Theorem of Conflicts for a Pair of Probability
Measures
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Abstract

We develop mathematical tools suitable for the construction of
conflict models with non-annihilating adversaries.

In a set of probability measures we introduce a non-commutative
conflict composition and consider the associated dynamical system.
We prove that for each couple of non-identical mutually nonsingular
measures, the corresponding trajectory of the dynamical system con-
verges to an invariant point represented by a pair of mutually singular
measures. The disjoint supports of the limiting measures determine
the final re-distribution of the starting area of conflict as a result of
an "infinite war” for existence space (the pure repelling effect).

! Institute of Mathematics, Tereshchenkivs'ka str. 3, Kyiv 01601 Ukraine
E-mail: kosh@imath.kiev.ua

AMS Subject Classifications: 91A05, 91A10, 90A15, 90DO05,
37L30, 28A80

Key words: probability measure, conflict composition, discrete mea-
sure, stochastic vector, dynamical system, mutually singular measures

1 Introduction

This paper is aimed to develop mathematical tools for constructing of conflict
models in a situation where none of the opponents have any strategic priority.
The conflicting interaction among the opponents only produces a certain re-
distribution of the common area of interests. In other words we assume that
each adversary is a priori non-annihilating.



In fact we develop an alternative approach to the well-known mathemat-
ical theory of population dynamics (see e.g. [3]-[6]) based on a modified
Lotka-Volterra equation and aimed to describe the quantitative changes of
conflicting species.

We assign to each opponent a probability measure on the same metric
space, which is interpreted as the existence space or area of common interests.
The competition interaction between opponents we express in a form of a
conflict composition between probability measures. The iteration of this
composition generates a certain dynamical system in the space of measures.
We investigate its trajectories and prove the existence of the limiting states.

Here is a more detailed explanation of our ideas.

Let us assign to adversaries, here we consider only a pair of them, say A
and B, a couple of probability measures o and vy on some metric space X.
Independently, A and B occupy a subset £ C X with probabilities po(E)
and vy(FE), respectively. We assume that pg, 1y are non-identical and are
mutually nonsingular. Hence supppoN suppry # (). Incompatibility of A
and B generates a conflicting interaction. We write this fact mathematically
in a form of a non-commutative conflict composition, notation 3, between
measures (i and vy. In other words, we construct a new pair of probability
measures, i1 = ¥y and v; = Vy*¥ [ in terms of the conditional probability
to occupy a subset E by A (or B) when B (A) is absent in E. So a value
w1 (E) is proportional to the product of uo(E) and v9(X \ E), the starting
probability for A to occupy F and the probability for B to be absent in the set
E. Similarly for the side B. Thus, measures u1, 7 describe the re-distribution
of the conflicting area between A and B after the first step of interaction.
However the conflict is not solved provided that measures p, vy are mutually
nonsingular. So one can repeat the above described procedure for infinite
times and get two sequences of probability measures puy,vy, N = 1,2, ...
which generates a trajectory of a certain dynamical system.

In the present paper we consider mainly the case of discrete measures. We
prove the existence of the limiting pair oo = My oo N, Voo = liMy oo VN
and show that ., V» are mutually singular and invariant with respect to
the action of %. The disjoint supports of the limiting measures establish the
final re-distribution of the starting conflict area, i.e., we observe the pure
repelling effect for non-identical adversaries.

In [1, 2] we extend our results for a class of so-called image measures and
investigate the fractal structure of the limiting supports.



2 The conflict composition for stochastic vec-
tors

We start with a simplest case.
Let X = Q be a finite set, Q = {wy,ws,...,wn}, n > 1, and po, 9 be a
pair of probability discrete measures,

/Lo(u)i) = P; Z 0, Vo(wi) = (q; Z O, 1= 1,2, ., n,

() =pi+- 4P =q+ -+ g =1(Q) =1

So measures g, vy are associated with a couple of stochastic vectors, say
p,q € R%. We recall that a vector p = (p1,ps,...,pn) With coordinates
p; > 0 is called stochastic if ||p|li :=p1 + - +pn = 1.

