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ON FINE STRUCTURE OF SINGULARLY CONTINUOUS
PROBABILITY MEASURES AND RANDOM VARIABLES WITH
INDEPENDENT Q-SYMBOLS

S. ALBEVERIO, V. KOSHMANENKO, M. PRATSIOVYTYI, AND G. TORBIN

ABSTRACT. We introduce a new fine classification of singularly continuous probabi-
lity measures on R! on the basis of spectral properties of such measures (topological
and metric properties of the spectrum of the measure as well as local behavior of
the measure on subsets of the spectrum). The theorem on the structural represen-
tation of any one-dimensional singularly continuous probability measure in the form
of a convex combination of three singularly continuous probability measures of pure
spectral type is proved.

We introduce into consideration and study a @—representation of real numbers and
a family of probability measures with independent @—symbols. Topological, metric
and fractal properties of the above mentioned probability distributions are studied in
details. We also show how the methods of P — Q—measures can be effectively applied
to study properties of generalized infinite Bernoulli convolutions.

1. INTRODUCTION

As is well known there exist only three types of pure probability distributions: dis-
crete, absolutely continuous and singularly continuous (w.r.t. the Lebesgue measure).
During a long period mathematicians had a rather low interest in singular probability
distributions, which was mainly caused by the following two reasons: the absence of ef-
fective analytic tools and the widely spread point of view that such distributions do not
have any applications, in particular in physics, and are interesting only for theoretical
reasons. The interest in singularly continuous probability distributions increased however
in 1990’s due their deep connections with the theory of fractals. On the other hand, re-
cent investigations show that singularity is generic for many classes of random variables,
and absolutely continuous and discrete distributions arise only in exceptional cases (see,
e.g. [12, 19]). Possible applications in the spectral theory of self-adjoint operators [18] is
an additional reason in the intensive investigation of singularly continuous measures. It
was proved that Schrodinger type operators with singular continuous spectra are generic
for some classes of potentials [6]. Moreover, by using the fractal analysis of the corres-
ponding spectral singularly continuous measures, it is possible to analyze the dynamical
properties of the corresponding quantum systems [10].

This paper is devoted to the study and classification of one-dimensional singular mea-
sures. Unfortunately, usually singular probability distributions are associated only with
Cantor-like distributions. We show that even in the R! case the family of singularly
continuous probability measures is rather rich and diverse. In this paper we introduce
into consideration three pure spectral types of singularly continuous probability measures
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and prove that any singularly continuous measure on the real line can be represented as
a convex combination of probability measures of the above spectral types.

To give a simple way to construct classes of singularly continuous probability mea-
sures we introduce into consideration and study the Q-representation of real numbers
(which is a convenient tool for the construction of a wide class of fractals) and a family
of probability measures with independent é—symbols. Topological, metric and fractal
properties of the above mentioned probability distributions are studied in details. This
family contains all possible pure spectral types of singular continuous measures, and (as
a very particular case) the class of all self-similar measures on [0, 1] satisfying the open
set condition (see Section 3 for details).

We also show how the methods of P — @—measures can be effectively applied to study
properties of generalized infinite Bernoulli convolutions (see, e.g., [2, 11, 14] for the survey
on Bernoulli convolutions, related applications and problems).

An additional reason for the investigation of the distribution of the random variables
with independent @-symbols is to extend the famous Jessen-Wintner theorem (see, e.g.,
[8]) to the case of sums of random variables which are not independent.

The paper is organized as follows. In Section 2 we study @—representation of real
numbers and properties of related fractal sets. In Section 3 we study the structure
and properties of probability measures with independent @—symbols and show how the
obtained results can be applied to study properties of generalized infinite Bernoulli con-
volutions. Section 4 is devoted to a classification of singularly continuous measures and
fine structure of such measures.

2. Q—REPRESENTATION OF REAL NUMBERS AND RELATED FRACTALS

Let us consider an N x N—matrix @ = |lgikll, ¢ € Ng, k € N, where N =
{0,1,..., Ny}, with 0 < N < co. We suppose that ZiGNk qr =1, ; qx >0, Vi €
N, k € N; and

1 =0,
(1) I};[lggg}:{qk} 0

Given a @—matrix we consecutively perform decompositions of the segment [0, 1] as
follows.
Step 1. We decompose [0,1] (from the left to the right) into the union of closed

intervals Ag, i1 € N1 (without common interior points) of the length ’Ag = qiy1,
0,1 = J A%
i1 €Ny

Each interval Ag is called a I-rank interval.
Step k > 2. We decompose (from the left to the right) each closed (k—1)-rank interval

