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Classical Mechanics on complex manifolds

Manifold ~~ ds? = g;;dx'dx/
Equation of Geodesics: Geodesic=Trajectory 7(t) such that V3 =0

d?x’ dx’ dx! o lgkg <agzj n Ogie 3gij>

gz Tk g =0 Tk =58 (57 T o o

Lagrangian formalism: £ = g,-jx.’)éf
Equation of Geodesics < Equations Euler - Lagrange

doc_oc
dt oxi  Ox'
Hamiltonian Formalism: p; = 35, H= p,-x-" — L =H(p,x)
. oH
Pi = 5 : 0AOH OH 0A
- x A={AH},=—— — ——
e T 1

‘ Real Formulation ‘ ~ ‘ Complex Formulation

[Goometny] = g4 ~ [Mechanies] £ = gy + V.




Superintegrability in Classical Mechanics

‘ Integrable system ‘

A Hamiltonian system H = H(p, x) = g¥(x)pip; + V(x) with N = dim M
integrals (constants) of motion:

A =Ap,x), v=1,2,...,N-1 and {H,A}p=0, {A,A},=0

‘ Superintegrable system ‘

An integrable system with N — 1 additional integrals of motion
B, =B,(p,x), v=1,2,...,N—1 and {H,B,},=0,
{Bu,Bu}p #0, {AuBu}p#0
Superintegrability = absence of chaos = perfect order

The integrals of motion can be considered as
generators of a Poisson Algebra



Superintegrability in Quantum Mechanics

‘ Quantum Integrable system ‘

h2
A Hamiltonian system H = fEA + V(x) (A=Laplace operator) with

N = dim M integrals (constants) of motion:

A, v=1,2... N—-1 and [H,A]=0, [A,A]=0

‘ Quantum Superintegrable system ‘

A quantum integrable system with N — 1 additional integrals of motion

B, v=1,2,...,N-1 and [H,B,)]=0,

[Bu:B,]#0, [Ay,B)]#0

The integrals of motion can be considered as
generators of an associative Algebra
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Quadratic algebra as a ‘hidden’ symmetry of the
Hartmann potential

Ya 1 Granovskii, A § Zhedanov and 1 M Lutzenko
Physics Department, Donetzk State University, Donetzk 340055, USSR
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Abstract. It is shown that operators, commuting with the Hamiltonian of the Hartmann
potential form the quadratic Hahn algebra QH(3). The structure of this algebra and its
finite-di 1 i are described. An analysis of these representations is
applied to obtain all 1he relevant physical results: energy spectrum, degree of degeneration
and overlap functions,

[Ko, K1] = K>
[K07K2] :2{K07K1} 5

[Ka, K1] = 2K? + 4Kp — 2 m2+2ﬁ_1_%

This algebra cannot be reduced to a finite dimensional Lie algebra



Lie algebras and ternary relations

Let the Universal Enveloping Algebra U(g) of the Lie algebra with basis
X1, X2, . . . , Xp satisfying the relations

[xi,x] = Zc Xm

The generators satisfy the obvious "ternary” relations (which are trilinear)

def
T (i, X}, Xk) = [xis [xj, x]] = Z dikxn,  where diy = Z CimCik
n

Definition

Ternary algebra is an associative algebra satisfying whose the generators satisfy
ternary trilinear relations

T (%i, Xj, Xk) = _ X
n




Parastatistics as examples of Ternary Algebras

H.S. Green, "A generalized method of field quantization”, Phys. Rev., 90, (1953),

. 270
Parafermionic algebra
fi [ £ fn] | = 200t
[ fe [ £, £3]] = 200t = 20umf]

[fic; [fe, fm]] = O

Representation theory: N.l. Stoilova and J. Van der Jeugt, The parafermion Fock space and
explicit so(2n+-1) representations. J. Phys. A: Math. Theor. 41 (2008),

) 075202 .
Parabosonic algebra

[bk, {bT, bm}] — 264sbm
[bk, {b}, b:f:}] = 26,0b}, + 264mb)
[ bx, {be, bm}] =0

Representation Theory: T. Palev 80's and

S. Lievens, N. I. Stoilova, Van der Jeugt, “The paraboson Fock space and
unitary irreducible representations of the Lie superalgebra osp(1/2n)",
arXiv:0706.4196v1 [hep-th].



