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Classical Mechanics on complex manifolds

Manifold  ds2 = gijdx idx j

Equation of Geodesics: Geodesic=Trajectory γ(t) such that ∇γ̇ γ̇ = 0
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Lagrangian formalism: L ≡ gij ẋ i ẋ j

Equation of Geodesics ⇔ Equations Euler - Lagrange
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Hamiltonian Formalism: pi = ∂L
∂x i , H = pi ẋ i − L = H(p, x)
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Real Formulation  Complex Formulation

Geometry L = gij ẋ i ẋ j  Mechanics L = gij ẋ i ẋ j + V



Superintegrability in Classical Mechanics

Integrable system

A Hamiltonian system H = H(p, x) = g ij(x)pipj + V (x) with N = dim M
integrals (constants) of motion:

Aν = Aν(p, x), ν = 1, 2, . . . , N − 1 and {H,Aν}P = 0, {Aµ,Aν}P = 0

Superintegrable system

An integrable system with N − 1 additional integrals of motion

Bν = Bν(p, x), ν = 1, 2, . . . , N − 1 and {H,Bν}P = 0,

{Bµ,Bν}P 6= 0, {Aµ,Bν}P 6= 0

Superintegrability = absence of chaos = perfect order

The integrals of motion can be considered as
generators of a Poisson Algebra



Superintegrability in Quantum Mechanics

Quantum Integrable system

A Hamiltonian system H = −~2

2
4+ V (x) (4=Laplace operator) with

N = dim M integrals (constants) of motion:

Aν , ν = 1, 2, . . . , N − 1 and [H,Aν ] = 0, [Aµ,Aν ] = 0

Quantum Superintegrable system

A quantum integrable system with N − 1 additional integrals of motion

Bν ν = 1, 2, . . . , N − 1 and [H,Bν ] = 0,

[Bµ,Bν ] 6= 0, [Aµ,Bν ] 6= 0

The integrals of motion can be considered as
generators of an associative Algebra



[K0,K1] = K2

[K0,K2] = 2 {K0,K1}

[K2,K1] = 2K 2
1 + 4K0 − 2

(
m2 + 2β − 1− α2

2H

)
This algebra cannot be reduced to a finite dimensional Lie algebra



Lie algebras and ternary relations

Let the Universal Enveloping Algebra U(g) of the Lie algebra with basis
x1, x2, . . . , xn satisfying the relations

[xi , xj ] =
∑
m

cm
ij xm

The generators satisfy the obvious ”ternary” relations (which are trilinear)

T (xi , xj , xk)
def≡ [xi , [xj , xk ]] =

∑
n

dn
i ;jkxn, where dn

i ;jk =
∑
m

cn
imcm

jk

Definition
Ternary algebra is an associative algebra satisfying whose the generators satisfy
ternary trilinear relations

T (xi , xj , xk) =
∑

n

dn
i ;jkxn



Parastatistics as examples of Ternary Algebras

H.S. Green,“A generalized method of field quantization”, Phys. Rev., 90, (1953),
270

Parafermionic algebra [
fk ,
[
f †` , fm

]]
= 2δk`fm[

fk ,
[
f †` , f †m

]]
= 2δk`f

†
m − 2δkmf †`

[ fk , [f`, fm]] = 0

Representation theory: N.I. Stoilova and J. Van der Jeugt, The parafermion Fock space and
explicit so(2n+1) representations. J. Phys. A: Math. Theor. 41 (2008),
075202 .

Parabosonic algebra [
bk ,

{
b†` , bm

}]
= 2δk`bm[

bk ,
{

b†` , b†m

}]
= 2δk`b

†
m + 2δkmb†`

[ bk , {b`, bm}] = 0

Representation Theory: T. Palev 80’s and

S. Lievens, N. I. Stoilova, Van der Jeugt, “The paraboson Fock space and
unitary irreducible representations of the Lie superalgebra osp(1/2n)”,
arXiv:0706.4196v1 [hep-th].



Parafermionic-like algebra

Parafermionic-like algebra ! Ternary algebra with
T (xi , xj , xk) = [xi , [xj , xk ]] =

∑
m

ci ;jkxm

Any parafermionic like algebra corresponds to the universal enveloping algebra of

a Lie algebra with n(n+3)
2 generators x1, x2, . . . and [xi , xj ].

