UNIVERSIDAD NACIONAL DE CORDOBA

FACULTAD DE MATEMATICA, ASTRONOMIA Y FiSICA

SERIE “B”

TRABAJOSDE MATEMATICA

N° 59/2011

An Introduction to Finite-Dimensional Representations of
Classical and Quantum Affine Algebras

Adriano Moura

Editores: Jorge R. Lauret—Jorge G. Adrover

CIUDAD UNIVERSITARIA — 5000 CORDOBA

REPUBLICA ARGENTINA






An Introduction to
Finite-Dimensional Representations of

Classical and Quantum Affine Algebras

Adriano Moura

Universidade Estadual de Campinas

Abstract

This is a preliminary version of expanded lecture notes of a mini course to be given by the author
at the XV Latin American School of Mathematics. The aim is to give an introduction to the finite-
dimensional representation theory of affine Kac-Moody algebras and their quantum groups covering
topics such as the classification of the simple modules and the notions of Weyl modules, £-weight
modules, and qcharacters. We also present a few results regarding tensor products and extensions
which will be further expanded in a revised version.







Introduction

These notes are intended as supporting material for the mini-course I was invited to give at the XV
Latin American School of Mathematics (ELAM) to take place in Cordoba, Argentina, from May
16 to May 27, 2011. The courses at the ELAM are intended to survey specific areas or problems
thus providing motivation for potential directions towards which graduate students may incline their
careers. I know two styles of providing motivation: the “fancy” one and the “down-to-earth” one.

Let me begin with the fancy one which, in the case of finite-dimensional representation theory of
affine Kac-Moody algebras and their quantum groups, is two-fold. From one side we have its con-
nection to areas closer to the “real world”. Namely, it is by now well-known that affine Kac-Moody
algebras are intimately related with areas of mathematical physics, especially conformal field the-
ory and related areas. Also, the introduction of the concept of quantum groups was motivated by
the study of the Yang-Baxter equation in statistical mechanics. Therefore, the connection of quantum
affine algebras with mathematical physics comes from both classical and quantum perspectives. Their
finite-dimensional representations play a role in the study of integrability of certain lattice models. As
I do not work on the mathematical physics side of the story, I will not give further insights in this di-
rection. The interested reader will have no difficulty finding papers and books with very insightful
introductions giving a very broad overview of this side of the story in a manner accessible to a non-
expert reader. The other side of the fancy motivation comes from a purely representation theoretical
point of view. Namely, the finite-dimensional representations of these algebras form a Jordan-Holder
tensor category which is not semi-simple (by a Jordan-Holder category we mean an abelian category
such that all objects have finite-length and the Jordan-Holder theorem holds). Given a category with
such properties, there is a plethora of natural questions such as understanding composition series and
extensions as well as the tensor structure. Moreover, these representations breakup as a direct sum of
generalized eigenspaces for the action of a commutative subalgebra called the £-weight spaces. This
decomposition gives rise to a character theory which is especially interesting in the quantum setting
(and has a high level of combinatorial flavor). Although several important and profound results re-
garding these characters have been proved, the theory (which is also very relevant in mathematical
physics) is far from being settled. The systematic study of extensions is still in its infancy and the
first Ext groups have been described, in the classical context only, two years ago. In the quantum
setting, the only result so far is the description of the block decomposition of the category. The tensor
structure of the category in the classical setting is somewhat simple: tensor products are “symmetric”
(the category has trivial braiding) and tensor products of simple modules are completely reducible.
The story is very different in the quantum setting (the category is not braided!). Very recent results
show that the understanding of the tensor structure of this category interacts with the study of one of
the most fashionable topics of the moment — the theory of cluster algebras. In a nutshell, the finite-
dimensional representation theory of quantum and classical affine algebras is very rich with many
open interesting questions which are relevant in mathematical physics.

The remainder of the text and the course are intended to provide the “down-to-earth” motivation.
When one is trying to decide what to do for a living, one should rather be as sure as possible that
doing that thing on a daily basis will be enjoyable than if it is sounding “fancy”. In mathematics, each
area or subarea has its own flavor essentially determined by the style of computations one ends up
doing on a daily basis. The selected topics covered in these notes should give the students a glimpse

of a few possible flavors of the theory. In other words, the text brings computations which should give
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an idea of the typical computations they would be “forced to enjoy” every day should they choose
to work on the area. Hopefully, several of the students will agree that the computations are indeed
enjoyable and will feel motivated to join the team of mathematicians trying to unravel the structure of
these representations.

As this is one of the “advanced” courses of the XV ELAM, the text is written assuming that the
students are familiar with the basics of ring and module theory (including the concept of composition
series and the Jordan-Holder Theorem) as well as with the finite-dimensional representation theory of
finite-dimensional semi-simple Lie algebras over an algebraically closed field of characteristic zero
(the material of Humphreys’ book [52], for instance). The knowledge of what a Kac-Moody algebra
is should be helpful but not necessary. Section [I] gives a review of the basic aspects of Kac-Moody
algebras and the class of representations that resembles that of finite-dimensional representations of
simple Lie algebras — the class of integrable representations in the famous BGG category &. Since
there are several good books on this matter, we only present the basic constructions and state the main
results which are needed so that the readers will be able to understand the main part of the course
even if this is the first time they are exposed to Kac-Moody algebras. In fact, the students who never
studied the finite-dimensional simple Lie algebras should also be able to follow the main part of the
course after reading the review in Section [l We also review the definition of the Drinfeld-Jimbo
quantum groups associated to Kac-Moody algebras in Section I} We follow the same approach we
had used for Kac-Moody algebras since there are several good books on quantum groups as well. A
list of books covering this material is given in the introduction to Section

The material of the course properly starts in Section [2| The main goal of the section is to answer
the most basic question in representation theory: given an algebra, classify its simple modules. We
shall see that, already in such a basic level, there are some differences among the quantum and the
classical contexts. We also introduce the concepts of global and local Weyl modules and the notions
of {-weight modules and their qcharacters. The main goal of Section (3| is to present results about
tensor products of simple modules and prepare ground for the study of some combinatorial aspects of
the theory of qcharacters to be done in Sectiond In particular, in Section [3] we also study results on
duality and present the description of the block decomposition of our category of modules. However,
in this section we prove the result on the block decomposition only in the case that the underlying
simple Lie algebra is sl, (which is what we will need for Section {)). Section [] is then entirely
dedicated to the study of algorithms designed to compute the qcharacter of certain classes of simple
modules. All sections, except for Section [I} end with a subsection named “bibliographical notes”
where the due credit for the original proofs are given as well as a few comments regarding the present
and future perspectives. This is the reason no citation is made in this introduction nor in the main
body of each section.

The material contained in this preliminary version is already larger than what can be covered dur-
ing the mini-course. However, there are certain additional topics which will most likely appear in
the revised version such as a new section on extensions where, in particular, we will finish the proof
of the block decomposition theorem. An extra subsection may be added to Section [3] concerning
simple tensor products and prime representations and another one to Section [ containing a descrip-
tion of Nakajima’s algorithm for qcharatacters. There are several other interesting topics which may
eventually be included in future versions such as: the proof of the Kirillov-Reshetikhin conjecture and
fermionic formulas (passing through the theory of T-systems), minimal affinizations, fusion products,
Demazure modules, crystal bases, and monomial categorification of cluster algebras. Since there will
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certainly be a revised version, corrections and suggestions about the already included material are
more than well come.
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Basic Notation

Z and Q denote the sets of integer and rational numbers, respectively. The notation Z,, will be
used for the set of integers bigger or equal to m and similarly for Z.,, and son on. Given a ring
R, the underlying multiplicative group of units is denoted by R* and R’” denotes the ring whose
underlying additive group is R but equipped with the opposite multiplication. The identity element
of a multiplicative group will be denoted generically by 1. The cardinality of a set S will be denoted
by |S]. The symmetric group of a set with cardinality m is denoted by §,.. The symbol = means
“isomorphic to”.

Throughout the text, IF denotes an algebraically closed field of characteristic zero and, unless
otherwise stated, all vector spaces and algebras considered are [F-vector spaces. The dual of a vector
space V is denoted by V*. Given a subset « of a vector space, we denote by [a] the span of «. If «
and S are bases of finite-dimensional vector spaces V and W, respectively, and 7 : V — W is a linear
transformation, the matrix of 7" with respect to @ and 3 is denoted by [T'];. The transpose of a matrix
A is denoted by A’. Tensor products without a subscript are assumed to be over F. The r-th graded
piece of a graded vector space V will be denoted by V[r].



1. Kac-Moody Algebras and Quantum
Groups

This is a review section so all the proofs are omitted. Unless otherwise noted, the proofs concerning
the classical context can be found in the books [6, 18, (39, 152, 53, 154, 61, [77, [82]] while the ones
concerning the quantum setting can be found in [25} 29, 43|59, 64, 67].

1.1. Basic concepts on Kac-Moody algebras

Definition 1.1.1. Let / be a finite set and C = (¢;)), i, j € I, be a matrix. The matrix C is said to be
indecomposable if for any choice of nonempty disjoint subsets /; and I, of I such that I = I, U I,
there existi € I; and j € I, satisfying ¢;; # 0. Otherwise, C is said to be decomposable. The matrix C
is said to be a generalized Cartan matrix if:

(@) ¢;j€ Zand ¢; =2 foralli, jel,

(b) cij <Oforalli=+ j,

(¢) cij=0ec;;=0foralli,jel.
A generalized Cartan matrix is said to be symmetrizable if it satisfies:
(d) there exist s; € Z, i € I, such that S C is symmetric where S = diag(s; : i € I). O

Notice that, if C is symmetrizable, we can choose the numbers s; € Z, i € I, to be relatively prime.
We shall always assume that C is an indecomposable symmetrizable generalized Cartan matrix and
that s; are chosen in this way.

Proposition 1.1.2. One, and only one, of the following options holds for C.

(a) SC is positive definite.
(b) SC is semi positive definite of corank one.
(c) SC is indefinite. ]

Definition 1.1.3. A generalized Cartan matrix C is said to be of finite, affine, or indefinite type if C
satisfies condition (i), (ii), or (iii) of the above proposition, respectively. O

The entries of a generalized Cartan matrix C can be encoded in a picture called the Dynkin dia-
gram of C. We will describe how to construct the diagram for finite and affine types only since this
is all we will need. In this case we have c;jc;; < 4 for all i, j € I. If n = |I|, the Dynkin diagram is
a graph with n vertices and c¢;jc;; edges joining the distinct vertices i and j. If ¢;; < —1, we adorn the
set of edges joining i and j with a > pointing towards i. One easily checks that this picture indeed

2



1.1 Basic concepts on Kac-Moody algebras 3

determines completely the matrix C. The following tables is a summary of are the theorem classi-
fying generalized Cartan matrices of finite and affine type. In Table the number of vertices in
the diagram of type X, is n while in Tables[1.1.2|and [I.1.3] the number of vertices of the diagram of
type XY isn + 1. The diagrams on the right-side column of Table |1.1.1{are known as diagrams of

Q)
exceptional type. We did not label the vertices in Table [I.1.3]since we will not work with them here.

Table 1.1.1: Dynkin Diagrams of Finite Type

6
A, O—0——--"-- 40—0 E O—O—I—O—@

AD oo 0
1 0 1
6
0 6]
AD A Es 3 5 & 3
n
1 2 n-1 n
0—0—0—17—@—@—0
0
EY
m 1 2 3 4 5 6 0
B, o—o—o0—----- —0=>=0
1 2 3 n-1 n
8
E(l) o—o—o—o—o—I—o—o
P S S S S — =0 8 0o 1 2 3 4 5 6 7
n
0 1 2 nl n
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Table 1.1.3: Dynkin Diagrams of Twisted Affine Type

A(ZZ) === D% o=o—0—-- — o==o0
n+1
AY  o=<o—0—v-- — o=t0 ?)
n E6 O—O0—O0==0—0
A(zz) ' O—L 777777 ——O0=<0 Df) O—C===0
-

Definition 1.1.4. Let r be the rank of C and choose I’ C I such that |[I'| = r and (¢;;), i,j € I, is
invertible. The Kac-Moody algebra g = g(C) is the Lie algebra given by generators x7°, h;,d;, i, j €
1, j ¢ I, satisfying the defining relations:

[h,', hj] =0, [X?—,Xj_-] = 5,-‘,hl-, [hi,x;‘f] = iC,'jX;_-' for all l,] el,
ad(x)'"(x5) =0  forall i, jeli#j
[d;,di] =0, [hi,d;] =0, [dj, xF] = +6;xF  forall i, jkel, jke¢l.

The generators xi°, h;, i € I, are called Chevalley or Chevalley-Kac generators, and the relations in
the second line are called Serre’s relations. Denote by 0 the subalgebra of g generated by d;, j € I\ I,
by b’ the subalgebra generated by /;, i € I, and by n* the ones generated by x*, i € I, respectively. Set
alsoh =h @0. O

In the remainder of the section, unless stated otherwise, g denotes a given Kac-Moody algebra.
The universal enveloping algebra U(g) of g can be similarly presented by generators and relations and
the Serre’s relations can then be rewritten as

I—c;j

2D e i e = 0.
k=0

Notice that the derived algebra g’ of g is the subalgebra of g generated by x°,i € I, and that
g/¢ = 0. In particular, if C is invertible, g = g¢'.

Proposition 1.1.5. The Serre’s relations are defining relations for the subalgebras n*. In particular,
g=n @®han asa vector space. O]

Given i € I, the subalgebra of g generated by x7 is isomorphic to the Lie algebra s, of traceless
2-by-2 matrices. We shall denote this subalgebra by g,. In general, given any subset J of I, we denote
by g, the subalgebra of g generated by x7, j € J. The subalgebras b, n; are defined in the obvious
way. Then g; is isomorphic to the derived algebra of the Kac-Moody algebra associated to the matrix
Cy=(cij),i,je J.

Proposition 1.1.6. Let C be a generalized Cartan matrix and g = g(C).
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(1) C is of finite type if and only if g is finite-dimensional. Moreover, in that case, g is simple.
(i1) C is of affine type if and only g; is finite-dimensional for all proper subsets J of 1.

(111) C is of indefinite type if and only if C has a negative principal minor. 0

Remark 1.1.7. It follows that C is of finite-type if and only if C is a Cartan matrix in the usual sense
and, hence, all principal minors of C are positive. Thus, C is of affine type if and only if C is singular
and all proper principal minors of C are positive. The algebras associated with the diagrams of type
A,, B,,C,, and D, are the classical matrix algebras sl,.1,502,1, §p,,, and §0,,, respectively. O

Proposition 1.1.8. There exists a unique symmetric invariant bilinear form (-, -) on g satisfying:

Cij + - 51’]‘ + 4+ + ]
(hi, hj) = P (X7, x;) = " (X7, x7) = 0, (h,-,xj—-) =0, for all i,jel,
J J
0ij
(dj,di) =0, d;, xi) =0, (hi,d;) = =2, for all i, kel jke¢l.
Sj
Moreover, (-, -) is nondegenerate and its restriction to b is also nondegenerate. 0

Remark 1.1.9. If I’ # I, the restriction of (-,-) to g’ is degenerate. In fact, notice that the matrix of
the restriction of (-, -) to h” with respect to the basis {h;, i € I} is CS ~'. In particular, the restriction of
(+,+) to b is nondegenerate if and only if C is invertible. In the case that g is finite-dimensional, (-, -)
is a scalar multiple of the Killing form (several authors call it Cartan-Killing form). Thus, by abuse
of terminology, we shall refer to (-, ) as the Killing form of g in general. O

Proposition 1.1.10. Given i € I, there exists unique @; € " such that ;(h;) = c¢;; an @;(d;) = ;.
Moreover, {a; : i € I} is linearly independent and [A, x¥] = +a;(h)x; forallie€ I,h € b.

Remark 1.1.11. By abuse of notation, we shall denote the restriction of @; to h’ by «; as well. If C is
singular, the set {; : i € I} is linearly dependent when regarded as a subset of h*. O

Definition 1.1.12. The root lattice Q of g is the subgroup of h* generated by {a; : i € I}. Let also
Q™ be the corresponding submonoid. Given, n = Y ;;; a;a; € Q, the number 5| = },; a; is called the
height of . Define a partial order on h* by setting 1 > uif A—u € Q*. Given i € I, the unique element
w; € b satisfying w;(h;) = 6;; and w;(dy) = O for all j, j € I\ I’ is called the i-th fundamental weight
of g. The weight lattice of g is the subgroup of h* generated by the fundamental weights. Let also P*
denote the corresponding submonoid of h*. The elements of P are called integral weights while the
elements of P* are called dominant integral weights. O

Remark 1.1.13. Notice that Q C P. Also, Z Zw; C P and equality holds if and only if C is invertible.
i€l

We shall refer to elements of P simply by the weights of g. O

Given a € b7, set
g, ={x€g:[hx]=alh)x forall he b}

One quickly checks that
(1.1.1) [0 051 € 8op  forall  a,feb’

and that g, is spanned by x;" forall i € I.
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Definition 1.1.14. An nonzero element @ € h* such that g, # 0 is said to be a root of g while g, is the
associated root space. A nonzero vector in a root space is called a root vector. The set R of all roots
of g is called the root system of g. The elements of R* = R N Q7 are called positive roots while the
ones in —R* are called negative roots. The elements «;, i € I, are called simple roots. O

Proposition 1.1.15. In any Kac-Moody algebra we have R € Q and R = R* U—-R". Moreover, g, = b,

= @ ¢, and g, is finite-dimensional for all @ € R. 0
a€R,

Given n € Q, set
U(g), ={x € U(g) : [h,x] = n(h)x forall hebh}
and U(n*), = U(n*) N U(g),. One quickly checks that

(1.1.2) U(g) = 6 Ulg),
negQ
is a Q-gradation on U(g), U(h) € U(g)o, and U(n*), # O only if n € +Q".

Since the restriction of (-, -) to h is nondegenerate, there exists a unique linear isomorphism h* —
b, A — t,, where t, is the unique element of h satisfying (z,, &) = A(h) for all & € h. Define a symmetric
bilinear form (-, -) on h* by requiring that this isomorphism be orthogonal, i.e., (1, u) = (,,1,) for all
A, € b, Notice that
(A,pu) = At,) = u(ty) forall Aueh”
and that (1, 1) # 0 for all 2 € h* \ {0}. Moreover, the matrix of the restriction of (-, -) to the subspace
generated by Q with respect to the basis {a; : i € I} is SC, i.e.,

(0/,-, Clj) = 8iCij for all l,] el
For i € I, let r; € Endg(h") be given by
(/1’ ai)

ri(D)=A—-Ah)a; =1-2
(@i, a;)

a;.

Observe that ;> = 1,7,(1) = Aif (1, ;) = 0, and ri(a;) = —a;. Because of this, r; is called a simple
reflection. Notice that

(1.1.3) @; = w; — ri(w).

Definition 1.1.16. The Weyl group % of g is the subgroup of Autp(h*) generated by the simple
reflections. Given w € #/, an expression w = r; r;, - - - 1;, is a said to be a reduced expression for w if
[ is minimal. In that case, [ is called the length of w. The length of w € # will be denoted by £(w).
Two elements i, v € h* in the same % -orbit are said to be # -conjugate. A root a of g is said to be a
real root if it is # -conjugate to a simple root. Otherwise, « is said to be an imaginary root. O

Proposition 1.1.17. For all @ € R and w € # we have dim(g,) = dim(g,,,). In particular, if @ is a
real root, then dim g, = 1. In that case, the subalgebra of g generated by g., is isomorphic to sl,. [

Proposition 1.1.18. The following conditions are equivalent:
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(a) # is finite.
(b) R is finite.
(c) g is finite-dimensional.

(d) Every root is real. L]

We will also make use the of braid group associated to C.

Definition 1.1.19. The braid group % associate to g is the group generated by elements 7;,i € I,
subject to the following defining relations:

Tl'Tj = TjT,', if Cij = 0,

TiTjTi = T]TIT]’ if CijCji = 1,
(T:T;)* = (T,T:), if cijcji = 2,
(TiTj)3 = (TjTi)3a if CijCji = 3.

O
Proposition 1.1.20.
(i) The Weyl group # of g is the quotient of 2 by the normal subgroup generated by T;* — 1.
) Ifw=r;---r,and w = ry c Ty are two reduced expressions forw € #/, then T, --- T, =
Ty ---Tr ]

The second statement of the above proposition can be rephrased by saying that we have a function
B — W given by

(1.1.4) wis Ty =T - T;

u

where w = r;, - - - r;, 1s any reduce expression for w (this is not a group homomorphism).

We end this subsection recalling some extra facts that hold in case g is finite-dimensional as well
as some extra terminology. In that case, there exists a unique root which is maximal in R with respect
to the partial order on h*. This is also the highest root of g and it will be denoted by 6. Similarly, there
exists a unique element of maximum length in % which will be denoted by wy. The order of wy is
two and, if wy = r;, - - - r;, 1s a reduced expression for wy, then

+ _
R - {ail’ ri|ali27 rilrizaliy'“ s ri| ”'rl']_lail}°

The number r¥ := max{s; : i € I} = max{c;c; : i # j}is called the lacing number of g. The set
{(a, @) : @ € R} has at most two elements and the cardinality is one if and only if g is simply laced,
ie.,if ¥ = 1. If ¥ > 1, a positive root « is said to be a short root if (@, @) < (6, 6). Otherwise, « is
said to be a long root (in the simply laced case we shall use the convention that all roots are short and
long). We have (@, ) = 2 if @ is a short root and (@, @) = 2r" if a is a long root. The Coxeter number
of gis h = 1 + |6] while the dual Coxeter number is 2" = 1 + [ where @ is the highest short root.
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Given a nonzero A € b*, define
v 2t

T @A
We have @; = h; and, if A = ¥,;;mia; # 0, then ¥ = 3, %m;h;. Moreover, if A € R, then Xm; € Z
foralli € I and RY := {a" : a € R} is isomorphic to the root system associated to the matrix C'. Every
element of P is # -conjugate to a unique element of P*. We also have:

Proposition 1.1.21. Let A € P* and set wt(1) = {w(u) : we # ,u € P*,u < A}.
(1) w(d) < Aforall we #. In particular, v < A for all v € wt(2).
(i) Forall A € P*, wt(A) is a finite set, wy(4d) < u for all u € wt(1), and wy() € —P*.

(iii) If i € I and w € # are such that £(r;w) = £(w) + 1, then w™!(q;) € R*. In particular, w(1) + @; ¢
wt(A). ]

Remark 1.1.22. For each i € I, —-wy(w;) = w; for some j € I. Thus, wy defines an involution on

L1,i— wy(i) = J. O

An element A € P* is said to be minuscule wt(1) N P* = {1}, i.e., if wt(1) is the # -orbit of
A. It turns out that a nonzero minuscule weight is necessarily a fundamental weight (but not all
fundamental weights are minuscule). Given A € P*, let supp(d) = {i € I : A(h;) # 0} and let #'* be
the subgroup of # generated by {r; : i € I \ supp(A1)}.

Lemma 1.1.23. Let A € P*.
Q) #*=weW:wld =2
(i) Each left coset of %/ in # contains a unique element of minimal length.

(iii) Let #, the set of all left coset representatives of minimal length. If w € %) and i € [ are such
that £(r;w) = €(w) — 1, then r,w € #). O

In the next lemma we record some special properties of the fundamental weights in the case that g
is not of exceptional type. For this lemma, we identify / with the finite set {1, ...,n} as in Table[[.1.1]

Lemma 1.1.24. Suppose g is not of exceptional type and let i € 1.

(i) If 2 € P* is such that A < w;, then either 4 = 0 or A = w; for some j < i.
(ii) If j € I'is such thati > j, then w; — (w; + @;) ¢ Q".

(iii) If A € P* is such that A < w;, then w; — (1 + 2a;) ¢ wt(w;) for all j € I. OJ
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1.2. Quantum groups

In this subsection we overview (one version of) the definition of Drinfeld-Jimbo’s quantized universal
enveloping algebra U,(g) most commonly known as the quantum group over g.

Given g € [F and m € Z, define
[m]q — qm—l +qm—3 + ... +q3—m + ql—m‘

Notice that [m]; = m and that, if ¢*> # 1, then [m], = q;”_‘q‘f:lm. The numbers [m], are often referred to
as quantum numbers. One can then define quantum factorial numbers in the obvious way:

0l,'=1 and  [ml!=[mlm-1],...[1], for m>0.

Also, given m,n € Z, m > 0 such that g*" # 1, define the quantum binomial

[n] _ [nlyn—1],---[n—m+ 1],
m|, [m],! '

[n],! . . .
FETRTE One easily checks that there exists f € Z[u,u "]

(depending only on m and n but not on g) such that [,,], = f(¢) and, therefore, one can remove the
hypothesis g*" # 1. Moreover, if n > m, we have f(1) = ( )

n
m

Notice that, if n > m, then [,], =

Henceforth we fix a nonzero g € F which is not a root of unity and set g; := ¢°*.

Definition 1.2.1. The quantized universal enveloping algebra U,(g) is the associative algebra (with
1) with generators x¥, k', g;—.’l,i e l,jel\/,satisfying the following defining relations:
—
k,‘ki_l = 1, k,‘kj = kjki kix;—.'ki—l = q;—"cifx]"—f’ [x;r,x]_.] = 6l~jﬁ, for all l,] € I,

1—cij

Z(—l)’”[ I-cy ]qv(xf)l_c"f_mx;—-'(xii)m =0 forall i jeli#j

m=0 l

gjgj_.l =1, g8 = 8&a&j kigj = gjk,-, gjxiig]_-l = qﬂs"jxl-i, forall i,j,kel, jke¢l.

The relations in the second line are called quantum Serre’s relations. Denote by U,(0) the subalgebra
of U,(g) generated by gji.l,j € I\ I', by U,(h") the subalgebra generated by k*',i € I, by U,(h) the
one generated by U,(h') and U,(d), by U,(n*) the ones generated by x7,i € I, respectively, and by
U,(g’) the one generated by U,(n*) and U,(h"). O

In the case that g is of affine type, the quantum group U,(g) is frequently called a quantum affine
algebra.

Remark 1.2.2. Notice that the above definition makes sense as long as ¢* # +1. We will see below
that one can make sense of quantum groups even when ¢* # +1 and, also, for g = 1 in which case the
resulting algebra is essentially U(g). The elements k; and g; are, roughly speaking, “g-exponentials”
of the elements /; and d;, respectively. This is made more precise if one works with a larger version
of U,(g) which, in some instances, is more convenient than the above. Namely, one replaces the
generators k; and g; by generators ¢" with / running in the Z-span of 4; and d;. One then imposes the
relations ¢° = 1,¢"" = ¢"q", and ¢"x7q™" = q*/®x%. The element k; then corresponds to ¢** while
g; corresponds to g%/ O
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The next proposition establishes a quantum analogue of the triangular decomposition.

Proposition 1.2.3. The multiplication of U,(g) induces isomorphism of vector spaces:

U,m) @ Uy @ U,(n") = Uy(g) and  Uy(h") ® Uy(d) — Uy(h). O

Given J C I, we denote by U,(g;) the subalgebra of U,(g) generated by k;, x]i., j € J, and set
U,b,) =U,h)nU,(g,) and so on. If J = {i} for some i € I we simplify notation and write U,(g;). It
is not difficult to see that U,(g;) is isomorphic to U,,(sl,) and similarly for general J.

There exists a unique Q-gradation on U,(g) such that the degree of xi is +a;, respectively, and
U,(h) is contained in the graded piece of degree 0. For n € Q we let U,(g), denote the graded piece
of degree n. Notice that if x has degree n, then k,-xkl.‘1 = g%y for all i € I. As before, we set
Uq(ni)r] = Uq(ni) N Uq(g)r]

Proposition 1.2.4. There exist unique algebra homomorphisms
e:Uy 9 —F, A:Uy(g) — Uyg)® Uy(g), and S :Uy(g) — Uy(9)”
such that
ek) =e(gp =1, &(x)=0,

Ak) =ki®ki, Alg)=g;®g;, AX)=x@1+k®x], AX)=x; ®ki_1 +1®ux;,
Sky=k', SgN=g' S&H=-k'xl, S&)=-xk

foralli,jel,j¢lI. O]

It follows from the above proposition that U,(g) has a structure of a non cocomutative Hopf
algebra with counit &, comultiplication A, and (invertible) antipode S. Notice that U,(g"), U,(n*), and
U, (h) are Hopf subalgebras of U,(g). We shall denote by H° the augmentation ideal of a Hopf algebra
H, i.e., the kernel of &.

We end this subsection with an overview of the constructions and results establishing the relation
between U,(g) and U(g). For that purpose, assume that g is transcendental over QQ so that the field
Q(q) is a subfield of F. Let also A = Q[g, ¢'] and notice that [mlg, [ml, L [% ], € A, forall m,n €
Z,n > 0 (in fact, they lie in Z[g, g~'] as remarked above).

Definition 1.2.5. If V is an F-vector space, an A-lattice of V is the A-span of an F-basis of V. An
A-form of U,(g) is an A-subalgebra of U,(g) which is also an A-lattice of U,(g). O

Given ¢ € I, consider the ring homomorphism

eve: A=, flg) = f(©).

Denote by F, the A-module induced by ev, i.e., F¢ is the Q-vector space I where ¢ acts as multipli-
cation by £. Then, for an A-form U of U,(g), set

U§:F§®AU
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which is naturally an [F-algebra. Moreover, if U is an A-Hopf subalgebra of U,(g), then U, has a
natural Hopf algebra structure. The algebra Uy is called the specialization of U,(g) at g = & via U.
The elements of the form A ® x of U, with x € U and A € F, will be denoted simply by Ax. Notice
that if £ = g, then Uy is naturally isomorphic to U,(g).

