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Liouville equation

Uy = exp(2u)

% ( [—%uxuy — %62“} dazdy) =0

Conservation laws:

w::ui—um w::ui—uyy
D,(w) = 2ue” — (eQu)x =0 D.(w) =0
V f(z, [w, Wy, Wy, . . .]) € ker D, F(y, [w])
Symmetries:
O:=u, + 3D,
w = =U(o(x, [w]) € sym&
OH(z, |lw
U = QOp = D( <5w[ D) € sym L

Liouville, Shabat’79-95, Sakovich’94.
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Commutation [sym &, sym &] C sym &
[im O, im O] C im [,
im0, im O] =0
im O, im O] C im [

Leibnitz: Let p, q(z, lw]),

O(p), B(g)] = BO(Log)(q) —v-v) + Log)(O)(g) — v.v.
Closure:

Op). B(0)] = D(Logy(@) —v)+{pe-a—p-a.} )

mKdV: u, = —%umx + ui = (w) € sym €.

o . o 2
Miura: w = u, — Uyg,.

KdV: w, = —%wmx + 3ww,.

Magri: P = —%Di + 2uD, + u,.

P=0"ocD,ol]

Pp), P(q)] = P(Lppy(@) —vv.+{ps-q—p-q})

Systematic generalization 7

Miura; Sokolov’2001.



Frobenius operators

e A = matrix operator in total derivatives;
e w|u| = Miura substitution.

Definition.
§1. Prohibit any changes: (w ~ dom A), (u ~ im A).

imA,im A] C im A.

Koszul bracket:

[A(p), Alg)] = A([p, 4] a)-

Bi-differential Sokolov bracket:
p,qla = Lap)(q) — v.v. + {p, q}} a.

Remark. Operator A = involutive distribution <L A(.)>
on oo jets.

Koszul, §1: Sokolov’'2001, §2: A.K.4-J.vdL. Olver
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Well-defined Frobenius operators
§2. Allow changes: (w|w],dom A), (u|ul,im A).

“Rec”: dom A ~ im A ~ “vectors” L(.):

AHAzééu)OAOKSD)

w=w|u|’
u=u[u]

“Ham”:

e dom A ~ “covectors” ¢ = §(-)/dw;
o im A ~ “vectors” L:

Ars A= Z%u) oAo (égbw))*

w=w|u|"
u=u[]
Example.
OH
ow

Now Frobenius operators are well defined.

Frobenius Th.
PDE with oo symmetry algebras.

§2: A.K.4J.vdL. Thanks: B.A.Dubrovin



Commutation relations via {{, }} 4

Let P = || 3= A%Y. D,|| be Hamiltonian operator.
T

Th. Poisson bracket = Sokolov bracket:

(. W= 317 (Doo [ D0 22T ) ).
7,0

C 9,
oul.

o,Q

i=1,...,mford=(u',...,u").

P(p),P(q)] =P (me)(Q) —v.v. + {p, q}}p).

Our claim: Def. + Th. = sym Eqyga.

Olver
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2D Toda systems

Exactly solvable exp-nonlinear Evyga:

m i .
K'u).
=17

Lo
Uy = exp(

Linear PDE ord = 1:
Dy(w) =0 on Erda.
First integrals:
wh o w™ = K semi-simple
Example As:

1 2
W = Ugy + Vgp — Uy + UgpVUp — U

2 2

2

€T

2
T

Lagrangian:
(v, o) .
L=— * Ll u? 4+ H(w).
i -Jayp et
Momenta:
: oL
m = — — w = wm]
Oy
Example As: m! = 2u, — v,, m? = 20, — U,.
w' = 3ml +3m?2 — (m')? — m'm? — (m?)?,

w® =2m;, +m;, —2m'm} — m’m; + Z(m
4+ %(ml)QmQ L %ml(m2>2 . g< 2>3.

Minamal integrals w.

Liouville, Darboux, Toda, Leznov+Saveliev, Shabat.



Generators sym Eoda.

Operator

Theorem.
(i) Noether symmetries:

op = D(%‘) csyml Y H(z, [w]).

(ii) All symmetries:
p=0(¢) €symE  Vo(z,[w]) = (¢',....¢").

(iii) Commutation closure:

[im O, im O] C im .

N.B.: Integrals w are fixed.

Example As:
al Uy + D, 2Da2: + 3u, D, + uf: + 2Up U — 21)32: — Ugpy + 2Vsp0
~ \v, + D, D2 — 2y + vy + 202 — 2upv, — 2 '

Noether, Sakovich, Sokolov, Startsev, A.K.
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Structural relations sym Etqqs.