AP, into the union of closed k—rank intervals A%, ,
91929k _1 41%2... 1

Q _ Q
Ai]iz.“ik,1 - Ai1’i2...ik’
i €Ny

where their lengths

11%2...1%

(2) a2

k
= Qill . Qi22 o 'Qikk = H qiSS
s=1
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are related as follows
Az

i192...i5_10

) I AQ R .
: ’Aim...ik,ll ‘Aili,,...ik,lik P =qok ko P Qigk

For any sequence of indices {ix}, ix, € Ny, there corresponds the sequence of embedded
closed intervals _ _ _
AgD AgiQD...DAQ PEEE

i1in.. g

such that |A§”\ — 0, k — o0, due to (1) and (2). Therefore, there exists a unique

point & € [0,1] belonging to all intervals Ag, Agiw NN Agi}“ik, ... Conversely, for
any point z € [0,1) there exists a sequence of embedded intervals Ag D Agiz DD
g@.‘.ik D --- containing =z, i.e.,
oo _ oo _ -
3) T = kﬂl Ag@..‘ik = kﬂ1 Ag(x)ig(x)...ik(x) = Aszl(J;)iz(;c)“.ik(w).“

Notation (3) is called the Q—representation of the point z € [0,1].

Remark 1. The correspondence [0,1] € z < {(i1(2),i2(x), ..., ik(x),...)} in (3) is one-
to-one, i.e., the Q—representation is unique for every point = € [0,1], provided that the
@—matrix contains an infinite number of columns with an infinite number of elements.
However in the case, where Ny < oo, Vk > kg for some kg, there exists a countable set
of points z € [0, 1] having two different @—representations. Precisely, this is the set of

all end-points of intervals A? with k > ko.

i1dg.. ik
Remark 2. If g;5, = q; ,k € N, then the éfrepresentation coincides with the (Q—represen-

tation (see [15]); moreover, if g;;, = L for some natural number s > 1, then the Q—represen-
tation coincides with the classical s—adic expansion.

The @-representation allows to construct in a convenient way a wide class of fractals on
R! and other mathematical objects with fractal properties. Firstly we consider compact
fractals from R'. Let V := {V}22,, Vi C Ny, and let us consider the set

(4) oy =T = {:r e0,1]: =A%, . ipe Vk} :

i.e., I' consists of points, which can be @—represented by using only symbols i, from the
set Vi on each k-th position of their @—representation.

If Vi, #% Ny, at least for one k < kg, and Vi = Ny for all k& > kg with some fixed
ko > 1, then I' is a union of closed intervals. In this case one can get I' removing from
[0,1] all open intervals Agw k < ko with iy ¢ Vj, (where a point over A means that
an interval is open). If the condition Vi # Ny holds for infinitely many values of &, then
obviously T" is a nowhere dense set.

We shall study the metric properties of the sets F@ V) Let S; (V) denote the sum of all

elements ¢; such that i, € Vi, ie., Sg(V) = Zievk qik- We note that 0 < Si(V) < 1.

Lemma 1. The Lebesgue measure X\(T') of the set T is equal to

(5) AT) = T Sk(V).
k=1
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Proof. Let T, := Uz‘kevk A, .. It is easy to see that I, C Ty and T' = (7, .
From the definition of the sets I',, and from (2), it follows that A(T',) = [Ti_; Sk(V),
and, therefore, A(T') = lim,,— 00 AM(T'n) = [Ty Sk(V). O
Corollary. Let Wi(V) =1—5,(V) > 0. The set T is of zero Lebesque measure if and
only if
(6) > Wi(V) =00

k=1

The above mentioned procedure allows to construct nowhere dense compact fractal sets
E with a desirable Hausdorff-Besicovitch dimension (including the anomalously fractal
case (ag(E) = 0) and the superfractal case (ag(E) = 1)) in a very easy formal way.

Theorem 1. Let Ny = N2 | := {0,1,...,s — 1} k € N, let Vo = {v1,v2,...,0m} C
N? | and let the matriz Q have the following asymptotic property:

. . 0
lim ¢, =¢q;, i€ N, ;.
k—o00

Then
1) the Hausdorff-Besicovitch dimension of the set F@(Vo) coincides with the root of
the following equation:
(7) Y@ =1
i€V
2) if
~ ) . Nl(x7 k) .

MIQ. O] = o A2 ) o gim S i n?,
where N;(x, k) is the number of symbols "i” among the first k symbols of the @—representation
of x, then

~ Zf;é v; lny;
(8) ao(M[Q, (vo,....vs-1)]) = ST

_1 .
S o vilng

Proof. Firstly we consider the particular case where the matrix Q: has exactly s rows and
all its columns are the same: ¢;; = ¢;. In such a simple case the Q-representation reduces
to the Q-representation studied in [12]. One can prove (see, e.g., [15]), that to calculate
the Hausdorfl-Besicovitch dimension of any subset E C [0,1] it is sufficient to consider
a class of cylinder sets of different ranks generated by Q-partitions of the unit interval.
The Billingsley theorem (see, e.g., [4], p. 141) admits a generalization to the class of Q-
cylinders, and, from this theorem it follows that in the case of usual Q)-representation, the
Hausdor{f-Besicovitch dimension of the set M[Q, (vo, .. .,Vs—1)] is equal to the right-side
expression in (8).