There are two A-forms of U,(g) used in the literature. One was first studied by Kac and De Concini
and is often referred to as the nonrestricted integral form of U,(g). The other was first considered by
Lusztig in connection with the theory of algebraic groups and is often referred to as the restricted
integral form of U,(g) as it is also related to restricted Lie algebras in positive characteristic. It turns
out that if £ is not a root of unity, then the specialized algebras obtained from them are isomorphic to
the algebra given by generators and relations as above with £ in place of g. However, the situation is
very different if £ is a nontrivial root of unity. We will focus only in the case & = 1 here in which case
both specializations are again isomorphic. Thus, for simplicity, we introduce the n(?nrestricted form
only. Namely, we consider the A-subalgebra U of U,(g) generated by x7°, k;, g;, %, i,jel,jgl.
Theorem 1.2.6. U is an A-form of U(g) and U(g) is isomorphic to the quotient of U; by the ideal
generated by k; — 1,g;,—1,i,jel, j¢I. OJ

Remark 1.2.7. Notice that, under the isomorphism of the above theorem, #; is the image of the
ki—k:! L . .. . .
element m which is an A-basis element of U (similar remark is valid for the elements d;). It turns

i

out that the restricted integral form is an A-Hopf subalgebra of U,(g) and the induced Hopf algebra
structure on U(g) coincides with the usual one: &(x) = 0,A(x) = x® 1 + 1 ® x,5(x) = —x, for all
X€Eg. O

1.3. Integrable representations in category &

We now give a review on a certain category of representations of Kac-Moody algebras (and their quan-
tum groups) which runs parallel to that of finite-dimensional representations of finite-dimensional
simple Lie algebras. This is the category &'™ of integrable modules in Bernstein-Gelfand-Gelfand’s
category ¢. The classical and quantum are developed essentially in the same way. For simplicity we
will consider the classical case and then point out the small modifications needed to treat the quantum
case.

Let V be a g-module. Given u € h* define
(1.3.1) Veo=1{veV:hv=u(hyforall h €b}.

The space V, is said to be the weight space of V of weight 1 and the nonzero vectors of V,, are called
weight vectors of weight u. Let wt(V) = {u € P : V, # 0} be the set of weights of V. The module V
is said to be a weight-module if

V=& V.

ueh
Notice that the relations [h, x7] = +a;(h)xF,i € I, h € b, imply

(1.3.2) XV € Vysa, forall el
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In particular, the sum of the weight spaces of a given representations is a subrepresentation. A weight
vector v is said to be a highest-weight vector if x;v = 0 for all i € I (equivalently, if n*v = {0}).
Equation (1.3.2)) implies that the weights of a subrepresentation generated by a highest-weight vector
are smaller than the weight of its generating vector. This explains the term “highest-weight vector”.
A representation which is generated by a highest-weight vector is said to be a highest-weight module.
Using (I.3.2) once more one easily sees that highest-weight modules are weight-modules. Notice
that the sum of the proper submodules of a highest-weight module is again a proper submodule. This
proves the following proposition.

Proposition 1.3.1. Let V be a highest-weight module. Then, V has a unique maximal proper sub-
module and, hence, a unique irreducible quotient. In particular, V is indecomposable. [l

Given A € h7, let M(A) be the g-module generated by a vector satisfying the defining relation of
being a highest-weight vector of weight A. In other words, M(A) is the quotient of U(g) by the left
ideal generated by h — A(h), x| for all h € b and i € 1. One easily sees that, as an n™-module, M(A1) is
isomorphic to U(n™). By definition, any other highest-weight module of highest weight A is a quotient
of M(Q), i.e., M(A) is the universal highest-weight module of highest weight A. It is also called the
Verma module of highest-weight 4. We shall denote by V(1) the unique irreducible quotient of M(A).
Evidently that M(A) is isomorphic to M(u) if and only if 4 = u and similarly for their irreducible
quotients.

A g’-module V is said to be integrable if the elements x;",i € I, act locally nilpotently, i.e., if for
every v € V and i € I, there exists m € Zs such that (x;')"v = 0. A g-module is said to be integrable
if it is integrable when regarded as a g’-module.

Lemma 1.3.2. Let V be a g’-module generated by a vector v which is an eigenvector for the action of
h’. Suppose there exist m; € Z., i € I, such that (xF)"v = 0. Then, V is integrable. L]

Proposition 1.3.3. If V is an integrable g’-module, then " act semisimply on V and the eigenvalues
of h; are in Z for all i € I. In particular, if V is a g-module, then it is a weight-module and V), # 0 only
if u € P. Also, U(g;)v is a finite-dimensional g;-submodule of V foralli e I,v € V. 0

Theorem 1.3.4. Let A € h™ and v be a highest-weight vector of M(1). The module V(Q) is integrable
if and only if A € P*. In that case, it is the quotient of M(2) by the submodule generated by (x;)*")*!y
foralli e I. 0

Remark 1.3.5. The image of the vectors (x;)'")v,i € I, in V(A) are all nonzero as a consequence
of the study of the sl, case. In particular, V(0) is the one-dimensional trivial representation. The
notions of lowest-weight vector and module is defined by interchanging the role of the generators
x¥. Evidently, all results proved for highest-weight modules are true for lowest-weight ones mutatis-
mutandis. O

Given 1 € b7, set
D) =1-Q ={ueh" :1-peQ}
Let O be the category of weight-modules with finite dimensional weight spaces whose weights lie in
the union of finitely many sets of the form D(1), 1 € P*. Let also ™ be the full subcategory of &
consisting of integrable modules. Notice that the Verma modules M(1), A € P*, are in ¢ and, hence,
so are their irreducible quotients.
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Theorem 1.3.6. If V is a simple module in category &™ it is isomorphic to V(1) for some A € P*.
Moreover, every object in '™ is completely reducible. 0

If V is a weight-module with finite-dimensional weight spaces, the character of V is the function
ch(V) : P — Z given by
ch(V)(u) = dim(V,).

The action of # on P can be naturally extended to an action of % on Z* by

whHw = fw(w)) for all weW, feZl ueP

Proposition 1.3.7. Let V be an integrable weight-module. Then, V, = V,,,, as vector spaces for all
u € P,we W . Inparticular, if V has finite-dimensional-weight spaces, ch(V) is # -invariant. [

For 1 € P, let ¢* € Z" be the characteristic function of {u}, i.e., e“(1) = & 1 Then, every element
f € Z" can be reinterpreted as a formal sum of the form f = DI A (7)o

Corollary 1.3.8. If g is finite-dimensional and A € P* is minuscule, then ch(V(2)) = },.cy, e"™. O

More generally, we have:
Theorem 1.3.9. For all A € P*, ch(V(Q)) is given by the Weyl-Kac character formula. [

Corollary 1.3.10. If g is finite-dimensional and A € P*, then wt(V(1)) = wt(1). In particular, 0™ is
the category of finite-dimensional g-modules. [

Corollary 1.3.11. Suppose g is finite-dimensional and V is an integrable weight-module such that
wt(V) has a unique maximal element, say A. Then, wt(V) = wt(2). ]

We will need an expression for vectors spanning the weight spaces V(2),,1), 4 € P*,w € # . Fix
a reduced expression w = r;, - - - r;, for w and consider

(1.3.3) mj = (ri, 1y ().

Proceeding inductively on j, it follows from Proposition |1.1.21{{i11)) that m; € Z5,. Let v be a highest-
weight vector for V = V(1) and set

(1.3.4) Vi = ()" ()™M € Vi,

Since dim(V,) = 1 by the previous proposition and v,, # 0 by the first comment on Remark
[1.3.5] v, spans V. Moreover, by reverting the process, we see that v is a nonzero multiple of
(x;)ml---(xzym(x;)ml---(x;)mlv.

Given V € 0™, we can write V = @ V(2)®"VY for unique nonnegative integers [V : A]. The
AepP*
number [V : 1] is called the multiplicity of V(4) in V. In particular,

ch(V) = Z[V : 1] ch(V(Q)).

AepPt
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Conversely, one can algorithmically recover the numbers [V : A] from ch(V) (notice this is a very
laborious task in practice). In other words, from a theoretical point of view, the collection of numbers
[V : 4], 4 € P*, and the collection of numbers dim(V,), u € P, provide the same information about V.

Recall that if V and W are representations of a Hopf algebra A, then V ® W can be turned into a
representation of A by setting

(1.3.5) xvew)=Ax)(vew) for all veViweW,xeA

where V ® W is naturally interpreted as a representation for the algebra A ® A. In particular, since
U(g) is a Hopf algebra, the tensor product of two given g-modules is defined in this way. Notice that,
since the formula for A(x) is symmetric (the comultiplication of U(g) is cocommutative), we have

(1.3.6) VeaWwW=zWweV.

One can define the multiplication of the elements e by setting

e’ = e

This multiplication extends naturally to the subset of Z” of functions with finite support turning it into
aring which is nothing else but the group ring Z[ P]. Evidently, this does not extend to a multiplication
on all of Z”. However, one can multiply characters of objects in &'™ in this way. In fact, 0™ is a
tensor category and, for every two modules V, W in &'™, we have

(1.3.7) ch(V ® W) = ch(V)ch(W).

The above essentially follows from the following which is easily checked using (1.3.5)) and the for-
mula for A(x) given in Remark

(1.3.8) Vi ® W, (VO W),

Proposition 1.3.12. Let A,u € P*\ {0}. Then, [V()® V(u) : v] #0forsomeve P, v# A +u. [

The dual space V* of a representation for a Hopf algebra A can be turned into a representation as
well by setting

(1.3.9) (xfH)(v) = f(S(x)v) for all feViveV,xeA.

If V is a weight-module for g, then V" := @ (V,,)" is a submodule of V* usually called the restricted
uePrP
dual of V (if V is finite-dimensional, then V" = V*). We will only consider restricted duals, so we

abuse of notation and write V* instead of V". Since S (x) = —x for all x € g (Remark[1.2.7), it easily
follows that

(1.3.10) V) =), for all ueP.
Notice also that, if all the weight-spaces are finite-dimensional, then (V*)* = V as a g-module.

Proposition 1.3.13. Let U, V, W be g-weight-modules.
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(1) If V is integrable, so is V*.
(i) If0 - U - V —- W — 0is a short exact sequence, sois0 - W* - V* - U* — 0.

(111) Suppose dim(V,) < oo for all u € P. Then, V is irreducible if and only if V* is irreducible. [

Remark 1.3.14. Notice that if V is a simple highest-weight module of highest weight A, then V* is a
simple lowest-weight module of lowest weight —4. However, the dual of the Verma module is not a
lowest-weight module in general as it is easily seen from part (ii) of the above proposition (although
—A is its unique minimal weight). O

The next corollary follows from Proposition (1.1.21|(11)) and the above remark.

Corollary 1.3.15. Suppose g is finite-dimensional and let A € P*. Then, V(1) is a lowest-weight
module of lowest weight wy(4) and, if v is a highest-weight vector, v,,, is a lowest-weight vector. In
particular, V(2)* = V(—wy(Q)). ]

Remark 1.3.16. Before turning to the quantum setting, we find interesting to remark the following.
Let V = V(Q) for some A € h" and notice that V can be naturally considered as Z'Z\Ol -graded g’-module.
Namely, given r = (r;) jenr, the r-th graded piece of V is set to be

Virl={veV:dy=(d)—rjvforall je I\I'} = s, V..
ppdy) = Ahy) —rj

Thus, if we set 8; = (6;))jenr»i € I, we have x*V[r] C V[r = ;] forall i € I,r € Z. It is not
difficult to see that, if A,u € h" are such that (1 — u)(d;) € Z forall j € I\ I’, then V(1) = V(u)
as a Zi\é,-graded g’-module. Moreover, one can easily recover the g-module structure of V(1) from
the graded g’-module structure together with the values A(h i), J € I'\I'. Thus, studying modules in
O™ is essentially equivalent to studying Zi\ol '—graded g’-modules. Also, without loss of generality, we
restrict our attention to modules whose wéights liein Py = {u € P:pu(dj) € Zforall jeI\I}from

now on (evidently, P = P, if C is invertible). O

We now turn to the quantum case. One easily checks that, given a function o : I — {—1, 1}, there
exists a unique [F-algebra automorphism U,(g) — U,(g), also denoted by o, such that

o(x) = o()x7, o(k) = o()k;, o(g) =g, for all i,jel,jgl.

Remark 1.3.17. If o(i) # 1 for some i € I, the above algebra homomorphism is not a coalgebra
homomorphism. O

Let V be a U,(g)-module. Given u € P, and o as above, the weight space of V of weight u and
type o is the subspace

Vie = v eV iky = o()g v, gjv = ¢"Dv, foralli,jel,j¢ I').

As before, x7V, » € Vjsa,» and, if (u,0) # (u’,07), then V, , N Vs »» = {0}. Therefore, ¢ V, ., and
HEPy
oe{x1)!

Vo = @ V,, are submodules of V. V is said to be a weight-module if V = ¢ V,,. A weight-
HEP; Ho
module V is said to be of type o if V. = V,. If o(i) = 1 foralli € I, and V = V,, V is said to be a

module of fype 1.
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Given A € P, such that /1(6’) = {0}, notice that the U,(g)-module V(4, 0) given by the quotient of
U,(g) by the left ideal generated by x*, k; — o7(i), g; — ¢*“” is a one-dimensional module of type o-.
The following is easily established.

Proposition 1.3.18. Let V, W be U,(g)-modules and o,0” : I — {1,-1}.

(1) If Vis of type o and W is of type o, then V ® W is of type o o o’. Moreover, if o # ¢”, then
Homy,,(V, W) = {0}.

(ii) If V is of type o, then the pullback V of V by o is of type o o o”. In particular, V7 is of type
1. [

It follows from the above proposition that it suffices to study weight-module of type 1. Thus,
henceforth, the expression weight-module will stand for weight-module of type 1 and the weight-
spaces will be denoted by V). As before, a nonzero vector in V), is called a weight-vector of weight
u. In fact, from this point on, the description of the constructions and of the statements of the results
listed above in the classical case are transported to the quantum case in the obvious manner. We shall
add a subscript g in the notation developed in the classical case to refer to the quantum analogues.
Thus, the Verma module of highest-weight A is denoted by M,(1) while V (1) is the irreducible
quotient, and the quantum analogues of category & and O™ are denoted by &, and O™, respectively.
The notation for characters will remain the same: ch(V).

Remark 1.3.19. Although all the results listed above in the classical case hold in the quantum case as
well, some proofs are not developed in quite the same manner and, in some cases, the argumentation
is very different. For instance, does not follow immediately from the definition since the
comultiplication is not cocommutative in the quantum setting and, in fact, is not true for any two given
U,(g)-modules. In case these modules are in ﬁjjm, follows from complete reducibility and
(L.3.7). Alternatively, one can use the quasi-triangular structure of U,(g) to deduce (1.3.6) whenever
the action of the universal R-matrix on V ® W is well-defined. A tensor category where (1.3.6) holds
for any two objects is said to be a braided tensor category (the formal definition of a braiding is
a little more technical than this). We also remark that, since S is an anti-automorphism, we have
(Ve W)" = W*® V* provided there exists such an isomorphism as vector spaces (which is the case
if both V and W are finite-dimensional or, more generally, if V ® W have finite-dimensional weight-
spaces). O

1.4. Loop algebras and affine Kac-Moody algebras

We now review a second realization of affine Kac-Moody algebras and their quantum groups. It
turns out that these alternate realizations are crucial for the development of the finite-dimensional
representation theory of g” and of U,(g’).

Given a Lie algebra a and an associative algebra A, the vector space a ® A can be equipped with a
Lie algebra structure by setting

[x®a,y®b] =[x,y]®ab forall x,yea,a,beA.

Notice thata® 1 = {x® 1 : x € a} is a subalgebra of a ® A isomorphic to a and, therefore, we regard
a as a subalgebra of a ® A. Under this identification, we keep denoting an element x € a by x instead
of x® 1.
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Remark 1.4.1. When A = F[z,17!], the Lie algebra a ® A is called the loop algebra of a. The
terminology comes from the fact that C[t,7'] is the algebra of regular functions on the circle and,
if a is the Lie algebra of a Lie group G, then a ® A is related to the Lie algebra of the group of
functions from the circle to G (loops on G). More generally, if A is the algebra of regular functions
on an algebraic variety X and a is the Lie algebra of an algebraic group G, then a ® A is related to
the Lie algebra of the group of functions from V to G. In the case that A = F[¢], a ® A is called the
current algebra over a. Multivariable analogues of current and loop algebras (also known as toroidal
algebras) have also been studied frequently. We shall use the notation a for the loop algebra over a
and a[¢] for the current algebra. Notice that we can regard a as Z-graded Lie algebra in the obvious

way. O

For the remainder of the text, we fix C so that g is finite-dimensional and let § be the loop algebra
over g. Consider the vector space §’ = § X [ and denote by c the element (0, 1) so that we can write
¢’ = § ® Fc. There exists a unique Lie algebra structure on g such that c is central ([§, c] = 0) and

[x®1,yQ] =[x, y] ™ +rd,_o(x,y)c for all X,y€Eg,rseEL.

The Z-gradation on § extends to one on §’ by setting the degree of ¢ to be zero. Let § = §’ X F and
denote by d the element (0, 1) so that § = §’ ® Fd. There exists a unique Lie algebra structure on §
such that §” x {0} is an ideal isomorphic to §" and d acts as the degree operator on &', i.e., [d, x] = rx
for all x in the r-th graded piece of §’. Again, we extend the Z-gradation to one on § by setting the
degree of d to be zero. Set h =h@Fcand h = @ Fd.

Recall that 6 denotes the maximal root of g. Choose x; € g., such that [x},x;] = 6" and set
xo* = x5 @ !, hy = [x], x;]. Observe that

2c

0.9 -0".

ho =[x ®@t,x" @171 = [x7, %" ] + (x5, g ") =

Remark 1.4.2. Because of the above, several authors find it convenient to renormalize the Killing
form of g so that (6, §) = 2 while in our normalization (6, §) = 2r". O

Definition 1.4.3. Let / = I U {0} and define the extend Cartan matrix matrix C = (¢; )ijei Oof C by
setting Cop = 2,

2000 2ay0)
(0’ 9) s Cio = H(hl) =

&oj = —a;(0") = - and ¢&;=¢; forall i,jel. ¢

(i, ;) ’

One easily checks that we have

(1.4.1) [hi,xj*] = 2¢x7  and  ad(x)'"“(x7)=0  forall i jel

and, moreover:

Lemma 1.4.4. The matrix C = (& )i, jei 18 @ generalized Cartan matrix of affine type and sy is the

lacing number " of g. ]

It follows that the subalgebra of § generated by x7,h;,d,i € I, is a quotient of the the affine
Kac-Moody algebra associated to C. In fact, we have:
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Theorem 1.4.5. The Lie algebra § is isomorphic to the affine Kac-Moody algebra associated to C. [J

Remark 1.4.6. All generalized Cartan matrices with Dynkin diagram in Table are of the form
C for some C with Dynkin diagram in Table The affine Kac-Moody algebras of twisted type
can be realized as subalgebras of the non-twisted ones. Namely, each non-trivial Dynkin diagram
automorphism o of g gives rise to a Lie algebra automorphism of §. The twisted affine algebra §”
associated to o is then the corresponding fixed point subalgebra of §. We shall not consider the twisted
affine algebras here. O

Regard the root lattice Q of g as a subset of b by extending «;,i € I, to an element of b by
setting a;(c) = a;(d) = 0. Let ¢ be the unique element of §* such that 6(h") = 0 and 6(d) = 1 and set
ag=0—0. Given A € b*, let

g1 ={x€§: [hx]=Ah)x, forall h € h),
and set R = {@ € h* : §, # O} \ {0}. One easily checks that g, = b,
(14.2) dw=bor, and Foms =g,01" forall k,meZ,k#0,acR.

In particular,

A

R={a+ké: a€R keZ}Uko : ke Z\{0}}

and g = 6 ® b A@"' The set (k6 : k € Z \ {0}} is the set of imaginary roots.
a€R

We now turn to the quantum setting and present a realization of U,(§) which resembles the above
realization of the affine Kac-Moody algebra g. However, in the quantum case, the description is not
via a construction beginning from U,(g), but rather another presentation in terms of generators and
relations. This time the generators stand for “deformations” of the elements x,, ® ", h; ® ¢ € §,i €
I,r,s € Z,s # 0. Notice that U,(g) is isomorphic to the subalgebra of U,(§) generated by x;, k;,i € 1,
and we shall identify U,(g) with this subalgebra. The following theorem was proved in [2].

Theorem 1.4.7. The quantized universal enveloping algebra U,(g’) is isomorphic to the F-associative
algebra A, generated by elements x*, h;, k, ¢*'/2,i € I,r,s € Z,s # 0, subject to the following

i,r’
defining relations. The elements ¢*!/? are central,

C+1/2071/2 =1= kik;l, k,‘kj = kjki kihj,x = hj,ski’ kixi. k.il = q?ci’xi l,_] el,r,seZ,s #0,

Jor'™i Jire

I—cij

_1yn| 1-¢;; + + + =+ + _ - . .
E E (=D [ i ]qixl.’r(r(l)...x,-,,(r(m)xj,sxi’ra(mﬂ)...xi,nr(l_cl_ =0, ijeli# jr,seZ,

)
oeS 1-¢; m=0
[reijly; ¢ —c™"

rooqi—q;"

[Pis ] = 61 i,jelrseZ\{0}, where ¢ :=(c*"?),

1 - ..
[his, Xj,] = £~ [scl-j]ql.xjifrﬂ(c“ﬂ)'r', i,jel,r,se€Z,s +0,
: S ,

+ + *ij + + _ FCij o+ + + T
XiparXir =4 "X Xip1 =G X X — XX LJE I,r,seZ,
S—r

r-s o4 - ar
¢? l/’i,r+s - wi,r+sc :

qi — qi_l ’

+ - . 2 . 12
[x;,s X1 = 03 i,jel,r,s€Z, where c? :=(c 2ym
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Yiem =0ifm >0, and Y7, ,m > 0, are defined by the following equality of power series in u:

i,xm’

Z l//fim“m = kiil eXp i(Cli - qi_l) Z hi,isus

m>0 s>0

Moreover, for all i € 1, the isomorphism maps the generator x;° of U,(g) to the generator x7; of A,. [

Henceforth, we identify U,(g") with A,. We shall refer to the second line of relations for A, as the
loop analogue of the quantum Serre’s relations.

Let U,(§) be the quotient of U,(§’) by the ideal generated by c'/? — 1. We will refer to U,(§) as
the quantum loop algebra of g (it is most often called quantum affine algebra in the literature by abuse
of terminology). We keep denoting the images of the generators of U,(§’) in U,(§) by their original
notation. Let U,(#1*) be the subalgebra of U,(§) generated by x7',i €,r € Z, respectively. Let also
U (f)) be the subalgebra of U,(§) generated by the elements kiil, his,i€l,s € Z\{0}. Given J C I, let
U,(§,) be the subalgebra generated by xl . ki,i € J,r € Z. For J = {i} we use the simplified notation
U,(§:) (note this is isomorphic to qu(5[ ). Given i € I,r € Z, let U,(§;,) be the subalgebra of U,(§)
generated by k; and x7,, which is isomorphic to U,,(sl). The next proposition also follows from the
results of [2]].

Proposition 1.4.8. The multiplication map induces an isomorphism of vector spaces U, (fi7)® Uq(6)®
Uy(i7) — Uy(@). O

The proof of the following lemma is straightforward.

Lemma 1.4.9. For every s € Z, there exists a unique algebra automorphism of U,(§’) such that

ki = ki and x; x;r ., forall i € I,r € Z. Moreover, this automorphism is the identity when

restricted to Uq(f)). ]

It will be convenient to consider the elements A;,,i € I,r € Z, of Uq(ﬂ) defined by

i AU =exp [— i h;’]is u”‘] .

s=1 i

—

In particular, A;o = 1 for all i € I. Note that, setting A7 (u) = 32 Aieu” and Wi () = 3,50 U7, 1",
we have

(14.3) WE () = k2 :E q'ﬂi

where the division is that of formal power series in u with coefficients in Uq(r)). One easily checks
that (I.4.3) is equivalent to

+k¢l r
(1.4.4) Niwr = ' Zq N
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and to

r—1

(1.4.5) 5= TG = G = ) @ Wi
t=1

Note that U,,(F)) is generated by kf1 and A;,, i € I,r € Z. In fact, one can check that the elements
Ai,,i € I,r € Z are algebraically independent and, therefore, the subalgebras A* of Uq(F)) generated
by A;.r, i € I,r > 0, are polynomial algebras on these elements. In particular, the multiplication map
induces an isomorphism of commutative algebras:

(1.4.6) A U, ®AT — U,h).

The Hopf algebra structure on U,(g’) induces one on U,(§). However, a precise formula for
the comultiplication of the generators x7, h;y, and A;, is not known. It is also not true that the
subalgebras U, (#1%), Uq(E), and U,(g,) are Hopf subalgebras of U,(§). For notation convenience, we
set Uq(ﬁi)o = U,(®*) N Uq,(g)0 and so on. The next proposition gives partial information on the
comultiplication in terms of the loop like generators. The proof can be found in [2, 3} 26, [27].

Proposition 1.4.10. For i € I, let U,(?*(i)) be the subalgebra of U, (") generated by x;fr with j # i
and r € Z.

(i) Modulo (U,(h)U,({)°) ® (U, (H)U,({")°) we have A(h, s) = his ® 1 + 1 ® Iy,

AAiz) = D Ny ® Ay and AL = Y WE O UL, .
s=0

s=0

(i) Modulo (Uy(h)U,({7)°) ® (Uy(h)(U,({*)°)) + (Uy()U,([7)°) ® (U, (h)U,(7*(i))°) we have

r
A =xh @1 +kx,+ > yiex,  if r20,
s=1

r—1
+ | + + - + :
A ) =k exi v 1ex, + > v ®xl. if r>0.
s=1

(iii) Modulo (U,(h)(U,({)°)?) & (U, (H)U,{"°) + (U,(h)U,{)*) ® (U, (h)U,(#*(i))°) we have

r—1
A, =X, @k +1@x, + > x, @yl if r>0,

s=1

A ) =X, @k +1@x_,+ > x . ey if r>0. O

s=1

The next lemma is of crucial importance in the study of finite-dimensional representations of
U,(§). For convenience, we introduce the notation of quantum divided powers: (xiir)(”“ = %

Also, giveni € I and s,m € Z,m > 0, define

i

Xiw) = D X and  (Xj,.0)™ = ot s

rx1

()"
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Lemma 1.4.11. For every i € I and s € Z, we have
() O™ = (K (X )" AF (gt )

modulo elements in U,(§U,(i*)°. Here (X;,(u))™" is understood to be zero if m < [ and the
subindex m on the right-hand side means the coeflicient of #™ in the given power series.

Proof. The case (x;fo)(l)(xgl)(m) was proved in [27, Section 5] and the case (xzo)(l)(xi"_l)(m) is proved
similarly. The general case follows from these by applying the algebra automorphism of Lemma
1.4.9 [

Remark 1.4.12. One can define elements A, , in the classical context as well by replacing quantum
numbers by usual ones in the definition above, where 4, ; is replaced by 4; ® t*. Then (1.4.6) holds
again and, in fact, U(h) is the associative commutative algebra freely generated by the elements
hi,Ni,,i € I,r € Z,r # 0. It is not difficult to see that A(A;+,) = X\ g Aiss ® AjL+s in this case.
The classical version of Lemma (whose statement is recovered from the quantum one in the
obvious manner) was proved in [40]. O



2. Basic Finite-Dimensional Representation
Theory of Affine Algebras

Recall that in Subsection we fixed a Cartan matrix C so that g is a finite-dimensional simple Lie
algebra. Recall also that § denotes the affine Kac-Moody algebra associated to the extended matrix
C and that § is the underlying loop algebra over g. This section is dedicated to the study of the basic
facts of the finite-dimensional representation theory of § and § as well of their quantum groups. The
main goal is to classify the irreducible representations. Along the way, it will become natural to
introduce the notion of {-weight spaces and the associated character theory as well as the concepts of
Weyl modules.

2.1. Simple modules in the classical setting

To shorten notation, we shall write x;fr and h;, for the elements x; ® " and h; ® t',i € I,r € Z, of g,
respectively.

Let V be a nonzero finite-dimensional §’-module. Then, as an h-module, we have V = ¢ V,
ueP

+
Jr

and the relation [h;, x3,] = +a;(h))x7,, i, j € I, implies

(2.1.1) XV © Vi, for all iel,rel.
In particular, since xj € g4, ® *1, we have

(2.1.2) x5V € Viyso.

It now easily follows that V is integrable. If A is a maximal weight of V, then A € P* and x},V, = {0}
foralli € I, r € Z. In particular, if W is the §’-submodule of V generated by V,, then

(2.1.3) W, # {0} if and only if u € wt(A).
and
(2.1.4) () ®* vy ={0y  forall i€l reZ.

Proposition 2.1.1. The central element ¢ acts trivially in every finite-dimensional §’-module.

Proof. Let V be anonzero finite-dimensional §’-module. By Proposition[1.3.3] %, also act semisimply
on V and, hence, so does c. Therefore, we may assume that V is irreducible. Let 4 € P* be a maximal
weight of V and v € V), \ {0}. Since V is irreducible and c is central, it follows from Schur’s Lemma
that the ¢ by multiplication by a fixed scalar on V. Hence, it suffices to show that cv = 0.

Let a be the eigenvalue of c on V. Given i € I,r € Z, consider the subalgebra §,, generated by
xl.f ., Which is isomorphic to sl,. Let x*, h, denote the usual basis of s, and consider the isomorphism

sly — §;, determined by x* — xi . In particular, h - h; + ~c. Regard V as an sl,-module by means
of this isomorphism and notice that

1

hy = (/l(h,-) + 2—“) .
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On the other hand, since x*v = 0, the sl,-submodule of V generated by V must a simple finite-
dimensional module of highest-weight A(h;) + =*. Therefore,

A+ L ez,  foral  reZ
S

This implies a = 0 as desired. ]

Proposition 2.1.2. Let V be a simple finite-dimensional g-module. Then, V is one-dimensional and
g’V =1{0}.

