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Galilei-invariant equations for massless vector fields
are obtained with using of two approaches. First,
we obtain them via contractions of relativistic wave
equations. Secondly, we deduce such equations di-
rectly, starting with completed list of finite dimen-
sional indecomposable representations of the homo-
geneous Galilei group for scalar and vector fields. It
is shown that the collection of non-equivalent Galilei-
invariant wave equations for massless fields with spin
equal 1 and 0 is very reach. It describes many phys-
ically consistent systems, e.g., those of electromag-
netic fields in various media or Galilean Chern-Simon
models. Finally, classification of all linear and a
big group of non-linear Galilei-invariant equations for
massless fields is presented.



In physics there are specific symmetries and funda-
mental ones. The most important examples of fun-
damental symmetries are relativistic invariance and
Galilei invariance. It is the invariance w.r.t. Lorentz
transformations or Galilei ones which is a priori re-
quired in a consistent physical theory.

Relativistic invariance is treated as a more funda-
mental one, since Galilei-invariant theories can be ob-
tained as limiting case of relativistic ones. But there
are reasons to study just Galilei-invariant theories:

• The majority of physical effects are non-relativistic
(i.e., are characterized by velocities much smaller
than the velocity of light). In fact, we newer ob-
serve a macroscopic body whose velocity is com-
patible with the velocity of light;

• Non-relativistic models in principle are more sim-
ple and convenient than the relativistic ones;

• A correct definition of non-relativistic limit is by
no means a simple problem, in general, and in the
case of massless fields in particular;

• The very existence of a good non-relativistic ap-
proximation can serve as a selection rule for con-
sistent relativistic theories.
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To create group-theoretical grounds — to describe
representations of the Poincaré and Galilei groups.

Relativistic theories in principle are more compli-
cated then non-relativistic ones. On the other hand,
the structure of subgroups of the Galilei group and of
its representations are in many respects more com-
plex than those of the Poincaré group and therefore it
is perhaps not so surprising that the representations
of the Poincaré group were described by Wigner in
1939, almost 15 years earlier than the representations
of the Galilei group (Bargman, 1954) in spite of the
fact that the relativity principle of classical physics
was formulated by Galilei about three centuries prior
to that of relativistic physics formulated by Einstein.

It appears that, as opposed to the Poincaré group,
the Galilei group has the ordinary as well as the pro-
jective representations. Moreover, finite-dimensional
indecomposable representations of the homogeneous
Galilei group HG(1, 3) are not classifiable. And they
are the representations which play a key role in for-
mulation of physical models satisfying the Galilei rel-
ativity principle!
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1 Galilei group

The group of transformations in R3 ⊕R1:

t → t′ = t + a,
x → x′ = Rx + vt + b,

(1)

where a,b and v real, R rotation matrix.

HG(1,3) a subgroup of G(1, 3) leaving invariant
x = (0, 0, 0) at t = 0 and formed by:

t → t′ = t,
x → x′ = Rx + vt

(2)

Lie algebra hg(1,3) includes six basis elements:
3 rotation generators Sa, a = 1, 2, 3 and three gen-
erators of Galilean boosts ηa, with the commutation
relations

[Sa, Sb] = iεabcSc, (3)

[ηa, Sb] = iεabcηc, [ηa, ηb] = 0 (4)

that is, they form a basis of the Lie algebra hg(1, 3)
of the homogeneous Galilei group.
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2 Vector representations.

All indecomposable representations of HG(1, 3) which,
when restricted to the rotation subgroup, are decom-
posed to direct sums of vector and scalar representa-
tions, were found in [3]. These indecomposable rep-
resentations (denoted as D(m,n, λ)) are labeled by
triplets of numbers: n,m and λ. These numbers take
the values

−1 ≤ (n−m) ≤ 2, n ≤ 3,

λ =





0 if m = 0,
1 if m = 2 or n−m = 2,
0, 1 if m = 1, n 6= 3.