In the Q-case the set I'g(v,) is a self-similar set satisfying the open set condition.
Therefore, the Hausdorff-Besicovitch dimension of this set is the root of equation (7).

Now let us consider a general case of theorem 1. To this end we introduce into
consideration the following transformation f of [0,1] :

— Q — AQ
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This transformation belongs to the DP-class (see, e.g., [1, 17]), i.e., f preserves the
Hausdorff-Besicovitch dimension of any subset of [0,1]. Since f(T'g(vq)) = I'gy,, and

fIMQ, (vo,...,vs—1)]) = M[@, (vo, ..., Vs—1)], we get the desired formulas under general
assumptions of theorem 1. O

Example 1. If Ny = {0,1,2}, Vi, = {0,2}, g1 — 0, but > 72, qip = oo with gop, =
Q2r = %, then I' is a nowhere dense set of zero Lebesgue measure. From Theorem 1
it follows that the Hausdorff dimension of this set is equal 1. In the terminology of [12]
a set of this kind is called a superfractal set.

Example 2. If N, = {0,1,2},V, = {0,2}, q1x — 1 (but [[;2, ¢1r = 0), and gox =
Qar = 1_2‘1”“ , then I' is a nowhere dense set of zero Lebesgue measure and of zero Hausdorft
dimension, i.e., T' is an anomalously fractal set (see [12]).

3. RANDOM VARIABLES WITH INDEPENDENT ()—SYMBOLS

Let {&;} be a sequence of independent random variables with the following distribu-
tions:
P =i)=pp >0 with Y px=1 keN.
1€ENg
By using & and the @—representation we construct a random variable £ as follows:

— AQ
(9) = Aﬁlézmﬁk»-- :

The distribution of ¢ is completely determined by two matrices: Q and P = [|pix|,
where some elements of the matrix P possibly are equal to zero. Of course, all sets
Ny are the same as those in the @—matrix. Let pe be the measure corresponding the
distribution of the random variable £ with independent @—Symbols.

If gix = q; and pir, = p; Vj € N, i € N)_; (ie., £ is a random variable with inde-
pendent identically distributed Q-digits), then the measure pg is the self-similar measure
associated with the list (Sp,...,Ss—1,P0,-..,Ps—1), where S; is the similarity with the
ratio ¢; (Z::_Ol g; = 1), and the list (Sp,...,Ss_1) satisfies the open set condition. More
precisely, p¢ is the unique Borel probability measure on [0, 1] such that

s—1
pe =) pi-peoS;

i=0
(see, e.g., [7] for details). In the so-called ”@Q*— case” we construct the measure p¢ in a
similar way but with the possibility of changing of the ratios and probabilities from the
list (So,...,Ss—1,P0,---,Ps—1) at each stage of the construction. In our general ”@—
case” we may additionally choose the number of contracting similarities (including a
countable number) at each stage of the construction.

The random variable £ can be represented as a sum of an a.s. convergent series

of discretely distributed random variables which are not independent. Nevertheless the
distribution of £ is of pure type.

Theorem 2. The measure ¢ is of pure type, i.e., it is either purely absolutely continu-
ous, resp., purely point, resp., purely singular continuous. Precisely,
1) pe is purely absolutely continuous if and only if

(10) p::ﬁ{Zm}>o;

k=1 €Ny
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2) pe is purely point if and only if

oo
(11) Pz == H ng%):{pzk} > 05
k=1
3) pe is purely singularly continuous in all other cases, i.e., if and only if

(12) P = 0 = Puax-
Proof. Let Qj = Ny, Ay, = 2. We define measures ji; and vy, in the following way:
pk (i) = pin; vk(i) = qik, @ € Q.

Let
(A 1) = [T A ), (A w) = [](Qu, Ar, 1)
k=1 k=1

be the infinite products of probability spaces, and let us consider the measurable mapping
f:Q —[0;1] defined as follows:

Vw = (wl,w% sy Wy - ) € Qv f(w) =T = Ah(w)zz(x)zk(x)
with wg = ig(z), k € N.
We define the measures u* and v* as the image measure of y resp. v under f:
Wi (B) = pu(f~1(B)), v (B)=v(f"'(B), BebB.

It is easy to see that v* coincides with Lebesgue measure A on [0,1], and p* = pe.
In general, the mapping f is not bijective, but there exists a countable set )y such that
v(Qy) =0, 1(o) = 0 and the mapping f : Q\ Qo — [0,1] is bijective.