Given a pair of stochastic vectors p, q, we introduce the non-linear non-
commutative conflict composition, notation 3, by

*

p*' =pxq, q*' = qgxp,

where the coordinates of the vectors p*!, q*! € R are defined as follows:

: (1 — g : (1 — s .
prt o 0= e amp) g (1)
z z

The normalizing coefficient z is determined by the condition ||[p*?|; =
lg*!||; = 1, and it follows that

where (-, -) stands for the inner Euclidean product in R™.

Remark. The conflict composition is well defined only if (p,q) # 1, and
it acts as the identical transformation if (p,q) = 0. So we will suppose that

0<(p,q) < 1.

The N-fold iteration of the conflict composition 3 produces a couple of
stochastic vectors p*¥, gq*"V € R with coordinates

. 1, . . 1,
pit = e O A /I
ZN—-1 ZN-1

NN =1,2,...
(3)



where plgo) =i, qZ(o) =q;, 20 =z, and

0<zyg=1—(P""Lgo" )<l (4)

We are interested in the existence of the limits p*> = limy_.o p*, q¥> =

Example. Let n = 2. Consider a couple of vectors p = (p1,p2), q =
(¢1,¢2) € R2, with coordinates 0 < p1,p2, 1,2 < 1, p1+po=q + ¢ = 1.
We observe that already on the first step, pf’l = qf’l, p§’1 = qfé’l. So one
can start at once with the case:

p = (a,b), q=(b,a), 0 <a,b<l,a+b=1.

Then by (1) and (2) we get, p*! = (a1,b1), a*' = (b, 1), a1 +b =1,
where

1 a? 1 2 9 19
ap=-a(l=b)=—, hh=-b(1—a)=—, z=1—2ab=a"+b".
z z z z
Thus a; = a*(a® + b*)71, by = b?(a® + b?)~L. If we assume that a < b, i.e.,
a < 1/2 < b, then we get a; = ak; < a since k; := a(a® + b*)™' < 1.
For p*? = (ag,by) we find ay = ajky with ky := a(a? + b?)"! < 1. Thus
ay = akiky, with ki, ks < 1. By induction, for p*¥ = (ay,by) we get
ay = aky -+ - ky with ky = anx_1(a%_, +b%_,) < 1. We see that ay — 0
since in the opposite case, ky — 1, 2a3 —3ay+1 — 0, and ay — 1/2, which
is contradictory to ay < a < 1/2. So the limiting vectors are p*> = (0, 1)
and q*>° = (1,0) provided that a < b.
In the case p = q we get p*» = q*" = (1/2,1/2) for any N > 1. Thus
for p,q € R? only three limiting cases are possible,

p¥*\ (10 01 1/2 1/2
g~ ) \0o 1)\ 1 0/)'\ 1/2 1/2 )"
Theorem 1. (Theorem of conflicts for stochastic vectors) For each pair

of stochastic vectors p,q € Rt,n > 1, 0< (p,q) <1, there exist limits

p%,oo = lim p%,N’ q%,oo = lim q%,N7
N—oo N—oo



where p*, q* are given by (3) and (4). The limiting vectors p*>°, q*>
are invariant with respect to the action of the conflict composition:
p* = pFUxg®, qF* = gt xp, (5)
If p # q, then the limiting vectors are orthogonal,
pT L gt (6)

If p = q, then p*> = q** and p;"> = ¢;"> = 1/m for all i such that
pi = q; # 0, where m (m < n) denotes the number of non-zero coordinates.