Parafermionic-like algebra

Parafermionic-like algebra «~ Ternary algebra with

T (xi, %), i) = [xi; [ x]] = 32 Ciijiexm

Any parafermionic like algebramcorresponds to the universal enveloping algebra of
a Lie algebra with ~ n(n+3) +3) generators xi, xo, ... and [x;, x;].

Definition

Parafermionic-like Poisson Algebra The Parfermionic Poisson algebra is a Poisson
algebra satisfying the ternary relations:

{Xi» {vaXk}P}P = Z i Xm

Definition

| 3
.

Quadratic Parafermionic-like Poisson Algebra The Parfermionic Poisson algebra is
a Poisson algebra satisfying the ternary relations:

{Xi,{vaxk}P}P Zd:,ZXan+ZCﬂka
m




Surfaces with geodesics possessing two quadratic integrals

G. Darboux, Legons sur la Théorie Générale des Surfaces (1898), Vol. 111, p.30
and 31

° ‘ Liouville surfaces: ds? = (F(x +y) + G(x — y))dxdy‘

H=(F(x+y)+ G(x—y))xy

/:(F(x+y)+G(x—y))2(>'<2+j/2 - F(X”)_G(X_Y)x->

F(x+y)+ G(x—y)

° ‘ Lie surfaces: ds? = (F(y)x + G(y))dxdy‘

H = (F(y)x+ G(y)) xy

1= (Fe+ 60 (2 -2 LD )



Integrable Systems in Liouville coordinates

Liouville Integrable Systems

H— Pg Pn L fetm) +e€—n)
F€+n)+6(E—-n) F(E+n)+G(E—n)
V(&:m)
Lol _Gle— ) — g6
A= R+p2 _FlE+m) —G(¢ n)pgpn++4f(£+77)G(E n) — &g(€—m) F(E+n)

F(&+n)+G(€E—n) F(6+n) + G(&—n)

Lie Integrable Systems

H— P&Pn f(m) €+ &(m)
F(m&+G(n)  F(n)é+ G(n)
N————
V(&,m)
_ b [ F(mdn L (Fm) €+ em) [ F(n)dn
AP 2 EE e P T2 Fae+ i) +2 [ rman



Surfaces with geodesics possessing three quadratic

integrals

@ G. Darboux, Legons sur la Théorie Générale des Surfaces (1898) » Vol. IV

p.386, Note by Koenigs: The surfaces, whose the geodesics possess
(or more) integrals quadratic in velocity

ds® = g(x,y)dxdy ~ H=g(x,y)xy
A=g(xy) (P +y*+--)
B =g(x,y) (r()%* +s(y)y* +--°)

@ There are 5 classes of these metrics (tableau VII)



GEODESIQUES A INTEGRALES QUADRATIQUES.

TABLEAU VII.

Réciproques des ds* de courbure constante non nulle.

dst= Ag[p(a—+ y) — pla—y)| da dy
Ay [Py o) — pla— y = w)] de dy
A A [p(@ 4y A4 w2) — P& — ¥ - w2)] da dy

e N[l ey wg) — pl@ — y  wy)] de dy.

Coefficients de transformation [p(2a), p(»y)]-

ds? =

'
"—T'i] da dy

A\A.[-_i'r—- -
SinE(@ ) sind (s
|

'\'[t‘ ) T eosi( )')]"zdy
- As[cosa (@ + y) — cosa(a —y)] do dy
4 Agleos (@ +y) — cosf(z— )] de dy.

Coefficients de transformation <>_7‘7 s
sin?az

ds Aol[sin (2 ) — sin4(z — y)] da dy

‘ S Ay[c0s4 (@ -+ y) — cos §(z — )| da dy
M = As[sina (@ + ) — sina(a — ) da dy
l S As[cosa(a + y) — cosa(z — y)] dr dy.

Coefficients de transformation (u, ;)
Sintay

‘ dst= Ao [ w—'-—’Tl’ — (;7'7‘—‘ dw dy
M@y —(x—y)|dedy
S Aal(r ) — ()] drdy
- Aaf(@ 4y — (@ — y)] da dy.