(iv) Under w = w|w], “covectors”

7 w)\ *7—1
o 6= (") (0)
Operator [1 becomes well-defined Frobenius.
(v) Hamiltonian operator:

P=0o (4 o
(vi) Bi-differential Sokolov brackets coincide:

{{7 }}D — {{7 }}77
All coefficients of P and {{ , }}» depend on [w].

Example Ay: P = (ﬁ” A )7

21 A9
Ayl = 2Di +2w'D, + wal:,
Ay = D!+ w'D? + 3uw?D, + w?
A = D) —w'D? + (3w? — 2w)) - D, + (2w? — wy,),
Agy = =2D2 — 4w' D} — 2wl D>
+ (2wi = 2wy, — (w')?) - Dy + 53w, — 2wy, — 2w'w,).
The bracket:
{5, s, = [pod' —v'a] + P —1a.]
+ 3P0 — Pl @) + J0H(PP0E — 12d),
{7, %4, = [Pid' — '@ + 204" — P)] + 0’6 — 12t

A.K.+J.vdL. Thanks: Dubrovin.



Root system Bs.

Ugy = exp(2u — 2v), Vyy = exp(—u + 2v).
The integrals;

W' = Upy + 2040 — 2(v)? + 20U, — U2,

W = Vgp + Uy (Upgw — 2Vp00) + Ugg Vs (v — 2uy)
+ U:c:c(4vxu:c - ( )2 ( ) ) + U:c:c(umc - 'Umc)
+ (V) + (V) (ua)? — 2(ve) U

Frobenius operator:

o2y (O O 1 Uy + 2D,
D_<D’D)_(Dz1 Oy )7 where L = Um+%Dx 7

and
Oy = D + (um —u ) D, + (21} Uy — UppUp + 2UprVy — vaui + QUIM);
O = D2 + v, D2 + (20,0, — v — U2 + Ugy + Uyy) - Dy
+ (4v§uz — 200200 + 2Ugp Uy — 2vxui 4+ 20000 — 2@2).

. . A A
Hamiltonian operator P = 112 ) has the components
Ay Ag

Ay = 10D? + 4w' D, + 2wy,
Agy = 3D2 + 3w'D? + 3w, D? + 8w?D, + 2w?,
Ay = 3D5 + 3w' D3 + 6wlD? + (3wl, + 8w?) - D, + 6w?,
Agy = D! +2w' D2 + 5wlD} + (6w), + 6w’ + (w')?) - D2
+ (4wl + 3w'w?l + 9w?) - D?
+ (wi, + Twl, + (w,)? + dw'w® + w'w,,) - D,
+ 2 (wiw? —w?,, — wiwh).
Sokolov bracket:
{7, = 200" — p2q") + 302 @s — Podne) + (P00 — P4G,)
+ wl(pimqi —Pis,) + 20 (0°¢; — p3gP);
{7, a1t = 6(0*qy — prd®) + 200" 2 — P2a") + 200’0 — D@’
+ (2,43 — Pidl,) + 20 (0°¢; — pig?).
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Root system Go.
The Toda system for K = (_3 ) is
Uy = exp(2u — v), Uy = exp(—3u + 2v).

The differential orders of the integrals w.r.t. the momenta equal 1 and 5, respectively:

1 1 2 1,2
W = Ugy + 3Ugp — Uy + UgUy — 3V5,
2 2 10 8 2 7 2 7
W = Upg — LUzUsy + Uz Usy + UggeUgVy — u4xur - §u4xvr + §u4rvxx

5 2 2 1 2 1 10 46
- §U4rurvx + §U4rux - §U4xv + _U4rvxx + ?U4xurr + ?uxxxvxxux + 20uxxxuxxvx

_ 40uzzzuzzu:c + %Ou:c:c:cvx:c:c - 39u:c:c:z:v:c:cvz + 16uzzzu 18“:{::{::{:”22}96 - %u:c:c:cvg
+ l_;u:c:c:cuzvi 139 VpzzUzz Vg + %U:c:c:cuzzu:c - 8Uzzzui - %,U:c:c:cvxxvz - ?Uzzzvzzuz
+ ?vzmu%z QUIIIUI’U + 2 vmx + 18 im — %umv —|—40u u — 28u LUV
— 2umvmv + 2_5“92596% — 16um + umv 5umuxv + 15umu2 — 12umu3vm
+ %umvmurvr 34umvmu + Quiwvm + I?f)vmv?’um — ﬁvm + 120,00,

— 3—;Umv2u2 — %vmv + Evfmuw 402 v, + 2 VsV — 3Vl — %uxv + 5 27 V8

13,2, 4 3
+2 - x+—uv — 3udv?.
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Root system Go.

