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Introduction

The notion of nonclassical symmetry (called also Q-conditional or, simply, condi-

tional symmetry) was introduced by Bluman and Cole in 1969. In the two last

decades, the theoretical background of nonclassical symmetry was intensively inves-

tigated and the technique based on nonclassical symmetry was effectively applied

to finding exact solutions of many partial differential equations arising in physics,

biology, financial mathematics etc.

In spite of the long period of studying nonclassical symmetry and hopeful results in

its applications, a number of basic problems of this theory are still open. Moreover,

there exists a series of non-rigorous definitions of related key notions and heuristic

results on fundamental properties of nonclassical symmetry in the literature, which

are used up to now and form the mythology of nonclassical symmetry. These defini-

tions and results need a special feeling in order to correctly apply them. Otherwise,

certain contradictions and inaccurate statements may be obtained.

Mythology is an unavoidable step in the development of any subject.



Definition

Let Q = {Q1, . . . , Ql} be an involutive family of l (l 6 n) vector fields

Qs = ξsi(x, u)∂i + ηs(x, u)∂u

in the space (x, u), where rank ‖ξsi(x, u)‖ = l. The involution means that

∀ s, s′ ∃ ζss′σ = ζss
′σ(x, u) : [Qs, Qs′

] = ζss
′σQσ.

Hereafter we use the summation convention for repeated indices.

x is the n-tuple of independent variables (x1, . . . , xn). u is the unknown function.

i, j = 1, . . . , n, s, σ = 1, . . . , l, ∂i = ∂/∂xi, ∂u = ∂/∂u.

Consider L: L[u] := L(x, u(r)) = 0 and the characteristic system Q[u] = 0.

L ∼ L = {(x, u(r)) ∈ Jr | L[u] = 0},

Q(r) = {(x, u(r)) ∈ Jr | Dα1
1 . . . Dαn

n Q
s[u] = 0, αi ∈ N ∪ {0}, |α| < r},

where Di is the operator of total differentiation with respect to the variable xi,

α = (α1, . . . , αn) is a multi-index, |α| := α1 + · · ·+ αn.

Definition 1. Q is called an involutive family of nonclassical symmetry (or Q-

conditional symmetry, conditional symmetry etc) operators of L if

Qs
(r)L(x, u(r))

∣∣
L∩Q(r)

= 0.



Myths on name and definition

Non-rigorous definition

Myth 1. A nonclassical symmetry operator Q of an equation L is called a vector

field Q which is a Lie symmetry operator of the united system of the equation L and

the invariant surface condition Q : Q[u] = 0 corresponding to Q.

This is the conventional non-rigorous way in order to quickly define nonclassical

symmetry. It becomes rigorous only after a special interpretation of the notions of

a system of differential equations and Lie symmetry. Otherwise, using the empiric

definition leads to a number of inconsistencies.

Careful analysis shows that the above definition is a tautology. Indeed, the invariant

surface condition Q[u] = 0 means that the function u is a fixed point of the one-

parametric local group GQ of local transformations generated by the operator Q.

Therefore, we can reformulate the definition in the following way.

Reformulation. If the set of solutions of the equation L, which are fixed points

of GQ, is invariant with respect to GQ then Q is called a nonclassical symmetry

operator Q of an equation L.



The tautology of the reformulation is obvious. If each element of the set is invariant

then the whole set is necessarily invariant. The definition of nonclassical symmetry

according to Myth 1 leads to the conclusion that

any differential equation is invariant, in nonclassical sense, with respect to any vector

field in the corresponding space of dependent and independent variables.

The case when the equation L has no Q-invariant solutions well fits into the non-

rigorous approach since the empty set is a very symmetric set. Therefore, uncritically

following the non-rigorous approach, we would get

• no effective methods for construction of exact solutions

• no information on properties of differential equations

There exist different reformulations of Myth 1 in the literature.



Reformulation of Myth 1 in terms of conditional symmetry

Myth 2. A nonclassical symmetry operator Q of an equation L is called a condi-

tional symmetry operator of the equation L under the auxiliary condition Q[u] = 0.