Definition
Parafermionic-like Poisson Algebra The Parfermionic Poisson algebra is a Poisson
algebra satisfying the ternary relations:{

xi , {xj , xk}P
}

P
=
∑
m

cm
i ;jkxm

Definition
Quadratic Parafermionic-like Poisson Algebra The Parfermionic Poisson algebra is
a Poisson algebra satisfying the ternary relations:{

xi , {xj , xk}P
}

P
=
∑
m,n

dmn
i ;jkxmxn +

∑
m

cm
i ;jkxm



Surfaces with geodesics possessing two quadratic integrals

G. Darboux, Leçons sur la Théorie Générale des Surfaces (1898), Vol. III, p.30
and 31

Liouville surfaces: ds2 = (F (x + y) + G (x − y))dxdy

H = (F (x + y) + G (x − y)) ẋ ẏ

I = (F (x + y) + G (x − y))2

(
ẋ2 + ẏ 2 − 2

F (x + y)− G (x − y)

F (x + y) + G (x − y)
ẋ ẏ

)
Lie surfaces: ds2 = (F (y)x + G (y))dxdy

H = (F (y)x + G (y)) ẋ ẏ

I = (F (y)x + G (y))2

(
ẋ2 − 2

∫
F (y) dy

F (y) x + G (y)
ẋ ẏ

)



Integrable Systems in Liouville coordinates

Liouville Integrable Systems

H =
pξ pη

F (ξ + η) + G(ξ − η)
+

f (ξ + η) + g(ξ − η)

F (ξ + η) + G(ξ − η)︸ ︷︷ ︸
V (ξ,η)

A =
↓
p2
ξ +

↓
p2
η − 2

F (ξ + η)− G(ξ − η)

F (ξ + η) + G(ξ − η)
pξpη + +4

f (ξ + η) G(ξ − η) − g(ξ − η) F (ξ + η)

F (ξ + η) + G(ξ − η)

Lie Integrable Systems

H =
pξpη

F (η) ξ + G(η)
+

f (η) ξ + g(η)

F (η) ξ + G(η)︸ ︷︷ ︸
V (ξ,η)

A =
↓
p2
ξ − 2

∫
F (η) dη

F (η) ξ + G(η)
pξpη − 2

(f (η) ξ + g(η))
∫

F (η) dη

F (η) ξ + G(η)
+ 2

∫
f (η) dη



Surfaces with geodesics possessing three quadratic
integrals

G. Darboux, Leçons sur la Théorie Générale des Surfaces (1898) I Vol. IV

p.386, Note by Koenigs: The surfaces, whose the geodesics possess three
(or more) integrals quadratic in velocity

ds2 = g(x , y)dxdy  H = g(x , y) ẋ ẏ

A = g 2(x , y)
(
ẋ2 + ẏ 2 + · · ·

)
B = g 2(x , y)

(
r(x)ẋ2 + s(y)ẏ 2 + · · ·

)
There are 5 classes of these metrics (tableau VII)





Classical Superintegrable Systems

Class I: H oo // A

�
�

�
�

L99 Liouville Integral

B
��

OO

L99 Liouville Integral

Separable in two coordinate systems

Class II: H oo // A

�
�

�
�

L99 Lie Integral

B
��

OO

L99 Liouville Integral

Separable to one coordinate system



Class I Superintegrable Systems in Liouville coordinates

H oo // A

�
�

�
�

Liouville Integral

B
��

OO

Liouville Integral

H =
pξ pη

F (ξ + η) + G (ξ − η)
+

f (ξ + η) + g(ξ − η)

F (ξ + η) + G (ξ − η)

A =
↓

p2
ξ +

↓
p2
η − 2

F (ξ + η)− G (ξ − η)

F (ξ + η) + G (ξ − η)
pξpη+

+4
f (ξ + η) G (ξ − η) − g(ξ − η) F (ξ + η)

F (ξ + η) + G (ξ − η)

B =
↓

A(ξ)p2
ξ +

↓
B(η)p2

η − 2pξpη
β(ξ, η)

F (ξ + η) + G (ξ − η)
+ Q(ξ, η)



Class II: Superintegrable Systems in Lie coordinates

H oo // A

�
�

�
�

Lie Integral

B
��

OO

Liouville Integral

H =
pξpη

F (η) ξ + G (η)
+

f (η) ξ + g(η)

F (η) ξ + G (η)︸ ︷︷ ︸
V (x,y)

A =
↓

p2
ξ − 2

∫
F (η) dη

F (η) ξ + G (η)
pξpη − 2

(f (η) ξ + g(η))
∫

F (η) dη

F (η) ξ + G (η)
+ 2

∫
f (η) dη

B =
↓

A(ξ)p2
ξ +

↓
B(η)p2

η − 2pξpη
β(ξ, η)

F (ξ + η) + G (ξ − η)
+ Q(ξ, η)



Poisson Quadratic Algebra of Integrals

H =
pξ pη

g(ξ, η) + V (ξ, η)

A = p2
ξ + kp2

η − 2c(ξ, η)
pξ pη

g(ξ, η) + q(ξ, η), k = 0 or 1

B = a2(ξ)p2
ξ + b2(η)p2

η − 2β(ξ, η)
pξ pη

g(ξ, η) + Q(ξ, η)