T )
('ﬁ“= Ao[(@ 4y)t— (& —y )| da dy
=A@ 4y ) — (2 —y )yl de dy

{ +Ael(z+p)—(z —y))dedy
4+ M@ +y) — (@ —y))de dy.

Coefficients de transformation (

Coefficients de transformation (o, 3'7) .

D. — IV.

25



Classical Superintegrable Systems

o Classl:| H=—A «-- Liouville Integral
/
/
B «-- Liouville Integral
Separable in two coordinate systems
@ ClassIl:| H=—= A «-- Lie Integral
/
7/
B «-- Liouville Integral

Separable to one coordinate system



Class | Superintegrable Systems in Liouville coordinates
<~ A Liouville Integral

H
/
;
;
,
B

by Pe Py L fEtm) +e€—n)
F(€+n)+G(E—n)  F(E+n)+G6(E—n)

Liouville Integral

F(€+n)—G(£—n)

F(€+n)+G(E—n)

F(E+n)G(E—n) — gl§—n)F(E+n)
F(E+mn) + G(E—n)

B(E,n)
(E+n) + G(E—n)

Lol
A= pi+p; —2 Pepn+

+4

! !
B = A€)pi+Bn)p; —2pepnr + Q(&,m)



Class Il: Superintegrable Systems in Lie coordinates

H<=—=A Lie Integral
B . Liouville Integral
- PePy f(n)€ +g(n)
Fn) &+ G(n)  F(n)&+ G(n)
—_———
V(x.y)
! [ F(n (F(n) € +g(n) [ F(n
_ 2 — f
A= (n)£+G(n)pp 2T Fme+ 60 R KUY
!
- A(&)pﬁ + B(n)p; — 2pepy Fer nﬂ)(i’ g(g m + Q(&,m)



Poisson Quadratic Algebra of Integrals

H= g + V(&)
A= p;+kpy —2c(&,n)fiy +an),  k=0orl

B = a*(&)p; + b*(n)p; — 26(&,n) 5z + Q€. m)

M integral of motion {M, H}, =0, polynomial function of the momenta of even order

2n
M= > ake&n) PP,
k+0=even
A+2cH — q—2cV 1 A+2cH —q—2cV
B+28H - Q —28V b25ﬂ7) a(&n) B+28H—-Q-23V

1 k
a*(&,m) b3 (¢,m)

1 K
a(&,m)  b*¢,m)

pepp=gH-V

M= > cu(&n)ABHK ~ cj (€ n) = const
0<itjtk<n

~ {A, {A, B}P}P and {B, {A, B}P}P are even polynomials of order 4 in momenta

{A, {A, B}p}p and {B, {A, B}p}, are quadratic polynomials of
A B, H




Superintegrable systems with two quadratic integrals of motion ~
Parafermionic-like Poisson Quadratic Algebra

| {H, A}, =0, {H,B},=0, C={A B},#0]

Parafermionic-like Poisson Quadratic Algebra

{A{AB}p}p, = aA?+2yAB+0A+eB+¢
{B,{A,B}p}, aA? — yB2 — 20 AB + dA— 6B + z

3 Casimir K = {A,B}% —2aA?B — 2yAB? — 26AB—
—eB2 —2(B + 2aA3 + dA? 4+ 2zA =
= ko + kiH + koH? + ks H3

{KvA}P :{KvB}P :{K7 C}P =0

{A{A,B}p}p =0F/0B

{A,B}} = 2F(A,H,B), = {(B,{A, B}, }, = —0F JOA

Classification Poisson Algebras ~~
Classification Classical Superintegrable systems




Classification of superintegrable systems

Any two dimensional superintegrable systems corresponds to some
(parafermionic-like) Quadratic Poisson Algebra with two generators

Classification of Poisson Algebras

= 4 @ distinct classes of superintegrable systems
= All the known two dimensional systems are classified in these six classes

Classification Table of quadratic superintegrable systems

A€) [ Bn) |
h | =0, a=0, a=—-6 & n
h vy=0,a#0, a=38 £ n°
h|v=2 a=-32,a=0|(e+e %) | (e"+e ")
Ih|7=0,a=0,a=—6 1 1
Ihb| v=0, a#0, a=38 & n
| y=2 a=-32,a=0 £ n°