Here conditional symmetry is understood in the following sense.

Definition 2. A vector field Q is called a conditional symmetry operator of a sys-

tem S of differential equations under an auxiliary condition S ′ (which is another

system of differential equations in the same variables) if Q is a Lie symmetry oper-

ator of the united system of S and S ′.

Differences of conditional symmetry from nonclassical one:

• Auxiliary conditions do not involve associated conditional symmetry operators.

• The conditional symmetry operators of a system S under an auxiliary condi-

tion S ′ form a Lie algebra.

• Conditional symmetry really is a kind of symmetry and can applied to generate

new solutions from known ones.

• Finding nontrivial auxiliary conditions is an art but not a regular procedure.



This is why sometimes nonclassical symmetries are called either

• Q-conditional symmetries where the prefix “Q” is used to emphasize differences

between nonclassical and conditional symmetries or

• conditional symmetries without any connection with Definition 2.



Reformulation of Myth 1 in infinitesimal terms

Myth 3. The nonclassical symmetry criterion for an equation L and an opera-

tor Q coincides with the infinitesimal Lie invariance criterion for the united sys-

tem {L, Q[u] = 0} with respect to the same operator, i.e.,

Q(r)L[u] = 0 if L[u] = 0 and Q[u] = 0 (ordL = r).

(Q(r)Q[u] = (η − ξjuuj)Q[u] ≡ 0 if Q[u] = 0.)

But

Q(r)L[u] = Luα[u]Dα1
1 . . . Dαn

n Q[u] + ξiDiL[u] ≡ 0 if L[u] = 0 and Q[u] = 0.

Under the local approach within group analysis of differential equations, a system

of differential equations is associated with the infinite tuple of systems of algebraic

equations defined by this system and its differential consequences in the infinite

tower of the corresponding jet spaces.

The exclusion of the above differential consequence from the consideration is unnat-

ural from the point of view of group analysis!



Myth on name (main Myth of nonclassical symmetry)

Myth 4. Nonclassical symmetry is a kind of symmetry of differential equations.

Any kind of symmetries of differential equations (Lie, contact, hidden, conditional,

approximate, generalized, potential, nonlocal etc.) has the invariance property, i.e.,

symmetries transform solutions to solutions in certain sense.

Prerequisite of the definition of nonclassical symmetry is the consideration only of

the set of solutions unchangeable by the associated finite transformations.

It is impossible to use nonclassical symmetries in order to generate new solutions

from known ones.

A nonclassical symmetry operator Q of L represent only a symmetry of

• each of Q-invariant solutions of L (as a weak symmetry) and

• the manifold L ∩Q(r) in Jr, where r = ordL.

At the same time, properties of the set of nonclassical symmetries and properties of

the set of Q-invariant solutions for each nonclassical symmetry operator Q charac-

terize the equation L.



Abbreviation?

nonclassical symmetry −→ non-symmetry

Another name?



Reality

Properties of Lie symmetries:

Invariance (transforming solutions to solutions)

Formal compatibility (attaching the invariant surface conditions to the initial

system of differential equations gives no nontrivial differential consequences)

Reduction (each invariance algebra satisfying the infinitesimal transversality con-

dition leads to an ansatz reducing the initial system to a system with a less

number of independent variables)

Conditional compatibility (there exists a bijection between solutions of the ini-

tial system, which satisfy the invariant surface conditions, and solutions of the

corresponding reduced system)

Properties of nonclassical symmetries:

Formal compatibility, Reduction, Conditional compatibility

Nonclassical symmetries

of L
'

first-order quasilinear differential constraints

which are formally compatible with L



What property is the main and completely represent the essence of nonclassical

symmetry?

“first-order quasilinear” =⇒ “integrable” =⇒ ansatz

Then “formally compatible” =⇒ reduction by this ansatz

There exist integrable differential constrains which are not formally compatible with

the initial system.

There exist differential constrains which are formally compatible with the initial

system but are not integrable.