Proof. Let v be an eigenvector of the action of d with eigenvalue a. Then, since [d, h;,] =r,i€ I,r €
Z, h;,v is also an eigenvector of the action of d with eigenvalue a + r. Since V is finite-dimensional, it
follows that 4, , acts nilpotently on V for r # 0. By the previous proposition, c¢ acts trivially on V and,
hence, V is Z-graded module for § ® Fd. Since § is abelian, we have

(2.1.5) hi VSV,

and there must be a nonzero v € V,, which is a common eigenvector for the actions of h;,,i € I,r € Z.
In particular, h;,v = A;, = 0if r # 0. Let A € P* be a maximal weight of V, v be an eigenvector for

h. By 2-1.1), given i € 1, there exists m > 0 such that (x;,)"v = 0. Then, by lemma/[1.4.11|

1, - _ _ _ _
0= (x;f_s)(’" (x5 )™ = (xi,s+1Ai,m—1 + X o N + o+ xi,Hm) V=X,V

i,5+ 1,542 i,s+m?"*

It follows that x;,v = O for all i € I,r € Z. By considering the subalgebra §;,, it follows that
A = 0. Hence, gV = 0, and V is generated by the action of d on V. Since V is simple, it must be
one-dimensional. [

Henceforth, we are left to study finite-dimensional representations of §. We start with looking at
evaluation representations. Namely, given a € F*, letev, : § — g be the evaluation map x ® f(¢) —
f(a)x which is easily seen to be a Lie algebra homomorphism. Then, if V is a g-module, we can
consider the §g-module V(a) obtained by pulling-back the action of g to § via ev,. Modules of the
form V(a) are called evaluation modules. Notice that V(a) is simple if and only if V is simple. We
will denote by V(4, a) the evaluation module constructed from V(1), 4 € P*.

Theorem 2.1.3. Let Ay,... 4, € P\ {0},ay,...,a, € F*. Then, V(1;,a)) ® --- ® V(dy,ay) is
irreducible if and only if a; # a; for all i # j.

Proof. We write the proof for m = 2 and let as exercise for the reader to write the details in general.
Thus, to simplify notation, write @ = a1, b = a, A = A1, = A,. Let also u, v be highest-weight vectors
for V(1) and V(u), respectively. Fix a basis {u.,- cjed } of V() and {v; : k € K} of V(u) formed by
weight vectors.

Suppose a # b and let W be a nontrivial irreducible submodule of V(4,a) ® V(u,b). Let vis a
maximal weight of W and w be a nonzero vector in W, which is an eigenvector for the action of f (cf.
(2.1.5)). Then, i*w = 0 and W = U(fi")w. We want to show that w is a scalar multiple of u ® v. Since

uj@v:je ke K} is a basis of V(1) ® V(u) we can write

w= Z a;xu, ® vy, forsomeaj; €F.
Jik



2.1 Simple modules in the classical setting 24

Let x € n*™ and notice that, since xw = (x ® )w = 0, we have

Z ajr(xu;) @ vy = — Z aju;®(xvy) and a Z(xuj) v, =—b Z u; ® (xvg).
I I JiK ik
The hypothesis a # b then implies that
(2.1.6) D aptu@vi =Y aju; @ (xwy) = 0.
Jok ik

The linear independence of {v; : k € K} implies that, for each k € K, we have

0= Zaj,k(xuj) = x(Zaj,kuj).

jeJ jeJ

Since V(1) is irreducible, it follows that }; c; a;xu; is a scalar multiple of u. Similarly, for each j € J,
we get that >}, cx a;xvi 18 a scalar multiple of v. This proves that w is a scalar multiple of u ® v. Before
proving the converse, let us comment on the case m > 2. For instance, if m = 3, we would need to
use that (x®")w = 0 for m = 0, 1, 2 and then, the analogue of (2.1.6)) would follow from the fact that

the Vandermonde matrix [l% al% al%] is nonsingular if a; # a; for i # j.

Now assume a = b. By Proposition|1.3.12} we can choose v < A+u such that [V(1)®V(u) : v] # 0.
In other words, there exists w € V(1) ® V(u) which is a highest-weight vector of weight v. Write

w= Z ajruj ® vy for some ajr €,
ik

and observe that
x@t"w=d"xw=0 and (het™w = a"v(ih)w for all xen" hehmel.
It follows that the g-submodule W of V(4, a) ® V(u, a) generated by w satisfies
W, #0 only if w < V.

In particular, W is a proper submodule. 0

Remark 2.1.4. In the classic theory finite-dimensional representations of g or U,(g), the tensor prod-
uct of two non trivial simple modules is never simple (Proposition [I.3.12)). On the other hand, the
above Theorem gives plenty of examples of simple tensor products within the finite-dimensional rep-
resentation theory of §. One can expand the argument of the above proof to obtain the following. If
V = V() ® V(u) for some A, u € P* and a € F*, then

Vday@Va) =z @ V,a)*".

y € Pt
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The remainder of this subsection is dedicated to proving that every simple finite-dimensional
g-module is isomorphic to a unique tensor product of evaluation modules (up to re-ordering), thus
completing the classification of the simple g-modules.

Since ev, is a Lie algebra map, it can be uniquely extended to a Hopf algebra map U(§) — U(g)
which will also be denoted by ev,. One can easily checks that

hi)_ hithi = 1)...(hi = (s = 1))

s s!

I

(2.1.7) eva(Ai) = (=a) (Jj)  where (

In particular, if V is a g-module and v € V,, for some u € P, we have the following identity of formal
power series in the variable u with coefficients in V(a):

(2.1.8) Afw) v = [Z(—a)ﬂ(u@ )u”] y.

r>0
The above can be expressed in a more convenient way as follows. For u € P and a € F*, let
w,, € F(u)' be the I-tuple of rational functions whose i-th component (w,,,)i(u) is (1 — au)*™. We
identify the rational function (1 — au)~! with the geometric power series Ys0a u” € F[[u]]. This way,

every rational rational function f(u) € F(u) such that f(0) = 1 can be identified with a unique element
of F[[«]]. One can now easily check that (2.1.8) implies that

A:(l/l) V= (wy,a)i(u) V.

The action of A;(u) on V(a), can also be described in this way as follows. Given a polynomial
fu) = 1+ ciu+ -+ cu" € Flu] of degree n, let f~(u) = ¢;'u"f(u"). Thus, writing f~(u) =
1+cqu+---+c_,u", we have

(2.1.9) ChCy = Cpy for all r=0,1,...,n.

Alternatively, if f(u) = [1'_,;(1 — a,u), then f~(u) = []'_,(1 — a;'u). The assignment f — f~ can
be extended from polynomials to rational functions in the obvious way. Then, we can consider the
I-tuple of rational functions w), , whose i-th entry is (w,,,); and (2.1.8) is equivalent to

(2.1.10) AF(u) v = (wua)i () v

where, for notational convenience, we set f*(u) = f(u).

The set F[[u]]’ of I-tuples of power series is a ring under coordinate-wise addition and multiplica-
tion. Let & be the multiplicative subgroup generated by w,, ., u € P,a € F*. Since F is algebraically
closed, this coincides with the subgroup generated by w,, 4,i € I,a € F*. We simplify notation and
Set w; , = Wy, 4-

Definition 2.1.5. The elements w;, are called fundamental ¢-weights and the abelian group &7 is
called the ¢-weight lattice of g. The submonoid generated by the fundamental £-weights will be
denoted by &?*. The elements of &?* are called dominant £-weights or Drinfeld polynomials. O

Notice that there exists a unique group homomorphism

(2.1.11) wt: & —> P such that wt(w,q.) = 1 for all i€ PaeclF”.
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The prefix ¢ is chosen here to suggest that these concepts should be thought of as “loop analogues”
of their classic counterparts.

We can identify &2 with a subset of U(h)* as follows. Let u € 22, identify the i-th rational function
of p* with a formal power series as explained above and write u; (1) = 3,50 g, u". Since U () is the
commutative associative algebra freely generated by the elements h;, A;,,i € I,r € Z,r # 0, (Remark
, there exists a unique algebra map U(h) — F such that

(2.1.12) h; — wt(u)(h;) and Aisr > pf, for all iel,relZ.
Then, given a g-module V and u € &, set
(2.1.13) Vi={veV:(x—-pux)"v=0forall x € U(G) and n > 0}.

Definition 2.1.6. Let V be a §-module. A nonzero vector of V,, is called an {-weight vector and V, is
referred to as an £-weight space of V. V is said to be an £-weight module if

V= B V.

pe P

If V,, # 0, p is said to be an £-weight of V. The set of all £-weights of V will be denoted by wt,(V). ¢

Let V and W be g-modules and g,v € &?. Using the formula for the comultiplication of A;,
(Remark [1.4.12)) it is not difficult, to check that we have the following (cf. Proposition [2.3.3):

(2.1.14) Vi@ W, C (Ve W),.

Let us return to the study of evaluation representations and their tensor products. Given a g-module
V and a € F*, it follows from (2.1.10) that

(2.1.15) V@), = Vo,
It then follows from (2.1.T4)) that the tensor product of £-weight modules is again an {-weight module.

Remark 2.1.7. While § acts semisimply on an evaluation module constructed from a weight module,
and hence also on tensor products of evaluation modules, we shall see later on (Example [2.2.10) that
the same is not true on a general {-weight module even if it is finite-dimensional. O

Let A, u € P*, and fix highest-weight vectors of v and w for V(1) and V(u), respectively. Consider
the evaluation modules V(4, @) and V(u, b) for some a, b € F* and notice that v ® w is an eigenvector
for the action of fj with eigenvalues given by the {-weight W, 4w, 4. Moreover, " (v ® w) = 0. This
motivates the following definition

Definition 2.1.8. An {-weight vector v is said to be a highest £-weight vector if v is an eigenvector for
the action of h and i*v = 0. A g-module V is said to be a highest £-weight module if it is generated
by a highest {-weight vector. O

The proof of the following proposition is straightforward.

Proposition 2.1.9.
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(1) Every highest £-weight module is a weight module. Moreover, if u is the highest £-weight of a
highest {-weight module V, then V,, # 0 only if v < wt(u).

(i1) Every highest £-weight module has a unique proper submodule and, hence, a unique irreducible
quotient. In particular, every highest-£-weight module is indecomposable.

(iii)) Two highest £-weight modules are isomorphic only if they have the same highest £-weight. [

One can consider Verma type highest £-weight-modules. Namely, given u € U(h)*, let M(u) be
the universal highest £-weight module of highest £-weight u. In other words, M(u) is the quotient of
U(§) by the left ideal generated by #i* and x — u(x) for all x € U (6). Then, as a U(i”)-module, M(u)
is isomorphic to its free rank one module and, hence, is nonzero. We will denote by V(i) the unique
irreducible quotient of M(u). The following now follows immediately from Theorem [2.1.3| and the
above discussion.

Corollary 2.1.10. Let A,... 4, € P*\ {0},ay,...,a, € F* distinct, and A = [1}L) @a;q;- Then,
V() = V(,a1)® -+ - ® V(A,, ay). In particular, V(AQ) is finite-dimensional for all 1 € &7+, [

Remark 2.1.11. Notice that, since x; € §_¢ ® t C fi", the highest-£-weight vector of M(u) is not
a highest-weight vector in the classic sense. In fact, if 4 € 2% is not the I-tuple 1 of constant
polynomials, the irreducible module V(A) cannot have a highest-weight vector in the classic sense
since, otherwise, the action of § could be lifted to an action of § contradicting Proposition [2.1.2
Evidently, V(1) is the trivial representation of §. The reader should have noticed that we did not state
in Proposition [2.1.9| that a highest £-weight module is an £-weight module. In the classic context of
highest-weight modules, this was a trivial consequence of (I.3.2) which is in turn a consequence of
the fact that the elements x;° are eigenvectors for the adjoint action of . Notice however that the
elements x7, are not eigenvectors for the adjoint action of h. In particular, there is no loop analogue
of (1.3.2) for a general £-weight module, even for finite-dimensional ones. In fact, one easily checks
that, if v is a highest-¢-weight vector for V(1), 1 € &7, then x;,v may not be an {-weight vector. ¢

Lemma 2.1.12. Suppose g = sl, and let I = {i}. For every m, r € Z-, such that 0 < r < m, there exists
a polynomial f,, € Z[t,...,t,1] satisfying the following property. For every finite-dimensional
g-module V such that i*V,,, = 0 and A,;,, acts bijectively on V,,,., we have

Aimgv = fus(Nits .o, A, Apy)v forall veVyiel,0<s<Ah),
where A . 1s any left-inverse for the action of A;,, on V,,,,,.

Proof. Suppose V satisfies the above condition and v € V,. By Lemma|[l.4.11]and (2.1.4)), for every
s > 1, we have

(2.1.16) 0= (x:O)(m)(xi_,l)(mH)v = (_l)m (XZl)(S)Ai,m + Z Y;,in,m—j v

where Y, ; is a Z-linear combination of elements of the form (x7)#" - (x;, . )P (with Y} px = s
and ), kpy = s+ j) which does not depend neither on V nor on v. Since —s < s+ j—2s < m, it is not
difficult to see that (x} )Y, ; € U@ U(*)° + H, j, where H, is linear combination of monomials
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of the form A;,, - -- A;, such that —s < r; < m. Moreover, (x;_,)¥(x; )" € (=1)*A;_; + U@U{*)°
by Lemma|l.4.11] Plugging this into (2.1.16) and using that A;,v € V,,,, for all r € Z, we get

m m
0= (Xz_z)(s) (xi_,l)(S)Ai,mV + Z Ys,in,m—jv = (_1)SAi,—sAi,mV + Z Ai,m—sz,jv’
j=1 j=1

which implies

(2.1.17) AisBiy = (=) )" i jH, v,

=1
Since H, ; involves the elements A;, with » > —s only, an easy induction on s using (2.1.17)) completes
the proof. [

We are ready to complete the classification of the finite-dimensional simple §-modules.

Theorem 2.1.13. Let V be a finite-dimensional §-module and v be an eigenvector for action of h such
that i*v = 0. Then, v is a highest-£-weight vector and its {-weight is in &?*. In particular, if V is
irreducible, V = V(A) for some A € Z*.

Proof. The last statement is clear from the previous since, if 4 € P* is a maximal weight of V and v
is an eigenvector for action of f in V,, then v generates a submodule of V which is a highest-{-weight
module with highest £-weight in Z7*.

Let A be the weight of V and let w;, € F,i € I,r € Z, be the eigenvalue of the action of A;, on
v. Since n"v = {0} and V is finite-dimensional, we must have 4 € P*. Let fi(u) = 2,50 w;,u" and
gi(u) = 3o wi_-u". We need to show that:

(1) w;, =01t |r| > A(h).
(2) wizamy # 0.
(3) Wi (h)Wi,—s = Wi A(hy)-s forall s = 1, RN /l(]’ll)

Let W be the submodule generated by v. To prove (1) and (2), given s € Z, consider the algebra
0is = sl and let W, be the the §; ,-submodule of V' generated by v. Then, [x;fs, X = h; and W is

a highest-weight-module for s, with highest weight A(%;). This implies (x;_)"v = 0 if m > A(h;).
Now, applying Lemma [I.4.TT|with [ = m, we get
O )" O o)™ = (1) Ay,

i,Fs i,+(s+1)

In particular, if m > A(h;), (1) follows since (x*_ )™ (x7,, ., ,)™v € W,,a = 0. For proving (2), by

i,Fs i,+(s+1)
considering m = A(h;) above, we are left to show that (x_)"(x7, ;)™ v # 0. In Remark we
observed that (x;, ,, l))("’)v is a nonzero vector of W1y Moreover, x; (x;,, +1))(m)v € Wiitmstyas =

{0} since A — (m + 1)a; ¢ wt(d). In other words, (x;,,,,)™ Vv is a lowest-weight vector for ;- of

weight —A(h;). By the analogous remark for lowest-weight modules, (x;f“)(’”)(x.‘ s +1))(m)v # 0.

Now (3) follows from the previous lemma applied to the algebra §;. Indeed, let A € 7" be the
{-weight whose i-th component is };,., w;,u". Notice that both W and V() satisfy the condition of
the lemma on the weight space A. Thus, the action of A () on both W; and V is obtained from that
of A (u) by means of the same polynomial on w1, - , Wi i), w;ll(hi). O
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Corollary 2.1.14. Every finite-dimensional g-module is an {-weight module.

Proof. Since every finite-dimensional representation has a composition series, it suffices to prove the
corollary for the irreducible ones. But these are tensor products of evaluation modules. [

2.2. The quantum setting and Weyl modules

As in the classical case, one shows that the only simple finite-dimensional U,(§)-modules are one-
dimensional and that the central element ¢ acts as the identity operator on any finite-dimensional
U,(§')-module. In particular, ¢'/? acts as multiplication by +1. As in the discussion about type o and
type 1-modules, one sees that the modules on which ¢!'/? acts as multiplication by —1 are obtained
from those on which it acts as multiplication by 1 after tensoring with a one-dimensional module
(cf. Proposition . Therefore, the study of finite-dimensional U,(§")-modules reduces to that of
U,(§)-modules (which are of type 1 as U,(g)-modules).

The main goal of this subsection is to obtain the classification of the simple finite-dimensional
U,(§)-modules. In the classical case, we have seen that we have two points of view for describing this
classification: in terms of tensor products of evaluation modules or in terms of Drinfeld polynomials.
In the quantum case, the former is no longer an option because, unless g = sl,, there is no quantum
analogue of evaluation maps. As a consequence, the study of the structure of the finite-dimensional
representations of U,(§) is much harder in the quantum case. Still, the classification of the simple
modules in terms of Drinfeld polynomials can be carried out in essentially the same way. However,
we shall consider a broader context and introduce other important class of U,(§)-modules: the Weyl
modules in the sense of Chari and Pressley. We let .# denote the category of U,(§)-modules which
are integrable weight-modules (of type 1) as U,(g)-modules.

We begin observing that if V € .7, since Uq(ﬁ) 1S commutative, we have
2.2.1) AV, CV, for all iel,reZ,ucP.
Also, (2.1.1)) remains valid.

Lemma 2.2.1. Let V € .#, 4 € wt(V) be such that x} V, = {0} forall i € I,r € Z, and W = U,(§)Va.
Then:

(1) 2 € P" and wt(W) = wt(2). In particular, (x,,)- - (x;rm)V,l ={0}forallie I, r € Zif m > A(h;).
(i) Ajx,Vy=0forallie€ I,r > A(h)).
(111) A;.an,) act as a linear monomorphism on V.

(IV) (Ai,/l(h,-)Ai,—s - Al-,/l(h,.)_s)Vﬂ = {0} fOI' all i€ I, 0 <s< /l(hl)

Proof. Tt follows from (2.1.1) and (2.2.1)) that 2 is the unique maximal element of wt(W). Since V is
integrable, any v € V, generates a finite-dimensional U,(g)-submodule of V. Hence, A € P* and the
second statement of part (i) then follows from Corollary Parts (ii) and (iii) are proved similarly
to items (1) and (2) in the proof of Theorem [2.1.13] We cannot prove part (iv) in the same way we
proved item (3) in the proof of Theorem [2.1.13] since we have not constructed any representation




2.2 The quantum setting and Weyl modules 30

satisfying the hypothesis of the lemma yet. We use an alternate approach which could have been used
in the classical context as well by using the classical analogues of (1.4.4)) and (I.4.5).

Letv € V, and write n = A(h;). Using Lemma|l.4.11|with/ =nand m = [ + 1 we get
(2.2.2) Z(q?-’x;,/\,-,n_,)v - 0.
r=0
Apply x{_ with s > 0 to (2.2.2)) and use the relation (g; — qi‘l)[xzs, Xl =y} —;,_, to obtain

(2.2.3) Z 4 Vi Nin-rv = Z 0 Vv Nin-rv-
r=0 r=s

By (1.4.4) with r = n — s, the right-hand side of (2.2.3)) is
q?_skiAi,n—sV + Z Q?_s_thtAi,n—s—tV = (Q?n_s - q:l(q:l_s - ql‘_(n_S)))Ai,n—sV = q;Ai,n—sV-
i=1

Plugging this in (2.2.3)) we get
s—1

(2.2.4) D d TNy = (@ G A

r=0

We now proceed recursively on s = 1,...,n. For s = 1, the left-hand side of (2.2.4)) is qiv;_(Niny =
q' (k' (qi — g7 NN = (qi — ;DA ~1A;,v where we used in the first equality. It follows
from (2.2.4)) that (A;_1A;, — Aiy—1)v = 0 as claimed. Now, fix s > 1 and assume A;,A;_,v = A,V
for all 0 < r < s. The left hand side of (2.2.4) is

s—1 s—1

n—r g — _ - n—r g — _
Z q; WirsNin-rv = @i _Ninv + Z q; i, Nin-rv =

r=0 r=1

s—1
_ = n—rj— _
= Ui A+ Y @ W Ainhi v =
r=1

s—1
= G Nin|Wieg + ) G N |V =
r=1

= g/ N (K7(q = g7~ v = (@] = 67 Aty
where we used (I.4.5)) in the last line. Plugging this in (2.2.4)) the proof is complete. O

Definition 2.2.2. For A € P*, the global Weyl module W, (1) of highest-weight A is the U,(§)-module
generated by a vector v satisfying the defining relations of having weight A and x},v = (x;)'**ly = 0
forallie l,r e Z. O

Proposition 2.2.3. For every 4 € P*, W, (1) € .#. Moreover, every V € .# which is generated by a
highest-weight vector of weight A is a quotient of W,(A).
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Proof. The second statement is clear from Lemma i) and the definition of W,(1). Clearly xv €
W,(), for all x € U,(h). Therefore, W, (1) = U,(@)V, is a weight-module and A is the unique
maximal element of wt(W,(4)). This and (2.1.1)) immediately imply that x;, act locally nilpotently on
W,(A) for all i € I,r € Z. 1t remains to show that x; act locally nilpotently for all i € I. Thus, we
have to show that, for all v € W,(),,m > 0,iy,...i,, € I,ry,...,1, € Z, and i € I, there exists n > 0
such that (x;)"x; ~---x; v =0. This can be proved by induction on /m > 0 similarly to the proof of
Lemma|l.3.2|using the loop analogue of the quantum Serre’s relations (cf. [59, Lemma 5.7]). [l
Remark 2.2.4. One can define global Weyl modules W(A) in the classical context as well. Notice that
if 1 € 27" is such that wt(1) = 4, then V() is a quotient of W(1) showing that W(2) # {0}. In order
to show that W (1) # {0}, observe that it suffices to show this for g = sl,. In that case, we shall see in
Subsection [2.3] that there exists an algebra map U,(§) — U,(g) which is the identity on U,(g). The
pull-back of V(1) by this map is then a nonzero quotient of W, (1) showing that W,(1) # 0. One can
also think of W(Q) as a quotient of the §-module induced from the g-module V(1). It follows from
Lemma that wt(W (1)) = wt(4) and, hence, the elements x also act locally nilpotently on W(A),
i.e., W(A) is an integrable §’-module. Moreover, since W(A) is a quotient of U(§) by a Z-graded ideal,
we can regard W(1) as a g-module. Evidently, all these comments apply to the quantum setting as
well. O

We can regard W, (1) as a right module for Uq(F)) as follows:
(xv)y = (xy) v, for all xeUy9),ye€ Uq(r)), v e W, ().
One easily checks that this is a well defined action.
Theorem 2.2.5. For all A € P*, W,(A) is finitely generated as a right Uq(f])—module.
Proof. Set V.= W (1) and let v € W (1), be a generator of W,(1). Since wt(V) C wt(1), W,(1) has

finitely many weight spaces and it remains to show that all weight spaces are finitely generated as
U,(h)-modules. It suffices to show that, given u < A4, V), is generated by elements of the form

(2.2.5) (x; ;) (x, )y with ye Uq(F)), Z @, =A—p, 0<r;<A(h)+j-1.
=1
This will be proved by induction on m > 1.

Letm = 1,i = iy, r = r;. Observe that Lemmas|1.4.11|and |2.2.1|imply Zf:(g") qﬁx;l(him_t/\i,,v =0
for all s € Z. We rewrite this in two equivalent ways:

A(h:) A(h)-1
(2.2.6) XiaAy+sV = Z GiXi ayyrs— iV and XisV = Z GiXi gy s—1 it | Aimacn V-
t=1 =0

s = r — A(h;) in the first version of (2.2.6) and proceed by induction on r to get the claim. If r < 0, we
let s = r in the second version of (2.2.6) and obtain the claim by induction on |r]|.

To obtain the second version of (2.2.6), we used that (A; ) V)Ai—any = v. If r > A(h;), we let

Now, consider a vector of the form x x; . ---x; v withm > 1 and assume, by induction hy-

pothesis on m, that 0 < r; < /l(h,-j) + j—1,forall j =1,...,m. Recall the defining relation:

_ - =Cij — . — _  _—Cij_ — — R —_
(2.2.7) XipXjs =i " XjsXiyr = 4 Xip—1Xjse1 = Xjgr1Xip—1-
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Suppose first that r > A(h;) + m and proceed by induction on r using (2.2.7). Namely, letting j = i,,,
and s = r,, in[2.2.7, we get

I _ Ciipg -\ _ - —
(2.2.8) XisrXir = X1 Xt Xy Xi) = X1 X1
Therefore,
(xivrximfm xim—l,rm—l e xilarlyv = _xim rm+1xl r— l'xlm 1,F'm-1 o l rlyv +
a
L' lm = . — — R a
(xlr ]xlm rm+]xlm 1>'m—1 ll rlyv+ ims rmxl rxlm 1sFm—1 xilarlyv)'
b c

We want to show that a, b, and ¢ are in the span of vectors of the form (2.2.5)). For a, by induction
hypothesis on m, x; _ x; ~---x; yvis in the span of vectors of this form. Since 0 < r, <
A(h;,)+m—1,wehave 0 <r, + 1 < A(h;,) + m as desired. The conclusion for c¢ is reached similarly.
For b, by induction hypothesis on m, x; .Xx; visalso in the span of vectors of the form

im r,,,+1xz,,, Lstm=1 = ° i1,r

(2.2.5). An obvious induction on r completes the argument.

Finally, if r < 0, we use (2.2.7) with r + 1 in place of r, j = i,,, and s = r,,, — 1 to get

— 3 ~Ciip - - -
(2.2.9) XX o =4 (X X . X X))

LI " lmsTm 1 UnsTm™ LT

ims rm—lxz r+1°

Now one proceeds as in the previous case using a further induction on |r|. [

Remark 2.2.6. Notice that, in the classical case, the proof of the above theorem implies that W (1) =
U(glrv. ¢

The next corollary is immediate.

Corollary 2.2.7. Let A € P" and V be a quotient of W,(1) such that V), is finite-dimensional. Then, V
is finite-dimensional. ]

Now, let V be a simple finite-dimensional U,(§)-module. As in the classical case, if A is a maximal
weight of V, then there exists v € V, which is an eigenvector for the action of Uq(f)). Since, V is
certainly in ., it must be a quotient of W,(1). In particular, V, is a one-dimensional quotient of
W, (). But W,(2), is generated by the action of the subalgebra generated A;,,i € I,r = 1,... A(h;).
Let ann, be the kernel of the representation of this algebra on W,(1), and A, be its quotient by ann,.
Then, when regarded as a module for A,, V, is isomorphic to A,/m for some maximal ideal m of A,.
Since A, is a finitely generated commutative algebra, m must be generated by elements of the form
A, — a;, for some a;, € F. Moreover, a; ), # 0. By letting 1 € &?* be the element whose i-th
polynormal is1+ Zw’ : a;u", we have an injective map from the set specm(A,) of maximal ideals of
A, to P,

Proposition 2.2.8. The map specm(A,) — Z* constructed above is bijective.

Remark 2.2.9. We postpone the proof of this proposition to Subsection [2.3] It easily follows from
Corollary Notice that for g = s, the proposition is equivalent to saying that the homomorphism
from the polynomial algebra F[z,, - ,1,_1][rZ!] to A, sending ¢, to A;, is an isomorphism. O

m
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Definition 2.2.10. Let 21 € &%, 1 = wt(4), and m be the ideal of A, associated to A. The local Weyl
module W,(4) is the quotient of W,(1) by the submodule generated by mW,(1),. If V is a quotient of
W,(A), then V is said to be a highest-{-weight module of highest £-weight A. O

Given A € 277, let A(u) = 50 A;u" and A = wt(d). Notice that W,(A) is isomorphic to the
quotient of U,(§) by the ideal generated by x;,, (x; )*"*!, k; — qf(h"), Ais = Aigs NiaiyDi—s — Nian—s»
foralli € I,r,s € Z,0 < s < A(h;). Since W (1), is one-dimensional by construction, W () is
finite-dimensional by Corollary

One easily proves the quantum analogue of Proposition We denote by V,(4) the irreducible
quotient of W, (1), A € £7*. The next proposition is now immediate.

Proposition 2.2.11. The assignment A — V,(4) induces a bijection from Z* to the set of isomor-
phism classes of simple finite-dimensional U, (§)-modules. [

Since every finite-dimensional module has a composition series, given a finite-dimensional U ,(§)-
module V and A € &%, we can consider the multiplicity [V : A] of V,(2) as a simple factor of V (and
similarly in the classical setting). Evidently, [V : 4] = 1 if V is a highest-£-weight module of highest
{-weight A.

Example 2.2.12. Let g = sl,,/ = {i}, and A = w;,w;; for some a,b € F*. Then, wt(1) = 2w, and
wt(W(Q) = {2w;,0, —2w;}. Also, dim(W(Q).,,.) = 1 and, from the proof of Theorem we see
that W(AQ), is panned by x; v, x; v where v is a nonzero element of W(A),,.. One can check that these
two vectors are linearly independent and, hence, dim(W(A)) = 4 (similarly in the quantum case).

If a # b, we have V(1) = V(w;,a) ® V(w;, b) which is 4-dimensional and, therefore, the Weyl
module W(Q) is irreducible. It follows that the {-weights of W(A) are A, wi,aa);g, wl‘; w;p, and At
All the {-weight spaces are one-dimensional. It is interesting to notice that neither x; v nor x; v are
{-weight vectors (for instance, they are not eigenvectors for the action of A;; = —h; ;). In fact, X,V 1S

not an £-weight vector for every r € Z.

If a = b, then the irreducible quotient of W(Q) is the evaluation module V(2w;, a) which is 3-
dimensional. Thus, we have a non-split short exact sequence of representations

(2.2.10) 0->F->WAH->VA)—-0

where [F stands for the trivial representation of §, i.e., the simple module associated to the constant
Drinfeld polynomial 1. In particular, this shows that the category of finite-dimensional g-modules is
not semisimple (we will see a similar non-split short exact sequence in the quantum case in the next
subsection). It is not difficult to check that W(1), = W(A);. Therefore, the vectors X, V1 € 7., are
{-weight vectors. However, one can check that they are still not eigenvectors for the action of A;; -
only generalized eigenvectors. Therefore, f does not act semisimply on W (). O

For later use, we record the following trivially established lemma (which also holds in the classical
setting with the same proof).

