completion of H in the norm || f||_s := ||(A + I)=*/2f||). Obviously, D =A + I
is unitary as a map from Hs to H, and moreover both maps D : H;— H_; and
D :'H — H_q are isometric. So the operator

D=A+D'=A+1:H—H_,

is unitary, where cl stands for the closure. The following relations hold (for details
see [10], [13]):

<f7§0>:(f,80); fEH7 @EH& 8205
(W,D@),l = <w790> = (D_lw,@)la w e Hfla "2 S Hla
(45) (W,Df)fz = (D_1w7f)a w e H72a f S H7

where (-,-)s denotes the inner product in Hy and (-,-) stands for the dual inner
product (the pairing) in the A—scale.
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By definition (see [2,19,20,21,25]), a self-adjoint operator A+A is said to be a
(pure) singular perturbation of A if A coincides with A on some linear subset D
dense in H. The class of all such operators is denoted by Ps(A). Thus A#A
belongs to the class Ps(A) iff the set

(46) D:={feD(AND(A): Af = Af} is dense in H.

We say that A#A belongs to the class of weak (pure) singular perturbations of A,
and write

(47) A € Pys(A),
if besides (46) the following condition holds:
(48) D(A) C H;.

Otherwise we write

(49) A€ Py(A)

for a strong (pure) singular perturbations of A. We say that Ais a rank N weak

(not necessarily pure) singular perturbation of A if D(A) C H; and the resolvent
difference R,(A) — R.(A) for one z € p(A) N p(A), and therefore for all such z, is
a rank N operator. B N

An important fact is that each operator A € Pys(A), (A # A, where Ay, de-
notes the Friedrichs extension of the symmetric operator A [D) admits an additive
representation in the form of a generalized sum, A= AFT, with T acting in the A-
scale, T : H1—H_1 (see Theorem 3 in [26], Theorem 7 in [27]). Before formulating
this result, we need in some preparations.

Let 0 # T be a closed symmetric operator acting in the A—scale, from H; to
H_1. Note that the adjoint operator T* is defined with respect to the dual inner
product (-, -) between H; and H_1, so T™* acts also from H; to H_;. Thus

(T, ¥) =, TY), ¢, €D(T) CD(T*) CH_1.

We say that an operator T : Hy — H_; is H—singular if the range R(T)
contains elements which do not belong to H. An operator T is said to be pure
singular with respect to H or shortly, pure H—singular (see [25,21,27,6]), if its
range essentially belongs to the space H_q, i.e., if

R(T)" ' nH = {0},

where cl,-1 stands for the closure in H_;. It is known (see [26] Theorem A) that T
is pure H—singular if the set

(50) Ker T is dense in H.

Since T' is a closed operator, the set M; = Ker T is a closed subspace in H;. We
write

(51) T € H_y — class,
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if the set
(52) KerTND(A) is dense in M;.

Obviously the set Ker TND(A) is a proper closed subspace in Hs. We denote
it by Mas. Now (50) and (52) can be rewritten as

(53) M =My, MO =H,,

where cl,0 (cl,1) stands for the closure in H, (resp. in H;). Of course from (53) it
also follows that M;l’o = Hs.

We will interpret the operators T as objects carrying singular perturbations
of A (see [2,21,6,25]). For the construction of the perturbed operator A we use
the generalized operator sum approach which extends the well-known form-sum
method. Let us recall this construction (for more details see [10],[12], [11,25,23,18]).

Given a symmetric operator T : H; — H_1 let us define the generalized operator
sum, A= AFT, as the ”restriction” of the operator sum A + 7T : H; — H_; onto
‘H, where recall, A stands for the closure of A as an operator from H; to H_1.

Precisely,

(54) DA) ={p e HiND(T): Ap+Tp e H}, Ap=Ap+Top.

We note that separately each component A and Ty in general belong to H_;. It
is easily seen that A always is a Hermitian (symmetric) operator, i.e., (/th,w) =
((,07111#), w0, € ’D(ﬁ)7 but in general, it is not necessarily densely defined in H.
Surely if D(T) C D(A) and R(T) CH then A+T coincides with the usual operator
sum A+T. It has been shown [10,11,12] (see also [27,18]) that the sum in the sense
of quadratic forms is a particular case of the generalized operator sum.

We remark that if for an operator T' from the H_;—class, the generalized sum
A = AYT is a self-adjoint operator in M, then necessarily A € Pys(A), since
obviously the set D defined by (46) is dense in H (see (50)—(53)), and D(A) C H,
due to (54). The inverse implication is true under natural conditions.

We have the following result.

Theorem 6. [26,27]. Fach operator Ae Puws(A), A # A , under the condition
that both pairs, A, Ass and A, A , are relatively prime (see [1]) with respect to

4 =A| D= A [ D, admits a representation in the form of a generalized sum,
A = A+T with a uniquely defined (bounded) self-adjoint operator T : Hi — H_1
which belongs to the H_1—class.

We note that the above definition of a generalized operator sum could be ex-
tended to a case where A is replaced by another self-adjoint operator C' in H such
that H;(C) differs from H;(A) = H;. Indeed, assume that the domain D(C) C
H, and that C is closable as a map from H; to H_;. Let C := C° : H; —
H_1 denote this closure. Then similarly to the above case we define C = CIT
as the "restriction” of the operator sum C + T : H; — H_; onto H. Thus
DIC)={peDC)ND(T): Co+Tp eH}, Cp=Cp+To.