“first-order” =⇒
the number of old dep. variables = the number of “invariant” dep. variables =⇒
reduction in the classical sense

REDUCTION!

A possible name for operators of nonclassical symmetry is reduction operators.



One more important property of Lie symmetries is broken for nonclassical symme-

tries.

Lie symmetries: (r = ordL)

• Q is a Lie symmetry of L(r) =⇒ Q is a Lie symmetry of L(ρ) for any ρ: ρ > r

• Q is a Lie symmetry of L(ρ) for a ρ: ρ > r =⇒ Q is a Lie symmetry of L(r)

L(k) denotes a maximal set of algebraically independent differential consequences

of L that have, as differential equations, orders not greater than k. It is identified

with the corresponding system of algebraic equations in Jk(x|u) and the manifold

determined by this system.

nonclassical symmetries:

Q is a Lie symmetry of L(r) ∩Q(r) =⇒
Q is a Lie symmetry of L(ρ) ∩Q(ρ) for any ρ: ρ > r

But

Q is a Lie symmetry of L(ρ) ∩Q(ρ) for a ρ: ρ > r 6=⇒
Q is a Lie symmetry of L(r) ∩Q(r)



Example.

L = ut + uxx + tux, Q = ∂t

L(2) ∩Q(2) : ut = utt = utx = 0, uxx = −tux
Q(2)L

∣∣
L(2)∩Q(2)

= ux 6= 0

Ansatz: u = ϕ(ω), ω = x

ϕωω + tϕω = 0 No reduction!

L, DtL, DxL, Q = ∂t

L(3) ∩Q(3) : ut = utt = utx = uttt = uttx = utxx = 0, ux = uxx = uxxx = 0

Q(2)L
∣∣
L(3)∩Q(3)

= Q(3)DtL
∣∣
L(3)∩Q(3)

= Q(3)DxL
∣∣
L(3)∩Q(3)

= 0

 ϕωω + tϕω

ϕω

ϕωωω + tϕωω

 =

 t 1 0

1 0 0

0 t 1


 ϕωω

ϕωω

ϕωωω

 = 0



Definition of nonclassical symmetries for systems

Myth 5. The definition of nonclassical symmetry for systems of differential equa-

tions is a simple extension of the definition of nonclassical symmetry for single

partial differential equations to the case of systems.

L: Lµ[u] := Lµ(x, u(r)) = 0, µ = 1, . . . , l, u = (u1, . . . , um), r = ordL

Q(r)L
µ
∣∣
L(r)∩Q(r)

= 0 or Q(r)L
µ
∣∣
L∩Q(r)

= 0 ?

Example. The Navier–Stokes equations

~ut + (~u · ∇)~u−∆~u+∇p+ ~x×∇(div ~u) = ~0, div ~u = 0.



Myths on possible applications

Myth 6. One-parametric transformation groups associated with nonclassical sym-

metry operators can be used for generating new exact solutions from known ones.

The generation is impossible since the corresponding transformations can be applied,

by definition, only to solutions which are fixed points of them.

Useful applications for such groups are not found up to now.

An additional problem is that nonclassical symmetry operators are partitioned, by

the equivalence up to nonvanishing functional multiplier, into classes of indistin-

guishable operators. Therefore, the association has no sense.

Myth 7. Finding exact solutions of differential equations by reduction is a unique

application of nonclassical symmetries.

Possible applications:

• deriving inequalities for solutions

• studying characteristic directions



Specific myths of multi-dimensional case

Myth 8. Any reduction in a number of independent variables can be decomposed in

a step-by-step sequence of reductions in a single independent variable.

Example. ut = (x2 + y3)u2
xx + (x5 + y6)uyyy, Q1 = ∂x, Q2 = ∂y

Myth 9. No-go results on nonclassical symmetries are trivially extendable to the

multidimensional case.

Example.

ut = uxx

Q = τ∂t + ξ∂x + η∂u

The case τ = 0 is singular and “no-go”

The case τ 6= 0 is regular and “no-go”

ut = uxx + uyy

Q = τ∂t + ξx∂x + ξy∂y + η∂u

All cases are regular and admit closed answers.