For the proof of this theorem we use the following lemmas and proposi-
tions.
Lemma 1. Let p #q and 0<q; <p; <1 for somei. Then

i =0 ®
and
dim pPt = pF >0, (8)

Proof . If ¢; = 0 or p; = 1, then obviously qf’N =0 and p?’N =1 for all
N > 1. So we have to prove only the case 0 < ¢; < p; < 1. Denote

x,N
RZ(O) = pi and RZ(N) = p;N for N > 1.
qi i. ’
Clearly,
1< Rio) < Rgl),

since due to (1) and (2), R = ROk with £ .= i:—gi > 1. Therefore

0< qf’l < pf’l < 1. By induction we get 1 < RZ(N) < oo for all N, which is
equivalent to 0 < qf’N < pf’N < 1. We note that

o T =gt T ey - ) 0 (N—1)
R = q;ﬂNfl ' 1—p;:N_1) =1 ki =Rk , (9)

where N
pm 1= 4"
D= p*’N'
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Let us now show that
1<k <k < i<k < (10)
Indeed, using z = 1 — (p,q) > 0 we have

C1-g"t 1-1(-p)  2—q(l—p)

D — _ —
1—pFt 1-1p(1—q) z—p(l—q)

(2

l-—g—-—Pa+tw 1-a—-1
l—pi—(pa) +qgpi  1—pi— 1’
where I; := (p,q) — ¢;p;- Obviously 0 < I; < 1 —p; < 1 —¢; due to ¢; < p;

and
I =(p.q) — qipi = Zpqu < Zpk =1-p
ki ki

This implies that k§°) = i:—f)é < k:z-(l). By induction we get (10), since 1 —

pEN <1 —¢*" for all N. In turn, (9) and (10) imply

%,N

b;
N
i

RM = — 00, N — o0. (11)

This yields ¢ — 0 since p*" < 1, which proves (7). Let us show (8).
Define
Dz(O) =Di — i D(N) = p::é’N - Qz‘%JV: N = 1727

Obviously D > 0 and by (1)
1

DY =pit =gt = -
z

(1= q) — g:(1 — p)] = %Dl@.

Hence DEO) < Dgl) since 0 < z < 1. By induction, D™ < DZ(NH) for

all N. Therefore, there exists the limit Dgoo) = limy_ oo DgN) < 1, since
D) — pf’N — qf’N < 1, and qf’N — 0 by (7). Moreover, we see that due to

q@':’ - 07
lim p* = pF>™ = DEOO) = sup DZ(N) >0. O
N—o0 N

In the case 0 < pi < g < 1, similarly to (7) we get

lim pS" =0, (12)

N—oo



and hence

]\}im g = gF> = Dl(fo) = sup D,EN) > 0,

where D,gN) =gt — it
Proposition 1. Let 1 > p; = q; > 0 for some i, then

1 >pf’N:qf’N >0 for all N =1,2, ...

Proof. By (3) we have pf’N = qf’N if and only if

%,N—l(l

pi. %,N—l)

_ ql %,N—l(l

_ ql %,N—l)’

—Dp;
% N—-1 _ x,N-1
i =g . O

i.e., if and only if p

Lemma 2. Let p # q, but p; = q; for some j. Then

x*,N

pj:qj:>pf’N:qj — 0, N — . (13)

Proof. If 1 > p; = ¢q; > 0 for some j, then 1 > pf’N = qf’N > 0 for all

X

N due to Proposition 1. Assume for a moment that p; N does not converge

to zero. Then one can choose a subsequence N’ such that pf’N, — c > 0.

This yields a contradiction. Indeed, since p # q, there exists ¢ such that

0 < ¢ < p; <1, and then due to (7) and (8) the right- and the left-hand
sides of the relation

x%,N’ %,N’

#*N'+1 _ Pi (1-g¢")

ZN!

x,N' >:<,N’) —
Y

have different limiting behaviour. Indeed, ¢;* N, 0, but zy» = 1—(p q
1- (Pf’N )2 — Zk;&j pf’N QZ'é’N <1- (p;:é’N )2 — 1 —¢? < 1 by assumption.
O

Proposition 2. If p; > q; for some i, then

pEN > N for all N > 1. (14)



Proof. By (1), (2) we get p*' > ¢*'. By induction we have

. 1 . . 1 . .
p?-ﬂNJrl _ apZ*,N(l . q?.é,N> Z q;.é,N+1 _ Z_q?ﬁ,N(l _pZ&,N) Z q?é,N+1

since p*" > ¢F" implies (1 - ¢7") > (1-pF"). O
Proposition 3. Ifp L q, then

P=P*%q, q=qX*Dp,

i.e., vectors p, q are invariant with respect to the action of the conflict
composition.