Lemma 2.2.13. Let 4 € 2%, v a highest-{-weight vector of V, (1), and J C I. Then, the U, (§,)-
submodule of V generated by v is irreducible. [
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2.3. Basic character theory

Similarly to the classical case, we identify the ¢-weight lattice &7 with a subset of Uq(f))*. Namely,
given u € &, we define u(A;,) as in (2.1.12)), while we set u(k;) = qut(”)(h") and require u to be
an algebra homomorphism U, q(ﬁ) — [ as before. Once this identification is done, one can define the
notions of £-weight vectors and modules as in Definition[2.1.6/and the ones of highest -weight vectors
and modules as in Definition (one should replace the requirement fiv = 0 by Uq(ﬁ+)0v = 0).
Notice that this agree with the definition of highest-£-weight modules in the sense of of Definition
in case u € &*. The notation wt,(V) is also defined as before. Notice that if V is an £-weight

module, then

(2.3.1) V= @V, forall ueP
pe?
W)=

One of the main goals of this section is to prove the quantum analogue of Corollary [2.1.14
Namely, we want to prove that every finite-dimensional (type 1) U,(§)-module is an £-weight module.
Before doing that, let us define the {-analogue of the notion of characters.

Definition 2.3.1. Let V be an {-weight module with finite-dimensional £-weight spaces. The gchar-
acter of V is the function qch(V) : & — Z,u — dim(V,). Given y € 77, let wty(y) = (u € & :
x(u) # 0} (in particular, wt,(V) = wt,(qch(V))). A dominant £-weight A is said to be g-minuscule if
wt(V, () N Z* = {A}. In that case V,(Q) is said to be an {-minuscule module. O

Remark 2.3.2. The reason for the choice of terminology qcharacter instead of {-character is historical
and will be explained in Subsection Evidently, the notion makes sense in the classical context
as well (and some other contexts) where the terminology g sounds strange. However, notice that
the qcharacter of a simple finite-dimensional §-module is easily deduced from its character due to
(2.1.15), (2.1.14), and Corollary 2.1.10] Thus, the notion is really interesting only in the quantum
case. However, as in the case of characters, one easily checks that the qcharacter determines the
multiplicities of the simple factors of a finite-dimensional module V and vice-versa (something the
character alone does not do even in the classical context). We shall denote by [V : A] the multiplicity
of V,(A) as a simple factor of V.

The notion of g-minuscule weight generalizes that of minuscule weights. However, we shall see
that we do not have a characterization of g-minuscule weights in terms of the action of a group on
& as we have for minuscule in terms of the Weyl group action on P. It turns out that, if ¢ and
q’ are not roots of unit, then A is g-minuscule if and only if it is ¢’-minuscule. One can also think
of defining 1-minuscule elements of &?* by requiring that the set of {-weights of the corresponding
simple g-module has a unique dominant £-weight. However, using Corollary it is not difficult
to see that A is 1-minuscule if and only if it is of the form A = ]_[J’”:1 Wi, q; With m > 0,a; € F* all
distinct, and i; € I such that w;; is minuscule. In other words, V(A) is a tensor product of evaluation
modules (at distinct evaluation parameters) of minuscule representations of g. Thus, the classical
notion of a minuscule £-weight is also not too interesting. We shall see below that there are many
more g-minuscule £-weights. Because of this, we shall drop the dependence of ¢ in the terminology
and simply say A is a minuscule {-weight. O



2.3 Basic character theory 35

As in the case of characters, it is convenient to regard qch(V) as a formal sum

qeh(V) = > dim(V,p,

e

where we identify g with the characteristic function of the subset {u} C . If V is finite-dimensional,
this allows us to regard qch(V) as an element of the group ring Z[Z?]. Notice that, by (2.3.1), the
character of an ¢-weight module with finite-dimensional weight spaces is given by

(2.3.2) ch(V) = )" dim(V,)e"®.

pey

Since the formula for the comultiplication of the elements A;, is more complicated than in the
classical setting (indeed not known precisely), (2.1.14) is no longer true in the quantum setting. Still,
the following proposition (which is easily deduced from (2.1.14) in the classical case), remains true.

Proposition 2.3.3. Let V and W be finite-dimensional £-weight modules. Then, V® W is an £-weight
module and qch(V ® W) = qch(V)qch(W).

Proof. Choose a basis @ of V and a basis 8 of W, both consisting of {-weight vectors. Say, v; € V.
and wy, € W, for some u;,v, € &. We will write the proof under the assumption that all £-weight

vectors are in fact eigenvectors for the action of U, q(ﬁ) and leave it to the reader to provide the details
for the case of generalized eigenvectors. Order « in such a way that wt(u;) < wt(u;) implies j > j'.
Similarly, order S in such way that wt(v;) < wt(vy) = k > k’. Also, order @ ® 8 so that (j, k) > (j', k")
if k> k.

Given i € I,r > 0, Proposition [T.4.10|{i) implies

Ai,r(vj ® Wk) = Z‘V:O(Ai’svj) ® (Ai,r—swk) + Mg,

where m;; is a linear combination of elements v; ® wy with k¥ < k. Let (u J-),-(u) = YoM st for
some p;; . € F, and, similarly, let (v)i(u) = 250 Viisu'. Thus, A;v; = p;; viand A swi = Vi swi.
Therefore,

.

Aiy(vi®@wy) = (Z ﬂj’i’ka’,-’r_s) Vi @ Wy + mjy.

s=0
It follows that the matrix of the action of A;, on V ® W with respect to the basis @ ® 8 is upper
triangular with }{_,7;; @y, in the diagonal entry corresponding to (j, k). On the other hand,

)W) = Xm0 e HjisViir—st' - O]
The next corollary follows immediately.

Corollary 2.3.4. Let A = pv for some p,v € &*. Then, V,(A) is a quotient of the submodule of
V =V, (n) ® V,(v) generated by V4. [

Corollary 2.3.5. Let pu,v € &?*. Then, V,(u) ® V,(v) is irreducible if and only if V,(v) ® V,(u) is
irreducible.
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Proof. LetV =V, ()@ V,(v),W = V,(v)® V,(n), A = pv, and A = wt(A). Then, the submodules of V
and W generated by V, and W, respectively, are quotients of W, (1) by Corollary Since V and
W have the same dimension, either both are irreducible or none. O]

Thus, in order to prove that V,(4) is an £-weight module, it suffices to show that the fundamental
representations V,(w;,) is an {-weight module. Moreover, it is clear that it suffices to do this in the
case that g = sl,. In that case, as observed earlier, we have quantum analogues of evaluation maps. In
particular, V,(w;,) 1s a simple evaluation module. We will be able to describe precisely the qcharatcer
of all simple evaluation modules. For doing that, it will be convenient to introduce ¢-analogues of
simple roots. We take the chance and introduce them for any g before restricting our attention the s,
case.

Definition 2.3.6. Giveni € I,a € F*,r € Zsy, let

. -1
Wiar = | | Wi aqr1-2 and Xig = Wiag;2 | | Wjagi~cji | -
s=1

J#i

The elements «; , are called quantum simple £-roots and the subgroup 2, of &7 generated by them is
called the quantum {-root lattice of g. Denote by 2 the submonoid generated by the simple £-roots
and by 2 the submonoid by their inverses. Define a partial order on & by u < A if Au! e 2, 0

Remark 2.3.7. Observe that the classic simple roots are given in terms of the fundamental weights
by the formula: @; = 2w; — 3 ;.(—cj)w;. This implies wt(a;,) = @; which gives a partial motivation
for the above definition of simple £-roots. A more complete motivation, explaining the choices of
the other parameters appearing in the definition is given by the next proposition (cf. (I.1.3)). One
can also consider the £-root lattice in the classical context which will be denoted by 2. In that case,

Qg = Wy, q. <>

The proof of the next lemma is straightforward.
Lemma 2.3.8. The {-root lattice is the free abelian group generated by the simple £-roots. [

Proposition 2.3.9. There exists a unique action of the braid group 4 of g on & such that

—C,’j—l

T = (i (¢2) and T = ) [ | (g 0)

r=0

foralluy e Z,i,je l,i+# j. In particular, T,, acts by a group homomorphism for all w € %/,

wt(T, () = w(wt(u)) and @iy = Wio(Ti(w; )™
forallwe #,ue &,icl,aclF*.

Proof. The checking of the first statement is straightforward using the defining relations of the braid
group. It is clear from the above expression for the action of 7; that T;(uv) = T(u)T;(v) for all u,v €
& showing that # acts by group homomorphisms on . Thus, it suffices to show that wt(7,(u)) =
w(wt(u)) when w = r; for some i € I and p is a fundamental £-weight which is immediately verified.
The above expression for «;, is easily verified. [
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Corollary 2.3.10. Let je Jandpu = [] ! € & where p;, € Z. Then, T;() = p [] al‘,f;’fﬂ_ In
iel,acF*x ~ acf* 7

particular, if g (u) is a polynomial, T;(¢) < p.

Proof. Immediate from the fact that the action is by group homomorphism and 7' j(w;,) = w,-,aai_g"" .

]

Let us formally state the quantum analogue of Corollary 2.1.14]

Theorem 2.3.11. Every finite-dimensional (type 1) U,(§)-module is an £-weight module.

As in the classical case, it suffices to prove Theorem [2.3.T1|for the simple modules and, as we have
already observed, it suffices to prove it for the fundamental modules for g = sl,. Before restricting
our attention to the sl, case, we record the following corollary.

Corollary 2.3.12. Let ¢, be the Grothendieck ring of the category of finite-dimensional type 1 U,(§)-
modules. The assignment V — qch(V) induces a ring homomorphism qch : ¢, — Z[Z?]. Moreover,
¢, is commutative and is generated by the classes of the fundamental representations V,(w;,),i €
I,a e~

Proof. Let V be a finite-dimensional (type 1) U,(§)-module. Since V is an £-weight module, the
multiplicities [V : A] are completely determined by qch(V) (Remark [2.3.2)). In particular, there exists
a unique homomorphism of additive abelian groups ¥, — F[Z?] such that the class of is mapped to
qch(V). Proposition then implies that this is a ring homomorphism and that ¢, is commutative.
The last statement is immediate from Corollary [2.3.4] O

For the remainder of the subsection, we set g = sl, and let i be the unique element of /.

Proposition 2.3.13. Given a € F*, there exists a unique algebra homomorphism ev, : Uq(s:[z) -
U,(sl,) such that
evy(x;,) = (ak)'x;, evy(x;,) = a'x; ki, ev, (k) =k, for all reZ.

Proof. The uniqueness is clear since the elements x7,, k;, r € Z, generate Uq(f:[z). For proving the
existence one just needs to check that the defining relations are preserved by the above assignments.
It is easier to work with Chevalley-Kac generators for doing that and then deduce the above formulas
using the isomorphism of Theorem |1.4.7| It remains to define ev, on the Chevalley-Kac generators
x5. Thus, set ev,(x7) = (qa‘l)“xf. The checking of the relations is then straightforward. One
then uses that the isomorphism of Theorem (composed with the projection onto Uq(s~ [,)) maps
the elements x7', k; to themselves while x;j x;lki‘1 and x, — k,-xl.‘,_l. It immediately follows that
eva(xlf_l) = (aki)‘lxl.+ and ev,(x;,) = ax; k;. Since [x], x;1 1= hiy, we get

(2.3.3) eva(hiy) = a(xi x;k; — x;kix?) = alx], x;71 2k

where [x,y], := xy — pyx is the p-deformed commutator. Since x7,,, = [h;1, x], an easy induction
on r > 0 using (2.3.3) proves the stated formulas for ev,(x;,) with r > 0. For r < 0, one proceeds
similarly using that h; ., = [x]_, x7 ]. O
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To shorten notation, given m € Zs, we denote by V,(m) the simple U,(g)-module with highest-
weight mw;. Similarly, we denote by V,, the corresponding weight space of a U,(g)-module V. Let
also V,(m, a) be the pullback of V,(m) by ev,,a € F*.

Theorem 2.3.14. For all m € Zs,a € F*, we have V,(m,a) = V (w;,). Moreover, V,(m,a) is an

{-weight module and
-1

m r—1
qch(V,(m, a)) = w;4m Z ( ai’aqm—l—h)
=0

=0
Proof. Let v,, be a highest-weight vector of V,(m) and v}, = (x7),,,0 < j < m. Then, Wl j=
0,...,m} is a basis of V,(m) and one can easily check that

(2.3.4) vl =[m+1—jlvit and  xpv] = [+ 1]

i -1 . . . .
Setu,, ; = Wiam (]—[izé a’i,aqm—l—h) - Notice that g, (u) is the rational function

1- aq—(m—l)u)(l - aq—(m—1)+2u) (1= aqm—l—zju)
(1 — aqm+l—2(j—1)u) ... (1 _ aqm—lu)(l _ aqmﬂu)

(2.3.5) (1) =

All the statements follow if we show that v}, € Vy,, forall j=0,...,m. By (L4.3), this is equivalent
to showing that

i m ( _lu) ; P m ( u)
m-2j Hm 41D and Yo (u) v = g %
I'lm’J(qM) ”m,j(q_ I/l)

The computations for proving each of these identities are analogous, so we focus on the former. By

Proposition [2.3.13|and (2.3.4) we have

xf vl = (ak) x}v! = (ak)'[m+1 - j]qv{;l_l = (aqm_z(j_l))r [m+1- j]qv{;l_l,

ir’m

(2.3.6) Y v =q

(2.3.7)

. . AT .
- ) — L) — m—2j . Jj+1
X, vy = a x kv, = (aq ) [+ 1]vi .

For r > 0, this implies

(q=q )iV = D6 XDV, = X[, X0V = X3,v,, = (ag") [mlgy,,
Hence,
(2.3.8) Ui = (@ = g~ )ag™) Tmlv),

Notice that under our identification of formal power series with rational functions, the series };,.;(aqg"u)"

m
corresponds to ———. Therefore,
1-aq™u

1= -m
W) V) = |k + Imly(g — g7 Y (ag") | = g (M)v?n,
=~ 1 —aq™u
and (2.3.6) with j = 0 as well as the first statement of the theorem follow. The general case of (2.3.6)
can be proved similarly. Namely, one uses (2.3.7) to obtain the general version of (2.3.8)) and proceed
as in the case j = 0 to get (2.3.6) from the expression (2.3.5)) for p,, ;(u). We leave the details for the
reader. O]
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Remark 2.3.15. It follows from the above formulas that all quantum evaluation modules are ¢-
minuscule showing that there are many more minuscule ¢-weights than minuscule weights. Notice
however that the qcharacter of the evaluation modules are not invariant under the braid group action
on & in general (in fact, that is the case only for the trivial representation). O

Corollary 2.3.16. Let V be a tensor product of simple finite-dimensional Uq(glg)—modules, say V =
V() ®- - ®V,(4,) forsome m > 1,4; € #*, and A = []'L; 4;. Then, p € wt,(V) only if p < A.

Proof. By Proposition it suffices to consider the case m = 1. Write 4 = H’}Zl W;q;- Then,
by Corollary V,(d) is a quotient of V = V,(1,a;) ® --- ® V,(1,a,). Again, Proposition 2.3.3]
implies that it suffices to consider the case n = 1. But this follows immediately from the previous
theorem. [

Remark 2.3.17. It is natural to expect that the definition of the simple {-roots was made in such a way
that the following holds for arbitrary g: if V is a highest-£-weight module of highest-£-weight A € &7+
and p € wt,(V), then g < A. This is true, but the proof (which will be given in Section[d)) is amazingly
harder than one may expect at this point. Even in the classical case this is not so immediate, although
much easier to prove than in the quantum case. The classical version of the previous corollary (for

general g) easily follows from (2.1.15) and Corollary [2.1.10 O

It 1s natural to expect that, once we have quantum analogues of evaluation modules in the sl,
case, that we should be able to describe the simple modules as tensor products of evaluation as in the
classical case. It is not difficult to see that, given A € &%, there exist unique m > 0,a; € ¥, and
rj>0,j=1,...,m,such that

aj

(2.3.9) A:||@Wﬂ and L #g ) forall k0 < p < min{r;, ).
. ay
J=1

Definition 2.3.18. The factorization (2.3.9) is called the g-factorization of A and the factors w; ., are
called the g-factors of A. An ordered pair (4, i) of elements of &7* is said to be in g-resonant order if

L g ) forall  0<p<r,l<j<m1<k<n

where {wiq,,, | 1 < j < m,a; € F*,r; > 0} and {w;y,,, | 1 < j < n,b; € FX,s; > 0} are the sets of
g-factors of A and p, respectively. The pair (4, p) is said to be in weak g-resonant order if
Ypqgom forall 0< i 1<j<ml<k<
b_k q ora <p<min{rj, s, 1 <j<m,1 <k <n.
The polynomials A, y are said to be in general position if both (4, ) and (u, ) are in weak g-resonant
order. An m-tuple (4;, 4,, ..., 4,) of elements of &7 is said to be in (weak) g-resonant order if (4,, Ay)
is in (weak) g-resonant order for all r < s. The family Ay,..., 4, is in general position if they are
pairwise in general position. O

Remark 2.3.19. The definition of the above concepts for general g will be given in Subsection
using the above definition for the sl,-case and the braid group action on <. In the sl,-case, it is
not difficult to check that A, u are in general position if and only if the g-factorization of Au is the
multiplication of their g-factorizations (and similarly for general families). Notice, if (4, ) is in
g-resonant order, it is also in weak g-resonant order. O
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Theorem 2.3.20. Let A € &" and A = [[, w;4,, be its g-factorization. Then, V(1) = V,(ai,r) ®
R Vq(ama rm)-

We postpone the proof of this theorem to Subsection [3.2]

Corollary 2.3.21. Let A, u € &*. Then V, (1) ® V,(u) is irreducible if and only if A and g are in
general position.

Proof. Let A = H;”:l Wiq,r; and g = H’}zl w;p,s; be the corresponding g-factorizations. Then, 4, u
are in general position if and only if the family w; 4, .- Wig, s> @ib .55+ -->Wib,s, 15 1N general
position. In that case, it follows from the theorem that

Vo) = (V@) @ - V(@) ® (Vi @i,.5) ® -+ V@i, 1)) = V(D) ® V(a1

Conversely, if V, (1) ® V,(u) is irreducible, i.e., V(1) ® V,(u) = V,(Aun), it follows from the
theorem and Corollary that V,(4) is isomorphic to the tensor product of the modules V, (w;, ;)
and V,(w;p, s,) in any order. If A and y were not in general position, there would be j, k such that
Wiq,r; and W;p, 5, are not in general position.

Therefore, it suffices to consider the case m = n = 1 and prove that if w;,, and w;, is not in
general position, then V,(a,r) ® V,(b, s) is reducible. One easily checks that the g-factorization of
A = W;4,w;p is of the form w; , »w; ¢ for some a’, b’ € F* and where min{r’, s’} < min{r, s}. Then,
it follows from the theorem that V,(4) is isomorphic to V,(r') ® V,(s") when regarded as a U,(g)-
module. On the other hand, V,(r,a) ® V,(b, s) is isomorphic to V,(r) ® V,(s) when regarded as a
U,(g)-module. One easily checks that V,(r")® V,(s") and V,(r) ® V,(s) do not have the same character
and, hence, cannot be isomorphic. O

Remark 2.3.22. One easily checks that the theorem can be deduced from the corollary, i.e., the
statements are equivalent. O

Example 2.3.23. Let a € F* and consider A = “)?,a whose unique g-factor is w;, with multiplicity 2.
It follows from Theorem 2.3.20| that V(1) = V(1,a) ® V(1, a) whose qcharacter is

-2

2 2 -1
th(Vq(wi,a)) = wi,a + 2"()i!aa)i,aq2 + wz,aq2'

Therefore, contrary to the classic theory of minuscule weights, there are {-minuscule modules having
{-weight spaces of dimension higher than one. O

Example 2.3.24. We give an example of simple Uq(f:[z)—module which is not -minuscule. Let A =
W} Wi = Wjaq2Wiq for some a € F*. By Theorem |2.3.20} V(1) = V(2,aq) ® V(1,a) and, hence,

+ (w?

2 2 -1 -1 -1 -1
qch(V,(1) = w; 0, 4> + ;4 + W] @, , + 20,0, W; z,aq2“’i,aq“) .

La~"iaq iaq®™iaq*

Let us now take a look at the quantum counterpart of Example [2.2.12
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Example 2.3.25. Leta,b € F* and A € &7 be the polynomial A;(u) = (1 — au)(1 — bu) = w; ,w;;. As
in the classical case, we see that W,(4) is 4-dimensional. Moreover, by Theorem [2.3.20, if b # ag*?,
then V,(1) = V,(1,a) ® V,(1,b) which is 4-dimensional. It then follows from Corollary that
W, () = V().

We will show in the next section that, if b # ag?, then W,(2) = V,(1,a) ® V,(1,b). In fact, we will
show in Subsection [3.2]that the right-hand side is a highest-£-weight module and, hence, a quotient of
W,(4). Since both modules have the dimension 4, the isomorphism follows. Notice that this implies
that, for every a, b € F*, either W, (1) = V,(1,a)®V,(1,b) or W (1) = V,(1,b)®V,(1, a). In particular,

-1 -1 -1
qch(W,(1) = w; ,w;p, + W, (2 Wip T WigW; ) > + (Wi Wipge)” -

Hence, the £-weight spaces of W,(A4) are all one-dimensional unless a = b. Moreover, wt,(W,(1))
has a unique dominant {-weight unless b = ag*>. Suppose b = aq™* so that V(1) = V,(2,aq™")
which is 3-dimensional. Therefore, the kernel of the canonical projection W,(4) — V,(A) is the trivial
representation and we have obtained the quantum version of (2.2.10). Noticing that @;), = w;pw;, =
A, this sequence can be written in the form 0 — V, (1) — W (a;;) — V, (a;;) — 0. O

Remark 2.3.26. One can define the notion of lowest-£-weight modules in a similar manner by ex-
changing the roles of U,(i1*) and U,(ii"). Evidently, similar results for lowest-£-weight modules can
be proved. In particular, every finite-dimensional highest-£-module is also a lowest-£-weight mod-
ule. Indeed, since the lowest weight is wy(4) where A is the highest weight, the lowest-weight space
is 1-dimensional and, hence, must be spanned by an eigenvector for the action of Uq(ﬁ). The U,(g)-
submodule generated by the lowest-weight space is irreducible and contains the highest-weight space.
Therefore, it generates the whole module. Notice that, in the sl, case, Theorem implies that
the lowest-{-weight of V, (w; ) 1s wi‘;qz = T{(w;4m). Theorem together with Proposition
then implies that the lowest-f-weigﬁt of V,(4) is T;(A). Since r; = wy in this case, it follows that
T;(A) is the lowest £-weight of any highest-£-module with highest {-weight A. We shall compute the
the lowest-{-weight of any highest-£-weight module for general g later on (Proposition [3.1.2)). O

2.4. Bibliographical notes

1. Classification of simple modules

The classification of the simple finite-dimensional §-modules in terms of tensor products of evalu-
ation modules follows from the work of V. Chari and A. Pressley [9,23]]. The classification in terms of
Drinfeld polynomials arose only when the quantum case started to be studied and is also due to Chari
and Pressley. The sl, case was studied in [24] where Theorem [2.3.20| was also proved. The proof
of Proposition presented here is also from [24] although a more general version for g = sl,
was previously proved by Jimbo [60]. The classification in terms of Drinfeld polynomials in general
follows from the sl, case and was treated in the book [25]. The setting of quantum groups at roots of
unity was considered in [27]. The term Drinfeld polynomials comes from a similar result on the clas-
sification of finite-dimensional representations of Yangians obtained by Drinfeld. The terminology
highest-{-weight module came only later on (for instance, the terminology “pseudo-highest-weight
module” is used in the book [25]). The assumption that the ground field F is algebraically closed is
used here to ensure the existence of eigenvalues for the action of the elements A;,. One can obtain
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the classification of simple module over a non-algebraically closed field by using Galois groups (cf.
[57D.

The classification of simple finite-dimensional §-modules has been recently extended to the broader
context of algebras of the form g ® A in [14] and to the even broader context of equivariant map alge-
bras (which includes the twisted affine algebras) in [81]]. Since the choice of an evaluation parameter
is equivalent to the choice of a maximal ideal of [z, '], it is not surprising that the classification is
given in terms of a generalization of evaluation modules obtained by choosing maximal ideals of A.
The case of quantum groups at roots of unity were treated in [27] (Lusztig’s version) and [4] (Kac-
DeConcini’s version). It is interesting to note that one can define an algebra A,(g) given by generators
and relations as in Theorem starting from any symmetrizable Kac-Moody algebra g. These al-
gebras are called Drinfeld affinizations and, in the special case that g is an affine Kac-Moody algebra,
they are also known as quantum toroidal algebras (since their ¢ — 1 limit is a toroidal algebra over
a simple finite-dimensional Lie algebra). One can then study the category of representations of A,(g)
which lie in the category ﬁ’;m associated to the Kac-Moody algebra g. The classification of the simple
modules is also given in terms of Drinfeld polynomials and was obtained in [46].

2. Weyl modules

The above notions of Weyl modules were introduced by Chari and Pressley in [28]. The global
Weyl modules were originally called maximal integrable modules and the local Weyl modules were
simply called Weyl modules. The present terminology of local and global Weyl modules were intro-
duced by B. Feigin and S. Loktev in [33]. The choice of the terminology Weyl modules comes from
the finite-dimensional representation theory of algebraic groups in positive characteristic where the
Weyl modules are the universal highest-weight modules while, in our context, the local Weyl modules
are the universal finite-dimensional highest-£-weight modules. The original motivation for the term
comes from another perspective since, at the time, the language of {-weight modules was not used.
Namely, in the context of algebraic groups in characteristic p, Weyl’s approach to construct what are
nowadays named Weyl modules, was by a process of reduction modulo p of the modules V(1). Chari
and Pressley conjectured something similar for the local Weyl modules. Namely, assume [F is the
algebraic closure of K(g) for some field K such that g is transcendent over K, i.e., K(g) is the field
of rational functions in one variable g. Then, the conjecture was that, if 1 € Z* is such that that
A;(u) € K[u] for all i € I, then the Weyl module W(Q) could be obtained as the ¢ — 1 limit of the
irreducible module V,(4) (which is isomorphic to W, (Q) in this case). This conjecture was proved still
in [28] in the sl, case. For g = sl, it was proved by Chari and Loktev in [17] by finding a PBW-like
basis of W(A) while for any simply laced g it was proved by G. Fourier and P. Littelmann in [35] by
establishing a relation with the theory of Demazure modules. Both of these proofs establish relations
with the notion of fusion products defined by Feigin and Loktev in [32]. This relation with Demazure
modules was very recently generalized to an arbitrary simple Lie algebra g by W. Naoi in [76] with
the help of the theory of crystals, thus finalizing the proof of the conjecture. It is interesting to remark
that it is very easy to see that the g — 1 limit of V,(4) is a quotient of W(A). Thus, in order to prove
the conjecture one “just” needs to prove that dim(W(4)) < dim(V,(4)). The proof of the conjecture
actually implies that the character of the Weyl modules depends only on wt(4) (and not on the choice
of g or [F). More precisely, we have the following corollary which will be used below.

Corollary 2.4.1. Let A € &% and A = wt(d). Write 1 = },.; m;w; and let ¢; = ch(W,(w;)). Then,
ch(W,(2)) = ch(W()) = [T ;" =
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There is also a proof based on the theory of global crystal basis of M. Kashiwara which has
been suggested by H. Nakajima. Namely, the global Weyl modules are isomorphic to the level zero
extremal-weight modules in the sense of Kashiwara [62, 63]] which have global crystal bases. The
argument essentially uses the fact that these bases are “well behaved” with respect to the defining
relations of the global Weyl modules and, therefore, the ¢ — 1 limit of a quantum global Weyl
module is a classical global Weyl module. Moreover, the results of J. Beck and H. Nakajima [J5]
imply that the global Weyl module W,(A) is free of finite-rank as a right-module for the algebra A,
mentioned in Proposition This was previously proved in the sl, case still in [28] and for any
simply laced g by Nakajima in [72] using the geometry of quiver varieties. A similar result in the
context of the algebras g ® A was proved in [[14]. This structure is compatible with the crystal theory
so that the ¢ — 1 limit of the global Weyl W, (1) remains free of the same rank as a right-module for
A, (whose classical limit is itself!). It is clear from the way that the local Weyl modules are obtained
from the global ones that the dimension of a local Weyl module is exactly the rank of the global Weyl
module as a right A,-module, thus proving the conjecture. We plan to survey this argument in a more
complete manner elsewhere. The advantage of this method over the aforementioned ones is that one
can consider general limits ¢ — & with & € F*, which allows one to go to the root of unity setting
(in Lusztig’s sense). Moreover, it also allows to perform change of base field and, therefore, one can
have similar results in positive characteristic. In particular, this proves a similar conjecture we made
in [S3] in the context of hyper loop algebras (the study of these algebras essentially corresponds to
that of algebraic loop groups). The theory of Weyl modules has just been expanded to the setting of
equivariant map algebras [34]].

3. Character theory

The study of £-weight modules essentially begun in the paper [38] where E. Frenkel and N.
Reshetikhin introduced the notion of gcharacters, although the terminology ¢-weight spaces and so
on was not used. The original definition of qcharacters was rather more complicated than the one we
gave above. It was motivated by the study of deformed “W-algebras and used the concept of transfer
matrices which involves the R-matrix of U,(g). Because of the quantum nature of the original defini-
tion, the name q-character was chosen. It was proved in [36, Proposition 2.4] that the definition given
above coincides with the definition of [38]]. Although the above definition does not sound quantum in
nature nor does it acknowledge what the value of g is, for historical reasons the terminology qcharac-
ter has been kept (and the prefix g may not be the name of the quantization parameter). There is also
two different notations for the elements w;, and @, , in use in the literature. Namely, the elements «;,
are denoted by A; 4, in [38] and several other papers which follow the notation developed there. Also,
the elements w; , are denoted there by Y;, and the elements of & are referred to as monomials (of the
gcharacters) instead of {-weights. In fact, the systematic use of the terminology £-weight lattice and
{-root lattice was initiated in [[19], where the notations «;, and w;, were introduced and the definition
of @;, using the braid group action on & as in Proposition[2.3.9 was given (the first statement of that
proposition appeared previously in [7,[12] in a different form). We find the notation w;, and «;, more
suggestive, making the parallel with the classic theory of weights and roots much more evident.

