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1 Introduction

The problem of group classification of quasi-linear elliptic type equa-
tions

Au = f(z,y,u, uy, uy) (1)

in two-dimensional space is considered. The list of all equations of
this type is obtained, which admit solvable Lie algebras of symmetry
operators with dimension up to five.

Notice that the problem of classification of equations of form (1),
which admit Lie algebras of symmetry operators with non-trivial Levi
factor, is solved completely in [Lahno V.I. and Spichak S.V.,
Group classification of quasi-linear elliptic type equations.
I. Invariance under Lie algebras with nontrivial Levi de-
composition, Ukrainian Mathematical Journal, 2007, V.
59, 11, 1532-1545 (in Ukrainian).|. Furthermore, we are inter-
ested in essential nonlinear equations, that is which can not be reduced
to linear ones with use of local or nonlocal transformations. For exam-
ple, the first of the following two equations

Mu = fu)ed +ud), f#0 2
Au = X', Av€eR, \-v#£N0. (3)
is related to the linear equation Au = Au by the local transformation,
and the second one is related to the Laplace equation by the Backlund

transformation [Bullaf R., Kodri F. Solitons. M.: Mir, 1983. — 408 p.
(in Russian)].



Statement 1 The invariance group of the equation (1) is gener-
ated by the infinitesimal operator
v=a(x,y)0; + b(x,y)0, + c(x,y, u)0,, (4)
where functions a,b, c, F' satisfy the following system of equations:
ay+0,=0, a,—0b,=0,
Coz + Cyy + 2UyCayy + 2UyCyy + (ui + ui)cuu + (cy — 2a,)F =
= aF, +bF, + cF, + [c; + uz(cy — az) — uyby|F, (5)
+ley +uy(ew — by) — uga,)Fy,.
[t is not difficult to see that the two first equations are Cauchy-Riemann

conditions, that means that functions a and b are harmonic functions.
The equivalence group £ is formed by those transformations

D(z,y,v)
Q{( 7y7u)7 y /8( 7y7 )7 7( 7y7u)7 D([L’)y)u) # J
that preserve differential structure of the equation (1), that is transform

it to an equation of the form
Vzz + 'Ugg = (D(f, ?j, v, Vg, ’Ug)

Statement 2 The group £ of the equation (1) is formed by the
following transformation:

ZZ’ZO&(ZI},y), gzﬁ(x,y), U:7($7yau)7 (6)

ay = €8y, oy, = —€f; (e ==%£1),
alta, =040 #0, 7 #0.

Statement 3 There exist such transformations from the group £
that reduce the operator (4) to one of the following operators:

v=0, V=20, (7)
The corresponding classes of invariant equations are:

Au = F(y,u, uy, uy) : A% = (0), (8)
Au = F(x,y,u,uy,) A% = (Oy)-
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2 The general method of classification

Let A, = (e1,...,e,) be Lie algebra of dimension n, with basic ele-
ments
€ = CLZ'(CU, y>ax + bz<x7 y>ay + Ci(xa Y, u)aua 1= 17 n, (9)

where the couple of functions a;(x, y), b;(x, y) satisfies of Cauchy-Riemann
conditions (5) (nonclassification equations).

Definition 1. Representation (9) of the algebra A, is called
acceptable if there exist such functions F'(z,y,u,u,,u,) for which
the three functions (a;(x,y), b;i(x,y), ci(x,y,u)) are solutions of de-
termining equations (5) and corresponding invariant equations (1) are

nonlinear and can not be linearized.
Definition 2. Two representations of the algebra A, with func-

tions (a;(x, y), bi(z,y), ci(z,y,u)) and (a;(x,y), bi(x,y), &(x,y, u)) are
called equivalent if the every operator (9) e; can be reduced to the op-

erator & = a;(, y)0y+bi(x, )0, +¢&(x, y, u)d, with use of equivalence
group £.
Definition 3. Two representations of an algebra is called tsomorphic

if the set of basic operators of one algebra can be obtained as linear
combination of basic operators of another algebra.