Myths of singular cases, factorization and number

Myth 10. Number of nonclassical symmetries is essentially greater than number of

nonclassical symmetries.

Yes, but partial “yes”

• the usual equivalence of nonclassical symmetries

• nonclassical symmetries equivalent to Lie ones

• the equivalence of nonclassical symmetries with respect Lie symmetry groups

and equivalence groups

• no-go cases



Myth 11. The factorization of the set of nonclassical symmetry operators with

respect to the equivalence of nonclassical symmetries is a trivial step.

Singular vector fields of differential functions

Definition. Q ∈ Q is singular for L = L[u] (ordL = r) if ∃L̃ = L̃[u] (ord L̃ < r):

L|Q(r)
= L̃|Q(r)

. Otherwise Q is regular for L.

the singularity co-order of Q for L = the minimal order of differential functions

whose restrictions on Q(r) coincide with L|Q(r)

Q is ultra-singular for L if L|Q(r)
≡ 0.

For convenience, the singularity co-order of ultra-singular vector fields and the order

of identically vanishing differential functions are assumed to equal −1. Regular

vector fields for the differential function L are assumed to have the singularity co-

order r = ordL.

If Q is a singular for L then any vector field equivalent to Q is singular for L with

the same co-order of singularity.

L̃ can be constructively found!



ξ2 6= 0, Q(r):

u2 = η̂ − ξ̂u1,

u12 = η̂1 − ξ̂1u1 + η̂uu1 − ξ̂uu2
1 − ξ̂u11,

u22 = η̂2 − ξ̂2u1 + (η̂u − ξ̂uu1)(η̂ − ξ̂u1)− ξ̂(η̂1 − ξ̂1u1 + η̂uu1 − ξ̂uu2
1 − ξ̂u11),

. . .

where ξ̂ = ξ1/ξ2 and η̂ = η/ξ2.

Substituting the expressions for derivatives into L gives L̂ depending only on x, u

and derivatives of u with respect to x1.

L̂ is a differential function associated with L on the manifold Q(r).

Q is singular L iff ord L̂ < r. The singularity co-order of Q equals L̂.

Q is ultra-singular iff L̂ ≡ 0.

Therefore, testing that a vector field is singular for a differential function with two

independent variables is realized via the completely algorithmic procedure.



Consider the two-dimensional module {Qθ = θiQi} of vector fields over the ring

of smooth functions of (x, u). Qi = ξij(x, u)∂j + ηi(x, u)∂u, rank(ξi1, ξi2, ηi) = 2.

θ = (θ1, θ2)(x, u). i, j = 1, 2.

Definition. {Qθ} is singular for L if ∀θ Qθ is singular for L. The singularity co-

order of the module {Qθ} coincides with the maximum of the singularity co-orders

of its elements.

It is enough, up to point transformations, to study only singular sets of vector fields

of the reduced form {Qζ = ξ∂1 + ∂2 + ζ∂u}, where ξ is a fixed smooth function of

(x, u) and ζ runs through the set of such functions.

Further simplification of the representation for elements from the module depends

on whether the module is closed under the Lie bracket.

In any two-dimensional module of vector fields in the space of three variables

(x1, x2, u), basis vector fields Q1 and Q2 can be locally reduced, by point trans-

formations, to the form Q1 = ∂2 (resp. Q1 = u∂1 + ∂2) and Q2 = ∂u if the module

is closed (resp. not closed) with respect to the Lie bracket of vector fields.



Theorem. A differential function L with one dependent and two independent

variables possesses a kth co-order singular two-dimensional module of vector fields

iff it is represented, up to point transformations, in the form

L = Ľ(x,Ωr,k),

where Ωr,k =
(
ωα = Dα1

1 (ξD1 +D2)
α2u, α1 6 k, α1 +α2 6 r

)
, ξ ∈ {0, u}, and Ľωα 6= 0

for some ωα with α1 = k.