C.Dask. K. Ypsilantis JMP (2006) and C. Dask., Y. Tanoudis JMP (2008)



Class |y of superintegrable systems

[A©) =¢ B =1]

Fu)=4x0? + ku+v/2,  G(v)=—-XV2 + p/v2 + v/2
f(u):4€u2 + ku+n/2, g(v) = v+ m/v2 + n/2

ds? = (F G(€ — ) dE dn, o PePn +f(E+m) +e(€—n)
s = (F(&+m) + G(§ —n)) dEdn Fle tm) T GE—m

A:p2+pi_2p§pnF(§+n)*G(§fn) JSE+MGE—n) — gl —n)F(E+m)

F(€+n)+G(E—m) F(€+mn) + G(§ —m)
~ Aub ru® vu? o ~ Avo Kv4 vv? o
F(u) = - — G = — - =
W=t T 16 " M= "6 "8 16 T2
?() Iu6+ ku4+ nu? m #(v) % kvt nv? m
u) = = —g V)= —— — — —
256 128 16 u? £ 256 128 16 v2

FX4+Y)—GX—Y) . 4?(X +Y)G(X —Y)—&(X — Y)F(X+Y)

B = px + Py — 2pxpy = = = =
FX+Y)+G(X—Y) FIX+Y)+G(X—-Y)

X =2¢& px=+Epe, Y=2y7, py=+1py

a=0 =0 =0 6=16(kH — k)e =256(AH —¢) (= —32(kH — k)(vH — n)
a=-6 d=8(vH — n)z=8(vH — n)? — 128(A\H — £)(uH — m)




Class I, of superintegrable systems

[A©=¢ B =]

— 2 B . Y _ 2 M
F(u) =Au +§+§, G(v)=-Av -1—2-&-5

n
2
Kk ev u e’

+
(1I+e)?  (~1+e")
keY meY

“ @+ P Cirey

k
f(u):€u2+—2+ g(v):—€v2+ﬂz+
u v

n
2’

Fuy=4Xxe?"+ve', G(v)=

fu)=4Le*" +ne", g(v)

X=In§ px=&ps;, Y=Inn, py=npy

a=8 (=0 y=0 6=0
€=256(AH — £) (= —32(vH — n)? + +256(AH — £) ((n — k)H — (m — k))
a=0 d=0 z=32((k+p)H—(k+m)) (vH—n)




Potentials on a manifold with curvature zero

’ | [ s [A] pw Jv]ref[C]] ref[D] | ref [E]]
[A[h[OJOJO[-] BB [(@(Fr#0] V> |
Fo L[| O0J0]O] | E |(B)(r#£0)] VP
[ 0 0 [0 Ewx |(g)(r#0)| V¢
Fo [I] - 0] 0 JO0] Exp (c) v

F5 0 0 . 0 E11 (6) (r = 0)
F6 /I2 0 0 0 . Eg (e) (I’ 7& 0)

F 0 |0 - |0] Ep

Fs [Ik] 0 0] 0 | | E ()

Fg 0 0| —v . E7 (I) (r # O)
Fo 0] -]0 0| E7 (d)
F11 —A . 0 0 E19 (h) (r 7& 0)

[C] Kalnins E.G., Kress J.M., Pogosyan G.S. and Miller W., J. Phys. A 34 4705 (2001)
[D] Rafiada M. F., J. Math Phys. 38 4165 (1997)

[E] Rafada M. F. and Santander M., J. Math. Phys. 40 5026 (1999)



Quadratic Parafermionic algebra for two dim.

superintegrable systems

[A,[A, B]] = aA? + 3B% + v{A,B} + A+ eB + ¢
[B,[A, B]] = aA? — yB? —a{A,B} + dA— 6B + z

0 =01H+do, e=e1H+eo,
C=QH*+¢H+ ¢, d=diH+dy, z=2zH>+z1H+ z,

The Casimir [K,A] = [K,B] =0:
K= [A BF —a{A% B} — v{A B2 }+
e} 28 p3 2 ap 2
+ (04’7*54*%){/4:5}*75 +<’Y *6*?>B+
+ (*’75+2C*%>B+%A3+(d+%+a2)A2+
+ (5 +ad+22)A=ho+ hH+ hH? 4+ hH?

quadratic algebra representation theory in JMP 42, 1100 (2001)

the energy eigenvalues are determined
by the condition of existing finite dimensional representations




Deformed oscillator representation

deformed oscillator algebra
P=C<<bl,b,N >>

[N,bf] =bf, [N,b]=—b, bib=0(N), bbl=0d(WN+1)
®(x) is a "well behaved” real function :
®(0)=0, and ®(x)>0 for x>0

3 a Fock representation with basis [n >, n=10,1,...