Proof. The condition p 1. q means that either p; or ¢; is equal to zero for
each ¢. This yields that all coordinates pf’l = p; and qf’l = ¢,;. Indeed, if
p; # 0, then ¢; = 0, and p?é’l = %pi(l —¢;) = p; since z=1duetop L q.
And if p; = 0, then pf’l =0 too. U

Assume now that vectors p,q € R}, n > 2, coincide and
pi=q; #£0, foralli=1,2,....n. (15)
Then without loss of generality one can assume that
0<p1<p2< <P <pu <1, p1 <1/n<py. (16)
Setting ¢f :=1— ¢, =1 — p; = p§ we have

1>q¢f>q¢5> .. > g, >q;>0. (17)

Proposition 4. Under assumption (15) with n > 2 the normalizing
coefficient z satisfies the inequalities

q; > 2> (. (18)

Proof. It p=q = (1/n,1/n,...,1/n), then z = =% = ¢f = ¢¢, and (18) is
true. In a general case we note that

z=(P,q°) = p1qf + p2g5 + ... + Pugj;,



where q° := (¢§, 5, ..., q5). If each term ¢f is replaced by the maximal term
q§ (see (17)), then obviously

2= P <Y pi=df
=1 =1

Similarly, if all ¢f are replaced by the minimal term ¢, then

2= P >y pi=dl
i=1 i=1
This proves (18). O

Proposition 5 Under assumption (15) with n > 2 the following inequal-
ities hold:

pr<pit it <, 1)

Pt <l < i=10m, 20

p<prt <pPt <pit <pEN <pEl <pa, N2> L 7
1 1 ! " !

Proof. For pf' = pi¢5/z we have p; < pi' due to (18). Similarly, for
pFl = pLqS/z0 we have p! < p, again due to (18). Thus (19) is proved.

Further, each coordinate p*' = p;(1 — ¢;)/z satisfies inequalities (20)
because ¢; = p; and py(1—p1) < pi(1—p;) < pa(1—pn) due to py =min{p;} <
1/n, and p, =max{p;} > 1/n. For more details one can consider a function
y=ua(l —x),z € (0,1). It has the maximum in the point o = 1/2. From
the graphic of this function we see that for any point x = p; < p,,, the value
y(pi) < y(pn) since p; <min{p,,1 — p,}, n > 3. By the similar arguments
y(p1) < y(p;). By induction (19), (20) hold for all N = 1,2,... This yields
(21). O

Proposition 6 Under assumption (15) with n > 2 there exist the limiting
vectors,

*,00 _ ; *N _ 1; *,N _ %,00
P = Jim pr Y lim @ =gt
which have the form,
p*® =q** = (1/n,1/n,...,1/n). (22)



Proof. 1t is easy to see that (21) and (18) imply

N> ey >N N=1,2, ... (23)
*,N,c x*,N . *,N
where ¢; =1-g In turn, (21), (23) imply that sequences p;

with ¢ = 1 and ¢ = n are monotonic on N and therefore there exist the
limits pf’oo' = limy_ oo pf’N, p*® = limy_o pFV. Further, since p;"™ =
P (1 — p7™) /20 and p>° = p*o°(1 — p¥°) /24, we conclude that 2., =
1—p™ =1-p*>=. By (16) and (21) this is only possible if

pp>e = P =1/n.

Hence p™ = limy_.o p"" exist for all i and due to (21) p> = 1/n. This
proves (22). O

Proof of Theorem 1. For the case p,q € R? see Example 1. Let p,q €
R”, n > 3. If p # q, then the existence of the limiting vectors p*>°, q*** is
proved by Lemma 1 and Lemma 2. Moreover due to (7), (12), and (13) we
have (p*, q*") — 0 as N — oo. Thus, the limiting vectors are orthogonal,
i.e., (6) is proved. Hence zy — 1, i.e.,

Zoo = 1. (24)

In turn (24) imply (5).