Corollary. A differential function with one dependent and two independent vari-

ables admits a kth co-order singular two-dimensional module generated by com-

muting vector fields if and only if it is reduced by a point transformation of the

variables to a differential function in which all differentiation with respect to one of

independent variables are only up to order k.

Corollary. Any differential function with one dependent and two independent vari-

ables, which does not identically vanish, admits no ultra-singular two-dimensional

module of singular vector fields.



Singular vector fields of differential equations

Q is (strongly) singular for L: L[u] = 0 if it is singular for L[u].

Definition. Definition. Q ∈ Q is weakly singular for L: L[u] = 0 (ordL = r) if

∃L̃ = L̃[u] (ord L̃ < r) and ∃λ = λ[u] (ordλ 6 r): L|Q(r)
= λL̃|Q(r)

. Otherwise Q is

weakly regular for L.

The notions of ultra-singularity in weak and strong senses coincide.

Strong singularity implies weak singularity.



Example: evolution equations

ut = H(t, x, u(r,x)),

r > 1, u0 := u, uk = ∂ku/∂xk, u(r,x) = (u0, u1, . . . , ur) and Hur 6= 0.

Proposition. Q is singular for L = ut − H iff τ = 0. The singularity co-order

equals 1.

Corollary. L = ut − H possesses exactly one set of singular vector fields in the

reduced form, S = {∂x + ζ(x, u)∂u}. The singularity co-order of S equals 1.

Hur 6= 0 =⇒ weak singularity ∼ strong singularity

Q ∈ Q0(L) = Q(L) ∩ S =⇒ DE0(L):

ζt + ζuH̃ = H̃x + ζH̃u, H̃ := H(t, x, u, ζ, ζx + ζζu, . . . (∂x + ζ∂u)
r−1ζ),

⇐⇒ the compatibility condition of ux = ζ and L.



Theorem. Up to the equivalences of operators and solution families, for any evolu-

tion equation there exists a bijection between one-parametric families of its solutions

and reduction operators with zero coefficients of ∂t. Namely, each operator of such

kind corresponds to the family of solutions which are invariant with respect to this

operator. The problems of the construction of all one-parametric solution families

of an evolution equation and the description of its reduction operators with zero

coefficients of ∂t are completely equivalent.

Corollary. The nonlinear (1 + 2)-dimensional equation DE0(L) is reduced by com-

position of the nonlocal substitution ζ = −Φx/Φu, where Φ is a function of (t, x, u),

and the hodograph transformation

the new independent variables: t̃ = t, x̃ = x, κ = Φ,

the new dependent variable: ũ = u

to the initial equation L in ũ = ũ(t̃, x̃,κ) with κ playing the role of a parameter.

Q1(L) = {Q ∈ Q1(L) | τ = 1}

L: ut = (f(u)ux)x, Q1(L) = ?

L: ut = uxx + ueux + xe2ux + te3ux + e4ux + e5ux, Q1(L) = ∅

linear evolution equations, Burgers equation: no-go



Example: nonlinear wave equations

L: u12 = F (u)

Q = ξi(x, u)∂i + η(x, u)∂u is singular for L = u12 − F (u) iff ξ1ξ2 = 0.

weak singularity ∼ strong singularity

L = u12 − F (u) possesses exactly two sets of singular vector fields in the reduced

form,

S = {∂2 + ζ(x, u)∂u} and S∗ = {∂1 + ζ∗(x, u)∂u}.

x1 ↔ x2 ⇐⇒ S ↔ S∗

Q = ∂2 + ζ∂u ∈ Q(L) =⇒

(ζ12 + ζ1uu2 + ζ2uu1 + ζuuu1u2 + ζuu12)|L∩Q(r)
= ζFu

L ∩Q(2): u2 = ζ, u12 = F and ζt + ζuut = F .

The further consideration depends on values of ζu and Fu.



ζu = 0, Fu = 0

Q is ultra-singular for L.

the conditional invariance criterion: ζ1 = F

An ansatz constructed with Q reduces L to an identity.