Nln>=nln> bln>=/®(n+1)|n+1> n=0,1,...
bl0 >=0 bln>=/®(n)|n—-1>, n=12,...

A=AN)
B=bWN)+blpN)+pN)b

[A,B] = bTAA(N) p(N) — p(N)AA(N) b
AAWN)=AWN+1)—AW)

where the A(x), ®(x) and p(x) are functions, which will be determined.



Case 1: v #0

A =1 ((n+u)2—1/4—%>

1
3-212. 8N + u)(1+ N+ u)(1 + 2(N + u))?

DO(N) = —307278 K (=1 + 2(N + u))>—

—48+%(a?e — ady + aey — dv?)-

(=3 42N + u)) (=14 2N + u))* (1 + 2N + u))+
+78(302 + 4av)-

(=34 2N + )2 (=1 42N + u))* (1 4+ 2N + u))>+
+768(ce® — 28ey + 4v2¢)%+

+3294(—1 + 2N + )% (=1 — 12(N + u) + 12(N + u)?).
(3a2€% — 6adey + 2ae®y + 26°4% — 4dey? + 83z + day?()—
—25692(—1+ 2(N + u))?

(30263 — 9ade?y + a3y + 65%2ey? — 3de?y? + 2624+
+2dey* + 12ev3z — 495z + 120ey?¢ — 12673¢ + 4ay?¢)

p(N) =




Case 2: v=0, €e#0

A(k) = Ve(n+u).

The energy eigenvalues with degeneracy p + 1 can be calculated by
solving the system of algebraic equations:

®(0) =0
d(p+1)=0




H=%(p§+P§+%+u1—”ﬁX+uz—“fx)

A= 1({(ypx — XPy); Py} + palr =ik etV B)

2 r r B
1 WXy r—u  pxxyr+u ky
B= 2 {Xpy — YPx, Px} — ; + ; -

OLZO, 7:05 5:05 e:—zth, §:h2u1M2/25
a=0, d=212H, z = —1R(u — 3)/4

K = W?k?H/2 4+ h2k(u2 + p3)/4 + h*H?
e =+v=2E/h, \=k/I2,
2

v = /12, vo = o/, VP =15+ 13

1 1
d(x) = <Vf A2 2x+u— 2)53> . (V§ —Ae? —2(x+u— 2)53>

®(0) =0, u — 2(p+1)e - 222 +12 =0
u — 2(p+1)e +2Xe2 -2 =0



Difficulties in three dimensions

Difficulties:

@ All the 2 dim. manifolds are described by " conformal flat metrics”
ds® = g(x,y) (dx* + dy?)

An analogous theorem there is not for the 3 dim. manifolds.

@ In 3 dimensions there is not a general theory of metrics accepting integrals
of motion. The mostly known cases are on the flat space.

Result:
The closest theory to the 2 dim. case is the theory of integrable and superin-
tegrable systems on conformally flat manifolds.

ds?® = g(x,y,z)(dx* + dy? + dz°)
Studied and Classified by Kalnins-Kress-Miller using algebraic varieties



Known three dimensional systems on a flat space

@ Evans list
NW Evans, Superintegrability in Classical Mechanics, Phys. Rev. A41, 5666
(1990)
5 potentials (2 potentials with 4 parameters (non degenerate) and 3 with 3
parameters (degenerate)

@ Kalnins—Kress—Miller list

o Nondegenerate 3D Complex Euclidean Superintegrable Systems and
Algebraic Varieties. E G Kalnins, J M Kress and W Miller Jr. J. Math.
Phys. 48 (2007) 113518. (arXiv:0708.3044)

(9 potentials)

e Fine structure for 3D second order superintegrable systems:
3-parameter potentials. E G Kalnins, J M Kress and W Miller Jr. J.
Phys. A: Math. Theor. 40 (2007) 5875-5892.