M integral of motion {M, H}P = 0 , polynomial function of the momenta of even order

M =
2n∑

k+`=even
αk,`(ξ, η) pk

ξ p`η

p2
ξ =

A + 2cH − q − 2cV k
B + 2βH − Q − 2βV b2(ξ, η)

1 k
a2(ξ, η) b2(ξ, η)

, p2
η =

1 A + 2cH − q − 2cV
a2(ξ, η) B + 2βH − Q − 2βV

1 k
a2(ξ, η) b2(ξ, η)

pξ pη = g H − V

M =
∑

0≤i+j+k≤n
cijk (ξ, η)AiB jHk  cijk (ξ, η) = const

 
{
A, {A, B}P

}
P

and
{
B, {A, B}P

}
P

are even polynomials of order 4 in momenta

{A, {A, B}P}P and {B, {A, B}P}P are quadratic polynomials of
A,B,H.



Superintegrable systems with two quadratic integrals of motion  
Parafermionic-like Poisson Quadratic Algebra

{H, A}P = 0, {H, B}P = 0, C = {A, B}P 6= 0

Parafermionic-like Poisson Quadratic Algebra

{A, {A,B}P }P = αA2 + 2γAB + δA + εB + ζ
{B, {A,B}P }P = aA2 − γB2 − 2αAB + dA− δB + z

∃ Casimir K = {A,B}2
P − 2αA2B − 2γAB2 − 2δAB−

−εB2 − 2ζB + 2
3
aA3 + dA2 + 2zA =

= k0 + k1H + k2H2 + k3H3

{K ,A}P = {K ,B}P = {K ,C}P = 0

{A,B}2
P = 2F (A,H,B), ⇒ {A, {A,B}P }P = ∂F/∂B

{B, {A,B}P }P = −∂F/∂A

Classification Poisson Algebras  
Classification Classical Superintegrable systems



Classification of superintegrable systems

Any two dimensional superintegrable systems corresponds to some
(parafermionic-like) Quadratic Poisson Algebra with two generators

Theorem
Classification of Poisson Algebras

⇒ ∃ six distinct classes of superintegrable systems
⇒ All the known two dimensional systems are classified in these six classes

Classification Table of quadratic superintegrable systems

A(ξ) B(η)

I1 γ = 0, α = 0, a = −6 ξ η
I2 γ = 0, α 6= 0, a = 8 ξ2 η2

I3 γ = 2, α = −32, a = 0 (eξ + e−ξ)2 (eη + e−η)2

II1 γ = 0, α = 0, a = −6 1 1
II2 γ = 0, α 6= 0, a = 8 ξ η
II3 γ = 2, α = −32, a = 0 ξ2 η2

C.Dask. K. Ypsilantis JMP (2006) and C. Dask., Y. Tanoudis JMP (2008)



Class I1 of superintegrable systems

A(ξ) = ξ B(η) = η

F (u) = 4λ u2 + κ u + ν/2, G(v) = −λ v2 + µ/v2 + ν/2

f (u) = 4` u2 + k u + n/2, g(v) = −` v2 + m/v2 + n/2

ds2 = (F (ξ + η) + G(ξ − η)) dξ dη, H =
pξpη + f (ξ + η) + g(ξ − η)

F (ξ + η) + G(ξ − η)

A = p2
ξ + p2

η − 2pξpη
F (ξ + η)− G(ξ − η)

F (ξ + η) + G(ξ − η)
+ 4

f (ξ + η) G(ξ − η) − g(ξ − η) F (ξ + η)

F (ξ + η) + G(ξ − η)

F̃ (u) =
λu6

256
+

κu4

128
+

νu2

16
−

µ

u2
G̃(v) = −

λv6

256
−

κv4

128
−

νv2

16
+

µ

v2

f̃ (u) =
l u6

256
+

k u4

128
+

n u2

16
−

m

u2
, g̃(v) = −

l v6

256
−

k v4

128
−

n v2

16
+

m

v2

B = p2
X + p2

Y − 2pX pY
F̃ (X + Y )− G̃(X − Y )

F̃ (X + Y ) + G̃(X − Y )
+ 4

f̃ (X + Y )G̃(X − Y )− g̃(X − Y )F̃ (X + Y )

F̃ (X + Y ) + G̃(X − Y )

X = 2
√
ξ, pX =

√
ξpξ, Y = 2

√
η, pY =

√
ηpη

α = 0 β = 0 γ = 0 δ = 16(κH − k)ε = 256(λH − `) ζ = −32(κH − k)(νH − n)
a = −6 d = 8(νH − n)z = 8(νH − n)2 − 128(λH − `)(µH −m)