(5)

In accordance with (5) there exist ten non-equivalent
indecomposable representations D(m,n, λ). Their
carrier spaces can include three types of rotational
scalars

A,B,C

and five types of vectors

R,U,W,K,N

whose transformation laws with respect to the Galilei
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boost are:

A → A′ = A,
B → B′ = B + v ·R,
C → C ′ = C + v ·U + 1

2v
2A,

R → R′ = R,
U → U′ = U + vA,
W → W′ = W + v ×R,
K → K′ = K + v ×R + vA,
N → N′ = N + v ×W + vB + v(v ·R)− 1

2v
2R,

(6)

where v is a vector whose components are parameters
of the considered Galilei boosts, v ·R and v × R
are scalar and vector products of vectors v and R
respectively.

Carrier spaces of these indecomposable represen-
tations of the group HG(1, 3) include such sets of
scalars A,B,C and vectors R,U,W,K,N which
transform among themselves w.r.t. transformations
(6) but cannot be split to a direct sum of invariant
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subspaces. There exist exactly ten such sets:

{A} ⇐⇒ D(0, 1, 0),
{R} ⇐⇒ D(1, 0, 0),

{B,R} ⇐⇒ D(1, 1, 0),
{A,U} ⇐⇒ D(1, 1, 1),

{A,U, C} ⇐⇒ D(1, 2, 1),
{W,R} ⇐⇒ D(2, 0, 0),

{R,W, B} ⇐⇒ D(2, 1, 0),
{A,K,R} ⇐⇒ D(2, 1, 1),

{A,B,K,R} ⇐⇒ D(2, 2, 1),
{B,N,W,R} ⇐⇒ D(3, 1, 1).

(7)

Thus, in contrary to the relativistic case, where are
only three Lorentz covariant quantities which trans-
form as vectors or scalars under rotations (i.e., as
a relativistic four-vector, antisymmetric tensor of the
second order and a scalar), there are ten indecompos-
able sets of the Galilei vectors and scalars which we
have enumerated in equation (7). The corresponding
vectors of carrier spaces can be one-, three-, four-,
five-, six-, eight- and ten-dimensional.
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3 Contractions of representations of the
Lorentz algebra

It is well known that the Galilei algebra can be ob-
tained from the Poincaré one by a limiting proce-
dure called ”the Inönü-Wigner contraction” [9]. In
the simplest case a contraction is a limit procedure
which transforms an N -dimensional Lie algebra L
into an non-isomorphic Lie algebra L′, also with N
dimensions. The commutation relations of a con-
tracted Lie algebra L′ are given by:

[x, y]′ ≡ lim
ε→ε0

W−1
ε ([Wε(x),Wε(y)], (8)

where Wε ∈ GL(N, C) is a non-singular linear trans-
formation of L, with ε0 being a singularity point of
its inverse W−1

ε .
Representations of these algebras can also be con-

nected by this kind of contraction. However, this
connection is more complicated for two reasons:

• First, contraction of a non-trivial representation
of the Lorentz algebra yields to the representation
of the homogeneous Galilei algebra in which gen-
erators of the Galilei boosts are represented triv-
ially, so that to obtain a non-trivial representation
it is necessary to apply in addition a similarity
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transformation which depends on a contraction
parameter in a tricky way.

• Second, to obtain indecomposable representations
of hg(1, 3), it is necessary, in general, to start
with completely reducible representations of the
Lie algebra of the Lorentz group.

In papers by Niederle & N (2006) and by de Mon-
tigny, Niederle & N (2006) representations of the
Lorentz group which can be contracted to representa-
tions D(m,n, λ) of the Galilei group were found and
the related contractions specified. Here we present
only two examples of such contractions.

To obtain the five-dimensional indecomposable rep-
resentation D(1, 2, 1) we have to start with a direct
sum of the representations D(1

2,
1
2) and D(0, 0) of the

Lorentz group. The corresponding generators of the
algebra so(1, 3) have the form

Ŝµν =

(
Sµν ·
· 0

)
(9)

where Ŝµν are skew symmetric matrices whose non-
zero elements lies at µ-th row and ν-th column (and
ν-th row and µ-th column).