Therefore, the measure pe is absolutely continuous (singular) with respect to the
Lebesgue measure if and only if the measure u is absolutely continuous (singular) with

respect to the measure v. Since, g;r > 0, we conclude that pp < v, Vk € N. By using
Kakutani’s theorem [9], we have

o0 d o0
(13) pe K\ & ,E/Qk”dl;:dyk>o < H(Z\/pik%k)>0a

k=1 €Ny

o0 d o0
(14) ”EL’\@,}_[I/Q,C’/;,:@’“O@,}_[(ZM)O'

=1 €N,
Of course, a singularly distributed random variable £ can also be distributed discretely.
For any point = € [0,1] the set f~1(x) consists of at most two points from Q. Therefore,
the measure ji¢ is an atomic measure if and only if the measure 1 is atomic.

If J] maxp; =0, then
k=1 "

o0 o0
p(w) = kH Purk < kH maxpi, =0 forany w€Q,
=1 =1

and g is continuous.

oo
If J] maxp;x > 0, then we consider the subset Ay = {w : p(w) > 0}. The set A,
k=1 "
contains the point w* = (w},ws, ..., Wy, ...) such that Pwrk = maxpig. It is easy to see
1

that for all w € Ay the condition p,,  7# max p;; holds only for a finite amount of values
7
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k. This means that A, is a countable set and the event "w € A;” does not depend on
any finite coordinates of w. Therefore, by using Kolmogorov’s "0 and 1”7 theorem, we
conclude that (A1) =0 or u(A4) = 1. Since p(AL) > p(w*) > 0, we have pu(A4) =1,
which proves the discreteness of the measure p. ]

Remark 3. If there exists a positive number ¢t such that g > ¢7,Vk € N, Vi € Ny,
then condition (13) is equivalent to the convergence of the following series:

(15) i{ SO o

k=1 ieNyg dik

If lim;—_—¢;x = 0, then, generally speakmg, conditions (13) and (15) are not equiva-

lent. For example, let us consider the matrices Q and P as follows: N, ={0,1,2} ,qux =
21k, Qo = Qo = . pik =0, pox = P2k = 2. In this case condition (13) holds,
but (15) does not hold.

Let us show how the obtained results can be applied to the study of generalized
infinite Bernoulli convolutions, i.e., probability distributions of the random variables of

the following form:

(16) n=Y_ kak,
k

where {1} is a sequence of independent random variables taking values 0 and 1 with
probabilities pz)k and pll,€ respectively, and .-, ay is a convergent positive series.
For the simplicity let us firstly consider the case where ay > ry := agy1 + apy2+ -+,
Vk € N.
In such a case the probablhty measure [, is a measure with independent Q symbols,
and the matrices Q and P are of the following form:
Tk ap — Tk Tk

qor = 3 Qi = ) qQr = )
Tk—1 Tk—1 Tk—1

Dok = Pors Pk =0, Dok = pyp-

Applying the previous theorem, we obtain the following conclusions.

Proposition 1. If a; > ri,Vk € N, then
the random variable 7 is purely discretely distributed if and only if

oo
H max p;; > 0;
k=1 "

the random variable 7 is purely absolutely continuously distributed if and only if

HZ\/ - = Jin i T o+ /pi) > 0

the random variable 7 is purely singularly continuously distributed in all other cases.

A relative simplicity of the latter class of Bernoulli convolutions (ay > rg,Vk € N)
can be explained by the following observations: two cylindrical sets of rank k (i.e., sets
of the form [c1a1 + -+ + cgag, cra1 + -+ crag + i), ¢; € {0,1}) either coincide or they
have no common interior points. Sometimes such Bernoulli convolutions are said to be
Bernoulli convolutions without ”large intersections”.
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By using the P @ approach it is also possible to analyze properties of Bernoulli
convolutions with ”large intersections”. As an example, let us consider the case where

a3k—2 = a3k—1 + a3k,
(17) r3g—1 < a3k—1,
r3r < ask, kK € N.

In such a case the probability measure i, is also a measure with independent é—symbols.
The matrix @ is of the following form:

T3k
qok = 42k = G4k = 46k = g8k = 410,k = q12,k = )
T3k—3
_ _ _ a3k — T3k
qik = 45k = qrk = Q11,6 — —
T3k—3

o _ O3k—1 — T3k—1
B3k = 4ok = ——
T3k—3

and the matrix P has the following structure:
D1k = D3k = D5k = P7k = P9k = P11,k = P13,k = 0,
! ’ 7’ ’ ’ ’ ’ 7’ ’
Pok = Po,3k—2P0,3k—1P0,3x> P2k = Po,3k—2P0,3k—1P1,3ks P4k = Po,3k—2P1,35—1P0,3k>
’ ! ! ! ’ ’
Dok = Po,3k—2P1,3k—1P1,3k + P1,3k—2P0,3k—1P0,3k>

P8k = P1,3k—2P0,3k—1P1,3k> P10,k = P1,3k—2P1,3k—1P0,3k» P12,k = P1,3k—2P1,3k—1P1,3k"
Applying the previous theorem, we get necessary and sufficient conditions for the
discreteness, absolute continuity and singular continuity. Taking into account that for
~ ~ o0
the above matrices @ and P the infinite product [] (3=, \/PirGix) always diverges to zero,
k=1

we obtain the following conclusion.