Class I2 of superintegrable systems

A(ξ) = ξ2 B(η) = η2

F (u) = λ u2 +
κ

u2
+
ν

2
, G(v) = −λ v2 +

µ

v2
+
ν

2

f (u) = ` u2 +
k

u2
+

n

2
, g(v) = −` v2 +

m

v2
+

n

2

F̃ (u) = 4λ e2 u + ν eu , G̃(v) =
κ ev

(1 + ev )2
+

µ ev

(−1 + ev )2

f̃ (u) = 4 ` e2 u + n eu , g̃(v) =
k ev

(1 + ev )2
+

m ev

(−1 + ev )2

X = ln ξ, pX = ξ pξ, Y = ln η, pY = η pη

α = 8 β = 0 γ = 0 δ = 0
ε = 256(λH − `) ζ = −32(νH − n)2 + +256(λH − `) ((µ− κ)H − (m − k))
a = 0 d = 0 z = 32 ((κ+ µ)H − (k + m)) (ν H − n)



Potentials on a manifold with curvature zero

κ λ µ ν ref [C] ref [D] ref [E]

F1 I1 0 0 0 · E2 (a) (r 6= 0) V α

F2 I2 0 0 0 · E1 (b) (r 6= 0) V b

F3 0 · 0 0 E16 (g) (r 6= 0) V c

F4 II1 · 0 0 0 E20 (c) V d

F5 0 0 · 0 E11 (e) (r = 0)

F6 II2 0 0 0 · E9 (e) (r 6= 0)
F7 0 0 · 0 E10

F8 II3 0 0 0 · E8 (f )
F9 0 0 −ν · E7 (i) (r 6= 0)
F10 0 · 0 0 E17 (d)
F11 −λ · 0 0 E19 (h) (r 6= 0)

[C] Kalnins E.G., Kress J.M., Pogosyan G.S. and Miller W., J. Phys. A 34 4705 (2001)
[D] Rañada M. F., J. Math Phys. 38 4165 (1997)

[E] Rañada M. F. and Santander M., J. Math. Phys. 40 5026 (1999)



Quadratic Parafermionic algebra for two dim.
superintegrable systems

[A, [A,B]] = αA2 + βB2 + γ{A,B}+ δA + εB + ζ
[B, [A,B]] = aA2 − γB2 − α{A,B}+ dA− δB + z

δ = δ1H + δ0, ε = ε1H + ε0,
ζ = ζ2H2 + ζ1H + ζ0, d = d1H + d0, z = z2H2 + z1H + z0,

The Casimir [K ,A] = [K ,B] = 0:

K = [A,B]2 − α{A2,B} − γ{A,B2}+

+
(
αγ − δ + aβ

3

)
{A,B} − 2β

3
B3 +

(
γ2 − ε−

αβ

3

)
B2+

+
(
−γδ + 2ζ − βd

3

)
B + 2a

3
A3 +

(
d + aγ

3
+ α2

)
A2+

+
(

aε
3

+ αδ + 2z
)
A = h0 + h1H + h2H2 + h3H3

quadratic algebra representation theory in JMP 42, 1100 (2001)

the energy eigenvalues are determined
by the condition of existing finite dimensional representations



Deformed oscillator representation

deformed oscillator algebra
P = C << b†, b,N >>[

N , b†
]

= b†, [N , b] = −b, b†b = Φ (N ) , bb† = Φ (N + 1)

Φ(x) is a ”well behaved” real function :

Φ(0) = 0, and Φ(x) > 0 for x > 0

∃ a Fock representation with basis |n >, n = 0, 1, . . .

N|n >= n|n > b†|n >=
√

Φ (n + 1)|n + 1 >, n = 0, 1, . . .

b|0 >= 0 b|n >=
√

Φ (n)|n − 1 >, n = 1, 2, . . .

A = A (N )
B = b (N ) + b†ρ (N ) + ρ (N ) b
[A,B] = b†∆A (N ) ρ (N )− ρ (N ) ∆A (N ) b
∆A (N ) = A (N + 1)− A (N )

where the A(x), Φ(x) and ρ(x) are functions, which will be determined.