Definition 4. Two representations of an algebra is called different
if operators one of these can not be obtained with use of superposition
of equivalence transformations £ and linear transformations of basic
elements of algebra.

Examples for the algebra A,; = (e, e9), [e1, 9] = 0:
1. The representations (9,, d,) and (9, 0,) are isomorphic and equiv-
alent.
2. The representations (9., d,) and (0,,0,) are isomorphic but not
equivalent.
3. The representations (0,, xd,) and (0,,yd,) are equivalent but not
isomorphic.
4. The representations (0,, 0;) and (0, x0,) are different.



Let we denote the set of all non-equivalent and acceptable represen-
tations (maybe isomorphic) of an algebra Ay ; of dimension k as 1Ay,
and the set of all different and acceptable representations as D Ay (I
is index number of algebra).

The general inductive algorithm of construction of representations
D Ay, and of corresponding classes of invariant equations is following.

e In according to Statement 3. for 1-dimensional algebra A;; we
have MA1; = DA = {0:,0,} and corresponding classes of
invariant equations (8).

e Let us suppose that we construct the sets of representations 9t Ay ;
and D Ay ; for all algebras Ay ; of dimension k, and corresponding
to them classes of invariant equations.

e Then, we consider algebras Aj,1; of dimension k£ + 1. Each of
them includes some ideal Ay, of dimension k (this is right for
solvable algebras). Then using sequentially a constructed repre-
sentation from the set MAy,, for algebra Ay, = (eq, ..., exr) we
obtain an additional operator e, so that they satisfy commutat-
ing relationships of algebra Aj,1;. Also we can simplify a view of
the operators with use of equivalence transformations group & (6).

e Verify if obtained representation be acceptable, that is if the corre-

sponding class of nonlinear equations is exist. If it is so we include
it to the set DA, 1, but if it is not we exclude it from the further
consideration. From the constructed set 9T A;1; we pick out the
maximal set ® Ay 1, of non-isomorphic representations.

e After constructing the set ® A4 ; of different representations of al-
gebras of dimension 4 and corresponding classes of invariant equa-
tions, we take advantage of the straight Ovsjannikov method of
classification [Ovsjannikov L.V. Group properties of nonlinear heat
equations// Dokl. Acad of science of USSR. — 1959.— V. 125,
N 3. — P.492-495.] for obtaining list of concrete equations invari-
ant under 5-dimensional Lie algebra.



For illustration of above algorithm we give construction the set
of different representations of the commutative 3-dimensional algebra
As1 = (e1, €3, e3). So, the ideal of this algebra is Ay = (e, ea). We
found that DAy, = {AL,, A3, A3, A3}, where

A% 1 — <8€Ua )‘16 + )‘26 > (>‘2 7é 0)7 A% 1 — <aua f(CU y) >
Ag.l — <ax> A0y + au>> Ag.l — <au> 8a:> (10)

(A1, Ay are constants, f(x,y) is arbitrary function). Then each of
the representation (10) we expand by operator e so that it commutes
with another. And then, after simplification all three operator with
use of equivalence transformations group, we get all non-equivalent
representations:

Al = (0, MOy + A0y, 30, + M0y, + ), (Mg # 0),

A3 = (04, MOy + Oy, N30, + Mi0,), (A # 0),

A3y = (02, MO: + 0w, M3 + f(0)0W), (f'(y) #0),

A3, = (0, 0p, A30, + Mi0,), (Mg # 0),
{ )
{
{

A3y = (O, 0n, Xs0s + f(y)0), (' (y) #0),
A3 = (Ou, f(y)0u, Ox), (f'(y) #0), (11)
Agl - au;f<x y) u)g(gj y)a>

It is easily to see that for A3, and A3 | representations of its 2-dimensional
ideals Ay = (€1, eo) are isomorphic, but they oneself are different. It
can be an opposite case, that is when representations of ideals are
different, but its expansions are isomorphic.

Below we give the results of classification according with our algo-
rithm.