Proposition 2. If condition (17) holds, then the random variable 7 is either purely dis-

cretely distributed (if [] max; p; x > 0) or it is purely singularly continuously distributed
k=1
(in all other cases).

4. ON FINE STRUCTURE OF SINGULARLY CONTINUOUS PROBABILITY MEASURES

Let us remind that the set S, = { : p(z — e,z +¢) > 0,Ve > 0} is said to be the
spectrum (topological support) of a measure p. It is the minimal closed support of p.

Definition 1. A singularly continuous probability measure p on R! is said to be of the
pure GC-type (generalized Cantor type), if there exists a nowhere dense subset E such
that

EcCS,,

u(E) =1,
Ve e EJe(x) >0: [z—e(x),x+e(x)] NS, is asubset of zero Lebesgue measure.

Example 1.

a)Let& =3 7o, %, where &, are independent identically distributed random variables
taking values 0 and 2 with probabilities p and ¢ respectively, p+ ¢ = 1,p € (0,1). For
any choice of p € (0,1) the probability measure pg is singularly continuous measure of
GC-type. This measure can be represented as a measure with independent @—symbols
(in this case qor = q1k = Qak = %;pOk = p,p1r = 0,por = ¢q). Its spectrum coincides
with the ”classical” Cantor set Cy and the spectrum itself can be taken instead of the set



ON FINE STRUCTURE OF SINGULARLY CONTINUOUS PROBABILITY MEASURES ... 105

E, which has been mentioned in the definition. If p = % we get the "classical” Cantor
measure on the unit interval.

b) Let I = [0,1], {(a;,b;)} be a sequence of intervals without common limit points
such that (a;,b;) C I, Y ;2 (b; — a;) = ag < 1, and the set P = I\ |J,(a;, b;) is perfect
nowhere dense of positive Lebesgue measure (for instance one can choose @ with qor, =
G2k = % - Tlﬂafhk = %;Vk ={0,2} and put P = F@(V) ). Let d; := b; — a;, and let us
construct the measure v in the following way:

(]
=3k
i=1
where the measure v; coincides with the ”classical” probability Cantor measure on the
closed interval [a; + idi, a; + %di] (S,, is geometrically similar to the Cantor set with
k= %di, infS,, =a; + idi, sup Sy, = a; + %di). The measure v is a probability one by
the construction, and its spectrum consists of the union of the spectra S,, and points
which belongs to the closure of the above union, i.e.,

S, = (Lijs,,i)UP.

The measure v is of pure GC-type (the set [ J,.S,, can be taken instead of the set E,
which has been mentioned in the definition). In such a case the spectrum of the measure
v is of positive Lebesgue measure (A(S,) =1 —ag > 0).

Remark 4. The spectrum of singularly continuous probability measure of GC-type can
be of zero as well as of positive Lebesgue measure.

Definition 2. A singularly continuous probability measure p is said to be of the pure
G P-type, if there exists a nowhere dense set E such that

EcCS,,
WE) =1,
Vee EVe>0: [x—e,x+¢]NS, is a set of positive Lebesgue measure.
Example 2.
a) Let ¢ = Y07 Ypak, where ar = 35 (55 + 1o7), and ¢ are i.i.d. random variables

taking the values 0 and 1 with probabilities p and ¢, p+¢q = 1,p # ¢,p € (0,1). The

measure p, can also be thought as a probability measure with independent ¢)—symbols.

9-5F+1 8 . — — —
In such a case qdok = 42k = 18.}:1@110&% = 1845k+101p0k =P, Pk = O7p2k =4q.

For any choice of p € (0, 3)J(3,1) the probability measure p,; is singularly continu-
ous. Its spectrum is a nowhere dense set of positive Lebesgue measure. Moreover, the
intersection of the spectrum with any e-vicinity of any point from the spectrum is also a
nowhere dense set of positive Lebesgue measure. Therefore, f1, is singularly continuous
of the pure GP-type (the spectrum itself can be taken instead of the set F, which has
been mentioned in the definition). This measure is called the ”classical” measure of the
GP-type on the unit interval.

b) Let I = [0,1], and let {(fi,9:)} be a sequence of intervals without common limit
points such that (f;,g;) C I, and Py = I\|J,;(fi, gi) is a nowhere dense perfect subset
(it can be of zero as well as of positive Lebesgue measure). Let h; := g; — f;, and let us
construct the measure p in the following way:

p=>y o0
=1

where the measure p; coincides with the ”classical” probability measure of the pure GP-
type on the closed interval [f; + %h% fi+ %hi] (the spectrum S,,, is geometrically similar
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to the spectrum of the above constructed measure p,, with the coefficient of similarity
k= %hi, infS,, = fi + ihm sup Sy, = fi + %hl) It is clear that p is a probability
measure which are singularly continuous, and its spectrum consists of the union of the
spectra S, and points, which are limit points of this union, i.e.,

S, = (Usu) e

The measure (4 is of the pure G P-type (the set | J; Sy, can be taken instead of the set F,
which has been mentioned in the definition). In this case we have P; C S, and u(P;) =0
independently of the Lebesgue measure of the set P;.