In our constructions we use the additive property of generalized sums,

(55) AH(Ty + To) = (A+Th)+1s = (A+Te)+17,
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which is valued for bounded operators 17,75, acting from H; to H_; and such that
both domains D(A+Ty), D(A+T3) are dense in Hi. Indeed, (55) is true since in
this a case the closure of A+T; ( A+T5), as an operator from H; to H_1, coincides
with A + T} (resp., with A + T5), and therefore using the extended definition (54)
one can construct the generalized sum (A+T})+Ty (resp., (A+T3)+T}) in the case
where A is replaced by C equals to A+Ty (resp., A+Ty).

The next problem which can be posed is to find conditions on a symmetric
operator T such that A+T is essentially self-adjoint. In [4,6,18,21,26], sufficient
conditions of self-adjointness for A+T have been obtained. In this paper we use
the following result.

Theorem 7. [4,21]. Let T € H_1 — class and one of the conditions is fulfilled:
(a) the operator T = (A +I1)~T in Hy has a pure point spectrum, (b) the domain
D(A) C R(T +I). Then the generalized sum A = A+T is essentially self-adjoint.

In particular, A = AT is self-adjoint under the condition that 7 = (A + 1)~}
is compact in H;.

Finally we will discuss the question about the additive representation for opera-
tors A which is bounded from below but does not necessarily belong to the family
Pus(A).

Let A > 0 be as above and A = A* be a self-adjoint operator bounded from
below. We say that A belongs to the class of additive perturbations of A, and write

(56) A€ Paa(4),

if A admits a representation as a generalized operator sum, A= AFT, with some
bounded symmetric operator 71" : H; — H_1, which does not necessarily belong to
the H_;-class. We want to answer the followmg question. Under what conditions
A is an additive perturbation of A, i.e., when A € Paa(A)?

Let {Hk}k . be an A—scale of Hilbert spaces, where Hy, = Hk(g) is the
e ~ ~
completion of D(A) in the norm || f||z, := [[(A+m)*2 f[|'/2, with 77 > 1 such that
= . 2 2
(57) 1£1%, = (Af. ) +m A7 = 117
Thus we have the rigged Hilbert space for each fixed s > 0,
H_y D Ho=H D H,,

where the space H_, = H_,(A) coincides with the dual space to H,. Let D :
H1 —H_; denote the canonical unitary isomorphism [10], [13]. By the construction,
D | H, coincides with A + ml (for details see [10]),

(58) Af = (D — mD)f, D(;l):{feﬁlzf)feH}.
So the operator A is uniquely associated with the rigged Hilbert space H_1 D

‘H D ﬁl. _
We have a criterion for A € P,q(A).
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Theorem 8. Let A be a self-adjoint operator in H bounded from below, A>m>1.
Assume

(59) Ha(A) 2 Hi(A)

in the sense of the dense continuous embedding. Then there exists a bounded self-
adjoint operator T : H1 — H_1 which satisfies the inequality

(60) —(TL ) < ALHHASIP, A=m—120, feH,

and such that A admits an additive representation in the fozm of a generalized sum,
A= AYT, ie., A € Paq(A). Conversely, if A € Pag(A), A= AT, where T : H,
— H_1, is a bounded self-adjoint operator which satisfies the inequality (60), then
(59) is fulfilled.

Proof. Let q;[f] denote the closure of the quadratic form <./~&f,f>7 f € D(A) in
H. Clearly the domain D(q;) coincides with Hi(A) = Hy. Therefore due to (59)

the form ¢ is defined on H;. Moreover g is continuous on H;. Indeed if f, — 0
in Hy, then by (59) f, — 0in H;1(A), and in ‘H too. Thus due to (57), ¢z[fn] — 0.

By this reason the difference
alf] = azlf] — qalf]

is continuous on H;(A), where we denote qa[f] = (Af, f).

Let us prove now the representation = AFT. Consider the operator D: H1 —
H_y. Obviously it coincides with A — I where A denotes the closure of A as a
map from ’H1 to H_ 1. Further due to

(61)  azlf) = aalf]+alf] = (AL.F) = (AL ) +(TL.F), [ €Hi(A),

the restriction of the operator D — I onto H1(A) coincides with A+T. Therefore
the operator, self-adjoint in H, associated with the rigged Hilbert space H; C 'H C
‘H_1 and constructed by the standard procedure,

A= (D -ml) | DA), DA ={fcH :D-ml)fcH}

coincides with ATT. Thus A € Paa(A).
Moreover, by (57),

IF1I%, = IF11* = az[f1+ (m = DI = 0,
and hence due to (61),

ailf] = alf] + M1 = qalf] + X F1? = —alf]

with A = m — 1. So we get the inequality (60).

Conversely, let A = AFT be a self-adjoint operator in H, where T : H; —
H_1, satisfies (60) with some A > 0. Then A is bounded from below, A>m> 1,
m = X+ 1. It follows from the fact that due to (61), ¢;[f]+ m [[fI|* > [If]

where q;[f] := (Af, f) + (Tf, f). Therefore H, is the completion of H; in the
norm Hf||% = q[f] + m | f||* and thus the space H; is densely and continuously
1

embedded into ’)?[1. O
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Corollary 1. Let A > 0 and A> m denote self-adjoint operators associated with
the triplets H_1 D H D Hy and H_1 > HOH; resp. Then A€ Paa(4), i.e.,

A=

A¥T, with a bounded self-adjoint operator T : H1 — H_1, which satisfies the

inequality (60) if and only if the condition

H_1:_>ﬁ—1DH :)7'71:_)7'(17

is fulfilled in the sense of the dense continuous embedding.
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