(5 potentials)



Main results of Kalnins-Kress-Miller

The classical systems on 3-dim conformal flat spaces are classified using
techniques from algebraic varieties.

Theorem (5 — 6)

Let V be a nondegenerate potential (=depending on 4 parameters )corresponding
to a conformally flat space in 3 dimensions

ds? = g(x,y,z)(dx* + dy? + dz°)

that is superintegrable and there are 5 functionally independent constants of the
motion L ={S;:¢{=1,---5} There is always a 6th quadratic integral Sg
that is functionally dependent on £, but linearly independent.

E G Kalnins, J M Kress and W Miller Jr. J. Math. Phys. 48 (2007) 113518. (arXiv:0708.3044)



Results of Kalnins-Kress-Miller 5 — 6 theor

There are 6 independent equations of 6 linear independent variables
{px®, py?, pz2, pxpy, pxpz, pypz}

2 2 2
o PXZEpyttpz T V(x,y,2)
g(x,y, zg
Si= ai(x,y,z)px* + bi(x,y,z)py? + cipz>+
+  di(x,y,z)pxpy + ei(x,y, z)pxpz + fi(x, y, z)pypx + Qi(x,y, 2)

where i =1,2,3,4,5

px2 = Aw(x,y,2)H + Buw(x,y,2)S1 + Cx So+
+ Dxx(X7 Y, 2)53 + EXX(X7 Y, 2)54 + FXX(X7 Y, Z)SS + RXX(X7 Y, Z)

pxpy =  Ax(x,y,2)H + By (x,y,2)51 + Cy So+
+ Dy(x,y,2)S3 + Exy(x,y,2)Ss + Fxy(x,y,2)Ss + Rey(x,y,2)

etc etc

M integral of motion {M, H}, =0, polynomial function of the momenta of even order

2n
— k £
M= Z ak,f,m(xvy7 Z) Px pyp;n
k+£+m=even
2 i il e o3 e cit
M = Z Cig...i5(X7yvz)HI0511$22533544S55 o Cio...i5(x7y7z) = constants

0<ig+---+is=€even

‘ {S;, {Sj,Sk}p}P are even polynomials of order 4 in momenta




Quadratic Poisson Algebra

In the case of the nondegenerate or degenerate superintegrable systems on
a conformally flat manifold the integrals of motion satisfy a special form of
parafermionic-like quadratic Poisson Algebra (or quadratic associative
algebra in quantum case)

{51 {8, Sukptp = Zduks Sn -I_ZCJkS + fi.jk

Classical case

Quantum case

(S, [S). Sillp = —h* ( 5 D) (S 5o} + 5 CLlh)Sn + F,-u-k(h))

with

5 generators (KKM V;, Vj;, Viii, Viy, Vi, Vi), Evans V4, V5 ) or

4 generators (KKM V,;;, Evans V3)

The potentials V5 (Coulomb+2 Winternitz terms) and V4 do not satisfy a
parafermionic-like algebra as it was defined previously, but their algebra is
characteristic "similar” to the "special” parafermionic one.




., def . . . .
special = they contain subalgebras which are Quadratic Poisson algebras
characteristic for two dimensional superintegrable systems. Characteristic Poisson
Algebra for two dimensional systems

{H7A}P = {H7 B}P =0
{A,B}% = F(A,B,H) = cug;;: function

{A,{A, B}P}P ~ 9B

oF

{B,{A,B}P}P:fa—A

In three dimensional case the corresponding algebra is

{H,Ai}p ={H,Bi}p = {H,Aj}, = {A;,Ai}p = {A,Bi}, =0
{Ai, BiY% = Fi(Ai, A, Bj, H) = cubic function

oF; A2 _ A
(A AiBitptp =55 7700
,
OF; 70
Bi, {Ai, Bi =- 7
{ { }P}P OA; B;

’ In all the cases there is almost one of these structures




Winternitz- Smorodinsky Oscillator=V;