3 Invariance with respect to 2-dimensional Lie algebras

Algebra A,

Commutation relationships: [e1, es] = 0
Representations and respective forms of functions:

1. AL, = (0,,0,) : F = G(u, uy, uy);
2. Agl — <8£L'7 au> P = G(yauxauy)7

fouo + f
3 A3y = (O e p)0) : F = =5

(fer + fi) + Gz, 9, W),
(12)
w = Fjus — fey, 24 £
Algebra A,

Commutation relationships: [eq, es] = €9
Representations and respective forms of functions:

A5, = (=20, — Y0y, 0,) : F = (u? + ui)G(u,wl,wg), W] = YUy, W2 = YUy;

Ay = (0, — 0y, 0,) : F = e "Gy, w1, ws), w) = € Uy, wy = e uy;

A5y = (—udy,0,) - F = (uy +uy)G(z,y,w), w=uzu, .

Let us note that for arbitrary forms of functions G the respective
representations are maximal invariance algebras of equations.

4 Invariance with respect to 3-dimensional Lie algebras

The solvable algebras Az; = (e1, ez, e3), @ = 1,9 contain the 2-
dimensional subalgebra As ;. Furthermore, it may be assumed for all
algebras, except Ass, that Ay = (e1,e9). For the algebra As, we
assume that As 1 = (es, €3).

The number of representations for algebras:

Az, (1=1,3,4,6,7) — two different representations.

Asg, Asg9 — three representations.

Aso, Az s — four representations.

So, we have 24 representations for three-dimensional Lie algebras.
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Algebra Aj;
1AL = (0,,0,,0.), F = Glus, uy)
2. A= (000 S0, ) #0.F =
3. A3y = (Ou, (2, 9)0u, g(2,y)00). (13)

Let us note that the last representation is not acceptable, because

Uy + G(y7 ux)

either the corresponding invariant equation is linear or the infinitesimal
operators are linearly dependent.

Algebra As,

L. Agl), 2 — xax T yaﬁw 8% au>7 F = U:%G(yux, yuy)7

= (=
(—u0y, Oy, O0p), F = (uy +u,)G (y, %) ;
Yy
3. Ag 9 = <8y u@u, azu ax>7 F = (ufl? + uy)G (eyuﬂfa eyuy) :

4. A§2 (0p — u0y, Oy, f(y)e “0y,), fly) #0,
f f//
F—_
f

2. A%,

u, + e "Gy, e” flu, + € fuy).
Algebra As;
1. A3 5 = (0, 0y, Oy +x0y), F=Guy —y,uy);
2. A%.S = (Ous O, (f(y) + 2)0u), F = fu; + Gy, uy — flug).
Algebra As;,
1. A3, = (Oy, O, 20, + YOy + (u+x)0,), F =e "G(uy,,ye ");
2. A%A = (Ou, (f(y) — )0y, Or + udy),

f/uy — Uy

— " z ! _—x —Z
— 1+(f’)2f +e"G(y, f'e "u, + e "uy).



Algebra A;;

L. A%E) — <8x>ayaxax + yay>a Ug; + Uy 2G ( %)
y
2 A§5—<6x,ay,xa 40, + 0, ( . )
A3 5 = (O, O, 20y + Y0y +ud,), F Gy, uy);
4. A%E) = (Ou, [(Y)Ou, Op + u0y), f' #0, F' = yf//+€xG(y fle ™ uy);

f/
5. AS 5 <au7 f(xv y>aua uau>

The further analysis show that for the last representation the corre-

sponding invariant equation is linear.

Algebra Asg
1. AL g = 9y, 0, 20, + Y0, — udy), F =y G (yPu, y*u,);
2. A%ﬁ = <8u; 6296][( )8U7 aas + uaU>7 f(y) ?é 0,

2fuy + fluy(f” +4f)+e"G(y, f'e ™ uy — 2fe " uy).