Case 1: γ 6= 0

A (k) =
γ

2

(
(n + u)2 − 1/4−

ε

γ2

)
ρ(N ) =

1

3 · 212 · γ8(N + u)(1 +N + u)(1 + 2(N + u))2

Φ(N ) = −3072γ6K(−1 + 2(N + u))2−
−48γ6(α2ε− αδγ + aεγ − dγ2)·
·(−3 + 2(N + u))(−1 + 2(N + u))4(1 + 2(N + u))+
+γ8(3α2 + 4aγ)·
·(−3 + 2(N + u))2(−1 + 2(N + u))4(1 + 2(N + u))2+
+768(αε2 − 2δεγ + 4γ2ζ)2+
+32γ4(−1 + 2(N + u))2(−1− 12(N + u) + 12(N + u)2)·
·(3α2ε2 − 6αδεγ + 2aε2γ + 2δ2γ2 − 4dεγ2 + 8γ3z + 4αγ2ζ)−
−256γ2(−1 + 2(N + u))2·
·(3α2ε3 − 9αδε2γ + aε3γ + 6δ2εγ2 − 3dε2γ2 + 2δ2γ4+
+2dεγ4 + 12εγ3z − 4γ5z + 12αεγ2ζ − 12δγ3ζ + 4αγ4ζ)



Case 2: γ = 0, ε 6= 0

A(k) =
√
ε (n + u) .

ρ(N ) = 1

Φ(N ) =

= 1
4

(
−K
ε
− z√

ε
− δ√

ε
ζ
ε

+ ζ2

ε2

)
−

− 1
12

(
3d − a

√
ε− 3α δ√

ε
+ 3

(
δ√
ε

)2
− 6 z√

ε
+ 6α ζ

ε
− 6 δ√

ε
ζ
ε

)
(N + u)

+ 1
4

(
α2 + d − a

√
ε− 3α δ√

ε
+
(
δ√
ε

)2
+ 2α ζ

ε

)
(N + u)2−

− 1
6

(
3α2 − a

√
ε− 3α δ√

ε

)
(N + u)3 + 1

4
α2(N + u)4

The energy eigenvalues with degeneracy p + 1 can be calculated by
solving the system of algebraic equations:

Φ(0) = 0
Φ(p + 1) = 0



H = 1
2

(
p2

x + p2
y + k

r + µ1

√
r+x
r + µ2

√
r−x
r

)
A =

1

2

(
{(ypx − xpy ), py}+

µ1(r − x)
√

r + u

r
−−µ2(r + x)

√
r − u

r
− kx

r

)
B =

1

2

(
{xpy − ypx , px} −

µ1x
√

r − u

r
+
µ2x
√

r + u

r
− ky

r

)
α = 0, γ = 0, δ = 0, ε = −2~2H, ζ = ~2µ1µ2/2,

a = 0, d = 2~2H, z = −~2(µ2
1 − µ2

2)/4

K = ~2k2H/2 + ~2k(µ2
1 + µ2

2)/4 + ~4H2

ε =
√
−2E/~, λ = k/~2,

ν1 = µ1/~2, ν2 = µ2/~2, ν2 = ν2
1 + ν2

2

Φ(x) =
~4

16ε4

(
ν2

1 − λε2 + 2(x + u − 1

2
)ε3

)
·
(
ν2

2 − λε2 − 2(x + u − 1

2
)ε3

)
Φ(0) = 0,

Φ(p + 1) = 0

}
⇒

{
u1 −→ 2(p + 1)ε3 − 2λε2 + ν2 = 0
u2 −→ 2(p + 1)ε3 + 2λε2 − ν2 = 0



Difficulties in three dimensions

Difficulties:

All the 2 dim. manifolds are described by ”conformal flat metrics”

ds2 = g(x , y) (dx2 + dy 2)

An analogous theorem there is not for the 3 dim. manifolds.

In 3 dimensions there is not a general theory of metrics accepting integrals
of motion. The mostly known cases are on the flat space.

Result:
The closest theory to the 2 dim. case is the theory of integrable and superin-
tegrable systems on conformally flat manifolds.

ds2 = g(x , y , z)(dx2 + dy 2 + dz2)

Studied and Classified by Kalnins-Kress-Miller using algebraic varieties



Known three dimensional systems on a flat space

Evans list
NW Evans, Superintegrability in Classical Mechanics, Phys. Rev. A41, 5666
(1990)
5 potentials (2 potentials with 4 parameters (non degenerate) and 3 with 3
parameters (degenerate)

Kalnins–Kress–Miller list

Nondegenerate 3D Complex Euclidean Superintegrable Systems and
Algebraic Varieties. E G Kalnins, J M Kress and W Miller Jr. J. Math.
Phys. 48 (2007) 113518. (arXiv:0708.3044)
(9 potentials)
Fine structure for 3D second order superintegrable systems:
3-parameter potentials. E G Kalnins, J M Kress and W Miller Jr. J.
Phys. A: Math. Theor. 40 (2007) 5875-5892.
(5 potentials)



Main results of Kalnins-Kress-Miller

The classical systems on 3-dim conformal flat spaces are classified using
techniques from algebraic varieties.