The Frobenius operator [ is

[ [ Uy + 3D
= |:|1 |:|2 — 11 12 h |:|1 _ x x
( ’ ) <Dm Lo /7 WHEEE vy + 5D,

and

Oip = 2D + u,D* + (15%% — 1402 — 502 + 1dug, + 5%) . D?

+ <8vxm — 16v,,v, + 10uivm + %vmux — 44U Uy — %uxvg + 24u v, — 8ui + 26umx> . Di

+ <12uivw — 160,550, — 38Uppaly — 4uivfc + 4umvi + 24U 400V + 44U 30 V00
+ 2vmui + ?vmzuz + 10umu§ + 21usy + SUay — 161}236 — 1dug v,

+ %vmuxvz —5lu?, — 9ui) - D,

3,2 2 44 4, .4 2 2
+ <15uwvw — 23Uz UV, — 3 UpzaUgVz + 53UV, + 18Uz us v, — 120,,us v,

4 2
+ gﬁvmumvr + 28Uy Vpp Uy — AUy Uz Uy + 10U420 U0, + 12Us5, + 305,
2 2 40
+ UpppVy — 20Ugpty + 40,00 + T U4 Ue — OV4 U + MagVp — T2Uggp Uy
2,3 3 2 3
— 200500 Vsp + 26V500Usy — SULV, + ULV, — 8UL, Uy — 4V, 0,

2 2 40,2 4 2 2
+ 26Ug00Vz0 + 20000V — BUgraly — F U Up — UV, — 3UZ, Uy + 14vmmux>,

oy = 3D° + (20%@1, — 2002 + Bu,, — 20?4 20um> . D?

+ <40uxm — 2u,07 — 80Ugptly — Bgavy + 2020, + 40050Uy + By, + 38Usgv, — %z@) - D?

+ <38umxvx — 252}296 — ?Ummvr — O8Uppa Uy — 23ufcvi + 36uivr + 9umv§

+ 66UspVaz + 2050U> + 34Vpeptly + 36Uzeu’ — 86u>, — 18u} + 3duy,

37 1,4 3
+ 504 — Uz Ug Uy + 2022Uz 0 — 3V, + 5%%) - D,

+ <36umuivr — 220Uy Vg — %vi + 36uiv§ + 7urvfg — 46umurvg2c — 187jmuivx

2 14
+ 23032U20; + 40U Ve Uy — OUgeVUppVp + AUpratinVy + 20Usy + S 05,

+ 3urmv£ — 40Uy, + 6v§wvm + 2004, Uy — V4V, + 18UV, — 120U pUpy

95 2 3 3 3 2
— 3 VzzaVzz + 40000 Uzy — 25UV, + 12Uy, — 60V, U, + 40UpgpVse + 3Vg020,

— 2002 u, — 18utv, — 14u? v, + QOvmzu?I:).
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Root system Go.

Using the fact that the coefficients A;; of the Hamiltonian operator P = (ﬁll ﬁm)
21 A

are differential functions of the integrals w, we deduce for G, that
A= %Di +2w'D, + w;,
Ay = 3D7 + B! DE + Ll Dl + (w')? + L) ) - D3 + (9w, + 34w'w)) - D2 + 6w’D, + w?,
Ay =3D7 + @w1D5 245 wiD! + (( 2 4 325 ) D3+ (368wmrr _ 98wlw ) D?

+ (6w* + ﬂu&lx — 62w, w' — 62(w,)?) - D, + (5wl + Hwi, — 32w'w,,, — 96w, w),
Agy = 2D;" + 30w' D)) + 135w, D} + (414w}, + 23 (w')?) - D] + (819w}, + ESw'w,) - DS

+ (1119w, + 4w® + £y! W' +18§6( 1y +8( ") . D3

+ (1065ws, + 10w? + ERw'w,,, + 1220w, w) + 60w, (w')?) - D;

+ (699w, + 2602, + M2k w! + 36w w? + 1wl wl — P (wl,)? — 428w, (w')?

TXx T

Trxr Txr T (

— 88(w!)2w! + 54(w ))-Dg

+ <3O3w7x +29w?  + Mwwwl + 5dwlw' — 5—§f5w4xw + 5dwiw? 57322 wh o wk

— 702w

Lo (wh)? — 1908wl wlw! — 252(wl)? + 324w’ (w )3> . D?
- (78w§”” + 15wi$ - 328wérw1 + 5871)2 w' — 560w5mw + 36w w;lc 40§0w4zwglgz

3
— 514wy, (w')? + bdw?w?, — 36w?*(w')? — 1086(w},,)* — 2000w} wiw?