Kalnins-Kress-Miller = V; Evans

This potential get six, known, linearly independent integrals H, A1, A2, By, Ba, F

(e} o (e}
H=p2+p2+p2+003+y*+2%)+ = + — + —

Tttt
a «
AL =p2+03+ 2, Ay=p2tot+ =2,
X z
2 2 2 2
QX ary azy aZ
Br = J2 + kx® + T e By =Ji+ = R
2 2 2 2 2 2
+z X+ z X° +
F=J§+J§+J3+a1(y 5 ) 4oyt 5 ) 4 a5 Qy)
X y z
0
AA — — — A

Line= zero Poisson braket

| | C? ={A1, B}’ = 2F1(A1, A, H, B1)
lo lo Fi= —8(A%(a2 + B1) + A1Bi(A2 — H)+
[ [ +

6B% + al((Al + Ay — H)2 = 4a26))
B2 B C} = {A2, B} = 2F5(A1, Az, H, B)
! y 7 F> = —8((A1 + A2 — H)(a3A;1 + Ax(a3 + B2) — azH)+
:" o +  0B2 4 az(A2 — 4a3d))
s
F

All six integrals form an Parafermionic-like Quadratic Algebra.



KKM potential V,

This potential get six linearly independent integrals H, A1, A2, B1, Ba, F.

v oy — iz)
(y+iz)2 (v +iz)}

H=p+p} +p: +a(4x® +y* + 2°) + Bx +

2 +iz(y — 26
A :p§+4ax2+ﬁx, Ao :J3+ y(vy (v )

(y +iz)?
B 20y 6—~
B = Jyp: = Jepy + L (v* + 2) + x(aly? + 2%) - Grep T o
. 5§ —aly +iz)* . X 1 . dx
B> = (p: —ipy)* + #: F = (pz—ipy)(dy +iJz) — Z(Y+'Z)2(4ax+ﬁ)— G +i?

{A1, A2} = {A1, B} = {A2,B1} = {A2, F} = {B2,F} =0
C2 ={A1,B1}?> =2F, C3 = {As, B} = 2R,

Fi = 1(4A3 — 8A2H — 16aB? + 43HBy — 3%(A2 — v + 6) + 4A1(H? — BB1 — 4a(Az — v +9)))

Fo = 8(v(B2(A1 + B2 — H) — ay) + 6(—B2 + (A1 — H?) + 4ary) — 4ad? — Ax(B2 + 4as))



Nondegenerate KKM potentials

Vi, Vii Viii Viv
0 0 0
AA — — — A A — — Ay Al — — — A
I | | | | |
lo | o | o lo lo | o
| | | | | |
B B1 B Bi By B1
N 0 | |
b lo lo
| |
F F F
Vy Vi V3ii
0 0 0
AL — — — A AL — — — A Al — — — A
I | | | |
lo | o | o lo lo
I | | | |
B> B1 B Bi B> B1
I |
lo |0
| |
F F F




Degenerate Evans potentials

There are four integrals of motion Ay, Az, B1, B>
Vi and V5 are non degenerate potentials
V3 is a Parafermionic-like Poisson Quadratic Algebra,

V5 and V4 do not close a Poisson Quadratic Algebra but all of them have the
"special” structure:

A -2 A A - —— A
| | AN Ve

1o o |or > <

| | s N
B> B, B, B>

{A1, A2} = {A1, B2} = {A2,B1} =0
{Ay, By} = 2F,(Ay, Az, H, By) = cubic function
{Az, 82}2 = 2F,(A1, Az, H, B;) = cubic function



Poisson Algebra

{A1, A2}p = {A1,B2}p = {A2, B1}p =0
{A1, B1}5 = 2F1 (A1, As, H, By) = cubic function
{A2, Bo}5 = 2F5(A1, Ag, H, By) = cubic function

{A1,Bi}p =G, {A,B}p=0C, {B1,Ba}p=D

OF; OF;
ALClp= 201 (B, Clp=—at
{Ai, G}p 9B, {Bi,Ci}p 9A;
{ClvB2}P:{A17D}P7 {C27Bl}P:_{A27D}P
OFy 0F
C1,B}p GG ——CG—-—D=0
R L e VI T}
oF> oF>
G,BYpGo——=CG+—D=0
{G,B1}p & A, 1+ 2B,
oFR OF oF oF
A1, D - 91 raLD _a 9
A S I T
2 2 2 2
A1, D g2 g A, D}, -2
A { 1, }P 9B, AL _ { 1, }P 9B, _
D (@} G