47+ (f')?
Algebra A
1. A3 7 = (0, 0y, 20, + Y0y, + quo,), q #0,=£1,
F = yGy" ", y' M),
2. A3 7 = (0w, € f(y)0u, O + udy), 0 < g <1,
b= (é - Z)){}?:(J;f;g(f” +f(1—q)")+
"Gy, fle "u, + (¢ — 1) fe " uy).
Algebra Asg
1. Ay = (0r, 0y, y0, — 0,), F = G(u,uj + u;);

2. Ajg = (0, 0y, Y0y — 20, + 0y), F =G (u + u ,arctan (ux> — u) :
y

u

F =

3- Agg — <8U7tan(f( ) T x)aU7 a T U’tan(f(y) o x>au>7
f’uy " "u an(f — x
(f'u, + uy)G(y, cos(f — ) (flug + uy)).
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Algebra Al
1. Ail’>.9 = <a:6> aya (qx + y)@x + (qy - x)ay>7 q >0,
F=(uj+u)G <u, In(uj + u;) 4 2q arctan %> ;
Uy

2. A3 = {0,,0,, (qr +v)0, + (qy — 2)0, + d.), q¢ > 0,
F = 20QG (arctan (@> — u, In(u? + uz) + 2q arctan %> ;

Uy Uy

3. A3 = (O, tan(f(y) — )8y, 0 + (¢ — tan(f(y) — 2))udy), q >0,

f/ — Yx e /
F = (;L/Z)/Z—_l_ulf + 2(f'uy — uy) tan(f — )+
(f'uy + uy) Gy, cos(f — x)(fu, + uy)e” ™).
Annotation:

1. Operators of certain representations contain arbitrary functions
f(y), which can not be reduced with use of equivalence transforma-
tions group.

2. The all representations of the algebra As7; when ¢ = —1 coincide
with the representations of the algebra Asg, as well as corresponding
classes of invariant equations.

3. The representation A} . when ¢ = 1 coincides with the representa-
tion Aj ..

4. The representations of the algebra Asg when ¢ = 0 coincide with
the representations of the algebra Ajssg.

5 Invariance with respect to 4-dimensional Lie algebras

Algebraic structure:

1. Ag'i C 1214'2' = A3.z' D Al, (Z = 1, 2, RN 9),
2. Aoo C Ag10 = Ao @ Ago;

3. Ag_l C A4.i; (Z = 1, 2, - ,6);

4. A3'3 C A4.z’; (Z = 7, 8, 9),

5. Asz5 C Ayi0;



The number of representations for algebras:

Ay (i=1,4,7,9); As5 — one representation.

Ay (1 =2,4,...,10); Ay; (i = 3,6) — two different representations.
Ay (1 =2,5,10) — three representations.

Ay g — four representations.

So, we have 38 representations for four-dimensional Lie algebras.

Decomposable algebras
Algebra 12142 = Ag‘g D A1

L ALy = (—ud, 00, 0) ® (8,), F — (s + uy)G (“—) ;

Uy

2. A2, = (0, — udy, 0y, 0p) ® (e790,), F = e VG(eVu,) — (u, + uy).
Algebra Ays = A3 P Ay

1. A}y = (04, 0,,20,) ® (9,), F = G(u,);

2. A3y = (04,0, 0, + 10,) ® (0, +40,), F = G(u, — ).

With use of the change of variables u = u + xy, * = y, y = —x this
representation reduced to the case 1. (It is given for illustration that
under expansion of different representations we can get not obligatory
different ones).