The Inönü-Wigner contraction consists of the trans-
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formation to a new basis

Sab → Sab, S0a → εS0a

followed by a similarity transformation of all basis
elements Sµν → S ′µν = V SµνV

−1 with a matrix V
depending on a contraction parameter ε. Moreover,
V depends on ε in such a way that all transformed
generators S ′ab and εS ′0a are kept non-trivial and non-
singular when ε → 0 [9].

The matrix of the corresponding similarity trans-
formation can be written as:

V1 =




I3×3 03×1 03×1

01×3
1
2ε

1
2ε

01×3 −ε−1 ε−1


 . (10)

As a result we obtain the following basis elements
of representation D(1, 2, 1) of the algebra hg(1, 3):

Sa =




sa 01×3 01×3

03×1 0 0
03×1 0 0


 , ηa =




03×3 k†a 03×1

01×3 0 0
ka 0 0




(11)

were sa are matrices of spin one with the elements
(sa)bc = iεabc, εabc is a skew symmetric unit tensor
and ka are 1× 3 matrices of the form

k1 = (i, 0, 0) , k2 = (0, i, 0) , k3 = (0, 0, i) .
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(12)

Thus starting with a direct sum of representations
of so(1, 4) we contract it to the indecomposable rep-
resentation of hg(1, 3).

Considering the representation D(1, 0)⊕D(0, 1) of
the Lorentz group whose generators are 6×6 matrices

Sab = εabc

(
sc 03×3

03×3 sc

)
, S0a =

(
03×3 −sa

sa 03×3

)
,

(13)

we can choose the corresponding contraction matrix
in one of the following forms:

V2 =

(
εI3×3 03×3

03×3 I3×3

)

or

V3 =

(
I3×3 03×3

03×3 εI3×3

)
.

(14)

As a result of such contractions we obtain the rep-
resentation D(2, 0, 0) of hg(1, 3).
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4 Galilean massless fields

For constructions of Galilei invariant equations for
massless fields it is possible to use at least three ap-
proaches:

• To start with equations invariant w.r.t. group
P (1, 4), i.e., the Poincaré group in (1+4)-dimensional
space. This group includes the Galilei group HG(1, 3)
as a subgroup and so making reduction P (1, 4) →
HG(1, 3) we obtain Galilei-invariant equations.

• To start with equations invariant w.r.t. the Poincar’e
group P (1, 3) and to make a contraction to the
Galilei group.

• To use our knowledge of indecomposable repre-
sentations of HG(1, 3) and deduce Galilei-invariant
equations using tools of Lie analysis, i.e., calcu-
lating absolute and relative differential invariants
of an appropriate order.

The first and second approaches were used by many
authors. However, in this way it is possible to obtain
particular results only. The third approach is the
most powerful but it can be used provided we know
representations of HG(1, 3). Since now we know in-
decomposable representations for vector fields, it is
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possible to describe all Galilei-invariant equations for
such fields.

J. Niederle and me had found a completed lists of
relative functional and relative first order differential
invariants. We also classify possible Galilei-invariant
equations which can be obtained from known rela-
tivistic models using the contraction procedure. I
will not torture you by demonstration of the corre-
sponding classification tables but restrict myself to
showing some examples which are seem to be inter-
esting.

4.1 Galilei limits of the Maxwell equations

According to the Lévy-Leblond and Le Bellac anal-
ysis from 1967 there are two Galilean limits of the
Maxwell equations.

In the so-called ”magnetic” Galilean limit we re-
ceive pre-Maxwellian electromagnetism. The corre-
sponding equations for magnetic field H and electric
field E read

∇× Em − ∂Hm
∂t = 0, ∇ · Em = ej0

m,
∇×Hm = ejm, ∇ ·Hm = 0,

(15)

where j = (j0
m, jm) is an electric current and e de-

notes an electric charge.
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Equations (15) are invariant with respect to the
Galilei transformations (1) provided vectors Hm, Em

and electric current j cotransform as

Hm → Hm, Em → Em − v ×Hm,
jm → jm, j0

m → j0
m + v · jm.