Definition 3. A singularly continuous probability measure y is said to be of the pure
GS-type if there exists a sequence of closed intervals {[a;, b;]} such that

{ [ai,bi] C SH’
e (U;lai, b)) = 1.

Example 3.

a) Let n = ;7 &, where 7, are iid. random variables taking values 0 and 1
with probabilities p and ¢, p+¢q = 1,p # ¢,p € (0,1). The measure y, can be thought
as a probability measure with independent éfsymbols. In such a case qor = qor =
%;pOk = p,p1x = q. From theorem 2 it follows that for any choice of p € (0, %) U(%, 1)
the probability measure p, is singularly continuous. Its spectrum coincides with the
whole unit interval [0,1]. Therefore, p, is of the pure GS-type (the unit interval itself
can be chosen instead of the set E, which has been mentioned in the definition ). This
measure is called the ”classical” measure of the G.S-type on the unit interval.

b) Let {(a;,b;)} be a sequence of subintervals, which are adjacent to the Cantor set
Cy. Let d; := b; — a4, and let us construct the measure m in the following way:

o0
m;
m= 2 g
i=1
where the measure m; coincides with the ”classical” probability measure of the pure GS-
type on [a; + %di, a; + %di] (in such a case the spectrum S,,, coincides with the closed
interval [a; + idm a;+ %di]). The measure m is a probability one by the construction, and
its spectrum consists of the union of the spectra S, and points, which are limit points

of this union, i.e.,
Sm=(USm ) JCo.

The measure m is of the pure GS-type (the closed intervals S,,, can be chosen instead
of the intervals, which have been mentioned in the definition). In this case we have
Co C va Co ﬂ(Uz Sm7) = (Z)’ )‘(Sm) = )\(Uz sz)’ and m(OO) =0.

c) Let the set P, coincides with the spectrum of the measure p, mentioned in the
example 2a), and let {(a;,b;)} be the sequence of subintervals, which are adjacent to the
set P5. Let d; := b; — a; let us construct the measure m* in the following way:

e *
* mi
m = E —,
21

i=1

where the measure m; coincides with the ”classical” probability measure of the pure
GS-type on [a; + idi,ai + %di] (in such a case the spectrum S,,, also coincides with
the whole closed interval [a; + idi, a; + %di]). The probability measure m* is singularly
continuous, and its spectrum is of the following form:

S = (Lijsm;) P
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The measure m* is of the pure GS-type (as before, the closed intervals S,,, can be chosen
instead of the intervals, which have been mentioned in the definition). At the same time
we have A(Sp<) > A(U; Sm: ), and m*(Pz) = 0.

There exist, of course, singularly continuous measures on R!, which do not belong to
any of the above mentioned types. Nevertheless, the following theorem establishes the
spectral structure of any one-dimensional singularly continuous probability measure.

Theorem 3. Any singularly continuous probability measure ;1 on R' can be represented
in the following form

(18) 1= a1 p® + aopC + azu?,

where a; > 0, ag >0, az > 0, oy + ag + ag = 1; u%, p¢ and pF are singularly
continuous probability measures of the pure GS—, GC— resp. GP-type.

Proof. The proof of the theorem can be split naturally into the proofs of the following
two lemmas.

Lemma 2. Any singularly continuous probability measure p1 on R' can be represented
in the following form:

(19) = BipS + Bop™”,

where B1 >0, B2 > 0,81 + B2 = 1, u& is a singularly continuous probability measure of
the pure GS-type, and u™ is a singularly continuous probability measure with a nowhere
dense spectrum.

Proof. 1. If u is of GS-type, then By = 1, u®% = p, B2 = 0 and the "classical” Cantor
measure can be chosen instead of the measure pu” .

2. If S, is a nowhere dense set, then 5, =0, 82 =1, T = 11 and one can choose any
measure of the pure G'S-type instead of the measure p&5.

3. Now let p be not of the pure GS-type and let its spectrum S, be not nowhere
dense. Then S,,, being a closed set, contains at least one closed interval. A closed interval
[a,b] C S, is said to be ”full” if there is no any closed interval [¢, d| with [a,b] C [¢,d] C S,
(i.e., for any € > 0 intervals (a — €,a) and (b,b + ¢) contain points, which do not belong
to the spectrum S,,).