Algebra 12144 = A3_4 D A1

L. 121411.4 = (Ou, Op, 0 + YOy + (u+ x)0y) ® (ydy), ' =e “Glye ™);
2. Ay = (0, 20, 0, + udl) ® (9,), F = e"Gle™"u,).

Algebra A = Ass @ Ay
1. A5 = (0,,0,, 20, +y0,) © (0,), F = (uy + u,)*G (%) ;
y

2. A5 = (0, D, 20, + Y0y + ud,) ® (ydy), F =y 'G(uy);
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Algebra Ajs = As6® A,
1. Al g = {0y, Ou, 20, + y0, — ud,) © (y~'0,),
F = =2y uy, +y Gy 'u,);
2. A2 = (D4, €0y, 0 +ud,) ® (0,), F = 2u, + e "Gle " uy).
Algebra Al = Al ® A,
1. ALz = (Or, O, 20y + yOy + qudy) @ (y'0u), q # 0, %1,
F=(q=1y uy+y" "Gy ua):
2. A2, = (8,979, 0, +ud,) ® (9,), 0 < |q| < 1,
F = (1= Qus + €Gleu,).
Algebra Als = Ass ® Ay
1. A4118 (D, 0y, Y0y — 20,) @ (0,), F = G(u; + uz),
2. A2 ¢ = (D, — tan 20, 0, + utan xd,) @ (9,),
F = 2u, tan x + u,G(u, cos x).
Algebra Al, = Al @ A,
L. Ajy = (0s, 0y, (g2 + )0 + (qy — 2)0,) © (u), 4 >0,

F=(ul+ uz)G <(u§ + uz) exp <2q arctan Z—"z)) ;
2. A3y = (0, — tan 0, 0, + u(q + tanx)d,) ® (9,), q > 0,
F = 2u, tan v + u,G(u,e” " cos )

Algebra Ay = A2 & Asy

i u? + u? N
x Y

(1+A )y

2. A2y = (0p — u0y, 0,) ® MOy + X0y, e % 2 0,), Ay #0,
2 A A
F=—|1+ Lt ux+e_$e%2yG eaje_%zy 1+>\1ux+uy .
)\2 >\2

In the last case the arbitrary parameters Aq, Ao can not be reduced

with use of equivalence transformations group
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Non-decomposable algebras

Algebra A,
Ay = (0, — 2yd,) CH{Oy, —y0y, 0.), F = G(y* + 2uy,).
Algebra A},

1. A}y = (20, +yd, + (u +y)0,) CHD,,Du,0,), g =1, F =e "G (uy,);
2. A3, = (q0, + qy0y + u0y) GH(Oy, Oy, —q¢ 'Inyd,), q#0,

F=-—"yiq (yq;_lux) :
Y Y
3. A}, = (20, + Y0y + (qu + v '2)0,) CHO,, ¥y 0., 0,) (¢ # 0;1),
— 2
=4 ; u, + Y7 G (uyy' T — Iny).

Algebra A,
1. A} 5 = (20, +y0,) &(0s, 0y, —Inyd,), F = —% + uG(yuy);
2. Al = (0, + (u+ 2€")d,) CH{Dy, Y0y, 0., F = u, +e'Gle Vu, —y).
Algebra A, 4
ALy = (50, + Y0y + (u — £ 10y)D,) CHO,y — InyB, Or),
Uy

1
F=—"14-GQ2u, +In’y).
y oy

Algebra Al
1. A} s = (20, + yd, + pud,) CH0,,d,,0.), p# 0;1, ¢ =1,

F = (uuy,)'G (%> = p=2

Uy 2(p— 1)
2. A] s = (20, + y0, + qud,) CH{Oy, D,y 7,), —1<p<q<1, pg#0,
—p—1
F =120, 412G (), (14)
3. AL = (qz0, + qyd, + ud,) G0y, Dy, y171/40,), (15)

P 1—;#% 20 gyl D/,
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Algebra Al

F = exp ((q — 2p) arctan %) G ((ui + uz) exp (2(]9 — @) arctan %>) ;
Y Uy
2. A%, = (qz0, + qya + (p+tan(q ' Iny)ud,)

(O, Oy, —tan(q ' Ingy)d,), ¢#0, p>0,
2tan(qg ' Iny 1 1
A N

7 / cos(q~ Iny)y 1

Algebra A,
2

Al = (20, + y9, + (2u — % + A2y)8y) GOy, Ny — 1), D),

AUy
F——lny+G<u—>\21ny).
Y

Algebra Aj
1. A} g = (20, + yd, + 2ud,) CH{Oy, Oy, 0, + 20,) (q = 1),

Feg (Ux — y) ;
Uy
2. Al g = (20, +y0, + (1 + qQ)ud,) {0y, 0y, Ny +1)0,), |q| <1,
F =y 1G( Uuy — Aug));
3. A3 s = (0, +ud,) Gy, —10,,0, + A\J,), (¢ =0),
F =exp(y — A\v)G(exp (Ax — y)uy);
4. Ajg = (g0, + qyo, + (1 + Q)ud,) GO, Ay — )0, 0), 0 < |q] < 1,