If p = q, then by Proposition 1, p*" = q*¥ for all N and therefore
p*>* = q*°°. Under condition (15) all coordinates of vectors p*>, gq*>
are equal to 1/n (see Proposition 6). Clearly that if p; = ¢; # 0 only for

i=1,...,m <mn, then p* = ¢° = 1/m. In any case (5) and (6) are true too.
0

3 The conflict composition for discrete mea-

sures on a countable space
Let X = Q be a countable set of points, Q = {w;,ws, ...}, endowed by the
discrete topology. Let ug, vy be a pair of the discrete probability measures

on {2,
po(wi) =p\” >0, wlw) =q” >0, i=12,..

10



Q) = ipz(»o) = 1(Q2) = iqz@ =
i=1 1=1

We assume that the measures pg, 1y are mutually nonsingular and exclude
the situation with po(w;) = vo(w;) = 1 for some w;.

Given measures fg,y we introduce a new pair of discrete probability
measures (1,77 on {2 by the conflict composition % defined as follows:

M1 = HoXVp, V1 = VoX[o,

where
|
p(w;) =i = =pP(1 - Qfo))z Z g\
20 k=1 k#i
|
vi(wi) =g = qz(O)(l—pz(O))E Z Y,
k=1,k#i

and where the coefficient 2, is calculated using the normalizing condition:

Q=3 p=wn@=> 4" =1
=1 =1

Thus
ZO=Z(p£0>- 5 qu) S <11 )
i=1 k=1k£i

where (-, ) stands for the inner product in the Hilbert space [* between
vectors p? (pgo),pé ), ), q° (q§°>, qé ), ...) which in fact belong to I'.

Similarly we can define the pair of probability measures u, and vy as a
result of the second step of the conflict interaction:

Mo = [V, Vo = VX[,

where

1 1
pal) =17 1= V=g, ) =0 = 0=,

11



with the normalizing coefficient z; = 1 — ", pgl)qgl) < 1. And so on, for

any N = 1,2, ..., up to infinity,

1 ~ _ 1 _ _
pn(w) = pi = ——p" =g ), wvlw) = ¢ = ——a" =N Y),
ZN-1 ZN-1
(25)

where

aya=1—-(pP" " qd" ) (26)

. _ N—-1 N-—1 _ N—-1 N-—1

with p¥=1 = (V™D piN Y gV = (@Y VY.

The problem is to prove the existence of the limiting measures fi, Voo :

') . N (e’
proo(wi) = pi™ = Tim p™ | voo(wi) = ¢!

N—oo N—oo

= lim ¢ (27)

7 )
and investigate their distributions on €2.

Theorem 2. (Theorem of conflicts for discrete measures) Let o # 1y
be a pair of mutually nonsingular discrete probability measures on a space
Q = {w;}2,. The case po(w;) = vo(w;) = 1 for some w; is excluded. Then
all limits in (27) exist and thus determine two probability measures

oo = lim ppy, Ve = lim vy,
N—o0 N—oo

which are mutually singular,
oo L Voo,

and are both invariant with respect to the action of the conflict composition:

Lhoo = floo¥Vso; Voo = Veo¥fhoo- (28)

Proof. 1f 0 < po(w;) < vp(w;) < 1 for some 7, then by the same arguments

as in Lemma 1 we get uy(w;) — 0, and vy(w;) — Voo(wi) = supN(qi(N) —
pEN)) < 1 in notations of (25). Similarly, if 0 < vg(wk) < po(wk) < 1 for
(N) (N)

some k, then vy(wy) — 0, and puy(wr) — floo(wr) = supy(py ' — g ') < 1.
Moreover, if j(wj) = vo(w;) for some j, then both sequences py(w;) and
vn(wj) converge to zero, as N — oo. Indeed, o # 1 implies the existence at
least a point wy such that po(wy) # vo(wk). Suppose vo(wy) < po(wk). Then
in notations of (25) we get ioo(wi) = p\™ = pl™(1 — ¢°) /25, where by