The family of Q-invariant solutions of L is parameterized by a function of a single

argument.



ζu = 0, Fu 6= 0

The singularity co-order of Q for L equals 0.

The conditional invariance criterion: ζ12 = ζFu(F
−1(ζ1)).

The ansatz constructed with Q reduces L to an algebraic equation.

The family of Q-invariant solutions of L consists of a single solution.

Theorem. Up to the equivalence of solution families, there exists a bijection be-

tween solutions of L with Fu 6= 0 and reduction operators of the form Q = ∂2+ζ(x)∂u

(resp. Q∗ = ∂1 + ζ∗(x)∂u) whose singularity co-orders equal 0. Namely, each opera-

tor of such kind corresponds to the solution which is invariant with respect to this

operator. The problems of solving the equation L with Fu 6= 0 and the description

of its reduction operators of the above form are completely equivalent.

Corollary. Any solution u = f(x) of L with Fu 6= 0 is invariant w.r.t. two reduction

operators Q = ∂2 + ζ(x)∂u and Q∗ = ∂1 + ζ∗(x)∂u of singularity co-order 0. Here

ζ = f2 and ζ∗ = f1. The property of possessing the same invariant solution of L
establishes the canonical bijection Q↔ Q∗ between the sets of reduction operators of

singularity co-order 0. The adjoint values of ζ and ζ∗ are connected by the formulas

ζ∗ =
ζ11

Fu(F̌ (ζ1))
, ζ =

ζ∗22

Fu(F̌ (ζ∗2))
.



ζu 6= 0, Fu 6= 0

The singularity co-order of Q for L equals 1.

The conditional invariance criterion: ζ12 + ζζ1u + (ζ2u + ζζuu)
F−ζ1
ζu

+ ζuF = ζFu

The ansatz constructed with Q reduces L to a first order ODE.

Proposition. There exists a canonical bijection Q ↔ Q∗ between sets of singular

reduction operators of L of the forms Q = ∂2 + ζ(x, u)∂u and Q∗ = ∂1 + ζ∗(x, u)∂u,

where ζu 6= 0 and ζ∗u 6= 0. This bijection is defined by the formulas

Q→ Q∗ : ζ∗ =
F − ζ1
ζu

, Q∗ → Q : ζ =
F − ζ∗2
ζ∗u

.

A solution of L is invariant with respect to the operator Q if and only if it is invariant

with respect to the operator Q∗.

Theorem. Up to the equivalence of solution families, for L with Fu 6= 0 there exists

a bijection between one-parametric families of its solutions and reduction operators

of the form Q = ∂2 + ζ(x, u)∂u, where ζu 6= 0 (resp. Q∗ = ∂1 + ζ∗(x, u)∂u, where

ζ∗u 6= 0). Namely, each operator of such kind corresponds to the family of solutions

which are invariant with respect to this operator. The problems of the construction

of all one-parametric solution families of L with Fu 6= 0 and the description of its

reduction operators of the above form are completely equivalent.



Corollary. The nonlinear three-dimensional determining equation for ζ is reduced

by composition of the Bäcklund transformation ζ = −Φ2/Φu, ζ
∗ = −Φ1/Φu, where

Φ is a function of (x, u), and the hodograph transformation

the new independent variables: x̃1 = x1, x̃2 = x2, κ = Φ,

the new dependent variable: ũ = u

to the equation L for the function ũ = ũ(x̃,κ) with κ playing the role of a parameter.

The natural partition of the set of reduction operators of L:

ξ1 = 0; ξ2 = 0; ξ1ξ2 6= 0

After factorization: ξ1 = 0, ξ2 = 1; ξ2 = 0, ξ1 = 1; ξ1 6= 0, ξ2 = 1

After extended factorization with symmetry: ξ1 = 0, ξ2 = 1; ξ1 6= 0, ξ2 = 1

u11 − u22 = F (u): ξ1 = −ξ2; ξ1 = ξ2; ξ1 6= ±ξ2

u11 − (G(u)u2)2 = F (u): . . .