Theorem ( 5 −→ 6 )

Let V be a nondegenerate potential (=depending on 4 parameters )corresponding
to a conformally flat space in 3 dimensions

ds2 = g(x , y , z)(dx2 + dy 2 + dz2)

that is superintegrable and there are 5 functionally independent constants of the
motion L = {S` : ` = 1, · · · 5} There is always a 6th quadratic integral S6

that is functionally dependent on L, but linearly independent.

E G Kalnins, J M Kress and W Miller Jr. J. Math. Phys. 48 (2007) 113518. (arXiv:0708.3044)



Results of Kalnins-Kress-Miller 5 −→ 6 theorem

There are 6 independent equations of 6 linear independent variables
{px2, py2, pz2, pxpy , pxpz, pypz}

H =
px2 + py2 + pz2

g(x , y , z)
+ V (x , y , z)

Si = ai (x , y , z)px2 + bi (x , y , z)py2 + cipz2+
+ di (x , y , z)pxpy + ei (x , y , z)pxpz + fi (x , y , z)pypx + Qi (x , y , z)

where i = 1, 2, 3, 4, 5

px2 = Axx (x , y , z)H + Bxx (x , y , z)S1 + CxxS2+
+ Dxx (x , y , z)S3 + Exx (x , y , z)S4 + Fxx (x , y , z)S5 + Rxx (x , y , z)

pxpy = Axy (x , y , z)H + Bxy (x , y , z)S1 + CxyS2+
+ Dxy (x , y , z)S3 + Exy (x , y , z)S4 + Fxy (x , y , z)S5 + Rxy (x , y , z)

etc etc

M integral of motion {M, H}P = 0 , polynomial function of the momenta of even order

M =
2n∑

k+`+m=even
αk,`,m(x , y , z) pk

x p`ypm
z

M =
2n∑

0≤i0+···+i5=even
ci0...i5 (x , y , z)H i0S i1

1 S i2
2 S i3

3 S i4
4 S i5

5  ci0...i5 (x , y , z) = constants

{
Si , {Sj , Sk}P

}
P

are even polynomials of order 4 in momenta



Quadratic Poisson Algebra

In the case of the nondegenerate or degenerate superintegrable systems on
a conformally flat manifold the integrals of motion satisfy a special form of
parafermionic-like quadratic Poisson Algebra (or quadratic associative
algebra in quantum case)

Classical case
{

Si , {Sj , Sk}P
}

P
=
∑
mn

dm,n
i ;jk SmSn +

∑
m

cm
i ;jkSm + fi ;jk

Quantum case

[Si , [Sj , Sk ]]P = −~4

(
1
2

∑
mn

Dm,n
i ;jk (~) {Sm,Sn}+

∑
m

Cm
i ;jk(~)Sm + Fi ;jk(~)

)
with
5 generators (KKM Vi ,Vii ,Viii ,Viv ,Vv ,Vvi ), Evans V1,V5 ) or
4 generators (KKM Vvii , Evans V3)
The potentials V2 (Coulomb+2 Winternitz terms) and V4 do not satisfy a
parafermionic-like algebra as it was defined previously, but their algebra is
characteristic ”similar” to the ”special” parafermionic one.



special
def≡ they contain subalgebras which are Quadratic Poisson algebras

characteristic for two dimensional superintegrable systems. Characteristic Poisson
Algebra for two dimensional systems

{H,A}P = {H,B}P = 0

{A,B}2
P = F (A,B,H) = cubic function{

A, {A,B}P
}

P
=
∂F

∂B{
B, {A,B}P

}
P

= −
∂F

∂A

In three dimensional case the corresponding algebra is

{H,Ai}P = {H,Bi}P =
{
H,Aj

}
P

=
{
Aj ,Ai

}
P

=
{
Aj ,Bi

}
P

= 0

{Ai ,Bi}2
P = Fi (Ai ,Aj ,Bi ,H) = cubic function{

Ai , {Ai ,Bi}P
}

P
=
∂Fi

∂Bi{
Bi , {Ai ,Bi}P

}
P

= −
∂Fi

∂Ai

Ai
0 ___ Aj

0
~

~
~

~

Bi

In all the cases there is almost one of these structures



Winternitz- Smorodinsky Oscillator= Vi

Kalnins-Kress-Miller = V1 Evans

This potential get six, known, linearly independent integrals H,A1,A2,B1,B2,F .