Let {[a;, b;]} be a family of all ”full” closed intervals from S,,, [a;, b;] [a;, b;] = 0,4 # J,
and let S = |J,[ai, b;]. From the latter assumption it follows that:

u(8) = i Ulas 1) = n(Utas,b)) € 0,1).

7

Let us denote f; = pu(S) and

GS 1 1
u=e(E): 05) w(ENS), VE € B(R").
The measure x° is a probability one and its property of being singularly continuous
follows from the singular continuity of x. The measure u& is of the pure G'S-type by
definition, because the set S = [J;[a;, ;] is a subset of the topological support of the
measure ;S and p%(9) = 1.
Let T := S, \ S. Since the set S, is perfect, and S contains all interior points from

the spectrum Sy, it is clear that 7" is a nowhere dense subset.
Set By = u(T) =1 — u(S) € (0,1) and

u(E) = ﬁ -w(ENT), VEcB(RY).
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The measure 7 is a probability one and its singular continuity follows from the singular
continuity of p. It is clear that u” (T) = 1. Therefore, the set S,r+, being a subset of
the closure of a nowhere dense set T, is nowhere dense. O

Lemma 3. Let pu”" be any singularly continuous probability measure on R' with a
nowhere dense support. Then the measure u”  can be represented in the following form:

(20) p" =y 4 yop©,

where y1 > 0, v2 > 0, 1 + 72 = 1, uC are singularly continuous probability measure
of the pure GC-type, and uCr is a singularly continuous probability measure of the pure
GP-type.

Proof. Let S, r- be the spectrum of the measure uT”. Every point of the spectrum Sg*
belongs to one of the following sets:

Te ={r: v €8, and (Fe(x) > 0: XS, N(z —e(x),z+¢e(x))) =0)},

Tp=A{x: z€8,r- and (Ve > 0: A(S,r- N(x —¢&,z+¢)) >0)}.

It is obvious that Tc NTp = @ and Tc UTp = S, z+.
Let us show that T is a Borel subset of zero Lebesgue measure. For any point x € T
we define

e1(z) = sup{e: A(S,r- N(z —¢,2]) =0},
e2(z) = sup{e : A(S,r- N[r,z+¢)) =0}

Let A, = (z — e1(x),z + e2(x)) N S,r=. From the construction of the set A, it follows
that it is a nonempty nowhere dense subset of zero Lebesgue measure for any = € T¢.

Let us consider the set C = UmGTC A,. If & € To and y € T, then either A, = A, (if
there are no points from the set Tp between = and y) or A, N A, = O (if there exists a
point from the set Tp between x and y). So, the latter union contains at most countable
number of different subsets A, x € T. Since all subsets A, are Borel ones (as an
intersection of two Borel subsets), we conclude that C' is also a Borel subset. Moreover,
A(C) =0, because C is a union of an at most countable number of zero-sets.

Ifx € Te, thenxz € A,. SoTc C C.

If » € C, then z € A, for some y € Tc. So, x € (y —€1(y),y +e2(y)) and x € Sz

Therefore, there exists € > 0 such that (x —e,x +¢) C (y —e1(y),y + e2(y)) and,
hence, A\((z — &,z +¢€) NS, r+) = 0. Therefore, x € T, and C C T¢. So, C = Tc.

Since T¢ is a Borel subset with A(T¢) = 0, we conclude that Tp = Sz« \ T¢ is
also a Borel subset. Let us remark that the set Tp is closed. To show this, let us
assume that {x,} is a sequence of points from Tp, which converges to some point zg.
xg € S,r~ since the set S, 7+ is closed as the spectrum. Therefore, the point zo belongs
either to Tp or to T¢. Suppose that zp € Te. Then there exists e(zg) > 0 such
that A((zo — &(20), 0 + (w0)) () S,r+) = 0. On the other hand, there exists No € N
such that =, € (zg — e(xo),zo + €(xg)) for all n > Ny. Let us choose n > Ny and
€1 > 0 such that (z, — 1,2, + 1) C (ko — &(x0), o + £(x0)). Since z,, € Tp, we have
A((wo —&(z0), o +e(x0)) (N S,r+) > AM((20 — €1, Zn +€1) [ S,r+) > 0. This contradiction
shows that xoy € Tp and proves that the set Tp is closed.

If 7" (T¢) = 1, then the measure u”” is of the pure GC-type (by the definition). In
such a case we can set y; = 1, 7o = 0; u¢¢ = u7 (any singularly continuous measure of
the pure GP-type can be chosen instead of the measure u&%.).

If uT"(Tp) = 1, then the measure 7 is of the pure GP-type (by the definition). In
such a case we set y; = 0, y2 = 1; u&F = ™" (the "classical” Cantor measure on [0, 1]
can be chosen instead of the measure ;“¢).