1652wl )w! — 1120w (wh)? + 396w!_(w')? + 540(w;)2(w1)2) . D,

1 2 140 1_ 148 1 _ 994 1
+ <9wgr + 3ws, + 5 Moyl w' + 20w?, w' — 3 8 g, w4+ 20w wi — 3 Py wl

— 138wéz( N2 4+ 18ww}, — 18w2(w')? — 678wy, wr,, — 708w, w'w? + 18ww! .

T T

— 36w wiw' —wl,, - (1424w, w' + 524(w})? — 144(w")*) — 680(w,,)*w,
+ 648w} wl(wh)? +216(w;)3w1).

Txr X
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Root system Go.
Finally, we calculate the Sokolov bracket on the domain of [J:

{paht = [pd —p'a.) + [5 (058" — P°65.) + 5 (0245 — Prais) + 5 DaweCor — Protlona)
F 9D lor — Praone) + 320 (D Qupy — Din@®) + 340 (P2, — 12007
+9(05,.4° — P°d5,) + 318,40 — Phds,)

+ 5w (p7,0" = P°47,) + 307,45, — Pradis) + 6(Dhethe — Portine)
+ 376w (06 d” — P°65,) + 30 (D2E, — p5.40) + Rt (0,4 — P1a43,)
+ %, (3,07 — Pras,) + B wg, (03,4° — p*a5,) + 138(w' ) (P° @3, — p3.q%)

(P2, — hadly) + S, (01,67 — plai,) + B, (08,.4° — pPdl,)

+ 44w (Praalie = Piolaes) + 6720wy (p°q3, — pi,q?) +176(w!)*(P2di, — pi.qz)

+ 8§°wm(pmqm Pralee) + B0We 0 (030005 — Dar) + T2 W05 (0000 — PP
+452(w,) 2 (0@ — Poned’) + 144w’ (02,.6° — P*¢3,) + 18W° (07,07 — P°0C)
+26(w) (2,030 — Praaton) + 1352w5,0" (0203, — 1300d”)

+ 576w w, (P22, — Prendy) + BPwi, (02,45 — Pras,) + 1360w w,,, (P°62, — 1,47
+ 1592w, w, (p°¢2, — p.q°) + 648w, (w')? (74" — p°aZ,) + 68(w,)* (P23, — p?.q3)
+ T12ws, (24" — P°43,) + 36wl (p2,q° — p*¢2,) + 36(w')* (2,47 — Pidl,)

+ 584w w' (P22, — Poadt) + TRwi, (P2q° — p°q) + 1020(w,,)*(P° — pag?)
+38w2,(P2q° — P°¢2) + 1360w, w, (p°¢; — piq°) + 680w, w' (p*¢2 — pig?)

+ 36w'w? (p*q} — piq®) + 648w, (w')(p2q® — P*a7) + 648(w,)*w' (p3¢* — P*¢2);

{paht =2 — '€ + 500> — P*a2) +3(02,4° — P°@E,) + (D20 — Pranlon)

+ 20w (p},,4° — P*¢%,,) + 40w, (p2,4° — P*a3,) + 2w (2,47 — Pidl,)
+ 38w, (p2q” — p*¢3) + 18(w")*(P*q} — piq®).
The equalities

P@), P@)] = P(Lr(@ — Le () + {7 o)

248
+ =<

and

06, 0@)] = O(Log (@ — Log(®) + {5.do)

(
hold, where {{p, ¢} o = {{p, ¢}}p for any p, ¢z, [w]). This yields all the
commutation relations between symmetries ¢ = [(-) of the 2D Toda
chain associated with the root system Gs.
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Algebra of Frobenius operators.

Span A = (A1, ..., Ay):
[Zz im A;, jimA]} C Zk im Aj..

Bracket of operators:

[Ai, Ajl(p,q) == [Ai(p), Aj(q)].

Bi-differential structural constants:

A5, A Z Agocl.

Remark. 2D Toda = generator of such algebras.

BRST Kontsevich
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Affine connection.
Christoffel symbols:

[Ai(p), Aj(@)] = Aj(Lap)(9) — Ai(Layq) ()

+ Z Ap(T55(p. q)

Properties

M =, }}Aga F§j<p7 q) = _F?i(%p)‘

Connection form I'— I' = gT'¢g~' +dg ¢!
h(p,q) = T5(p,q) = (90 T%) (975, 97'0)
+of Li@g 9)(97'p) — 5k A9 (g 'G).

Connection:

\Va Derlnt((domA, i ]A), (imA, i ]))
> Der((im A, ]), (im A—modules))

Lift derivations:

Ve, = [AW),].

e Curvature = 0.
e Commutative hierarchies = geodesics.

A K.+J.vdL. String theory, Krasil’shchik