The quest for understanding the qcharacters of the simple modules remains ongoing. The first
attempt to obtain a general procedure for calculating them was given in [36] and is now known as
the Frenkel-Mukhin algorithm which we shall present in Subsection Therefore, we leave further
historical comments related to qcharacters to Subsection We remark that the terminology minus-
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cule for {-weights started to be used systematically more recently and that the terminology “special
module” was in practice for sometime in place of {-minuscule module (frequently one simply says
“minuscule module” meaning £{-minuscule). We shall make some remarks about the terminologies
“general position” and g-resonant order in Subsection [3.4] The terminology g-factorization is also re-
cent and appeared for the first time in [[15]. As mentioned in Remark [2.3.2] the theory of qcharacters
is trivial in the classical setting. However, if the ground field is not algebraically closed, the story is
a little more interesting and is nicely described using Galois groups. This was done in a joint work
with D. Jakeli¢ [56]] in the broader context of hyper loop algebras. The same ideas of [S6] can be
used in the quantum setting as well. In the root of unity setting, the theory of qcharacters was studied
in [37, 145, 58]. The classic characters of finite-dimensional representations of the simple Lie algebra
g (or of U,(g)) also give rise to a ring homomorphism from the associated Grothendieck ring to the
integral group ring Z[P]. The image of the classic character homomorphism is the subring of Z[P]
of elements left invariant by the Weyl group action. As we have seen, the qcharacters of the simple
modules are not invariant under the action of the braid group on &?. The image of the qcharacter ring
homomorphism was described in [36] as the intersection of the kernels of some operators introduced
in [38] called screening operators.



3. Tensor Products of Simple Modules

The main goal of this subsection is to study a few results concerning the tensor structure of the
category of finite-dimensional modules for the quantum affine algebra U,(§). The main problem we
address here is the one of finding a sufficient condition for a tensor product of simple modules to be
highest-£-weight. It will be necessary to have some knowledge about the dual module of a simple
module and, thus, we begin by studying duality. As an application of the results on tensor products,
we finish the section presenting the block decomposition of the category.

3.1. Duality

Recall that if V is a §-module, then V* is turned into a g-module by means of (1.3.9) and similarly
in the quantum setting. In this subsection we study some results about dual representations which
will be useful tools in the study of other topics such as tensor products and extensions. The quantum
setting is rather more complicated since it is also not known a precise formula for the antipode on the
loop-like generators. In fact, we shall see in Remark [3.1.8|below that (V*)* is not usually isomorphic
to V for a finite-dimensional U,(g§)-module V. This is a very different scenario than that of the finite-
dimensional representation theory of U,(g). Itis also different than the classical context because, since
§?2 = 1, the double dual of any finite-dimensional §-module is isomorphic to the original module.

The loop analogue of Proposition [I.3.13] for finite-dimensional representations is easily estab-
lished both in the classical and quantum settings. One of our goals is to establish the analogues of
Corollary We start with the classical case which is simpler. In particular, since S (4;,) = —h;,
foralli € I,r € Z, we have

(3.1.1) S(Af(w) = (Afw)™"  forall iel,

where the inverse is that of formal power series with coefficients in U(h). This immediately implies
the classical loop analogue of (1.3.10):

(3.1.2) (V)" = (V) for all pHeZ.

Let A € Pf,a € F*,and V = V(1,a) = V(w,,). By R.113), forallw € %, V) = Vi, 18
spanned by the vector v,, for some choice of highest-weight vector v of V(A1). In particular, V(4, a)*
is a lowest-£-weight module of lowest £-weight w,,,1).. One easily checks that there exists a unique

action of the Weyl group on & by group homomorphisms such that
(3.1.3) W(Wpa) = Wy a for all we W, ue PaeclF*.

Given A = [, w,,4, € &7, it follows from Corollary 2.1.10| and Proposition that V() is a
lowest-£-weight module of lowest £-weight wy(1). More generally, if V is a highest-£-weight module

of highest {-weight A, then

(314) Vw(wt(/l)) = Vw(/l) for all wew.

We are ready to establish the loop analogue of Corollary [I.3.15]in the classical context.
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Proposition 3.1.1. Let A € 22*. Then, V()" = V(wy(D)™).

Proof. Since V(A)* is irreducible, we must have V()" = V(u) for some u € &7*. To shorten notation,
write V = V(1),4 = wt(1), and u = wt(u). Letv € V,,n and f € (V*)_,,1) be nonzero. Since
(V¥)-, = (V,)" for all v € P by (1.3.10) and dim(V,,,(»)) = dim((V*)_,,,1y) = 1, we must have f(v) # 0.
Also, V) = Vi by (3.1.4). Moreover, since —wy() is the unique maximal weight of V*, we must
have (V*)_,,y = (V*)u. Therefore, both v and f are {-weight vectors with £-weights w(4) and p,
respectively. Hence, f ® v is an £-weight vector of £-weight u(wy(Q)) by (2.1.14). Therefore, we are
left to show that u(wy(2)) = 1, i.e., that f ® v is an £{-weight vector of £-weight 1.

For doing that, notice that the canonical linear map V*®V — F, f®v +— f(v), is a homomorphism
of representations (this is true for any Hopf algebra, but in general we cannot state the same for the
map V ® V* — ). But I is the trivial representation, i.e., F = V,(1). Therefore, since f(v) # 0, f(v)
is an £-weight vector of £-weight 1 and, hence, the same must hold for f ® v. L]

We now turn to the quantum case. Since the precise formula for S (A;,) is not known in this case,
we do not have a quantum analogue of (3.1.2). However, it is natural to expect that the quantum
analogue of (3.1.4) should obtained by replacing the Weyl group action on & defined in (3.1.3) by
the braid group action on & as defined in Proposition This is what we prove next.

Proposition 3.1.2. Let V be a highest-{-weight module of highest {-weight A € &7*. Then, Vr ) =
Viwicry for all w € #. In particular, the lowest £-weight of V is T, ().

Proof. The second statement is immediate from the first (cf. Remark [2.3.26).

Let A = wt(), v € V, \ {0}, and v,, € V,,, \ {0} be defined as in (I.3.4). Then, since V,,,, = Fv,,
v, 1s necessarily an {-weight vector (say v,, € V,,) which is an eigenvector for the action of U, q(ﬁ). We
need to show that u = T,,(4), i.e., that A/ (w)v,, = (T,,(Ad))i(u)v,, for all i € I. This will be proved by
induction on ¢(w) > 0 which clearly starts if {(w) = 0.

Let w € # and i € I be such that I[(r,w) = I(w) + 1. By induction hypothesis, assume that
v, € V1, 1. We need to show that v,.,, € Vr.r, (1. Notice that Proposition implies x7,v,, = 0
for all r € Z, i.e., v,, is a highest-f-weight vector for the subalgebra U,(§;) = Uq(5~[2). In particular,
since by induction hypothesis u = T,,(4), it follows that

(3.1.5) (T,,(1))i(u) € Flu]
and, moreover, v,,, = (x;)"v,, where m = w(A)(h;). Thus, we are left to show that
(3.1.6) A;T(u)(xi‘)’”vw = (T;T,,(0) j(w)(x;)" vy, for all jel

Notice that, for j = i, this follows from Remark

Recall that [h;,, xj‘.,] = —Lr]q’x]‘r for all j, j/ € I, r € Z. In particular,

[re;ily,

[27],,

(3.1.7) [hjpx;] = [h,,x7] forall jelreZ.
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Let u;, be the eigenvalue of the action of 4;, on v,,. The, by definition of A;, we have

H(u) = exp [— Z ['L;? us).
qj

5>0

Using (3.1.7) we get:

—\m —\m [Scﬁ]q.f —\m
hj,svr,'w = hj,s(xi ) Vy = (-xi ) (,uj,svw) + [hi,sa (-xi ) ]Vw
[25],,
[scily
= sV + = (s (X)W = ()" (i)
[2s],,

[Scji]q- [scjily:.
hs : is T : i s | Viw-
['u]” [25],, Hi- [2s], Vri

By (3.1.6) with j = i, we know that A; zv,,,, = —,u,;sqfsvr,.w. Plugging this above, we get
hj,svrl-w = (,uj,s - [Scji]q,-,ui,s(l + q,_zs)) Viw-

Setting fi, := pj — [sCjilgpis(1 + qi‘z“'), it follows that

(3.1.8) Aty = oxp|= Y 2yt |y,
[s]g,

5>0

A simple comparison of (3.1.8) with the definition of (T;(u)) (1) completes the proof of (3.1.6). [
Corollary 3.1.3. Let A € " andw € #. Then T,,(1) < A.

Proof. Immediate from Corollary[2.3.10]and (3.1.5). 0

The following analogue of Corollary 1s now immediate.
Corollary 3.1.4. Suppose A € &7* is such that 4 = wt(4) is minuscule. Then qch(V, (1)) = 3 T, (1).

w e W

In particular, if V, (1), # {0}, u < A. O

Remark 3.1.5. The classical analogue of the above corollary also follows easily by replacing the
braid group action by the Weyl group action on &?. We have already remarked that the qcharacter
of an £-minuscule module is not invariant under the braid group action on & in general. We shall
see later that the Frenkel-Mukhin algorithm can be used for computing the qcharacter of £-minuscule
modules. O

Example 3.1.6. Let g = sl,,i € I, and a € F*. Since every fundamental weight of s[, is minuscule,
we can use Corollary [3.1.4] to express the qcharacter of V,(w;,). In particular, if V (w;.), # {0},
pu < A. Forn =3, we have %, = {r;, r;r;} where i # j. Then,

-1

_ -1 -1,-1 _ -1
qch(Vy(wio)) = Wi + 040, + 00, @, = Wig + W, 2 Wjag T O} 5.

La ™ jaq
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For notational convenience, given A € %, set
(3.1.9) A =T, "

The proof of the next Corollary is similar to that of Proposition However, one needs to take
the same extra care taken in the proof of Proposition since the tensor product of two £-weight
vectors may not be an {-weight vector in the quantum case.

Corollary 3.1.7. Let A € &7*. Then, V,(1)* = V,(1"). [

Remark 3.1.8. Recall in Remark [I.1.22] that wy defines an involution on /. A straightforward but
tedious computation working with the known reduced expressions for w, can be used to show that

i) = Ao (4" w)

It follows that (V,(1)*)" = Vq(shqz,vhv (2)), where sh,, a € F*, is the group automorphism of & induced
from the ring automorphism of F[u«] given by the shift # — au. In the classical case, we could have
set the notation A* = (wy(A))~!. This is in fact consistent with the quantum notation since, by setting
g = 1 in the definition of the braid group action on &, we recover (3.1.3).

One can also use the formulas in Theorem [2.3.14]together with Corollary to see that (3.1.2)
is indeed false in the quantum setting. Theorem [2.3.14] can also be used to see that the qcharacter
of the finite-dimensional U,(§)-modules are not invariant under the braid group action in general.
In other words, we have no quantum loop analogue of Proposition In the classical context,
such a loop analogue under the Weyl group action defined by (3.1.3) is easily deduced from (2.1.14),

(2.1.15)), Corollary 2.1.10} and (3.1.2). O

Example 3.1.9. Let us return to Example Recall thatif A = w; ,w;, and b # ag?, then W,(A) =
V,(1,a) ® V,(1,b). Moreover, if b = ag?, we have a short exact sequence 0 — V,1) - W, (1) —
V,(A) — 0. Therefore, we also have a short exact sequence 0 — V,(1") — (W,(1)* — V,(1) — 0.
Using Remark[1.3.19]and that y* = sh,» () for all u € &7, the latter exact sequence can be rewritten
as

0 — V,(shp (D) - V,(1,a) ® V,(1,4%a) > V,(1) — 0.

In particular, V,(1,a) ® V,(1,4%a) is not a highest-¢-weight module while V,(1, ¢*a) ® V,(1,a) is iso-
morphic to W,(sh,2(1)). This shows that, in our category, it may happen that V ® W is not isomorphic
to W ® V. In other words, the category is not braided. O

We end this subsection recording the following lemma to be used in the next subsection.

Lemma 3.1.10. Suppose V and V* are finite-dimensional highest-£-weight modules. Then, V is
irreducible.

Proof. Let W be the irreducible quotient of V and consider the associated exact sequences 0 — U —
VoW —->0and0 —- W — V* — U*. Then, W* is irreducible and contains the lowest-weight
space of V*. Since the characters are 7 -invariant, it also contains the highest-weight space. Since V*
is generated by its highest-weight space by hypothesis, it follows that W* = V* showing that V* (and
therefore also V) is irreducible. L]
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3.2. Highest-{-weight tensor products of simple modules

The main goal of this subsection is to establish a sufficient condition for a tensor product of simple
U,(§)-modules to be a highest-{-weight module. Along the way we prove Theorem [2.3.20]

Remark 3.2.1. Notice that, in the classical setting, such condition is easily obtained from Theorem
[2.1.3] and Remark In fact, it follows that in the classical setting a tensor product of simple
modules is completely reducible. Theorem below shows that the picture is very different in the
quantum setting where we have plenty examples of tensor products of simple modules which are a
indecomposable but reducible. O

We begin with the following lemma (whose proof is easily transported to the classical setting).

Lemma 3.2.2. Let 2,2 € &%, 1 = wt(d), and A’ = wt(Ad"). Suppose V and V’ are highest-{-weight
modules with highest £-weights A and A’, respectively. Let also v € V; \ {0} and V' € V), \ {0}. Then,
V®V’ is generated by (v,,, ® V). In particular, if (v,,, ® V") is in the submodule of V ® V’ generated by
v®V', then V ® V' is a highest-{-weight module.

Proof. Let W be the submodule of V ® V’ generated by v,,, ® v'. Since wy(1) is the lowest weight of
V, x; v, = 0forallie€ I, r €Z. Then, by Proposition (1.4.10, we have

X (Vi ® V) = vy ® (V).

Since V' = U, (")V/, it follows that v,,, ® V' € W. Next, we will show that v® V' C W. Recall that
if wo = r,...r; is a reduced expression for wy and m;, j = 1,...,1, are given by (I.3.3), then vis a
nonzero multiple of ()c;rl ymeL. (x;)ml V.- Therefore, it suffices to show that

(x; X))@V CW for all m>0,i;el,j=1,...,m.

Im

We prove this by induction on m > 0 which clearly starts atm = 0. Assume m > 0, letu = x; ... X} vy,
and assume, by induction hypothesis, that u ® V' C W. Then, by Proposition[1.2.4]

xueu)=xuu + (ku)® (xiu) for all ielbueV.

Notice kiu = q“u for some a € Z and, hence, by induction hypothesis, (kju) ® (x7u’) € W. Since W
is a submodule of V and u ® 1’ € W by induction hypothesis, we have x} (¢ ® u’) € W and, therefore,
(xfuy®u’ € Wforalliel,u" €V’ This proves the inductive step.

Finally, it suffices to show that

(xm xffv)@VQW for all mZO,ijef,eje{+,—},j:1,...,m.

Im

This is done exactly as in the previous step. [

We now give the general definition of g-resonant ordering.

Definition 3.2.3. Let A, u € &?*. The ordered pair (4, ) is said to be in (weak) g-resonant order

if there exists a reduced expression wy = r;, - - - r;, for wy such that ((T,-j_l Ty (/l))l_ (u), yi./(u)) is in
(weak) g; -resonant order in the sense of Definition[2.3.18|for all j = 1,...,l. Anm-tuple (4;,...,4,)
of Drinfeld polynomials is said to be in (weak) g-resonant order if (4,, ;) is in (weak) g-resonant

order forall 1 <r < s <m. O
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Remark 3.2.4. Since ¢ is not a root of unity, it is not difficult to show that, if (4, y) is in g-resonant
order, then (A;(u), u,(u)) is in (weak) g;-resonant order in the sense of Definition 2.3.18|for all i € .
Notice that (3.1.5) implies that (Tij;1 "'Til(’l)),-, (u) is indeed a polynomial and, hence, the above
definition makes sense. ' O

The main goal of this subsection is to prove the following theorem.

Theorem 3.2.5. Letm > O and 4,,...,4, € Z*. If (4;,...,4,) is in g-resonant order, then V,(4,) ®
- ® V,(4,,) is a highest-£-weight module.

Before venturing into the proof, let us obtain a consequence of Theorem [3.2.5]and Corollary
which describes the structure of the local Weyl modules in terms of the structure of the fundamental
modules. We need the following lemma which is not difficult to establish.

Lemma 3.2.6. Letm > 0,a; € F¥, j = 1,...,m. If 2 ¢ ¢’ for j > s, then (@, > » Wiyapr)
is in g-resonant order for any choice of i; € I rj € Z>o In particular, for any choice of a; € ¥, j =
1,...,m, there exists o € S, such that (W, 4,,.r>" " * > Diypapm.r) 18 1N g-resonant order for any choice
ofijel,rjezzo. O

Corollary 3.2.7. Let 1 € &* and write A = (]’['}’:1 w,-j,aj) forsomem > 0,i; € [anda; € F*,j =
1,...,m. Then, there exists o € S, such that:

Wq(/l) = Vq(wirr(l)»arr(l)) Q- ® Vq(a)i(r(m)7arr(m))'

Proof. Let o be as in the previous lemma. Then, by Theorem [3.2.5 V,(@i, ) .ap1,) ® * * ® V(@i )
is a quotient of W,(4). As explained in the paragraph after Corollary the dimension of W,(4) is
equal to the rank of the global Weyl module W,(wt(4)) as a right A,-module. But Corollary
implies that this rank is exactly the dimension of V,(w;, . a,1,) ® ** ® V(Wi .a00m)- ]

Remark 3.2.8. Notice that Corollary together with Proposition implies that the qcharacter
of a quantum local Weyl module can be given as a product of fundamental qcharacters. Notice that,
in the classical setting, local Weyl module may not be a tensor product of fundamental modules. ¢

Example 3.2.9. Let g = sl; and denote by i and j the two distinct elements of /. Let us study the
Weyl module W, (w;,w;;) with a, b € F*. As remarked above, we have

qch(W(w; ,wjp)) = qch(V (w;4)) qch(V (w;p)).
Recall from Example [3.1.6| that
(3.2.1) qch(Vy(win) = Wiat W0 Wjagt @, s and  qeh(Vo(w)p)) = @jp+ @5, 20ip+ @7, s

Therefore,

-1
th(Wq(wi,awj,b)) WiaWjp + (L) ij aq@ b + W W; g

Jibg?
+ w]aq3a)Jb + w; b Wi + W pgW; aq2wwqw,bq
+(1) 2(1) b 3(1)Jaq+(1)l},q(1)jbq jaq3 + w lbq3wjdq
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Notice that, if a/b # ¢**, the only dominant £-weight in wi (Wy(w;.wjp)) 18 w;,w;;,. Therefore, in
that the case, W (w; ,w;;) = Vy(w;,) ® Vy(w;p) = Vy(wjp) ® Vy(w;,) is irreducible.

Let us assume b = aq’. It follows from Lemma and Corollary that
Wq(wi,awj,aq3) = Vq(wj,aq3) ® Vq(wi,a)~

Moreover, the above computation shows that 1 € wt,(W,(w; ,w;,z)). Although this is not sufficient
to conclude that the trivial representation is an irreducible factor of W,(w; ,wj.g3), let us show that
this is indeed true. Notice that, as a U,(sl3)-module, we have

W (W w;qp) = Vy(w) ® Vy(w)) = Vy(w; + w;) + V,(0).

i,aq’

As mentioned earlier, if g = sl,, there exist quantum analogues of evaluation maps and, therefore,
there exist Uq(§ [3)-modules such that the underlying U,(s(3)-module is isomorphic to V, (w;+w;). The
Drinfeld polynomial of such a module must be of the form w; ,w j;, for some a, b € F*. As seen above,
if a/b # ¢*3, the associated simple module is 9-dimensional and, hence, cannot be an evaluation
module. Therefore, the Drinfeld polynomial must be either w;,w ;.3 or w;,w;;,s. Noticing that
(Wi aWjap)" = WjapWiag, it follows that both V (w;,w;.»3) and Vy(w;,w;..-3) are isomorphic to
Vy(w; + w;) as U,(sl3)-modules. This shows that we have a short exact sequence

0 - V,1) - Wy(wiww;op) = V(i aw; o) — 0
and, moreover,

3+ Wi W !

th(V ((1), (leaq3)) =W Wi + (,() ijaqw iaq* @ 445

.aq
on zw]aqwja

J.aq

+ 6()1. aqﬁwla + w; ,aq q

-1 -1 -1 -1 -1
+ w; aqzwl agsPiag T Wi aq““)jaqsw, aqg WD

Notice that V,(w;,w,,) is £-minuscule and all £-weight spaces are one-dimensional.

One can avoid the use of the existence of quantum evaluation maps in order to conclude the
above. Namely, one can find an explicit expression for a highest-weight vector generating the trivial
representation inside V, (w;) ® V,(w;). Then, using Proposition and (3.2.1), one can show that
this highest-weight vector is also a highest-£-weight vector. O

Example 3.2.10. Once more, let g = sl; and denote by i and j the two distinct elements of /. Pro-
ceeding as in the prev10us example, one can show that W (w; ,w;;) is irreducible unless b = aq*?.

Moreover, if b = ag?, then W, (Wi Wi 0p) = V(W) ® Vy(w;,) and we have a short exact sequence

0>V, (w]aq) - W, ((i)laa),an) -V (a)l(lw 2) - 0.

i,aq

In particular,

qch(W(w; (i 1)) = Wi qWjqp + Wjaq + w,aw 4w

i,aq

+ W20 7 + w; awj aqi t+w taqzwl aq4wj,aqwj,aqg

-1 -1

+w. ;w.
A Jag®™ jag®

-1
+(l) ijaqw]aq tw taq
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and
— -1 -1
th(Vq(wi,awi,aqz)) = WiaWijgp + a)i,a(l),-,mﬂCUj,aq3 + wi,awj’aqs
-1 -1 -1 -1 -1 -1
+ a')i,aqza)i,aq“a)J-7‘lq(l‘)];a‘13 T a)i,aqz('()J"a‘la)j,aq5 T wj,aq3 wj,aqS :
It follows that w; ,@; 4> = W 44> is minuscule. O

Assume we have proved Theorem in the sl,-case and let us deduce the general case.

Proof of Theorem[3.2.3] We proceed by induction on m which clearly starts at m = 1. Let v/, j =
1,...,m be highest-£-weight vectors for V,(4;),V = V,(4,),V’ = V() ®---® V,(4,), and V' =
v ®---®v". By the induction hypothesis, V' = U,(§)v'. Choose a reduced expression r;, - - - r;, for wy
satisfying the property for g-resonance in Definition[3.2.3] By Lemma[3.2.2] it suffices to show that

(3.2.2) Vrry, ®V € Ug@i)y, .y ®V)  forall  j=1,...1

By Remark [3.2.4} the (m — 1)-tuple of polynomials ((42);,(u), . . ., (4,,);;(w)) is in g; -resonant order. In
particular, it follows from the sl,-case that

Ug@)V' = (Uy@i)v") ® - ® (Uy(@ V™).

is a quotient of the local Weyl

1770

On the other hand, it follows from Proposition |3.1.2|that Uq(gij)v}i N

module for U,(§;;) = Uq,._(s:[z) with highest-£-weight given by the polynomial (77 _, - - - T} A1);,(w).
By Corollary (in théls[z-case), this Weyl module is a tensor product of the form Vql.j(w,'j,al) ®
w0 ® Vg (Wi, 4) for some ay,...,a € F*, where k = wt(T;_, -+~ T; A41)(h;,) and the order is so that
(Wi a1 - L , Wi, q,) 1s a tuple of polynomials in g; -resonant order. By our choice of reduced expression
for wy, the tuple of polynomials ((T,‘_/.fI Ty D (), () (w), .. ., (/lm)ij(u)) is in g;-resonant order.
One easily checks that this implies that (w;, 4,5 - - - » Wi, a5 (A2)i;5 - - -, (A)i;) 18 also a tuple of polyno-
mials in g; -resonant order. Since U, (g; )v" is an irreducible U,(8;,)-module for all n > 1 by Lemma
2.2.13] it then follows from the sl,-case that

Uy@i)(vy, o, ®V) = WUg@i)vy, ) ® (Ug(@i)V).
This clearly implies (3.2.2)). N

It remains the prove Theorem for g = sl,. Thus for the remainder of the subsection we set
g = sl, and, as usual, let i denote the unique element of /. Before continuing, let us remark that the
claim made in Example that V,(1,a) ® V,(1, aq?®) is a highest-£-weight module follows easily
from Theorem 3.2.3]

Theorem [3.2.5| will follow from the following Proposition which will enable us to prove Theorem
2.3.20/as well.

Proposition 3.2.11. Let k > 0, a,...,a, € F*, and ry,...,rx € Zso. If (Wigyrys---»Wig.r) 1S 0
g-resonant order, then V (wj 4, ) ®- - ® V, (Wi, ) is a highest-{-weight module. Moreover, the same
holds if k = 2 and (w; 4, r,» Wi 4, r,) 1S In Weak g-resonant order.
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Proof of Theorem[2.3.20, We need to prove that, if A = ['L; wi,,,, is the g-factorization of A € &7,
then V, (1) = V where V = V (w;4,,)® - -®V (wig,.,)- Notice that (w; 4, Wiq.r) and (W] 4y s wzaj’rj)

are in weak g-resonant resonant order for every j, k = 1,...,m. The second statement of Proposition
[3.2.11] and together with Lemma[3.1.10|imply that

Vq(wi,aj,rj) ® Vq(wi,ak,rk) = Vq(wi,aj,rjwi,ak,rk) = Vq(wi,ak,rk) ® Vq(wi,aj,rj)-
It follows that
V= Vq(wi»aa(l),n—(l)) Q- ® Vq(wiaao‘(m)’r(r(m)) and V= Vq(wisa(r(l)ar(r(l))* Q- Vq(wi7au'()11)sro'(ln))*

for all o € S,,. It then follows from Lemma [3.2.6| that both V and V* are highest-£-weight modules
and we are done by Lemma[3.1.10} O

Proof of Theorem forsl,. Givenl <[ <m,let A = Hflz | Wia,,.r;, be the g-factorization of A4;.
Notice that, by definition of g-resonant order, if (4;, 4,) is in g-resonant order, S0 i8S (Wjq;;.r;;» Wiy ,.ri.)
forall 1 < j < g, <k < g, Therefore, by Theorem [2.3.20] in order to prove Theorem [3.2.5] it
suffices to prove Proposition [3.2.T1] O

Remark 3.2.12. Notice that in the proof of Theorem we use Proposition 3.2.11| with k being
the number of g-factors of A. In the proof of Proposition we will perform an induction on k
and use Theorem @ with A having less than k g-factors which, therefore, does not characterize a
circling argument. O

Proof of Proposition|3.2.11} We begin with the the second statement. To simplify notation, we set
ay = a,a; = b,r; = m, and r, = n. Let vi,j=0,. ..,m, be as in the proof of Theorem [2.3.14) and
similarly define v}, j = 0,...,n. We first prove that v}, ® %, v, @ v} € U, (§(% ®10) for 0 < j <

min{m,n} by induction on j which clearly starts when j = 0. Hence, assume 0 < j < min{m,n} is
such that v, ® V) € U,(§)(v), ® ?). By Proposition|1.4.10} given r > 0, we have

- (v @10) — J+l o 0 J ol
X, (v, ®v,) =a, vy, ®v,+an v, v,

for some a,; € F* with s € {1,2}. Consider the matrix A = (a,) with r, s € {1, 2}. It suffices to show
that det(A) # 0. Using (2.3.7) and (2.3.8) we can compute A precisely:

[j+ 1]qaqm+n—2j bqn
A= .
[J + l]qaqm+n—2](aqm—2] + b(qn _ q—n)) (bqn)2

Therefore, det(A) = [j + 1],abg™*"% (bq‘" - aq’"‘zf) # 0 since j < min{m, n} and (W; 4 m, Wi p,) is in
weak g-resonant order.

By Lemma it suffices to show that v ® v € U,(§)(v), ® v2) which is immediate from the
above computation if m < n. Otherwise, set V = V,(m, a)®V,(n, b) and observe that (m+n)w; —ma; =
wo((m + n)w; — na;). Since V' ® vg € Vinsnywi—ma;» 1t follows from Proposition that it suffices to
show that

Vin+nywi-na; © Uq(ﬁ)(vg ® V2)~
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We now show that the above computations imply that
(3.2.3) Vinsmor—jor © Ug@0% @) forall  0<j<n

which completes the proof.

Observe that the vectors v;; := vl @4, 1=0,..., j, form a basis of Visme,jo;- We prove (3.2.3)
by induction on j which again clearly starts when j = 0. Thus, assume 0 < j < n is such that (3.2.3)

holds. This implies v;; € Uq(g)(v& ® vg) for all 0 < [ < j. Using Proposition|1.4.10|and (2.3.7) once
more we get

v == 1+ g 2ol evh) + [T+ 11,005 @ Vi
(3.2.4)

= [ =1+ 1y Vs + U+ Ugvjerse € U@y vy,

Setting / = 0 above and recalling that we have already shown that v;, o € Uq(g)(vfn ® vg), it follows
that v;,11 € Uy(§)(V) ® v9). An obvious induction on / = 0, ..., j, using (3:2.4) shows that v;,; 4 €
U, (3% ®19) thus proving (3.2.3).

We now prove the first statement of Proposition [3.2.11|by induction on k > 1 which clearly starts
when k£ = 1. Also, the case k = 2 follows from the second statement. The inductive step will follow
from studying a generalization of the matrix A above. To simplify notation, set V; = V(rj,a;), j =
1,...,k. By induction hypothesis, V, ® - - - ® Vj is a highest-£-weight module. Let v; be a highest-¢-
weight vector for V; and vﬁ. = (x7)'v;,0 < I < r; (we dropped the use of divided powers here so that we
getrid of the terms [ j+ 1], appearing in the first column of matrix A above). Let also w; = v, ®- - -®v,
and V = U,(§)(v; ® wi). By Lemma[3.2.2] it suffices to show that V' ® w; € V. As before, we prove
this by showing that

(3.2.5) View eV forall 0<I<r

by a further induction on 0 < / < r; which clearly starts when / = 0.