(16)

Introducing a Galilean vector-potential Am = (A0,A)
such that

Hm = ∇×A, Em = −∂A

∂t
−∇A0 (17)

we conclude that transformation laws for A have the
following form:

A0 → A0 + v ·A, A → A. (18)

The other Galilean limit of the Maxwell equations,
i.e., the ”electric” one looks as

∇×He + ∂Ee
∂t = eje, ∇ · Ee = ej4

e ,
∇× Ee = 0, ∇ ·He = 0,

(19)

with the Galilean transformation lows of the follow-
ing form

He → He + v × Ee, Ee → Ee,
je → je + vj4

e , j4
e → j4

e .
(20)

Vectors He and Ee can be expressed via vector- po-
tentials as

He = ∇×A, Ee = −∇A4 (21)
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with the corresponding Galilei transformations for
the vector-potential:

A4 → A4, A → A + vA4. (22)

The Galilean limits of the Maxwell equations ad-
mit clear interpretation in the representation the-
ory. There are exactly two non-equivalent represen-
tations of the homogeneous Galilei group the carrier
spaces of which are four-vectors – the representations
D(1, 1, 0) and D(1, 1, 1). The first of them corre-
sponds to the magnetic limit of Maxwell equations,
the second one - to the electric limit.

4.2 Extended Galilei electromagnetism

Let us begin with relativistic equations for vector-
potential Aµ

¤Aν = ejν (23)

in the Lorentz gauge, i.e., fulfilling

∂µA
µ = 0 or ∂0A

0 = ∇ ·A. (24)

Consider in addition the inhomogeneous d’Alembert
equation for a relativistic scalar field denoted as A4:

¤A4 = ej4. (25)
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Introducing the related vectors of the field strengthes
in the standard form:

H = ∇×A, E = ∂A
∂x0
−∇A0,

F = ∇A4, F 0 = ∂A4

∂x0

(26)

we get the Maxwell equations for E and H:

∇× E− ∂H

∂x0
= 0, ∇ ·H = 0,

∇×H +
∂E

∂x0
= ej, ∇ · E = ej0

(27)

and the following equations for F and F 0

∂F 0

∂x0
+∇ · F = ej4,

∇× F = 0,
∂F

∂x0
= ∇F 0.

(28)

Clearly the system of equations (27) and (28) is
completely decoupled. Its Galilean counterpart ob-
tained using the Inönü-Wigner contraction appears
to be, rather surprisingly, coupled.

Let us start with the system of equations (23)-(25)
which describes a decoupled system of relativistic

15



equations for the five-component function

A = column(A1, A2, A3, A0, A4)
= column(A, A0, A4).

(29)

Moreover, the components (A1, A2, A3, A0) transform
as a four-vector and A4 transforms as a scalar. The
related generators (9) of the Lorentz group realize a
direct sum of representations of the algebra so(1, 3),
namely D(1

2,
1
2)⊕D(0, 0).

Making contraction D(1
2,

1
2)⊕D(0, 0) → D(1, 2, 1)

which was presented in the equations (9)-(11) it is
possible to reduce decoupled relativistic system (23)
and (25) to a system of the coupled equations invari-
ant with respect to the Galilei group:

¤A′k = ej′k,
∂A′4

∂t
= ∇ ·A′. (30)

Under the Galilei transformations components of
the contracted potential cotransform in accordance
with the representation D(1, 2, 1), i.e.,

A0 → A0+v·A+
v2

2
A4, A → A+vA4, A4 → A4,

(31)

and

j4 → j4, j → j+vj4, j0 → j0+v ·j+1

2
v2j4. (32)
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Transformations (1), (31) and (32) keep the system
(30) invariant. The corresponding field strengthes

W = ∇×A′, N = ∂A′
∂t −∇A′0,

R = ∇A′4, B = ∂A′4
∂t

(33)

satisfy the following equations

C ≡ ∇ ·N− ∂
∂tB − ej0 = 0,

U ≡ ∇×W +∇B − ej = 0,
A ≡ ∇ ·R− ej4 = 0,
N ≡ ∂

∂tW +∇×N = 0,
W ≡ ∂

∂tR−∇B = 0,
R ≡ −∇×R = 0,
B ≡ ∇ ·W = 0.