H = p2
x + p2

y + p2
z + δ(x2 + y2 + z2) +

α1

x2
+
α2

y2
+
α3

z2
,

A1 = p2
x + δx2 +

a1

x2
, A2 = p2

z + δz2 +
α3

z2
,

B1 = J2
z + kx2 +

α2x2

y2
+
α1y2

x2
, B2 = J2

x +
α3y2

z2
+
α2z2

y2
,

F = J2
x + J2

y + J2
z + α1

(y2 + z2)

x2
+ α2

(x2 + z2)

y2
+ α3

(x2 + y2)

z2

A1
0 ___

0
�
�
�

A2

0
�
�
�

B2

0
�
�
�

B1

0

|
|

|
|

F

Line= zero Poisson braket
C2

1 = {A1,B1}2 = 2F1(A1,A2,H,B1)

F1 = −8(A2
1(α2 + B1) + A1B1(A2 − H)+

+ δB2
1 + α1((A1 + A2 − H)2 − 4α2δ))

C2
2 = {A2,B2}2 = 2F2(A1,A2,H,B2)

F2 = −8((A1 + A2 − H)(α3A1 + A2(α3 + B2)− α3H)+
+ δB2

2 + α2(A2
2 − 4α3δ))

All six integrals form an Parafermionic-like Quadratic Algebra.



KKM potential Vv

This potential get six linearly independent integrals H,A1,A2,B1,B2,F .

H = p2
x + p2

y + p2
z + α(4x2 + y2 + z2) + βx +

γ

(y + iz)2
+
δ(y − iz)

(y + iz)3

A1 = p2
x + 4αx2 + βx , A2 = J2

x +
2y(γy + iz(γ − 2δ))

(y + iz)2

B1 = Jypz − Jzpy +
β

4
(y2 + z2) + x(α(y2 + z2)−

2δy

(y + iz)3
+

δ − γ
(y + iz)2

)

B2 = (pz − ipy )2 +
δ − α(y + iz)4

(y + iz)2
, F = (pz − ipy )(Jy + iJz )−

1

4
(y + iz)2(4αx +β)−

δx

(y + iz)2

{A1,A2} = {A1,B2} = {A2,B1} = {A2,F} = {B2,F} = 0

C2
1 = {A1,B1}2 = 2F1,C

2
2 = {A2,B2}2 = 2F2

F1 = 1
2

(4A3
1 − 8A2

1H − 16αB2
1 + 4βHB1 − β2(A2 − γ + δ) + 4A1(H2 − βB1 − 4α(A2 − γ + δ)))

F2 = 8(γ(B2(A1 + B2 − H)− αγ) + δ(−B2
2 + (A1 − H2) + 4αγ)− 4αδ2 − A2(B2

2 + 4αδ))



Nondegenerate KKM potentials

Vi , Vii

A1
0 ___

0
�
�
�

A2

0
�
�
�

B2

0

B
B

B
B

B1

0
�
�
�

F

Viii

A1
0 ___

0
�
�
�

A2

0
�
�
�

B2 B1

0
�
�
�

F

Viv

A1
0 ___

0
�
�
�

A2

0
�
�
�

B2 B1

F

Vv

A1
0 ___

0
�
�
�

A2

0
�
�
�

B2

0
�
�
�

B1

F

Vvi

A1
0 ___

0
�
�
�

A2

0
�
�
�

B2 B1

F

Vvii

A1
0 ___

0
�
�
�

A2

B2 B1

0
�
�
�

F



Degenerate Evans potentials

There are four integrals of motion A1,A2,B1,B2

V1 and V5 are non degenerate potentials
V3 is a Parafermionic-like Poisson Quadratic Algebra,
V2 and V4 do not close a Poisson Quadratic Algebra but all of them have the
”special” structure:

A1
0 ___

0�
�
�

A2

0�
�
�

B2 B1

or

A1
___

B
B

B
B

A2

|
|

|
|

B1 B2

{A1,A2} = {A1,B2} = {A2,B1} = 0

{A1,B1}2 = 2F1(A1,A2,H,B1) = cubic function

{A2,B2}2 = 2F2(A1,A2,H,B2) = cubic function



Poisson Algebra

{A1,A2}P = {A1,B2}P = {A2,B1}P = 0

{A1,B1}2
P = 2F1(A1,A2,H,B1) = cubic function

{A2,B2}2
P = 2F2(A1,A2,H,B2) = cubic function

{A1,B1}P = C1, {A2,B2}P = C2, {B1,B2}P = D

{Ai ,Ci}P =
∂Fi

∂Bi
, {Bi ,Ci}P = −

∂Fi

∂Ai

{C1,B2}P = {A1,D}P , {C2,B1}P = −{A2,D}P

{C1,B2}P C1 −
∂F1

∂A2
C2 −

∂F1

∂B1
D = 0

{C2,B1}P C2 −
∂F2

∂A1
C1 +

∂F2

∂B2
D = 0

∣∣∣∣∣∣∣
{A1,D}P −

∂F1

∂A2
∂F2

A1
{A1,D}P

∣∣∣∣∣∣∣
D

=

∣∣∣∣∣∣∣
−
∂F1

∂B1
{A1,D}

−
∂F2

∂B2

∂F2

A1

∣∣∣∣∣∣∣
C2

=

∣∣∣∣∣∣∣
−
∂F1

∂A2
−
∂F1

∂B1

{A1,D}P −
∂F2

∂B2

∣∣∣∣∣∣∣
C1

=

= {C1,C2}P = L1(A1,A2,H,B1,B2)C1 + L2(A1,A2,H,B1,B2)C2 + L3(A1,A2,H,B1,B2)D

Li (A1,A2,H,B1,B2) linear functions



Poisson Algebras for the degenerate (3 parameters
potentials)