={C, G}p = L1(A1, A2, H,B1,B2)Ci + L2(A1, A2, H, By, B2)C2 + L3(A1, A2, H, B, B2) D
L,'(Al7 A, H, B, Bg) linear functions



Poisson Algebras for the degenerate (3 parameters

potentials)

The degenerate (3 parameter) Evans potentials with on "special” structures
have the property

Mi(A1, A2, H, Bi, Bo) {A1, Bi} + Ma(Ar, As, H, By, By) {As, B} +
+M3(A17A27 H7 Bla B2) {817 82} =0

where M;(Ay1, Az, H, B1, By) linear functions. That means that there relations
are of the form

{Ai, {Ai, Bi}p}p = OF; /0B,

{Bi,{Ai, Bi}p}p = —0F;/0A;

Ms {A1,{B1, B2} p}p = G1 (A1, Az, Bi, Ba, {A1, Bi}p . {A2, Bo}p , {B1, Ba}p)
Ms {As, {B1, Bo}p}p = Ga (A1, Az, Br, Bo, { A1, Bi}p , {A2, Bo}p, {B1, Ba}p)
M2 {By,{By, By} p}p = Gs (A1, Ao, By, By, {Ay, By tp, { A2, Ba}p {Br, B} p)
M3 {B2,{B1, B} p}p = Ga (A1, Az, B, B2, {A1, B} p, {A2, B2} p . { B1, B2} p)

RESUME: The three dimensional superintegrable problems seem to satisfy a non
linear ternary algebra




k ko

2B, {A1,Bi}p + Bi {A2, Bo}p + 2(A1 — A2) {B1, By}, = 0

Evans V5 : H:%(p§+p§+p§)— +%

. _ 1,2 2 2 ke | ks
Evans V3 : Hfz(pXererpZ)quly2 x2—|—y2+y2+22
Parafermionic-like algebra with 4 generators

2H{A1, Bi}p + B1{A>, Bo}p + 2(H — A)){B1,B>}, =0

. _ 10,2 2 2 k k
Evans V, : H_E(px+py+Pz)+y2\/+§+7yz+y%+k3Z

B> {Al7 BI}P — k3 {AQ7 B2}P =+ 2(A1 — H) {B]_’ Bz}P =0



Discussion

Remarks
@ In all the studied three dim. superintegrable systems the integrals of
motion satisfy a "special’ form of Quadratic Poisson algebra with one
of two "special” structures = Quadratic subalgebras
@ The "special” structures are traces of two dim. superintegrable
systems in the three dim. systems. Their classification, could lead to
a classification of the three dim. superintegrable systems.

@ The cases where there are two "special” structures, in the quantum
case could lead to a representation theory with coupled deformed
oscillators

Open problems

@ Classification and Representation Theory of Parafermionic-like linear
and quadratic Ternary Algebras

@ Representation Theory of superintegrable Polynomial Algebras.



"Special” structure in N-Dimensions

{AiL A} ={Ai, B} ={A;,Bi} =0
{A;, Bj}* = 2Fi(A1, Ay, ..., An, H, B;) = cubic function

N=2 N=3
Al Al A2
B1 Bl <——> B2
N=4 N=5
Al Al A4
<> no zero Poisson braket
B1 Bl <—> B4

N EX

B2 <——> B3 B2 <——> B3

11

A2 A3 A2 A3




PE Verrier and NW Evans, JMP 49,022902 (2008)

1
S(pZ+py +p2) +

H=5(

1
Ar=s(UE+ L+ 5)+

X2 y2 Z2
1, k(*+y?) | k(P +y%)
Ay = 5 J 2 2
x y
ki ko ks\\? 2ks )
51 = (e o2z (zm ety ) TR etz
klz k3X2

B *J2+7+

F= <_-/1pz + J3px

k k k
2 (s —;+—2+ 3))
2\/X2+y +2z2 X

2k, )
+7(pr + ypy + 2p2)
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