(34)

These equations are covariant with respect to the
Galilei group. In the central part of them we have rel-
ative differential invariants which transform between
themselves like Galilean vectors and scalars.

In contrast to a decoupled relativistic system of
equations (27) and (28) its Galilei counterpart (34)
appears to be a coupled system of equations for vec-
tors R,W, N and scalar B.

The system of equations (34) is the most extended
decoupled system of the first order equations for scalar
and vector fields, invariant w.r.t. the Galilei transfor-
mations. It includes 10 dependent variables while the
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Galilean versions of the Maxwell equations includes
6 dependent variables.

4.3 Reduced Galilean electromagnetism

The considered vector representations of the Galilei
group are indecomposable but reducible. It means
that we can reduce the number of dependent compo-
nents in (34 without violating its Galilei invariance.
For example, vector R and the fourth component j4

of the current form invariant subspaces with respect
to the Galilei transformations. Thus we can impose
the Galilei-invariant conditions

R = 0 or ∇A4 = 0, j4 = 0 (35)

and reduce system (34) to the following one

∂
∂tH̃ +∇× Ẽ = 0,

∇× H̃ = ej, ∇ · H̃ = 0,

∇ · Ẽ = ∂
∂tS + ej0,

∇S = 0,

(36)

where we have used notation H̃ = W|R≡0, Ẽ =
N|R≡0 and S = B|R≡0.

Vectors Ẽ, H̃ and scalar S belong to a carrier space
of the representation D(2, 1, 1). Their Galilei trans-
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formation laws are

Ẽ → Ẽ + v × H̃ + vS, H̃ → H̃, S → S. (37)

In accordance with (37) S belongs to an invari-
ant subspace of the Galilei transformations, so we
can impose the following additional Galilei-invariant
condition

S = 0 or
∂A4

∂t
= 0. (38)

As a result we come to equations (15), i.e., to the
magnetic limit of Maxwell’s equations.

In analogous way it is possible to find other 6 ver-
sions of the reduced equations for Galilean vector
fields, among them we find the magnetostatics equa-
tions:

∇× Ĥ = ej, ∇ · Ĥ = 0. (39)

We see that, in contrast to a relativistic theory,
there exist a big variety of linear equations for mass-
less vector fields invariant with respect to the Galilei
group. We found a complete list of them.
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5 Nonlinear equations for vector fields

Starting with indecomposable vector representations
of the group HG(1, 3) it is possible to find out various
classes of partial differential equations invariant w.r.t.
the Galilei group. In the above we have restricted
ourselves to linear Galilean equations for vector and
scalar fields and now we shall present nonlinear equa-
tions.

5.1 Galilei electromagnetic field in medium

Let us consider the Maxwell equations for electro-
magnetic field in a medium

∂D
∂t = ∇×H, ∇ ·D = 0,

∂B
∂t = −∇× E, ∇ ·B = 0.

(40)

Here E and H are vectors of electric and magnetic
field strengths and D and B denote the correspond-
ing vectors of electric and magnetic inductions. The
system (40) is underdetermined and has to be com-
pleted by constitutive equations which represent the
medium properties. The simplest constitutive equa-
tions correspond to a case where B and D are pro-
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portional to H and E respectively, i.e.,

B = µH and D = κE, (41)

Here µ and ε are constants.
In general µ and ε can be functions of E and H

so that the related theories are essentially nonlinear.
There are even more complex constitutive equations,
e.g.,

B = µH + νE, D = κE + λH, (42)

where µ, ν, κ and λ are some functions of H and E.
Let us note that system (40) by itself, i.e., without

constitutive equations, is invariant with respect to a
very extended group IGL(4, R) which includes both
the Poincaré and the Galilei groups as subgroups.
And just constitutive equations, e.g., (41) or (42),
reduce this group to the Poincaré group.