ON FINE STRUCTURE OF SINGULARLY CONTINUOUS PROBABILITY MEASURES ... 109
If 0 < u”"(Tc) < 1, then we define the measure

MGP(E): EﬁTp),

MT* (TP) ' MT*(
_ 1
-~ uT(Te)

It is clear that u@F and pu““ are probability measures. Their singular continuity follows
directly from the singular continuity of the measure p? .

Let Tj = Tp () S,cr. It is clear that uF(T5) = 1. The set Tp is closed, and it is a
subset of S,,cr. On the other hand the spectrum S, cr is the minimal closed support of
uGP . Therefore, T » = S,cr (the set Tp itself , generally speaking, can contain S,cr as
a proper subset). So, u&* is a measure of GP-type (one can choose the set T} instead
of the set E, which was mentioned in the definition of a measure of the pure GP-type).

Let Tg = Tc () S,cc. It is also clear that p“C (1) = 1, and Tg, C S,ce. Therefore,
pC is a measure of the pure GC-type (one can choose the set Ty, instead of the set F,
which was mentioned in the definition of a measure of the pure GC-type).

Let y; := p” (T¢) and v, := pT (Tp). Then VE € B(R"):

W' (B) = 1" (BN (To U Tp))

19 (E) W (ENTe), VE € B(RY).

1 1
=M M ENTe) + 92— (BN Tp)
ut (Te) u" (Tp)
= 11u"(E) + 72" (B),
which proves the Lemma. O
The theorem is a direct corollary of two latter Lemmas. O

Example 4. Let the measure ¢ coincides with the singularly continuous measure, which
was considered in Example 2a) and let P, = I'\ |J, (@i, b;) be its spectrum ([a;, b;] ([a;, b;] =
0,1 # j). Let d; := b; — a;, and let us construct the measure v; and p; in the following
way. The measure v; coincides with the ”classical” measure of the pure GC-type on
the closed interval S,, = [a; + 1d;,a; + 2d;] (see, e.g., Example 1a)), and the measure
1; coincides with the ”classical” measure of the pure GS-type on the closed interval
Sy, = lai + 3d;, a; + 8d;] (see, e.g., Example 3a)).

Let us define v = Y7 &, =370, L

Then the measure .
T=gletrtp
is a singularly continuous measure, which is a mixture of measures from the above defined
pure spectral classes. The spectrum of p* coincides with the union of spectra of the
measures v and pu, because the spectrum of the measure ¢ coincides with the intersection
of the sets S, and S,.

I

Remark 5. The latter theorem can be obviously generalized to the family of finite mea-
sures.

Remark 6. The latter theorem can be generalized to the multidimensional case, which
will be treated in a forthcoming paper.

Theorem 4. A singularly continuously distributed random variable & with independent
@—symbols is of the pure spectral type.

1) It is of the pure GS-type if and only if the matric P contains only a finite number
of columns containing zero elements.
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2) It is of the pure GC-type if and only if the matriz P contains infinitely many
columns having some elements p;, = 0, and

(21) i( Z Qik):OO-

k=1 ;=0

3) It is of the pure GP-type if and only if the matrix P contains infinitely many
columns having zero elements, and

(22) i( Z Qik) < 00.

k=1 i:p;r=0
Proof. Let us consider the set I' = I's (see, e.g., Section 2) with V' = {V}32, defined

by the P—matrix as follows: Vi ={i € Ny : pir #0}. It is easy to see that the spectrum
of the measure j¢ coincides with the closure of set I' (in such a case the difference (I')°!\T'
is at most countable). Therefore, to examine the metric and topological structure of the
set S¢ we may apply the results of Section 2. So, if the matrix P contains only finite
number of zero elements, then Vi = Ng, k > ko for some kg > 0. In such a case, I' is
a union of an at most countable number of closed intervals and at most countable set of
points, which are limit ones for these intervals. Therefore, the measure . is of the pure
GS-type. N

In the opposite case the matrix P contains an infinite number of columns containing
zero elements, and, therefore, I" is a nowhere dense set (see Sec. 2). The Lebesgue
measure of the set I' by Lemma 1 is equal to

O =T[5 =T[( T a)=T1(1- ¥ ).
k=1 k=1 i€V} k=1 i:pi=0

Then, by the Corollary after Lemma 1, either A(I') = 0, provided that condition (21)
fulfilled, or A(T") > 0, if condition (22) holds. Thus the measure j¢ either is of the pure
GC-type, or it is of the pure GP-type.

Since the conditions 1), 2) and 3) of this theorem are mutually exclusive and one
of them always holds, we conclude that the distribution of the random variable & with
independent CNQ—symbols is always of the pure spectral type. O

Remark 7. By using the latter theorem and theorem 2 one can easily construct singularly
continuous probability measures of any pure spectral type.
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