The degenerate (3 parameter) Evans potentials with on ”special” structures
have the property

M1(A1,A2,H,B1,B2) {A1,B1}+ M2(A1,A2,H,B1,B2) {A2,B2}+

+M3(A1,A2,H,B1,B2) {B1,B2} = 0

where Mi (A1,A2,H,B1,B2) linear functions. That means that there relations
are of the form

{Ai , {Ai ,Bi}P}P = ∂Fi/∂Bi

{Bi , {Ai ,Bi}P}P = −∂Fi/∂Ai

M3 {A1, {B1,B2}P}P = G1 (A1,A2,B1,B2, {A1,B1}P , {A2,B2}P , {B1,B2}P)
M3 {A2, {B1,B2}P}P = G2 (A1,A2,B1,B2, {A1,B1}P , {A2,B2}P , {B1,B2}P)
M2

3 {B1, {B1,B2}P}P = G3 (A1,A2,B1,B2, {A1,B1}P , {A2,B2}P , {B1,B2}P)
M2

3 {B2, {B1,B2}P}P = G4 (A1,A2,B1,B2, {A1,B1}P , {A2,B2}P , {B1,B2}P)

RESUMÉ: The three dimensional superintegrable problems seem to satisfy a non
linear ternary algebra



Evans V2 : H = 1
2 (p2

x + p2
y + p2

z )− k√
x2 + y 2 + z2

+ k1

x2 + k2

y2

2B2 {A1,B1}P + B1 {A2,B2}P + 2(A1 − A2) {B1,B2}P = 0

Evans V3 : H = 1
2 (p2

x + p2
y + p2

z ) + k1
x

y 2
√

x2 + y 2
+ k2

y2 + k3

z2

Parafermionic-like algebra with 4 generators
2H {A1,B1}P + B1 {A2,B2}P + 2(H − A2) {B1,B2}P = 0

Evans V4 : H = 1
2 (p2

x + p2
y + p2

z ) + k1x

y2
√

x2+y2
+ k2

y2 + k3z

B2 {A1,B1}P − k3 {A2,B2}P + 2(A1 − H) {B1,B2}P = 0



Discussion

Remarks

In all the studied three dim. superintegrable systems the integrals of
motion satisfy a ”special” form of Quadratic Poisson algebra with one
of two ”special” structures = Quadratic subalgebras

The ”special” structures are traces of two dim. superintegrable
systems in the three dim. systems. Their classification, could lead to
a classification of the three dim. superintegrable systems.

The cases where there are two ”special” structures, in the quantum
case could lead to a representation theory with coupled deformed
oscillators

Open problems

Classification and Representation Theory of Parafermionic-like linear
and quadratic Ternary Algebras

Representation Theory of superintegrable Polynomial Algebras.



”Special” structure in N-Dimensions

{Ai ,Aj} = {Ai ,Bj} = {Aj ,Bi} = 0

{Ai ,Bi}2 = 2Fi (A1,A2, . . . ,AN ,H,Bi ) = cubic function

⇔ no zero Poisson braket

N = 2 N = 3
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A1KS

��
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N = 4 N = 5
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PE Verrier and NW Evans, JMP 49,022902 (2008)

H =
1

2
(p2

x + p2
y + p2

z ) +
−k√

x2 + y 2 + z2
+

k1

x2
+

k2

y 2
+

k3

z2

A1 =
1

2
(J2

1 + J2
2 + J2

3 ) +
k1(x2 + y 2 + z2)

x2
+

k2(x2 + y 2 + z2)

y 2
+

k3(x2 + y 2 + z2)

z2

A2 =
1

2
J2

3 +
k1(x2 + y 2)

x2
+

k2(x2 + y 2)

y 2

B1 =

(
J1py−J2px−2z

( −k

2
√

x2 + y 2 + z2
+

k1

x2
+

k2

y 2
+

k3

z2

))2

+
2k3

z2
(xpx+ypy +zpz)2

B2 =
1

2
J2

2 +
k1z2

x2
+

k3x2

z2

F =

(
−J1pz + J3px − 2y

( −k

2
√

x2 + y 2 + z2
+

k1

x2
+

k2

y 2
+

k3

z2

))2

+
2k2

y 2
(xpx + ypy + zpz)2
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