Assume 0 < [ < ry and, by induction hypothesis, that v\"! ® w; € V. By Proposition|1.4.10} given
s > 0, we have

s—1
(3.2.6) X, @ w) = v e Gpwn) + ) G, v @ ).
t=0

Since w is a highest-£-weight vector, we must have 1//th1 = ¢, 1wy for some ¢,; € F*. Using (2.3.7)
we get

s—1 s—1

s—t
(3.2.7) DG hewiw) =D (a2 0) g [V @w.

t=0 t=0

More generally, set w; = v;,1 ®...®v, and let ¢, ; be the eigenvalue of §7, actingonw;, 1 < j <k-1,

Given 1 < s <k, set
s—1

Y (aq7) by it 1< j<k

t=0

(axg™)*, if j=k
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Proceeding as above, we get
xl._’s(vll_1 ®wp) = as,l(vll QW) + as,z(vll_1 ® vé ®Wr)+ -+ as,j(vll_] N - ®V;® v} ®wj)+
+ -+ as,k(vll_l VA - Qv ® V,l)

Let v; be the vector being multiplied by a; ; above so that xi"s(v’l_l QW) = ZI;':1 as ;v;. Consider the

matrix A = (a,;) with 1 <'s, j < k. The set 8 = {vy,..., v} is clearly linearly independent and A is
the matrix whose s-th row is formed by the coordinates of (x;s)(vll‘l ® w;) with respect to 8. Thus,
= {x;s(vll‘1 ®wy) : s =1,...,k} is linearly independent if and only if det(A) # 0. In particular, if
we show that det(A) # 0, it follows that v; is a linear combination of the elements of . Since @ C V
by induction hypothesis on /, it follows that v; = v} ® w; € V which completes the proof of (3.2.3).

The remainder of the proof is dedicated to showing that

k
(3.2.8) det(A) = g2 *2+-+k=Dn {H bj) [rl (bj _ bqurj)]

J=1 >m

where
aig" 2D, ifj=1
b= ’
! aq’, otherwise.

Using (3.2.8) one easily sees that det(A) # 0 since (W4, s> - - » Wig,r,) 18 in g-resonant order.
For proving (3.2.8)), observe first that

$0,1 by $o02 by $0—1 br-1 by
Go1 bT+ 11 b1 Goa by +dioby o Posor by |+ Pipcr b bp
A= : : : :
s—1 s—1 X
Z ¢t,1 bf_l T e Z ¢t,k—1 b}:tl bk

t=0 t=0

and let
b, if j =k,
[— s—1
G5 t;) o b‘j‘."‘l, otherwise,

so that det(A) = (]_[’;:1 b;)det(A”), where A" = (a's’ J.). Observe also that, since ¥, = k;, we have
¢o,j = ¢+ We shall also need the following identities.

(3.2.9) appyj=bidl ; + s for all 1<j<k
and
(3.2.10) bs.j = q7" b jr1 + b (¢ — g7, for all I1<j<k-1

The former is easily obtained from the definition of a{ ; while latter is obtained as follows. By Propo-

sition|1.4.10, we have

G5 W) =Yl W;

Z(l//i,tv +1) ® Wis—Wit1)
t=0

(kivie) ® (ds js1wjs1) + Z(lﬁ;}vﬁl) ® (Ps—r,jr1Wjs1)-
=1
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Using 2:3.8), we get ¥/, vji1 = (bjs1)'[1j4114(q = ¢ IVjr1 = (bj41)' (¢ = g7 )vj41. Therefore,
¢&jo = qrj+]¢s,j+1 + (qr-“‘ - q_r'm) Z(bj+1)[¢s—t,j+lJ W;
t=1

= g7 by je1 + (g7 —q )b Z(bj+1)t_l¢s—t,j+l)wj
=

s—1
. . . ——1
— qr1+l¢s,j+1 + (qrj+l _ q i’;+1)bj+1 Z ¢t/,j+1(bj+l)s t ]Wj
=0

(qrj+l¢s,j+1 +(¢" - q_r'f+])bj+la,s,j+1)wj'

It is clear from the above proof of (3.2.10) that ¢, ; is a polynomial on the elements b,, and, hence,
so is det(A”). By looking at the degree of det(A’) as a polynomial on b; for some fixed j, it follows
that, if we show that b,,g*"7 is a root of det(A”) for all m < j, than these must be all the roots. In other
words, it follows that det(A’) is a nonzero scalar multiple of [ .,,(b j—bqurf ). This scalar is computed
by looking at the coefficient of the monomial b,b3 ... bk~!. Namely, the coefficient of byb3 ... b5 " in
Hj>m(bj - bqurj) is 1 while, in det(A’), it is ¢)0’1 (]50,2 cee ¢O,k—1 = qr2+2r3+---+(k—1)rk_

Thus, it remains to show that det(A”) = 0 whenever b; = b,,q*7 for some 1 < m < j < k. We first
show that det(A") = 0if bjy; = b;g** for some 1 < j < k — 1. We will do this by showing that, in
this case, the (j + 1)-th column of A’ is a scalar multiple of the j-th column. More precisely, we will
show, by induction on s > 1, that

(3.2.11) a;=q"ag .
If s =1, thend ; = ¢o; and @ ;,; = ¢o,;+1 showing that induction starts. Assume (3.2.11)) holds for

a; ; by induction hypothesis and notice that

a;+1,j €2 bja;,j + s = (bj+lq_2rj+l)(qrj+la;,j+1) + g

= b]'+la/s,j+1q_rj+1 + qrjﬂ(ﬁs,jﬂ + bj+l(‘]rj+1 - q_rﬂl)a;,jﬂ

= qrj“bj+la/s,j+1 + 47 b1 = qrj+l(bj+1a;,j+1 + Py jr1) €2 qrj+la;+l,j+1'
In the second equality above we used both the induction hypothesis and the hypothesis b;,; = b;g*#!.
This shows tlz’lflt det(A") =0if b1 = b jqzr-f“ with 1 < j < k— 1. Similarly one shows that det(A”) = 0
if by = by_1q°'*.

It remains to show that det(A”) = 0 if b; = b,,¢*7 with j —m > 1. We proceed by induction on
k > 2 which was shown to start when we proved the second statement of Proposition Let
k > 2 and that (3.2.8) holds for (k — 1)-fold tensor products by induction hypothesis. Since det(A”)
is a polynomial on by, ..., by, it depends continuously on these numbers. Therefore, for computing
(3.2.8), we might as well assume that by, ..., b; are such that det(A’) # 0. Furthermore, we can
also assume that by, ..., b; are such that (w; 4, ), - .., Wigq ) 18 In general position. By the induction

hypothesis on k and Theorem [2.3.20|with A = H’;zz W;q,r; (Which can be used by Remark [3.2.12), we
have isomorphisms

(3.2.12) VieV,® - @V -5 Vi ®Vyp®---® Vo forall oeS;o(l)=1.
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Moreover, we can assume @, (Vi ®- - ® Vi) = Vi ®@Vy2) ® - * - @ V(). It follows that @ = {xgs(vl]_1 W) :
s = 1,...,k} is linearly independent if and only if @, = {x;s(vl]_1 ®w() : s = 1,...,k} is linearly
independent, where wi = v, ® --+ ® Vo). Since we are assuming that by, ..., b, are such that
det(A”) # 0, both @ and @’ are linearly independent.

Let A, and A/ be the matrices defined as before using V,2)®- - - ® V() in place of V,®- - -®V;. By
the previous argument, we know that, if 1 < j,m < k are such that o(j) = o-(m)+1, then b;,—b,,¢*7 is a
factor of det(A/). Recall that we defined 8 = {vy, ..., v;} and similarly define §,. By our assumptions
[8] = [a] and [B,] = [a,]. Notice also that ¢,([8]) € [B-]. By abuse of notation, let ¢, denote also
the induced linear map [B] — [B,] and observe that [¢,]; is the identity matrix. Then,

Id = [p,15, = dE" [e,1; 1] = (AL) ' [po 15 A’
and it follows that

(3.2.13) det(A,) = det(4) det ([¢, 1, ).

It is not difficult to see that det ([cp(,]ﬁa) is a rational function on b, ..., by. Moreover, if m < j are

such that o-(m) < o=(j), then, for any choice of ¢ € F*, (b; — b,,¢) is not a factor of det ([gog]ﬁr). Fix m
and j such that j—m > 1 and let o be the permutation (m, j—1). Since o(j) = j = o(m)+ 1, it follows
that b; — b,,g* is a factor of det(A’ ) which is not a factor of det ([gog]ﬁa). By (3:2.13), b, - b,,¢*" must
be a factor of det(A’) as well. L]

Remark 3.2.13. It should be instructive for the reader to compare the above proof with that of Theo-
rem In particular, compare ((3.2.8]) with the determinant of the Vandermonde matrix associated
toay,...,a;. <>

3.3. Blocks

Let us recall the basics about the block decomposition of Jordan-Holder categories. Let € be such
a category and recall that every object has a unique splitting into a direct sum of indecomposable
sub-objects.

Definition 3.3.1. Two nonzero indecomposable objects Vi, V, € € are said to be linked if there is no
splitting of € in a direct sum of two full abelian subcategories, say 4 = %) ® %>, such that V| € %,
and V, € %,. The category % is said to be indecomposable if every two of its indecomposable objects
are linked. O

It is easy to see that linkage is an equivalence relation on the subclass of indecomposable objects
of €. The next lemma is a straightforward consequence the Jordan-Holder Theorem.

Lemma 3.3.2. Let V,W € % be indecomposable. The following are sufficient conditions for V and
W to be linked.

(a) V and W are simple factors of the same indecomposable object.

(b) V and W have a common simple factor. ]
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Proposition 3.3.3. There exists a unique splitting of 4 into a direct sum of full indecomposable
abelian subcategoies.

Proof. Let £ be the set of equivalence classes of linked indecomposable objects, and given y € .Z,
let €, be the full subcategory of 6" whose objects are direct sums of objects in y. By the uniqueness
of the decomposition of objects into direct sum of indecomposable sub-objects, we have

3.3.1) ¢ = P .
ve¥

Furthermore, the categories ), are indecomposable. Indeed, if that was not the case, let €5 = ¢, © ¢
be a nontrivial decomposition of % for some § € .. Then we can consider the following splitting of

&

%:%@[%@ ) %@].

y#O
It follows that if V; is an indecomposable object in €}, j = 1,2, then V; and V, are not linked. This
contradicts the definition of % since both V; € 5. This proves the existence of such splitting of €.
The uniqueness is now obvious. ]

Let .Z be as in (3.3.1). Then, given V € ¢, there exists unique sub-objects V,,y € £, such that

(3.3.2) V=6V,
ve¥

Definition 3.3.4. The decomposition (3.3.1)) is called the block decomposition of € and the sub-
categories ¢, are called the blocks of €. Similarly, given V € ¢, the decomposition (3.3.2)) is called
the block decomposition of V and the sub-objects V,, are called the blocks of V. O

Example 3.3.5. If ¢ is semi-simple, .’ coincides with the set of isomorphism classes of simple
objects. O

The main goal of this subsection is to give a concrete description, in terms of £-weights, of the set
Z and the objects lying in each block in the case that € is the category of finite-dimensional (type 1)
U,(§)-modules (which is obviously a Jordan-Holder category).

Definition 3.3.6. The group &, = &?/2, is called the group of elliptic characters of U,(§). Let
€, 1 & — &, be the canonical projection. An object V € € is said to have elliptic character y € &, if
wt, (V) C E(;l(’)/). Given y € &, let €, be the full subcategory of ¢’ all of whose objects have elliptic
character vy. O

Remark 3.3.7. We shall describe generators and relations for the abelian group &, later on. It will
then become clear that eq‘l(y) N 2% # ( for all y € &,. In particular, the subcategories %), are all
nonempty. O

Notice that Proposition implies:

Corollary 3.3.8. Lety,6 € &,. If V€ €, and W € 6, then V@ W € €. O
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The following proposition is straightforward.

Proposition 3.3.9. The category ¢, is an abelian subcategory of ¢ for every y € &,. ]

The next theorem gives the promised description of the set of equivalence classes of linked inde-
composable objects and the modules lying in each block in terms of £-weights.

Theorem 3.3.10. The categories €,y € &, are the blocks of ¢

Remark 3.3.11. Recall that if V and W are finite-dimensional simple g-modules (or U,(g)-modules)
both not isomorphic to the trivial representation, then V ® W is reducible and completely reducible.
Therefore, by Example, |3.3.5] even though V and W belong to a block of the category of finite-
dimensional g-modules, V ® W does not belong to a block. In fact, examples of categories with the
property described in Corollary appear to be very rare. O

Theorem [3.3.10]is a consequence of the following proposition.

Proposition 3.3.12. Let V and W be objects in €.

(i) If V is indecomposable, then V € €, for some y € &.

(i) If V and W are simple and have the same elliptic character, then they are linked.

Proof of Theorem[3.3.10} Part (i) clearly implies that € = @ ¥,. Therefore, we have found a
vES

splitting of % into a direct sum of full abelian subcategories. On the other hand, part (ii) implies

that, for all y € &, the subcategory ¢, is a full abelian subcategory of a block and, hence, must be

indecomposable. By the uniqueness part of Proposition [3.3.3] this must be the block decomposition

of ©. [

In order to prove Proposition [3.3.12|1) we will need the following theorem.

Theorem 3.3.13. If V is a finite-dimensional highest-{-weight module of highest-£-weight 1 € 7%
and u € wt,(V), then u < A.

By Proposition[2.3.3]and Corollary it suffices to prove Theorem [3.3.13]in the case that V' is
a fundamental module. If g = sl,, this follows from Example For general g the proof will be
given in Subsection However, since the proof is available for s[,,, we can use Theorem in
this case and, in fact, along the proof of its general case, we will make use of the sl, case. Notice that

the Theorem [3.3.13|immediately implies:

Corollary 3.3.14. If V is a finite-dimensional highest-£-weight module of highest-£-weight A € &%,
then V € Cgfq(/l). ]

Let us show that Theorem [3.3.13|implies part (i) of Proposition [3.3.12]
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Proof of Proposition[3.3.12(i). We claim that it suffices to show that if U and W have different elliptic
characters, then every short exact sequence of the form 0 —- U — V — W — 0 splits. Indeed, assum-
ing this, the proof of Proposition[3.3.12(i) is completed as follows. Let V € € be indecomposable and
consider a decomposition series for V: {0} = Vy — V| — .- — V; = V. Let us prove by induction
on [ that V; has elliptic character for all 1 < j < [. If [ = 1, then V is simple and we are done by
Corollary Thus, assume [ > 1 and, by induction hypothesis, that V,_; has elliptic character.
Set U = V,_; and W = V/U so that we have a short exact sequence as above. Since W is simple, it
has elliptic character. Since V is indecomposable, the short exact sequence 0 - U -V - W — 0
does not split and it follows from our claim the elliptic characters of U and W must be the same. This
implies V has this same elliptic character.

To prove the claim, let us first consider the case that both U and W are simple. Let A and u denote
their highest £-weights, respectively. By turning to the dual sequence if necessary, we can assume
that wt(u) is not strictly smaller than wt(2). Notice that this implies that xIrV,, = {0} for all i € I and
r € Z. In particular, there must be a highest-£-weight vector in V,,. Since A # u (otherwise the elliptic
characters of U and W would be the same), it follows that this vector must be in W. If the sequence
did not split, then the submodule of V generated by W would be all of V and, hence, V would be a
highest-£-weight module. But then, Corollary [3.3.14 would contradict the assumption that the elliptic
characters of U and W are different.

The inductive step for proving the claim is actually generic, i.e., it does not depend on which
Jordan-Hodler category we are working at. Namely, suppose we know that %} and %, are full abelian
subcategories of Jordan-Holder category % satisfying: for every two simple objects U € %) and
W € %, a short exact sequence of the form 0 - U — V — W — 0 splits. Then, every short exact
sequence of the form 0 - U - V —» W — 0 with U € %] and W € %, splits. The proof goes by
induction on the length of V. Let 7 : V. — W be the projection having U as kernel. We again use
induction on the length of V. Let us first show that the induction hypothesis indeed brings us to the
analysis of modules of length 2 and only then show that induction starts when the length is 2. We
begin showing that we can reduce to the case that W is simple. If that was not the case, let W’ be
a proper nonzero submodule of W and consider V' = n~'(W’). Then, U is a proper submodule of
V'’ and we have a short exact sequence 0 - U — V' — W’ — 0. Since, W has elliptic character,
all of its submodules have the same elliptic character, the sequence 0 - U — V' - W' — 0
splits by the induction hypothesis. Therefore, V' = U @ W’ and we obtain a short exact sequence
0->UeW — V — W/W — 0. This in turn gives rise the sequence 0 - U — V/W' — W/W’' — 0
which splits by induction hypothesis. But this implies that the sequence 0 - U - V — W — 0. An
obvious sub-induction on the length of W shows that we can assume W is simple. Similarly, we can
use the induction hypothesis to reduce to the case that U is also simple. [l

Even for s(,, with n > 3, there are still a few extra results needed to prove Proposition |3.3.12(ii)
which we have not developed so far. Therefore, we restrict ourselves to n = 2 for the time being. This
is all that we will need for developing the results of the next section which, in particular, will imply
the general case of Theorem Thus, for the remainder of this subsection, we assume g = sl,
and let i denote the unique element of /. Recall that, in this case, @;, = w; W, 2 € P,

Lemma 3.3.15. Let A € &7* and a € . Then, V,(Q) is a simple factor of both W,(1) and W, (A, ).

Proof. In Example [2.3.25| we have seen that there exists a short exact sequence 0 — V,(1) —



3.4 Bibliographical notes 61

W (a;,) — Vy(a;,) — 0. Therefore, V, (1) is a common simple factor of W,(1) and W (1) ® W, (a; ).
On the other hand, we know that W(a;,) = V,(w; ) ® V,(w;.). Moreover, by Corollary [3.2.7]

Wq(/l) = Vq(wi,al) @ Vq(wi,a,,,)
for some m > 0and ay,...,a, € F*. Therefore,
(333) Wq(/l) ® Wq(a'i,a) = Vq((’-)i,m) ®: - ® Vq(wi,am) ® Vq(a)i,aqz) ® Vq(wi,a)~

Again, by Corollary 3.2.7, W,(Ada;,) is a tensor product of fundamental modules and, hence, it is iso-
morphic to a re-ordering of the tensor product on the right-hand-side of (3.3.3). Hence, qch(W,(da;,)) =
qch(W, (1) ® W,(«a;,)) and the lemma follows. ]

Proof of Proposition[3.3.12(ii). Let A,y € &* determine the same element of &;. Then, there exist
m,n>0,ay,...,a,,bi,...,b, € F* such that

m n
A l_[ Qiag; = H 1—[ @ip;-
J=1 J=1

Consider the following two sequences of elements of Z*:
A = /11—[ iy, and U, =H n ip, for 0<r<m,0<s<n.
=1 =1

Clearly, V,(4) is a simple factor of W,(Ay), V,(u) is a simple factor of W,(u,), and W,(4,,) = W,(u,,).
Then, since the local Weyl modules are indecomposable, by Lemma [3.3.2] it suffices to show that
W,(4,) and W,(A,_;) have a common simple factor for every 1 < r < m and similarly for the sequence

H,. But this follows from Lemma 3.3.15 [

3.4. Bibliographical notes

1. Duality

Proposition [3.1.2) was proved originally by V. Chari in [12]. The connection with the theory of
general {-weights and, in particular, with the theory of qcharacters was not considered in that paper
and, therefore, Corollaries [3.1.3] and [3.1.4] were not announced there. Evidently, they easily follow
from that work as seen above (both Corollaries were announced in [19]). An alternate proof of
Corollary was given in [[15] §2.10]. Corollary is also immediate from the results of [[12]].
However, the formula for the Drinfeld polynomial of the dual modules was known before the action
of the braid group on the {-weight lattice was considered. Namely, it was proved in [26]] that there
existed m € Z such that A;(u) = A,,,;(¢"u) for all i € I. On the other hand, the Drinfeld polynomial
of the double dual (V,(4)*)* was already known from an explicit formula for § 2 on an enlargement of
U,(§) due to Drinfeld [30]. Combining these results one gets the formula for A* given in Remark
without using the braid group at all. The same formula was recovered in [36] using consequences of
the fact that the Frenkel-Mukhin algorithm can be used to compute the qcharacter of fundamental
representations.
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2. Tensor Products

Theorem was the main result of V. Chari’s work [12] where Lemma was also proved.
The condition of g-resonant ordering can be made into a very explicit description of the finite set for
the the values of a/b for which the tensor product V (w;,m) ® V,(w;p,) may fail to be a highest-£-
weight module (see [12, Section 6]). Therefore, outside this set and the one for V (w;;,) ® V,(w;am),
these tensor products are isomorphic and, hence, a simple module. Using this, Chari obtained proofs
of conjectures made in [1, 41, 63] on the irreducibility of tensor products of Kirillov-Reshetikhin
modules. The same results were also proved by E. Frenkel and E. Mukhin in [36] using the Frenkel-
Mukhin algorithm for qcharacters which we will study in Section 4]

As seen above, the proof of the general case of Theorem uses its sl,-version — the first
statement of Proposition [3.2.11— which was essentially obtained by Chari and Pressley in [24]. The
statement from [24] had the additional hypothesis that r; < r, < --- < r;. Notice that, in this case,
g-resonant ordering is the same as weak g-resonant ordering. This statement was needed in [24] in
order to prove Theorem The proof of Theorem we presented above has a point where
it differs from the original one since we used the second statement of Proposition which was
not stated in [24]. We used this in the proof of Theorem [2.3.20]in order to be able to change the order
of the tensor products. The proof of the second statement of Proposition [3.2.T1] was taken from an
earlier version of [[58]] which is available in the ArXiv.

Some remarks regarding the terminologies “general position” and “g-resonant order” are due.
The first appearance of the term “general position” was in [24] meaning exactly what we mean here.
However, the same term was used in [12] to mean what we are calling g-resonant order. Since “general
position” gives the idea of something which does not depend on ordering, we kept this term for its
original meaning. The choice of the term g-resonant order was made in our joint work with D. Jakelié
[S8]] where the term weak g-resonant order was created. The choice is based on the term “resonant
order” used in [31] for a related, but not exactly the same, concept. Namely, in [31], a tuple of
fundamental £-weights (w;, 4,, . . ., ;, 4,) Was said to be in resonant order if the corresponding tensor
product of fundamental representations is a highest-£-weight module. Therefore, Theorem says
that the present definition of g-resonant order is a sufficient condition for the tuple (w;, 4, .., Wi, 4,)
to be in resonant order in the sense of [31]]. The definition of resonant ordering was extended to the
root of unity setting in [S8] and the corresponding version Theorem was also obtained.

Corollary which is essentially a consequence of Theorem [3.2.5] and Corollary was
first announced in [19]. Recall from Subsection that Corollary is related to the study of
the character or dimension of the Weyl modules. Therefore, several results related to this study are
indirectly being used in the proof of Corollary

In this section we were mostly concerned with the question “when is the tensor product of simple
modules a highest-£-weight module”. Another interesting question is “when is the tensor product of
simple modules a simple module as well?”. In the sl, case, this is answered by Theorem and
Corollary The answer can be stated as the following corollary.

Corollary 3.4.1. Let g = sl, and suppose Vi, ---,V,, are simple U,(g)-modules. Then, V;®---® V,,
is simple if and only if V, ® V; is simple for all r # s. In particular, the tensor powers of a simple
module is simple. O

It has been recently proved by D. Hernandez in [50] that we can remove the assumption g = sl,
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from the first statement of the above corollary (but not from the second!). The works [S0, 51] have
drawn attention to a very important class of representations which was not much studied until then —
that of prime representations. A prime representation is a simple representation which is not isomor-
phic to a tensor product of other two nontrivial representations. Evidently, every simple representation
must be a tensor product of prime representations. The classification of prime representations and the
description of their qcharacters is one of the main questions to be answered in the direction of under-
standing the tensor structure of the category. It follows from Theorem and Corollary
that, if g = sl,, a representation is prime if and only if it is an evaluation module. It is known that
all minimal affinizations in the sense defined by Chari in [[10] are prime (see [15, §7.1]), but there
are examples of prime representations which are not minimal affinizations. As we mentioned earlier,
there exists quantum analogues of evaluation maps when g = sl,, and, therefore, all minimal affiniza-
tions are evaluation modules in this case. One may then expect that every simple finite-dimensional
Uq(f:[,,)—module is a tensor product of evaluation representations just as in the sl, case (Theorem
[2.3.20). However, this is not true. Using the relation with cluster algebras, Hernandez and Leclerc
gave an example of a prime representation which is not an evaluation module in the case that g = sl
— its Drinfeld polynomial is w42 ;..4» (Where i and j are the two distinct elements of I) and its
simple factors as U,(g)-module are V,(260) and V,(6) both with multiplicity one. The existence of
such example is another reason for the theory of qcharacter to be so much more intricate in the quan-
tum setting in comparison with its almost trivial description in the classical context. By Proposition
[2.3.3] the description of the qcharacters of the prime representations completes one possible way of
describing the qcharacters of all simple modules. As we remarked in [58]], Theorem [3.2.5|provides an
algorithm for deciding if the simple module associated to a given dominant {-weight A is not prime.
Namely, if A = pv for some nontrivial g, v € &* such that both (u,v) and (v, u) are in g-resonant
order, then V,(Q) is isomorphic to V,(u) ® V,(v) and, hence, is not prime. This was also remarked by
Chari in a talk whose video is available online [13]. At some point, it should be interesting to try to
turn such algorithm into some explicit sufficient condition for non-primality.

3. Blocks

Theorem [3.3.13] implies that the general quantum version of Corollary [2.3.16] holds. Recall that
the corresponding classic result saying that the weights of highest-weight module are smaller than
the highest weight is trivially established. The reader is already noticing that the proof of the ¢-
analogue of this (Theorem requires a great deal of more work. So far we have proved it only
when g = sl,. The general case will follow from the results of Subsection [4.2| which require some
results on the combinatorial aspects of the theory of qcharacters to be developed in Subsection [@.1]
It turns out that the results needed to complete the proof of Theorem [3.3.13] have a strong relation
with the block decomposition of the category of finite-dimensional Uq(g[z)—modules. We will leave
the bibliographical notes regarding the proof of Theorem to be given in Subsection 4.4

The description of the blocks of the category of finite-dimensional U,(§)-modules was originally
obtained in a joint work with by P. Etingof [31]. However, the definition of elliptic characters was
very different than the one presented here. The original definition (under the name of elliptic central
characters by analogy with the fact that the blocks of category & are given by central characters)
was in terms of the action of the R-matrix of U,(§) on certain tensor products. Because of this, the
original proof of Theorem [3.3.10]actually required the assumption that F € C and ¢ is not in the unity
circle! On the other hand, it had the advantage that Proposition[3.3.12{i) followed essentially from the
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definition of elliptic characters. In particular, there was no need of the knowledge of Weyl modules
which were not mentioned at all in [31]. The version presented here is taken from a joint work with
V. Chari [[19]], where the connection of elliptic characters and qcharacters was established (the term
“central” was dropped from the terminology due to the lack of an actual meaning and qcharacters
were renamed (-characters in [[19] — a terminology abandoned due to historical reasons as mentioned
previously). In a joint work with D. Jakeli¢ [S8], we showed that the theory of limits ¢ — &,& € >,
can be used to extend Theorem [3.3.10]to the root-of-unity setting (in Lusztig’s sense). This also works
for the limit ¢ — 1 which then describes the blocks of the category of finite-dimensional g-modules
which was previously obtained in [18]. The elliptic characters were renamed spectral characters in the
g — 1 limit since their elliptic nature degenerates into a spectral nature (depends only on the spectral
parameters of the dominant £-weights of the module). Let us explain what this elliptic nature is in the
sl, case. To make things clearer, we need the following lemma.

Lemma 3.4.2. Let g = sl,. The group &, is isomorphic to the abelian group with generators y,,a €
I, satisfying the defining relations y,y,, = 1 for all a € F*.

Proof. Denote by ¢ the group defined by the aforementioned generators and relations. Notice that
there exists a unique surjective homomorphism ¢ — &, such that y — ¢€,(w;,). This is clear from the
fact that @;, = w;.w; 4. Injectivity follows easily from the fact that F[«] is a unique factorization
domain. [

In particular, we have vt = Yag* (Yag2¥a) = Vag*Yaqg?)Ya = Ya- It follows that the parameterizing
set of distinct generators of the group of elliptic characters is the elliptic curve F*/g**. Notice that
when g — 1 the elliptic curve degenerates to IF* and the group of elliptic characters degenerates to the
group of functions y : F* — P/Q with finite-support. We shall obtain the general version of Lemma
below, from where we will see that the parameterizing set of distinct generators of the group
of elliptic characters is the elliptic curve F*/¢* *'%, except in the case of algebras of type D, with n
even which is a little more complicated (the complication degenerates in the ¢ — 1 limit to the fact
that P/Q = Z4 if nis odd and P/Q = Z, X Z, if n is even). Finally, observe that > is in bijection
with the set of maximal ideals of IF[¢, 7~']. Therefore, in the context of the algebras of the form g® A,
one should expect, after what we commented in Subsection [2.4] that the blocks are parameterized
by functions y : specm(A) — P/Q with finite-support. This agrees with the results of R. Kodera
[66] where the first Ext groups between simple modules was obtained. The results of Kodera were
generalized to the context of equivariant map algebras very recently by E. Neher and A. Savage in
[80]. It is interesting to notice that [80]] avoids the use of Weyl modules in the proof of the analogue of
Theorem It should be interesting to transport this method to the quantum setting making the
argument free of Corollary and, therefore, free of the use of global crystal basis results (recall
that the proof of Corollary depends on Corollary whose available proofs for general g
depend on crystal arguments). We also remark that the theory of limits ¢ — & can be used alongside
the theory of reduction modulo p to obtain results in positive characteristic. We shall describe this in
a more precise manner in a joint work with D. Jakeli¢ which is ongoing (see also [53] for the case of
hyper loop algebras).