F = y1=9lqg (M) _

yl/q

Algebra Af,

G(uxcos( “ny)y Tp)

2 2
Ao = ((gz +v)0: + (qy — )0, + (2qu + ‘% — %) Ou) CF

<au7 a:m ay + l’au>, qg >0,

F=aG (((uw — )’ +u) exp (—2(] arctan (“u; y))) .
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Algebra A4.10
1. A9 = (Y0, — 20, + €0,) G{(0s, 0y, 20, +y0,), € =0, 1,
F = (u*+ uz)G (e arctan - — u) ;
Uy
2. Al 10 = (MO: + A0, + utan(A\y'y)0,) G0y, — tan(Ay 'y)y, O, + ud,),
F =2\ tan( Ay 'y)u, + u, G (exp(Ay /A — 1) cos(Ay 'y)us), Ao # 0;
3. A3y = (YO, — 10, + \0,) CH{Oy, Dy, 20y + YO, + 0,,),

U Uy
F = (u +u)G ((ui +uy e exp (—2)\ arctan (—) )) :

Uy

6 Invariance with respect to 5-dimensional Lie algebras
— straight method

Further, we apply the direct method (but essentially modified) to above
obtained 38 classes of the equations. As result, the completed list of the
equations were obtained invariant under five-dimensional Lie algebras.

1. Expansion 121}12 C Ars D Ag'g, qg >0

u
Au =y [uZ + ug exp (—q arctan —x> :
Uy

(=0, Ou) ® (Or, 0y, (q + y)0: + (qy — )0,)
2. Expansion A}, Cc AY,,, p=0
Au = exp(uy), (—0u, Oy, =20y, 0y, x0y + Y0, + (u — y)0y)

3. Expansion A}, Cc AY,,, p=1

2
Au = In(uy), (O, Oy, 0y, 0y, 0, + Y0, + (2u + %) Oy)

4. Expansion 121}13 C A, p#0;1,g=1
p-1
p

Au =" , (Oy, Op, x0y, 0y, x0; + y0, + (p + 1)ud,)
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5. Expansion A}, c A%, p=0, ¢ #0

Au = (u? + uz) exp (—q arctan %) ,
y
(Ou, O, Oy, Oy + Y0y, yO, — x0y + quo,)
6. Expansion A}, c A2, p=q=—1
u

Au = yui — 2y_1uy, (—y 1&“ Oy, Oy — y@ , Oy, —x0; — YO, + ud,)

7. Expansion 121}1_8 C Ayo P Asg
Au = yJuz +uZ, (—udy,dy) ® (O, 0y, YOy — 10,)
8. Expansion A}, Cc AP%, p#0;1, ¢=0
Au = (u + )20 49, 0,,0,, 20, + ydy + pudy, yd, — 10y, )
9. Expansion A}, C AYL, G=—pq, p#0;1, ¢ >0

Au = (ui ™ u2>(2_p)/2(1—p) eXp ap arctan ki ;
y - “,

(Oy, Or, Oy, 0y + YOy + pudy, YO, — x0y — qpudy, )
10. Expansion A}, C Ay @ sl(2,R)
Au =y "\ Jud +u,
(—udy, 0y) ® (220, + 2y0,, — (2% — y*)0, — 22y0, + YOy, Oy
11. Expansion A}, C AL, p=1
Au = M/ 2u, £+ 42, Oy, —yOy, £0y, 0, T 2y0y, 0y + yd, + 3ud,)
12. Expansion Aj, C AL, p=1

Au = ()\U:E + uy)1/2 + [y, <auv ()\y - x)am

14+ M\ v 2
i (2O = o70.) 2040, 0

At that, some of them depend from parameters A, u which can not
be reduced to concrete number with the help of the equivalence trans-
formations.
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