Since we are studying Galilean aspects of electro-
dynamics, it is naturally to pose a problem, weather
there exist such constitutive equations which reduce
the symmetry of system (40) to the Galilei group.

For this purpose we shall search for Galilei-invariant
constitutive equations in the form (42). Such equa-
tions are Galilei-invariant provided µ, ν, κ and λ are
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invariants of Galilei transformations and, in addition,

σκ = ν, µ = σλ, (43)

where σ is an invariant of the Galilei group.
The Galilei transformations of vectors H, E, D

and B, which keep equations (40) invariant, have the
form:

E → E+v×B, H → H−v×D, D → D, B → B.

(44)

A list of independent bilinear invariants of these trans-
formations reads:

E ·B, H ·D, D2, B2, E ·D−H ·B. (45)

Notice that all the other invariants are their func-
tions.

5.2 Galilean Born-Infeld equations

The relativistic Born-Infeld equations include system
∂D
∂t = ∇×H, ∇ ·D = 0,

∂B
∂t = −∇× E, ∇ ·B = 0

(46)

and the constitutive equations

D =
1

L
(E+(B·E)B), H =

1

L
(B−(B·E)E), (47)
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where L = (1 + B2 − E2 − B · E)1/2. Equations
(46), (47)are Lorentz-invariant. Making the Inönü-
Wigner contraction of the related representation of
the Lorentz group we can reduce this system to the
following form:

∂D′
∂t = ∇×H′, ∇ ·D′ = 0,
∇× E′ = 0, ∇ ·B′ = 0

(48)

with the constitutive equations

D′ =
E′

√
1− E′2 , H′ =

B′
√

1− E′2 −
(B′ · E′)E′
√

1− E′2 .

(49)

Equations (48), (49) are Galilei-invariant. More-
over, under Galilei boosts vectors D′,H′,B′ and E′

cotransform as

D′ → D′, H′ → H′ + v ×D′,
B′ → B′ + v × E′, E′ → E′.

(50)

One more contracted version of the Born-Infeld
equations looks as the system:

∇×H = 0, ∇ ·D = 0,
∂B
∂t = −∇× E, ∇ ·B = 0,

(51)

which is supplemented with the Galilei-invariant con-
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stitutive equations

D′ =
E′

√
1 + B2

+
(B′ · E′)B′
√

1 + B2
, H′ =

B′
√

1 + B2
.

(52)

The corresponding transformation laws read

D′ → D′ − v ×H′, H′ → H′,
B′ → B′, E′ → E′ − v ×B′.

(53)

Thus there exist two Galilei limits for the Maxwell
equations in media which we present in the above.

5.3 Quasilinear wave equations

Finally, let me present a quasilinear equation for Galilean
10-vector:

∂
∂tB −∇ ·N + νW ·N + λR ·W
+σ(B2 −R ·N) + ωR2 + µB = ej0,
∂R
∂t +∇×W + ν(BW + R×N)
+σ(R×W + BR) + µR = ej,
∇ ·R + νR ·W + σR2 = ej4,
∂
∂tW +∇×N + ρN = 0,
∂
∂tR−∇B + ρW = 0,
−∇×R + ρR = 0,
∇ ·W + ρB = 0.

(54)
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Formula (54) presents the most general Galilei-
invariant quasilinear system which can be obtained
from ”the most extended” linear system (34) by adding
linear terms and quadratic non-linearities. It is rather
interesting since includes a number of important sys-
tems corresponding to special value of arbitrary pa-
rameters which are denoted by Greek letters. In par-
ticular it includes a Galilean version of the Carrol-
Field-Jackiw model.

6 Discussion

The main of the presented results are:
1. Completed description of indecomposable vec-

tor representations of the homogeneous Galilei group.
2. Completed list of relative functional and first or-
der differential invariants. 3. Linear and quasilinear
Galilei-invariant equations for vector fields.
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