4. Algorithms for gcharacters

We now return to the theory of qcharacters and study a few algorithms designed to compute the
qcharacter of certain classes of simple U,(g)-modules. We begin with the first to be proposed, the
Frenkel-Mukhin algorithm, and present the proof that it works for £-minuscule modules. We then
present the class of Kirillov-Reshetikhin modules which are all £-minuscule and give a few other
examples where the algorithm works and also one for which it does not. We also present an algorithm
for computing the qcharacter of fundamental representations in terms of the braid group action on the
¢-weight lattice which works in the case that the underlying simple Lie algebra is not of exceptional

type.

4.1. The Frenkel-Mukhin algorithm

The goal of this subsection is to describe the first algorithm proposed for computing the qcharacter
of simple modules V,(A) - the Frenkel-Mukhin algorithm. It is essentially an {-analogue of a classic
algorithm for computing the character of minuscule modules. The main result of the subsection is
a sufficient condition for the algorithm to actually return the correct desired qcharacter. In particu-
lar, this condition is satisfied by all minuscule £-weights. Our description of the algorithm makes
use of the block decomposition of the category of finite-dimensional Uq(f:[z)—modules described in
Subsection 3.3

Definition 4.1.1. Let J C I. Denote by &, the subgroup of &* generated by wj,, j € J,a € F*
and set &7 = " N ;. Similarly, let 2; be the subgroup generated by «;,, j € J,a € F* and
27 = 27 N 2;. The unique group homomorphism p; : & — &?; which is the identity on &; and
has &, as its kernel is called the J-restriction homomorphism. An element u is called J-dominant
in p;(u) € &;. Denote by &2, the set of all J-dominant {-weights. Set also &; = &/2; and
let ¢, : & — &) be the canonical projection. Let 7, : & — ; X & be the homomorphism
T;(1) = (p,(u), €,(1)). We shall refer to &) as the group of J-elliptic characters of U,(g). O

Remark 4.1.2. The subgroup &, can be naturally identified with the £-weight lattice of U,(g,) and
similarly for the subgroup 2;. Under the aforementioned identification, the group &7,/ 2, gets iden-
tified with the group of elliptic characters of U,(§;). Notice that this is not the same as the group
of J-elliptic characters &), unless J = I. When J = {i} for some i € I, we shall use the shortened
notations &;, 2;, 7;, and so on. Notice that, under the identification of &; with the £-weight lattice
of U, (sh), pi(p) 1s identified with the rational function u,(u). Thus, we shall write u,(u) or simply y;
instead of p;(u) when convenient. O

Lemma 4.1.3. Let J C I and y € &). Then, 7; and the restriction of p; to e]l(y) are injective.

Proof. Suppose that u € ker(r;). In particular, u € ker(e;) and, therefore, u € 2,. Identifying &,
and 2; with the corresponding ¢-lattices of U,(§,), it follows from Lemma that 2, is freely
generated by p,(@;,), j € J,a € F*. Therefore, since u € ker(p,) and p, is the identity on &7, it
follows that u = 1.

Now suppose u, v € €, (y) and p,(u) = p;(v). It follows that () = 7,(v) and, hence, g = v. [
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Proposition 4.1.4. Let V be a finite-dimensional U,(§)-module, i € I, and y € &;. Then,

Vy = @ Vu
HEE(Y)

is a Uy(§;)-submodule of V. In particular, V = @ V;.
0 €&

Proof. Recall the relation, [h;, x J] = ié [scﬂ]q]xl b j€L,r,s € Z,s # 0. Given j € I, consider

[scji] ~
hiy = hj, — E;:] " h;,, and notice [h;,,x:] = O forall j € I,r,s € Z,s # 0. Consider also the

subalgebra U; of~ Uq([j) generated by h is»J # 1,5 # 0, and notice that Uq(f)) is generated by U}
together with U,(h;) = U,(h) N U,(§;) and U,(h). Moreover, the elements of U;* commute with those
of U,(§,) by definition.

Since V is finite-dimensional, we can write V = & V,, where each V,, is a generalized eigenspace
n=1
for the action of the elements of U;. Notice that, since the elements of U;" commute with those of

U,(§), each of the subspaces V, is a U,(g,)-submodule of V. Let

Ly
= @ Vn,l
r=1
be the block decomposition of the U,(g;)-module V,. Notice that, since Uq(f)) is commutative, we
have
Viu= @ VNV, for all n,l.
HE P

Set wt,(V,y) = {u € & : V,;nV, # {0}}. By the sl, case of Theorem 3.3.10}, the i-th rational functions
of the {-weights u lying in wt,(V,,;) can be obtained from each other by successive multiplication by
elements of the form pi(a/;—fal) with a € F*. Let g,v € wt,(V,,) for some n, [, be such that p;,(u) =
piWpi(a;,) for some a € F*. We claim that, in this case, we must have g = ve,;,. Assuming this, it
follows that V,,; € V, where y = €(u), which completes the proof.

Let v be an eigenvector for the action of Uq(f)) associated to v and w be one associated to u. We
now perform a computation similar to that at end of the proof of Proposition[3.1.2] Let y;, and v; be
the eigenvalues of the actions of /;, on w and v, respectively. Then,

h's )
(Z A];,ur)w = exp [— Z [Si’ ué]w = exp (— Z ['UT u ]w 1w
4qj 4j

r=0 s>0 s>0
and
(ZA,u}v exp[ Z s ) [ Zgu]v vi(u) v.
r>0 s>0 [ ] 5>0 [ ]ql

For j = i, we know that u,(u) = vi(u)(1 — au)(1 - ag; 1) (since pila;,) = w;,w; ). Therefore,

i.aqg;

o g ol St

5>0

B vie a'(l+qP)\ |
_eXp[—Z([s]qi+ S )u)

s>0
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In other words,

s ]q,

2s],
(4‘1'1) //l - VlS + a ( qlzs) — Vi,s + (aql)s [ ]tIz
N

for all se€Z,s+0.

Recall that V, is a generalized eigenspace for the action of U;-. Therefore, v and w must be eigenvec-
tors for the action 4 associated to the same eigenvalue, say A;,. This implies,

- [scilg, ) ( [scjily; )
hiow=|h,+ —"Zh, =|A;,+ L |lw =i w
o 5 sy B s, )
and
- [scjily, ) ( [scjily )
hiov=_h;+ “hig|lv=[(A+ —=—Vvis|v=vw.
’ ( " [2sl, o [2sl, !

Using (4.1.1) we get,
_ /lj,s [Scﬂ]% K
ﬂj(u) = exp (_ ; ([S]q/ [S]q [ ] M, Y) u ]
_ Aj,s [scji]qj s [zs]%‘ s
i exp(_ 2 ([s]q]- " sl 251, ( e = )) ' )

I—cji
=, exp[-Z(( 4’ %) S)—w) exp(z >~ (agig, %)S]

s>0 r=0 s>0

—l-cji

i i+14+2 -1
=viw) [ ] (1=ag < 20u)" = vl ).
r=0

Finally, a quick glance at Definition [2.3.6|and we see that u = va . N
Definition 4.1.5. Let V be a finite-dimensional U,(§)-module and i € I. The decomposition V =

@ V, will be referred to as the i-th elliptic decomposition of V. O
Y€ &

Remark 4.1.6. Assuming Theorem [3.3.10] the above proposition and definition can be easily gener-
alized for any subset J of /. Notice that the i-th elliptic decomposition of V is not the same as the i-th
block decomposition of V' (the block decomposition of V when regarded as a U, (§;)-module). Indeed,
identifying the group of elliptic characters of U,(§;) with the subgroup &' = 2,/ 2; of &; (the image
of &; in & under ¢), the i-th block decomposition of V can be described as follows. Given § € &,
the block of V associated to ¢ is

Vi= P Ve

pe e’ o)
Notice that if y,v € & are such that (i) = €(v), then V,, and V, are subspaces of the same block
of the U,(§;)-module V. In other words, given y € &;, V, is contained in a block. However, one can
easily produce an example of u,v € wt,(V) for some U,(§)-module V such that V, and V, are in the
same block of the U,(g;)-module V, but €(u) # €(v). Therefore, the i-th elliptic decomposition of V
is finer than its i-th block decomposition. O
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Leti € I. By Theorem|3.3.13| given u € &7, ,, the qcharacter of V,(u;) is of the form

(4.1.2)  qch(Vy(uy) = p; [1 + Zpi(nj)] for some unique m>0,n€2;,j=1,..
j=1

Set

(4.1.3) 4 :u(1+2m]

=1

., m.

where m and n; are given by @.1.2). Let y € &;. Since the restriction of p; to € '(y) is injective by
Lemma given a U,(§)-module V, there exist unique m > 0, u,,...,p, € wt, (V)N el.‘l(y) such

that
(4.14) ach(V) = 31V, - o)1 aehV, ot ).
=1
Moreover, if we set
(4.15) (=32,
=1
where m and y; are as in (#.1.4)), it follows from Proposition @that
(4.1.6) qch(V) = Z (V) and wte(V) = | | wt({(Vy)).
Yeé; YE &

This proves:

Proposition 4.1.7. Let V be a U,(§)-module and i € /. Then, there exist unique m > 0, u,, ...

wt(V) N &;, such that

i " i
(4.1.7) qh(V)= "2, wi(V)= [| wi(Z),
=1 Jj=1
and V, = P V(u,) for all y € &.
J: fi(.uj) =7

For notational convenience, we set ¢ ;, = p if p is not i-dominant.

Definition 4.1.8. The element {Ifl is called the i-th expansion of u. The decompositions are
called the i-th sl, decompositions of qch(V) and wt,(V), respectively. We will refer to each subset of
the form wt,({ L) appearing in (4.1.7) as an i-stratum of wt,(V). We say that g € & is an i-root of
wt (V) if wt (& .lll) is an i-stratum of wt,(V). Let [V, : p;] denote the multiplicity of u as an i-root of

wty (V).

O
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The set Z[ ] can be equipped with the following partial order: y < y’ if y(u) < x’(u) for all
1 € Z. In particular, we write y > 0if y € Z5o[Z?]. Notice that (4.1.7) implies

(4.1.8) Z[ a - M { (v) = qch(V)(v) for all ve A
pe

Proposition enables us to equip wt,(V) with a structure of /-colored quiver with multiplici-
ties. Let us first establish some terminology about such objects.

Definition 4.1.9. A quiver I' is said to be /-colored if it is equipped with a function from its set of
arrows to /. I' is said to be a quiver with multiplicities if is equipped with a function from its set of
vertices to Z.o. Given a quiver I', a vertex v which is connected to any other vertex of I' by an oriented
path is called a root of I'. If I' has a unique root and the root has no incoming arrow, we shall say that
I is a tree. O

The structure of /-colored quiver with multiplicities on wt,(V) is constructed as follows. The
underlying set of vertices is wt,(V) itself and the multiplicity of u is qch(V)(u). Given pu, v € wty(V),
there is an arrow of color i from y to v only if 4 = va;, for some a € F*. In that case, the number of
I-colored arrows from p to v is the number of i-strata of wt,(V) containing both g and v.

Definition 4.1.10. We refer to the above constructed quiver as the Frenkel-Mukhin quiver of V. Set
¢, () = qeh(V)(@) = [V © 1] o

Remark 4.1.11. By definition, if g is not an i-root (in particular, if g is not i-dominant), then cy(p) =
qch(V)(u). Since, when there is an i-colored arrow # v it implies that u = ve;, for some

a € F*, we shall actually record the information about « in the quiver by drawing # Lo . Also,
if qch(V)(u) = m and qch(V)(v) = n, we draw mu % o . 0

Example 4.1.12. Let g = sl, and i be the unique element of /. The Frenkel-Mukhin quiver of V,(m, a)
is

(i’aqul) (l"aqu3) (i’aqm75) (i,aql”")
Ho - M > [ > > Hpy

where py = Wi, If a/b ¢ {1,¢**}, then the Frenkel-Mukhin quiver of V, J(wiwip) = Vy(l,a)®

V,(1,b) is
(17 \&b)
@k %a)

where A = w; ,w; . If a = b, then V() = V(1,a)** and the quiver is

(i,a) 5 (i,a)

> 2 o,

If b = ag*?, then V, (1) = V,(2,aq) and the quiver was given above. Notice that, in this case, the
quiver of the Weyl module W,(A4) is the disjoint union of the quivers of V,(4) and V,(1). We draw the
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_ 2.
case b = aq”: (i,aq?) (i.a)
>~

> [
<

(i,a) - ) - (i,aq®)
4 L
1

The two dashed arrows above are not in the Frenkel-Mukhin quiver since the trivial representation
is a submodule of W (1) and, hence, 1 is in a different stratum than the other £-weights. However,
1 € wt,(W,(A)). The reader is invited to compare this fact with Example below. O

Example 4.1.13. Let g = sl, and i be the unique element of /. Let also V have simple factors V,(w; )
and V(w7 ,w;qq2). Set fty = 07 ;a2 and gy = po@;,; = w;,. Notice that V,(ug) = V,(1,a)®V,(2, aq).
Then, the Frenkel-Mukhin qulver quiver of V is

@, 7 qu )
(i,a) \ /
(iaq®) (i,a)

2py

l(i,a)

Hs

The above quiver is obtained from the quivers of V,(u,) and V,(u,) which can be computed using the
previous example and are given by:

(@i, 'a)/ y‘aq
Hy
(i,a)
o and \ /
(i,aq?) (i)

H3 2py

l (i.a)

Hs

respectively. O

Proposition 4.1.14. The Frenkel-Mukhin quiver of a simple finite-dimensional Uq(s~ [,)-module is a
tree where the root is the highest £-weight.

Proof. For evaluation modules this is easily seen from the formulas of Theorem [2.3.14] The general
case is easily deduced from Theorem [2.3.20}] O

Corollary 4.1.15. Let V be a finite-dimensional U,(§)- module p € wty(V), and i € I. If u has no
incoming arrow of color 7, then g is an i-root and qch(V)(u) = [V : p;l- [
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Definition 4.1.16. Let y € Z[Z?], x > 0. A coloring of y is a function from & to leo’ﬂ — (c)"((y))ie,,
such that ¢| (u) < x(u) for all i € I. The trivial coloring is the function given by ¢, (u) = O forall i € /
and g € &. An element u € wt,(y) is said to be admissible with respect to a given coloring of y if
p is i-dominant for all i € [ such that C)i(([l) < y(u). We shall simply say that g is admissible when it
is clear which coloring has been chosen. A coloring of y is said to be an admissible coloring if u is
admissible for every y € &. O

Suppose y € Zso[Z?] has been colored and let i € I. Given u € wty(y), define a new colored
element y/, € Zo[ 2] by

(4.1.9) Xu@) = max { x(), i) + (x(u) = ¢ w) £, |

and

(4 1 10) Cj (V) = {C)]((V) + 6’] (X(IJ) - C;((Il))gﬁ(v)’ if ve th()(),
. XL =

6ij X (V) otherwise.

One easily sees that )(L is a well-defined colored element and we have equality of colored elements:
(,\/L)f, = (,\/,{,)L for all i,jel

Notice also that )(L = y if g is not i-dominant and

X = @ — @) L0 i v e wy).
Definition 4.1.17. Let y € Z.([Z?] be colored. The colored element /\/L is called the i-th expansion of

X with respect to u. The expansion of y with respect to u is the element y, = (- - fu‘ jf e L where
n = |I| and iy,...,i, is a choice of ordering on /. Given u € P, an expansion of y with respect to
w is an element of the form x,, = (- - (x, ), - - - ), for some choice of ordering p;, ..., p,, of the set
e w(y) - wi(u) = pj. ¢

The Frenkel-Mukhin algorithm, which we now describe, is recursive procedure for approximating
the qcharacter of the simple U,(§)-modules by successive expansion beginning from the highest ¢-
weight. It essentially tries to “guess” what the i-roots are (counted with multiplicities). Notice that, if
all the i-roots are found for some i, then the qcharacter can be reconstructed using (@.1.7).

Definition 4.1.18. Let 1 € &%, 1 = wt(4), and choose a total ordering po, i1, . . . , 4, of the finite set
wt(A) such that y, < ug only if r > s (in particular, gy = wt(d) and u,, = wy(1)). Define colored
elements y,,r > 0, recursively by letting yo = A be trivially colored and, for r > 0, x,+1 = (x,),, for
some choice of expansion with respect to u,. Set

EM(A) = xm = (- (0w ) = Dyt

The algorithm is said to have failed at step r < m if y, is not admissibly colored. O

A priori, FM(A) depends on the choices of orderings made, but we shall not incorporate this
dependence in the notation. It easily follows from the definition of expansions that

“4.1.11D) p € wt,(FM(Q)) only if p<a

regardless of the choices of orderings made. The following is the main theorem of this subsection.
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Theorem 4.1.19. Let A € 22" and V = V,(A1). If FM(A)(u) = qch(V)(u) for all u € &?*, then
FM(A) = qch(V). In particular, this is the case if A is minuscule.

Proof. Since the condition FM(Q2)(u) = qch(V)(u) for all g € &7+ is obviously satisfied for minuscule
{-weights, the second statement is immediate from the first. The first statement clearly follows if we
prove that the following hold for all 0 < r < m:

(a,) The algorithm does not fail at step r.
(b)) x,(v) < qch(V)(v) forallv e .

(c,) If v € wty (V) is such that wt(v) = u, for some s < r, then y,(v) = qch(V)(v). In particular, all
arrows of the Frenkel-Mukhin quiver outgoing from v reach elements in wt;(y,1).

(d,) ¢}, (v) = c,(v) forall j e Iand v € wt,(x,).

The above statements will be be proved by induction on r > 0 which clearly starts when r = 0. Thus,
assume » > 0 and that (x,-) holds for x=a,b,c,d and ' < r.

Let 4 € wt/(y,) be such that wt(u) = w, and suppose cf(r(,u) < xr(u) for some i € I. By (c,) and
(d,), we have ci,(u) < qch(V)(u) and, hence, p is i-dominant by Remark This proves (a,;).

Fix v € & and let us prove (X,,;) for v with x=b,c,d. Suppose first that v ¢ Wté’(f,i;) for any
i € I,p € wty(y,) such that wt(p) = g, In this case x,+1(v) = x(v) and ¢, (v) = ¢, (v) foralli € I.
In particular, (b,;1) and (d,) follow immediately while (c,,) follows in case wt(v) = u, with s < r.
Suppose v is as in (¢c,1) with wt(v) = .. If v € &%, then FM(Q)(v) = qch(V)(v) by hypothesis.
Since no {-weight of weight p,. is obtained by the expansions performed after step r, we must have
Xr+1(v) = FM(A)(v). Otherwise, let i € I be such that g is not i-dominant. By Remark and
(dr41), we have qch(V)(v) = ¢j,(v) = ¢}, (v). Since ¢}, (¥) < x,.1(v) by definition of coloring of an
element, we conclude qch(V)(v) < x,.1(v). Finally, by (b,;) we have qch(V)(v) > x,+1(v) and (c,41)
follows.

It remains to consider the case v € wtg(g“;'l) for some i € I,u € wt,(y,) such that wt(u) = wu,.
In particular, u, — wt(v) 1s a nonnegative multiple of «; and, hence, if j # i, the j-expansions with
respect to u, do not affect y,.(v) nor the coloring of y,,; at v. This implies (d,;;) with j # i. Also,
we can assume v # u, otherwise all statements follow by induction hypothesis on r. Moreover, u is
i-dominant and qch(V)(u) — ¢},(u) = [Vaqy : p;]- By (c,) and (d,) this is equal to x.(u) — ¢}, (u). We
now study separately the cases v € wty(y,) and v ¢ wt,(y,).

1) Assume v € wt/(y,). Then, by (d,), c)"(r(v) = ci,(v). This implies that all the i-strata containing v
were already obtained at the step r — 1. In particular, v cannot be an i-root and, hence, qch(V)(v) =
ci,(v). Also, we must have [V, : g;] = 0 for all u such that wt(u) = .. This implies y,.1(v) = x(v)
and ¢!, (v) = ¢, (¥v) = c},(v) which immediately implies (b,.;) and (d,.;). But then, qgch(V)(v) =
c,(v) =c, (V) < xr1(v) < qch(V)(v), where we used (b, ) to obtain the second inequality and the

Xr+1
fact that y,,; has well-defined coloring to obtain the first inequality. This implies (c,,1).

2) Assume v ¢ wty(y,). Then, by (c,_;), all arrows incoming to ¥ must come from a j-root g such that
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wt(u) = p; with s > r for some j € 1. This and (4.1.8) together imply

(4.1.12) qch(V)(v) = Z [Ve(®) : 1] £,
HED iy
wi(p)=pg,s2r
Since, we have already proved (d,,;) for j # i and, if s = r, no j-colored arrow incomes to v, all
arrows incoming to v must be i-colored. Moreover, v ¢ wt,(y,) also implies cj(r(V) = 0 and one easily

computes, using (4.1.9)), that

(4.1.13) Xt = > () = e, @) 40 = D Ve : ] ).
HED iy HeZ
W)=t WEH)=py

Together with (4.1.12), this implies (b,,;). Furthermore, by (#.1.10), we have c)"m () = xr1(v). Let
us prove (C,;1). Thus, assume wt(v) = u,,; which implies y,.; = u, — ;. Since there are no j-colored
arrows incoming to v, v must be j-dominant by Corollary In particular, if v is i-dominant, it
is dominant and, by hypothesis, FM(2)(v) = qch(V)(v). The condition y,,; = u, — a; implies that
FM(A)(v) = x,+1(v) and (c,;1) follows in this case. Notice also that v cannot be an i-root in this case
and, hence, we have ci,(v) = qch(V)(v) = x,11(v) = c)"m ,(v) proving (d,;) as well. Now assume v is
not i-dominant which, as we have seen, implies FM(A)(v) = x,+1(v) = Cy,. ,(») and qch(V)(v) = ¢}, (v).
In particular, if we show (c,1), (d,+1) also follows. The condition y,,; = u,—«; together withv ¢ &7; ,
clearly £/,(v) = 0 for all u such that wt(u) = p, with s > r. Therefore, @#1.12) becomes identical to
(@.1.13)) showing that qch(V)(v) = x,+1(v). Observe that the above argument actually shows that if
u- — wt(v) = a;, then y,,1(v) = FM(Q)(v = qch(V)(v) and (d,) holds. Therefore, it remains to prove
(d,4+1) with j =i and v such that u, — wt(v) # ;. Since u, — wt(v) = ka; for some k > 0, one easily
checks that if u is such that wt(v) = ug with s > r and uy # u, — la; for all [ > 0, then there are no
arrows from p to v (just right y, — p, as a linear combination of simple roots). This implies that the
coloring and multiplicity of v in FM(A) can only be changed by performing i-expansions at u; with s
such that u; = u, — la; with [ < k. Repeating part of the arguments, one shows by induction on / > 1
that no £-weight can be an i-root and, therefore, no change will be made by such expansions as well
(notice that the case [ = 1 has been proved above). This completes the proof. 0

4.2. Applications of the Frenkel-Mukhin Algorithm and a Counter-example

In this subsection we give a few examples to illustrate both successful and failed applications of the
Frenkel-Mukhin algorithm.

Example 4.2.1. Let g = sl3, denote by i and j the distinct elements of /, and consider A = w; ,wjp
for some a,b € F*. In Example we have seen that the modules V(1) is {-minuscule for any
choice of a,b. In particular, FM(1) = qch(V,(4)). Although we have already computed qch(V,(1))
in Example without using the algorithm, let us use this example to illustrate the several steps
of the algorithm and draw the Frenkel-Mukhin quiver. Recall that w; + w; = 6 and, hence, wt(d) =
{0,aj,a;,0,-a;, —a;, —6}. We choose the ordering py, . .., e of wt(#) as written in the above list and
set yo = A and x,+1 = (x,),, as in the description of the algorithm.
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Since ¢} = A+ A} and ¢} = A + A, we get

=A+ /la + Ao} b= =A+ w zwjaqw]b + w,aw,bqw b
Set pu; = Aaj, and p, = Aaj,. Then x2 = (1), = ()i, and s = (xa), = (x2);,- The actual
computation will now depend whether a/b € {g*', g**} or not.

Let us first consider the case b = aq3 (Which is similar to the case b = ag~?). In this case,
M= w7, w2 @jaq2 and 4 =g+ e s e a;,, Therefore,

_ -1 -1
X2 = X1+ O 0 Wiag W), aqw]aqs + w; aqm)J a2

Setp3_w12w 4w,aqu sand y, = w; 1w Proceedmg,wehave{’ = I+ La, +yza L+

i,aq i,aq
,uzal.ﬂ a; aq4. Notlce that uza/l.’a = p1; and that, by deﬁnltlon of (x»)! ,» the mult1pl1c1ty of p5 in y3 is the
same as in y,. Therefore,

.
X3 = X2+ w; aa)l aq" + W, aqzwi aqéa)j,aq.

Set pus = w; W, qé and p, ; iq w; aq6w iaq- Next, we have y4 = (y3),,. But the {-weights of y3

with underlymg classic welght u3 = 0 are p; and ps. Hence, x4 = x3. The only ¢-weight of )(4 with
underlying classic weight equal to p is g and, therefore, xs = (xa)j, - .- Since e/ o = Ho + Mo /a 5 We

get
-1

X5 = X4 T wlaqewjaq

Set u; = w; 6wj‘.;q3. Finally, the only {-weight of y, with classic weight us is g, and xs = (ys)j,-

i,aq
Since £ ;,4 My + [, we get ye = xs. This implies

;
FM(Q) = A + Z,ur

r=1

which coincides with the formula obtained in Example |3.2.9 Here is the associated Frenkel-Mukhin
quiver:
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Notice that the i-roots are A, u,, and u, while the j-roots are A, u,, s, and pg.
The other cases are obtained similarly. We list the quivers for the case b = ag and a/b ¢ {g*', ¢**}:

A
Hy H
. (Gb) (e
(j.aq) (i,aq®) (j.aq) \ / (@i,bq)
Y Y
2u3 Hs H3 He
(j:aq) (i,a) (j:b) (i,a)
re /aq) <sz
Y
Hy He

Hg

H7

In the left quiver, the i-roots are A, u,, pt5 (with multiplicity 2), and p, and the j-roots are A, u,, us, and
H¢. In the right quiver, the i-roots are A, ,, 5, and p5 and the j-roots are A, u;, ¢, and p,. O

In the above example, the use of the algorithm was purely illustrative since we already knew the
gcharacter. We now exhibit a large and important class of £-minuscule modules for which we do not
have another general tool for computing the qcharacter other than the algorithm.

Definition 4.2.2. A Kirillov-Reshetikihin module is a U,(§)-module of the form V (w; ) for some
ielL,ae F*and m > 0. O

We shall say more about the importance of the Kirillov-Reshetikhin modules in Subsection
For the moment, the importance we mention is the following theorem.

Theorem 4.2.3. The Kirillov-Reshetikhin modules are £-minuscule. In particular, their qcharacters
are given by the Frenkel-Mukhin algorithm.

Before proving Theorem 4.2.3| let us use it to prove Theorem (3.3.13

Proof of Theorem|3.3.13} Recall that by Proposition and Corollary 3.2.7] it suffices to prove
Theorem for the fundamental modules which are Kirillov-Reshetikhin modules. In this case
the result follows immediately from Theorem @.2.3|and @.1.TT). O

Remark 4.2.4. Notice that, if g = sl,, the Kirillov-Reshetikhin module V,(w; ) is nothing but
the evaluation module V(m, a). Therefore, Theorem follows from the explicit formulas for the
gcharacters of such modules given in Theorem We will use the sl, case of Theorem (3.3.10
during the proof of Theorem Since the proof of the sl, case of Theorem [3.3.10| uses only the
sl, case of Theorem whose proof then uses only Theorem[2.3.14] our argument for proving the
general case of Theorem is not circular. O
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We need some more terminology and a couple of preliminary technical lemmas.

Lemma 4.2.5. Leti € I,a € F*, and consider the group homomorphism f : &; X & — Z; X &; given
by f(x,y) = (p,»(a;; )x,y). Then, there exists a unique group homomorphism F : & — & such that
TioF = foriand F(u) = a; uforally € 2.

Proof. 1t is clear that the group homomorphism F : & — & given by F(u) = a;aly satisfies
7,0 F = f o1, Since f is injective by Lemma[2.3.8] the uniqueness follows from Lemma[d.1.3] [

Lemma 4.2.6. Let V be a U,(§)-module and W be a Uq(ﬁ)—submodule of V. Then, forall j € I, W/ =
> x;rW isa Uq(f))—submodule of V. Moreover, if V is finite-dimensional, then W/ = ¢ W/n | 7%

reZ pHE L

Proof. The first statement follows immediately from the defining relations k,-x;rkl.‘1 = ql._c[" X, and
[his, x;,] = —% [scijlgx;, s With i, j € Lr,s € Z,s # 0 of Uy(g). The second is standard linear
algebra. 0

Lemma 4.2.7. Suppose g = sl, and let I = {i}. Given a finite-dimensional U,(g)-module V and
m > 0, consider the Uq(ﬁ)—submodules of ViVeyy= @ Vi, and V), = 3 x; Vs, Then,if p € &

n>m rez

is such that V{, NV, # {0}, there exists A € wt,(V) such that V-, "V, # {0} and u < A.

Proof. 1t V, N Vs, # {0} take A = p. Otherwise, we must have wt(u) = kw; for some k < m and we
will show that there exists A € wt,(V) such that V;,,NV, # {0} and u < A. In that case, letv € V, NV,
and observe that, by definition of V, , there must exist v, € V1o, and ¢, € I (all but finitely many
nonzero) such thatv = ), ¢, X; Vi

m?>

Proceed by induction on the dimension of Vs, which clearly starts when Vs,, = {0}. Choose a
highest-£-weight vector w € V N V5, and consider the submodule W of V generated by v. If W, # 0
we are done by Theorem Otherwise, notice that the image of w = Y. ¢,v, in U = V/W is
nonzero. Indeed, if w € W then v € W as well. Therefore, the image Us,, of V,, in U is nonzero
and Uzp = 2ysm Unw,» Moreover, if we set UL, = 3., x;,Usy, then the image of v in U belongs to
U:,, and, hence, U,,, N U, # {0}. Since dim(U) < dim(V), the induction hypothesis completes the

proof. 0
Definition 4.2.8. Let u = [] a)f € . The support of u is the set supp(u) = {(i,a) € I x F* :

iel,aelF*
Pia # 0}. An element a € [ is said to be a spectral parameter of u if (i,a) € supp(u) for some

i € I. A (quantum) spectral parameter base for supp(u) is a subset {ay, ..., a,} of the set of spectral
parameters of u such that a;/a is not a power of g for all j, k and for every other spectral parameter a
of u there exists j such that a;/a is a power of g. A spectral parameter a of u is said to be a right-most
spectral parameter of u if and a/b is not a negative power of g for every other spectral parameter b of
p. If p;, < 0 for every right-most spectral parameter a of u, then u is said to be right-negative. O

Remark 4.2.9. The choice for the terminology right-most is the following. Suppose supp(u) has a
spectral parameter basis with a single element and let a,, .. ., a, be the distinct spectral parameters.
Suppose they are ordered in such away that a;/ay is a negative power of ¢ if and only if j < k. Then,
a,, is the right-most spectral parameter. Observe that the product of two right-negative £-weights is
also right-negative and that the inverse of the simple £-roots are right-negative. In particular, if u is
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right-negative and v < p, then v is also right-negative. Evidently, a right-negative {-weight is not

dominant. Observe also that a),-,a,mal.‘iqm_l is right-negative for every i € I,a € F*, and m > 0. O

Using the above remark, Theorem [4.2.3]is an immediate corollary of the following lemma.