Lemma 1, p,(goo) > 0 and vy (wg) = qlioo) = 0. This yields z,, = 1. Therefore,

12



(see (26)) (pY,q") — 0. In particular, uy(w;) = vn(w;) — 0 for all indices j
such that p10(w;) = vo(w;). Thus there exist two non-trivial discrete measures
loo, Voo On £, which are mutually singular due to (p*,q>) = 0, where
p> = (p1°°),p§°°), ), q® = (q§°°), qéoo), ...). These measures are probability
measures since puy(2) = vy (2) = 1 for each N. Finally, (28) directly follows

from (p>°,q>*) =0. O

4 Discussion

The above results admit natural extensions to a general case where X is a
metric space with a o-algebra B of Borel subsets. Here we present a brief
sketch. So let pg,19 be a pair of Borel mutually nonsingular probability
measures on X. Assume there exists a countable e-covering, ¢ > 0, of X,

X = szg27 Bl € B, dzam(Bl) < g,

such that

Then we introduce a new pair of probability measures (11 = p1.,11 = vy, as
follows, py = po*vy, v = Vy*pg, where for any A € B, A =U;A;, A; =
ANB;,

pi(A) = ZMl(Ai)a n(A) = Zm(Az‘),

=1
and where
1 1
p(A;) == Z—OMO(Ai)Vo(Bf), v (4y) = Z—OVO(Ai)Mo(Bf%

with Bf = X \ B;. The normalizing coeflicient 2y = 2y is determined by the
probability condition: 1 = p;(X) = v4(X). It is easy to check using (29) that
11 and vq are Borel measures on X. Of course we have to exclude a blow-up
situation when po(B;) = v9(B;) = 1 for some i. Clearly we can repeat the
above construction N > 1 times and obtain two sequences of probability
measures: [ine = [iN = UN—1¥XVUN_1, UNe = VN = Un_1%n—1. By Theorem
2 there exist two limiting probability measures

Hooe = ]{flino UNges Voo = ]{}LHO UNe,

13



which are invariant with respect to the action of the conflict composition and
which are mutually singular provided that po(B;) # vo(B;) for some B;.
Thus under condition (29) we are able to describe the conflict interaction
between a couple of measures ji, v on a metric space X with any e—accuracy.
The open problem is to prove the existence of the limiting measures jio =
im0 flooe and Voo = lim. g Voo e

We note that the above version of the conflict composition > is not unique.
The existence of the limiting invariant measures i, Vs may be ensured by
various modifications of %. A specific choice of % is determined by applica-
tions.

For example, assume that the conflicting sides do not want to leave posi-
tions with a starting non-zero parity, p; = ¢; # 0. We recall that according
to Lemma 2 these coordinates converge to zero under the infinite time action
of the conflict composition. However one can improve the construction of
the composition % in such a way that pf’N = qf’N will not converge to zero,
which means preservation of the non-zero parity with respect to j position.
For instance, in order to reach this one can decompose each measure into
two parts: o = fop + o, Yo = Vop + Vo, Where

pop = po | Q= =wop =1y [ Q= poe = po [ QL # 10 =10 | Q°,

with Q- = {w, € Q: p” = ¢” £ 0} and Q2 = Q\ Q_. Then we leave
measures [t p, Vo, Without any change and apply the previous version of the
composition s, with obvious modifications, only to measures i, o, which
in general are not probabilistic. We note that in [2], a version of the conflict
composition suitable to arbitrary normalized measures was developed. In fact
on this way one obtains a new conflict composition which preserves nontrivial
parity positions.

Further, one can construct a more complex conflict composition in the
following way:

o ® v = apige % Vo) + Bpop e~ top), o, B € [0,1],

where x is defined as above and the new term involves interaction, possibly
in some power, which explicitly depends on the starting distributions on all
positions. Computer simulations of such conflict composition exhibit some
new effects including the blow-up, a chaotic behaviour, and infinite oscilla-
tions of values pf’N =q N as N — oo. The latter may be interpreted as
an ”infinite war” without a winner.
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