Lemma 4.2.10. Leti € I,a € F*, and m > 0. If g € wt;(V, (Wi am) \ {@iam}, then g < w; e

i’aqm—l .

Proof. Let v be a highest-{-weight vector for V = V, (w;,,,) and let Vi be U,(§;)-submodule of V
generated by v which is irreducible by Lemma[2.2.13] In fact, it is isomorphic to the U,(§;)-evaluation
module V,,(a, m). It follows from Theorem [2.3.14] that

S
Wiam [l—[ a;;q,,,ﬂh) € wty (V) for all 0<s<m.

r=1

Notice that these are exactly the elements of wt,({ ful,m).

We will prove by induction on the height 4 of mw; — p that, if u € Wt (Vy(w;4m)) \ {wjam} i such
that wt(u) = u, then u < wi,a,ma'i‘;qm_l. This clearly proves the proposition. Notice that if 7 = 1, then
V, # 01if and only if u = mw; —’a/i and, moreover, V), is one-dimensional. Therefore, we must have
p< w[’a’mai‘;qu] proving that induction starts. Thus, assume . > 1 and, by induction hypothesis, that

JT ww,mai‘;qm_] for all u € wt,(V) such that |mw; — wt(u)| < h. Consider

W= P Vv

v:|mw;—v|<h

which is a U,(h)-submodule of V by (Z.3.1). Given j € I, let W/ be as in Lemma In particular,

4.2.1) W= @ WnvV, and D V,,QZWJ'.
ue M lmw; —pl = h Jel

Set W,f =W/ NV, LetV= @ V,bethe j-th elliptic decomposition of V and, given y € &}, let

Y €&
W= & W= G WwWnv,
Higw =y M) =y

In particular, we have W/ = @ W;.
Y €&

Let u € wt (V) be such that |mw; — wt(u)| = h. It follows from the second part of (#.2.1)) that there
exists j € I such that W, # {0}. Sety = €;(u) and p = wt(u)(h;) + 1. Consider (V,)s, and (V,).,
as defined in Lemma Notice that (V,)z, N V,, = {0} since p; is injective on €;'(y) by Lemma
We claim that (V,)., # {0}. Assuming this, it follows that (V). N W, # {0} and Lemma
implies that p;(u) = Ap j(a/;;) for some b € * and some A € &; N wt,(V,). Using that p; is injective
on 6;1()/) once more, it follows that there exists unique v € & such that p;(v) = A and €;(v) = y
(more precisely, v = T]_.l(/l, v)). We must have V, # {0} since, otherwise, (V,), would be {0}. By
Lemma 4.2.5|, we must have y = va;}). Evidently, the induction hypothesis applies to v and the proof
is complete.
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It remains to prove that (V,),, # {0}. Suppose that was not the case, which is equivalent to saying
that wt(u)(hj)w; is a maximal weight of V,. Then, there must exist a vector w € Wj which is a
highest-£-weight vector of £-weight p;(u) for the action of U,(§;). Let N be the U,(§;)-submodule
of V generated by w which is a submodule of V,. On the other hand, since w € W/, there exist
{-weight vectors w, € V (all but finitely many nonzero) such that w = >, x; w,. Let M be the
U,(§;)-submodule of V generated by the vectors w, which contains N. However, the {-weight u, of
w, satisfies y, := €;(u,) # 7y since otherwise we would have w, € (V,),,,. This implies w, € V, and,
therefore, M C @Vyr. In particular, we have {0} = M NV, O N which yields a contradiction. ]

Example 4.2.11. Let g = sl; and denote by i and j the distinct elements of /. In Example we
computed the qcharacter of the fundamental modules V,(w;,) while in Example [3.2.10 we computed
qch(V (wiq»)). Now we use the algorithm to compute qch(V,(w;,3)). It will be more convenient to

work with A = w; 42 3 = W; (W, 42 W; 4. Setting o = A, we have

()(O)A—/l+/1a 4+/lcyw laq2+/lalaq40/ L,

q* 1,aq zaq

=A+ wi,aq,zwi’aqﬁw jags + wi,awi’aqslw iagt2 T wi,aq4,3w a3 = A+ g+ o + [,

Let us choose u, = 3w; — ra; for r = 1,2,3. Then, y,,1 = (/\/r)ﬁ , where u, is defined above.

-1 -1
Now, & = my +pe;, s and )m = X1t e, s Also, ZM = +.U20’,aq + e jaqsaw
-1 -1

X3 = X2 +ﬂzw s Q0 Fmally, é,,; i R LU o L TO S et o L TU L o
X4 = X3+ ,u3(y + Hs j; s ]1 s, U a’! g One can now check that for any choice of ordering
of the remaimng elements of wt(3w;), the algorithm will not produce any further changes to y;4.
Therefore qch(V,(4)) = x4. The Frenkel-Mukhin quiver is given by:

, and

and

(i.ag*) (.aq?) (i.a)
> M - M > M3
(aq®) (j.ag®) (haq®)
Gag® 7 (i,a) !
Hy > Hs H7
(.ag®) (iaq®)

Ga)

Hy ——— Hg

(jaq)

Y
Ho

The i-roots are A, uy, 4, and py while the j-roots are A, u;, it,, and p;. The reader should have no
difficult generalizing the above to obtain a formula for qch(V,(w;)) for all m > 0. O

Example 4.2.12. Let us consider g of type B, (so0s). In this case we have a short simple root which

denote by «; and a long simple root which we denote by a;. Then ¢; = ¢, ¢; = ¢, @iy = Wi aq, 2“’, a2
and @ = Wj4g2W;, ;- The fundamental weight w; is minuscule and, therefore, qch(Vy(w,)) is given

by 3.1.4l The fundamental weight w; is not minuscule and we will use the algorithm to compute

i -1 _ i : _ |
qch(Vy(wi,)). We have ffu,-,,, = Wig + Wi, and y; = 4“(’0[_#. Setting u, = Wi, w; 2wjaq22
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we proceed by computing X2 = (,\/1),’;1 We have {,fl = u, +pa ‘1 + jaq and y, = x; +
-1 -1 _
aq3aja”q -
The corresponding expansion is similar to the first step above and we get y3 = y» +

M@ s @ s Juq The only £-weight of y, whose expansion w111 change )(2 1s My = e

-1
Wi aq,w agt2’

Ha, q . This completes the algorithm and the qcharacter can be read off the quiver:
(i.a)
Wiqg — M
(jiagq®)

Ha

(J:aq)

(i-aq:)

Hy ——— [y

O

Example 4.2.13. All the above examples concerned £-minuscule modules. We now give an example
which is not £-minuscule and the algorithm returns the correct qcharacter Let g = sl3, denote by i
and j the distinct elements of 1, let a € [F*, and consider A = w; ,W; 442 = a) Wiag2- We will show that
Vq(/l) = Vq(wi,a) ® Vq(wi,aq,z)-

Recall in Examples |3.1.6| and |3.2.10| that qch(V,(w;,)) = w;, + wi‘;qzw jaqg + wj‘.:“f and

iaq®+

qch(V (Wi g2)) = Wjagn + w,awm s+ a),aw/aq5 + W, Wiagpn + W, 2a)]aq,a),aq5 +w;

“”13 2 ]aq42

One quickly checks that Wt (V,(w; o) ® Vy(w;402)) NP = {A, u} where u = w; 2w iaqWiag2 = ,wl_—’; =
w; W, ... Hence, if V (w;,) ® V, (w;q,2) were reducible it would have V,(u) as a simple factor From
Examplewe know that V, () = V,(w;,) ® V,(w,4) and, therefore, pe;, = w;! ,w’, would be
an {-weight of V (w;,) ® V,(w;4,2). A quick check above shows that this is not the case

Since qch(V,(A))(u) = 1, Theorem #.1.19]implies that in order to check that FM(4) = qch(V,(4))
it suffices to check that u € wt,(FM(A)). It suffices to see that u € wt (¢ j) which is clear since the
U,(§;)-module V,(4;) is isomorphic to V,(1,a) ® V,(2,aq). O

Next, we give an example for which the algorithm fails to return the correct qcharacter.

Example 4.2.14. Let g = sl; and denote by i and j the distinct elements of /. Consider A = wl 2D jag-
Let us show that FM(A) # qch(V,(4)). We claim that V() = V (W) ®Vy(w;,w;,z). Indeed, recall
from Example 3.2.9|that qch(V,(w;4)) = wi, + ©] 2a)jaq + @, yand

J.aq

_ -1
qch(Vy(wiwo0)) = W@ jags + w; 2a)jaqa) F t Wi aq“",aq

+ w; aqﬁw,a + Wi, 2a)jaq,wm[

+w; aqz“)l aqe“)/aq + w; aq““’jaq Jaqg +w; aqﬁwj i

One easily checks that

wt, (Vq(wi,a) ® Vq(wi,awj,aq3)) N gZ+ = {/l’ wi,a}'
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Therefore, if V (w;,) ® Vy(w;.w;.;) wWere not simple, it would have V,(w;,) as a simple factor and,

hence, there would be an inclusion wt,(V,(w;,)) C wt, (Vq(wi,a) ® Vy(w;.,w jﬂqz)). However, one easily

checks that wt,(V,(w;,)) N wt, (Vq(wl-,a) ® V(w0 j’aqs)) = {w,,}. This proves the claim and, hence,
qch(V, (1) = qch(Vy(wiq)) qch(V (w; . 403)).

In particular, w;, € Wt (V,(4)).

Let uy = wt(d) = 2w;+wj, thy = fo—; = 2wj, o = flo—j = 3w;—wj, and u3 = pp—a; — & = w;.
Notice that if u € wt(up) \ {¢o}, then u < u, for some 1 < r < 4. Therefore, we can use the sequence
o, M1, U2, 13, to compute the first four steps of the algorithm. In particular, if w;, does not appear after
the expansion with respect to u,, it follows that w;, € wt,(FM(A)) showing that FM(A) # qch(V,(4)).
Thus, set yo = A and notice that
-1
jag?

X1 = (Yo)y = A+ 24, + A} + A

_ P 2 2 -1
=A+ 2“)1,14“’5,,“12‘” ja22 T W 42 @jag@ a2 T Wiy Wiag @ s

iaq?,2 Which is not i-dominant. There-

The only £-weight of classic weight y; in y; 1s g = wi7awi‘jq2w
fore, y, = (Xl)[,l. One easily checks that w;, ¢ wt{;(g{l) and, hence, w;, ¢ wt/(y»). Notice also
that no new {-weight of classic weight u, is obtained in step 1 and, therefore, the only {-weight
of classic weight u, in y, is g, = wfaw,-,aqztw]‘.iff which is not j-dominant. Since p, = /laj‘.qu3 and
Wia = /la'j‘.jl qa/i‘;, wiq & Wt(Z;, ) and, therefore, w;, ¢ Wt,(x3) as claimed.

Let us draw a piece of the Frenkel-Mukhin quiver to illustrate the reason for the above failure.

Pl
@ y)\

2y Ho
(i.a) o (iaq®) ,
- (j.aq) (i.a)

\{
H3 Wig 24y

(J:aq)

He 2p7 Hg Ho

\ (i,a)
(i.aq*)
7]

10

Above we drew the arrows corresponding to the expansions of 4, u,, u,, 15, and w; ,. Comparing with
Example[#.1.12] we see that the failure arose because there exists a sub-quotient of the U,(§,)-module
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generated by V,(1),, which is a local Weyl module instead of an irreducible module. Notice that the
{-weight coming from the expansion of w;, is g which is also obtained from the expansion of y; and,
hence, pugs € wt,(FM(Q)). One can carry out the algorithm and show that FM(Q) = qch(V,(2)) — w; .
However, it should be noticed that the coloring of the element y obtained at the moment we need to
expand with respect to p, is not admissible. Indeed, cj((y(s) = 0 (since no prior expansion with respect
to color i will generate ) and pg = w;;q2w aq 18 not i-dominant. O

4.3. Braid group and fundamental modules

We have seen that the qcharacters are not invariant under the braid group action. In this subsection,
we show that if g is not of exceptional type, the fundamental representations satisfy a weaker type of
invariance. In particular, we will obtain an algorithm for computing their qcharacters as an expression
involving the braid group action. We begin with the following lemma.

Lemma 4.3.1. Let V be a finite-dimensional U,(§)-module and u € wt,(V). Suppose there exist a
nonzero v € V, and j € I such that x}f’sv = 0 for all s € Z. Then, u(u) is a polynomial of degree

wt(u)(h;) and (x]‘.)W‘“‘)(hf')v € Vr,uw\{0}. Also, if the g;-factorization of y; is given by

k
Hj= | | Wija,m,
r=1

then ua/‘_l S € wty(V) for all 1 < r < k. Furthermore, for all s € Z, we have
J.ar j
k m—1
XjsV € Z Z Vl‘ - mr-1-2p°
r=1 p=0 Fard j
and
dim(Ve-r )21 <s<k:aq] =aq;}

Similar statements (mutatis-mutandis) hold if we replace the hypothesis x7 v = 0 for all s € Z by
x;,v=0forall s € Z.

Proof. Assume first that v is an eigenvector for the action of Uq(E). The first statement is then clear
since v will generate a highest-{-weight module for U,(§;) with highest {-weight u;. The second
statement is proved as in Proposition [3.1.2] To prove the third statement, let V’ be the Uy(§;)-module
generated by v. Then, V"’ is isomorphic to a sub-quotient of the Weyl module for U, (sl,) with highest-
{-weight u ;. I particular, the {-weights of V’ of underlying classic weight (wt(u)(h;) — 2)w; are of the
form p j(ya;l m1-2p) With 0 < p < m,.. Since V,, C V, where y = €;(u) € &, a computation analogous

a,q;
to that closing the proof of Proposition completes the proof of the third statement. Notice that,
if 4,4 = asq", then p(e j,ar,mr“;(ll 1 @jam, = @ja,m (@ j,as,msa;;qwl) and, hence,

J s

th(qu(mr, ar) ® qu(ms’ ax))(pj(wj,a,,m,-a';i qmr—l)wj,ax,mx) = 2.
Ard j

The last statement is easily deduced from this. The passage from an eigenvector to a generalized
eigenvector is standard linear algebra. [
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For the remainder of the subsection we suppose g is not of exceptional type. Given A € P and a
U,(§)-module V, set
wi(Vy) = {d € wt(V) : wi(d) = A}.

Theorem 4.3.2. Let i € I, a € ¥ and assume that A € wt,(V,(w;,)) is such that wt(1) = 4 € P*.
Then,

dim(vq(wi,a)/l) = dim(Vq(a)i,a)TW(/l)) and Tw(Wtf(Vq(wi,a)/l)) = Wtf(vq(wi,a)w(/l))

for all w € #,. Suppose further that A # w;,. Then, there exist u € wt,(V,(w;,)),b,c € F*,and j € I
such that uj(u) = (1 - bu)(1 —cu), and

(4.3.1) A= pa,

Moreover, if ¢ # bq]‘.z, then ,ua/;j, € wt/(V,(w;,)) and, if ¢ = b, then dim(V (w;4)a) = 2.

Proof. To simplify notation, set V = V (w;,). We prove the first two statements by induction on £(w),
which clearly starts if £(w) = 0. Thus, assume that

dim(V,) = dim(Vz, 1) and T,,(wte(Va)) = wte(Vyup)

and let w' = r;w where j is such that £(w’) = £(w) + 1. In particular, wl(a ;) € Q" by Proposition
[[.1.21(iii). By Lemma either 4 = 0 or 1 = w, for some r € I. Since # contains only
the identity, we can assume A = w,. Since w™'(a,) € Q*, we have (w,,w™'(a;)) > 0 which implies
w™(@))—a, € Q" which, together with Lemma|[l.1.24(ii), implies w;—(w,+w'(a;)) ¢ Q. Therefore,
w, +w (a i) ¢ wt(w;) or, equivalently, w(w,) + a; € wt(w;). Thus,

4.3.2) X V@idwy =0 forall  seZ.

Similarly one proves that x; V(w;o)w = 0. It follows from (4.3.2) and Lemma that (7,,(4)) ()
is a polynomial of degree w(A)(h;) and that (xj‘.)w“)(hf) maps V7, (y isomorphically to Vr . This
proves that dim(Vr, 1) = dim(Vr ;) which in turn implies that 7 j(wt,(V,,1))) = Wt (V,r(a)), since
dim(V,,y) = dim(V,,(y)). This completes the inductive step.

Now assume A # w;. Then, there exists j € I and u € wt,(V) such that wt(u) = A + ; and

DXV Vi # (O,

SEZL

In particular, V., # 0. Let us show that (1+@;)(h;) = 2 which is clear if A = 0. Otherwise, if 1 = w,
for some r, it suffices to show that r # j. This follows from Lemmal|I.1.24{(ii) since w, + «; € wt(w;)
implies w; — (w, + @;) € Q. It now follows from Lemma|1.1.24(iii) that

xst,Haj =0 for all s €Z.

In particular, since (4 + @;)(h;) = 2, it follows that p;(u) = (1 — bu)(1 — cu) for some b, ¢ € F*. It
then follows from Lemma that either A = /Ja/;; ord = ua;i. Without loos of generality, we
assume that it is the former. Moreover, if ¢ # bg~2, then p j(,ua/;i) is an {-weight of the irreducible
U,(§;)-module with Drinfeld polynomial p;(u) and, hence, ,ua/;i € wty(V). Similarly, if b = c, the
dimension of the ¢{-weight space associated to p j(ya/;g) in the irreducible U,(§;)-module with Drinfeld
polynomial p;(u) is 2 and the last statement follows. [
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Remark 4.3.3. Notice that it follows from Theorem[.3.2]and Corollary that if u € wt (V,(w;,)),
then 4 < w;,. Therefore, Theorem gives an alternate proof of Theorem [3.3.13|in case g is not
of exceptional type. O

Example 4.3.4. Theorem actually provides an algorithm for computing qch(V,(w;,)). Let us
give the simplest example with w; not minuscule. Thus, let g be of type D, and i = 2 (so w; = 0).
Notice that wt(w,) = #'(w;) U {0} = R U {0}. Therefore, we need to obtain the £-weights with
classical weight 0. If A is such an element, by Theorem it must be of the form ua;bl for some
J€1,beF*, and u € wty(V,(w,,)) such that wt(u) = ;. Moreover, u = T,,(w,,) for some w € #,,,.
Set

Wi = (rjor - r)(jgr - Tnaln1 ) (Fpz = -+ 12) for l<j<n-2,
Whp-1 :(rn—2"'rl)rn(rn—Z"'rZ), and Wn:(rn—2"'rl)rn—l(rn—Z"'r2)~

One then checks that w; € %, and wj(w,) = «a;. Setting p i = Tyj(w2a), it follows that, if A €
wt (Vy(w24)0), then A = u ja;; for some j € I and where b is a root of the polynomial p;(u;). One
easily computes that

-1 W ol e 3
W) i1 Piagi Qjiagm=i0 | oo if j<n-3,
— -1 2 -1 e
Ty(wra) = Y@Ly @) O a0, BT j=n=2,
-1 T
W, 5 4 Qa1 @ jagn3, if j=n-1,n.
Set
-1 ) -1 _ —1 . . _
1= W 11 DjmLag 13O agi W o0 = Qs ifl<j<n-2,
] -1 _ -1 e
wjaaq’l_3wj’aqn+l - Hjaj’aqnfl b lf J - n - 1, n.

By Theorem #.3.2, A; € wt,(V (w,)) for all j = 1,...,n, and qch(V,(w24))(A,-2) > 2. Notice
also that pjaj‘.;qj = A if1 < j <n-2and /.tja/,‘.;q",3 = A, if j = n—1,n. It follows that
wie(Vy(w24)0) = {41, ..., 4,}. We claim that '

Qh(Vy@2)) = > Tul@ra) + ) Aj+2400.

WEV/M2 Jj#n=2

In other words, we are left to show that qch(V,(w,,))(4;) < 1if j # n—2 and qch(V (w;,4))(A,—2) < 2.
This can be seen as a consequence of the fact that the Frenkel-Mukhin algorithm works for V,(w, ).
Indeed, the only ¢-weight of classic weight 0 coming from the expansion with respect to u; is A; with
multiplicity 1 if j # n — 2 and with multiplicity 2 if j =n — 2. O

Remark 4.3.5. Notice that it follows from the computations above that dim(V,(w>,)0) = n+ 1 =
dim(V,(w2)o) + 1 (since V(w,) is the adjoint representation). This shows that V,(w, ) is reducible as a
U,(g)-module and implies that there cannot be an algebra map U,(§) — U,(g). Indeed, if such a map
existed we would have an irreducible U,(§)-module with highest-{-weight A such that wt(d) = w,
and dim(V,(4)) = dim(V,(w,)). But the condition wt(1) = w, implies A = w;, for some a € F*
contradicting our computations above. For all other simple Lie algebras, except sl, and sos, there
exists i € I such that V (w,,) is reducible as a U,(g)-module showing that there cannot be analogues
of evaluation modules. For sos, there are no 4 € 2% such that wt(d) = 6 = 2w, and V,(Q) is
irreducible as U,(g)-module and we reach the same conclusion. O
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4.4. Bibliographical notes

1. Frenkel-Mukhin algorithm

Our presentation of the Frenkel-Mukhin algorithm and the results of Subsection [4.1]is essentially
an extended version of the original one given in [36]. However, we make use of the theory of blocks
and elliptic characters, which was not available when [36] was published, to give further insights
into the theory of qcharacters. In particular, our versions of Propositions 4.1.4] and [4.1.7| are reinter-
pretations (and also a refinement) of [36, Lemma 3.4]. Also, our map 7, is a reinterpretation of its
namesake from [36]] and our Lemmas [4.1.3| and 4.2.5| correspond to Lemmas 3.3 and 3.6 of [36]. In
particular, this gives a reinterpretation of the variables Z;, used in [36] in terms of the groups of J-
elliptic characters &;. Proposition is contained in an unpublished joint work with D. Hernandez.

Theorem [{.2.3] was first proved by E. Frenkel and E. Mukhin in [36] in the special case of fun-
damental representations which, together with Corollary implies Theorem The proof
presented here is essentially the one given by Hernandez in [47]. Evidently, the connection with the
theory of blocks and elliptic characters was not used in the original proofs. Theorem[4.1.19 was orig-
inally stated in [36] only for £-minuscule modules. It was remarked in [S1]] that the proof could be
easily modified to obtain the statement presented here. Thus, the proof we gave above is essentially
an extended version of the original proof of [36]. By now, a much larger class of modules than that of
Kirillov-Reshetikhin modules is known to have qcharacters given by the Frenkel-Mukhin algorithm.
For instance, all minimal affinizations in the case that the underlying simple Lie algebra is of type
A,, B, or G, are known to be {-minuscule. This was probed by Hernandez in [48]] where some con-
ditions for other types were also obtained. Very recently, E. Mukhin and C. Young obtained a purely
combinatorial description of Drinfeld polynomials for which the Frenkel-Mukhin algorithm works
[68]]. They also introduced a new class of modules, called the class of snake modules and proved that,
if the underlying simple Lie algebra is of type A, or B,, then the Drinfeld polynomial of the snake
modules satisfy this combinatorial condition. Although in type A, this does not enlarge the class of
modules for which it is known that the Frenkel-Mukhin algorithm works, for type B, that is the case.
In particular, the snake modules include all Kirillov-Reshetikhin modules, minimal affinizations, and
modules associated to skew Young diagrams.

The terminology Frenkel-Mukhin quiver and several others used above such as i-stratum have
never been used in the literature. We introduced the terms here hoping to make the presentation
clearer.

The first example of failure of the Frenkel-Mukhin algorithm was given by W. Nakai and T.
Nakanishi in the case that g is an algebra of type C5 [71]. The nature of the failure is very similar to
the one of Example[d.2.14} the algorithm fails to generate a dominant £-weight and, as a consequence,
it eventually becomes non-admissibly colored. The paper [/1] also brings some of the above given
examples illustrated via the tableaux description. The work of Nakai and Nakanishi also relates the
theory of qcharacters to the study of Jacobi-Trudi determinants [69, [70]. Example was first
given by D. Hernandez and B. Leclerc in [31]. However, the irreducibility of the tensor product
Vy(wiq) ® Vy(w;,w;,) was deduced as an application of the main result of [S1]] — a relation of the
tensor structure of our category of modules with the theory of cluster algebras. Since we did not
establish such relation here, we deduced the irreducibility of this tensor product in a more elementary

manner. One can similarly consider an algorithm for computing qcharacters starting from the lowest
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{-weigh instead of the highest -weight. It is interesting to notice that Example4.2.14|is not a counter-
example for the lowest £-weight version of the algorithm!

2. Kirillov-Reshetikhin modules

The Kirillov-Reshetikhin modules were not originally defined as presented here. In [65], A. N.
Kirillov and N. Reshetikhin predicted the existence of certain modules for the Yangians (rather than
quantum affine algebras) whose characters (and of their tensor products) were conjectured to satisfy
certain fermionic formulas. Their work was based on mathematical physics considerations related to
the Bethe Ansatz. It was later realized that, transported to the context of quantum affine algebras, these
modules are nothing but the modules V,(w; ). Moreover, the Kirillov-Reshetikhin modules are the
minimal affinizations of the U,(g)-module V,(mw;). Therefore, the class of minimal affinizations can
be regarded as a generalization of the class of Kirillov-Reshetikhin modules. The original work of
Kirillov and Reshetikhin was concerned with describing the simple factors of the Kirillov-Reshetikhin
modules when regarded as modules for U,(g) instead of U,(g). The aforementioned conjectural
fermionic formulas give a combinatorial way of answering this. The conjecture became known as
the Kirillov-Reshetikhin conjecture and many papers were written establishing particular cases of the
conjecture as well as connections with other concepts such as the ones of Q-systems and T -systems.
The latter moves the problem from one on classic characters to one on qcharacters. A general proof
of the Kirillov-Reshetikhin conjecture was then obtained by Hernandez in [47, 49]] using the theory of
T-systems and other combinatorial aspects of the theory of gcharacters such as the Frenkel-Mukhin
algorithm. From a purely theoretical point of view, Theorems [{.2.3| and [.1.19| give the answer to
the conjecture since the multiplicity of the simple factors are detremined by the character which can
be read off the qcharacter and the gcharacter of a tensor product is the product of the qcharacters.
However, in practical terms, it is not a simple task to do that even after obtaining an explicit formula
for the gcharacters of the Kirillov-Reshetikhin modules from the Frenkel-Mukhin algorithm. Because
of this, there is a lot of work in the direction of obtaining formulas for the multiplicities of the simple
factors of the minimal affinizations when regarded as U,(g)-modules directly, i.e., independently of
the knowledge of the qcharacter: [[11}116, 21}, 22, 141,42, 78,79]] (see also [15] and references therein).

3. Other algorithms

The results of Subsection [4.3] were obtained in a joint work with V. Chari [19]. Formulas as in
Example 4.3.4] were obtained for all fundamental representations and all non-exceptional g in [20].
The results from [19] were extended to the root of unity setting in [38]] and we should soon extend the
ones from [20] as well.

There is another algorithm available for computing qcharacters which is known to work for sim-
ply laced g and any element of &?*. Namely, recall that the qcharacters can be encoded in a ring
homomorphism from the Grothendieck ring ¢, of our category of modules to the integral group
ring Z[Z?]. In [13], under the assumption that g is simply laced, Nakajima defined certain poly-
nomials similar to Kazhdan-Lusztig polynomials that arise in the study of category & by studying
cohomology of certain quiver varieties which are now known as Nakajima’s quiver varieties (the
original Kazhdan-Lusztig polynomials arise from the cohomology of Schubert varieties - Nakajima’s
varieties are very closely related to Lusztig’s quiver varieties). This lead him to define a function
Xoi: 9@ L[, t7'] = Z[P) @y Zlt, t'] called the t-analogue of the gcharacter ring homomorphism.
It turns out that at # = 1 this function specializes to the qcharacter ring homomorphism. Moreover,
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the definition of y,, was axiomatized in a purely combinatorial manner leading to an algorithm for
computing the qcharacters of the irreducible and local Weyl modules. This algorithm was used in
[74] to give explicit formulas for the t-analogues of the qcharacters of the local Weyl modules when
g is of type A or D. The formulas were presented in terms of tableaux and a connection with the
theory of crystals was discovered. The algorithm was also used with the help of a supercomputer to
compute the -analogues of the qcharacters of the fundamental modules when g is of type E in [73].
In [44,45], Hernandez proved a conjecture of Nakajima saying that the existence of the function y/,,
could be established using only its axiomatic description (without the use of geometry). This allowed
him to extend the concepts of 7-analogues of qcharacters as well as the Kazhdan-Lusztig like polyno-
mials to general g. However, due to the lack of a definition of the quiver varieties in general, a proof
that the algorithm indeed gives the qcharacters of the irreducible modules when g is not simply laced
is still missing.

Even if a general formula/algorithm is found, it does not mean that finding other formulas is
an uninteresting task. For instance, in the classic theory of characters, there are three very famous
formulas: Weyl’s formula (which indirectly gives the whole character via the Weyl group action on
P), Kostant’s formula (which gives the dimension of each weight-space directly via the Weyl group
action on P and Kostant’s partition function), and Freudental’s formula (which is algorithmic, but
easier for implementing on computers or for performing small computations than the previous two).
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