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e Polynomials associated with rational solutions of the second and fourth Painlevé
equations

d2
il = 2w’ + 2w + Py
dz? ,
d*w 1 (dw 3 5 15

— = dzw® + 2(2% — = P
1 2w<dz> + o+ dzw” + (2 a)w+w IV

e Polynomials associated with rational solutions of some soliton equations including
the Korteweg-de Vries, nonlinear Schrodinger and Boussinesq equations
ity = Upy — 2Jul*u
2
Ut + (U )a::c -+ %ux:mx =0
e The equations of motion for n point vortices with circulations I’; at positions z;, in a
background flow w(z) are

dz}‘f_ 1

dt  2ni

n

1 I (.
> d +w@i i=1,2,...,n
— Zj — 2 211
k=1

e Polynomial solutions of

d2p dPdQ 420 d@

dP
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Rational Solutions of the Second Painlevé Equation

2

%:2w3+zw+& P

Theorem (Yablonskii & Vorob’ev [1965])
P11 has rational solutions if and only if o = n withn € Z.

Theorem (Kajiwara & Ohta [1996])

Define the polynomial py(z) by
Z w;(2)N = exp (z)\ )\3)
7=0
then the Yablonskii—Vorob’ev polynomials are given by

Qn(z) — CnW(gpla P35 -+ - @271—1)

where W (1, 3, . . ., ©o,_1) is the Wronskian and c,, a constant, and

1 @ 1( ) _ ;_1<Z> ~Qu(z) )

satisfies Py with a = n.
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Roots of some Yablonskii-Vorob’ev polynomials
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Rational Solutions of the Second Painlevé Hierarchy
(PAC & Mansfield [2003])

The first three equations in the second Painlevé hierarchy are

w” = 2w’ + 2w+ o PI[Il]
W™ = 10w*w” + 10w (W) — 6w’ + 2w + p
w™" 14w2 " 4+ 56ww’ " + 42w( ) 70 {’UJZL B (w/>2] W' Pl[f]

— 140w® (w')” + 200" + 2w + as

with o, as and ag arbitrary constants. Rational solutions of P%l] have the form

[n]
wLn](Z) _ d In Qn—l(’z)
dz vl(2)
for n > 1, where Qy[? ](z) are monic polynomials of degree %n(n + 1) which can be
expressed in the form of determinants (Wronskians) whose coefficients involve hyper-
geometric functions of the form

ZQn-I—l

(4n + 2)2"

1 Fon(a; by, bo, ..o bop; €), ¢ =
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Roots of Polynomials Associated with the Py; Hierarchy
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Figure 5 in H. Aref [Fluid Dyn. Res., 39 (2007) pp5-23]
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Rational Solutions of the Korteweg-de Vries Equation
The Korteweg-de Vries (KdV) equation

w + 0ut, + Uppy = 0

which is the best known example of a soliton equation solvable by inverse scattering
(Gardner, Green, Kruskal & Miura [1967]), has the scaling reduction

w(z,t) =W(2)/(3)%3,  z=ua/3t)3

where W (z) satisfies
d*W dW dW

oW — =21V — 1
IR T ()
whose solution is expressible in terms of the solution w of Py; (Fokas & Ablowitz
[1982))
dw 1 dW
W=——w’ =
dz v 2W—z(dz +a>
It can be shown that rational solutions of (1) have the form
d2

Wn('z) — 2@ In Qn(z)
where (),,(z) are the Yablonskii—Vorob’ev polynomials and so

2 d 13
307 422 InQ,(2), z =x/(3t)

u(x,t) =
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Generalized Rational Solutions of the KdV Equation

Theorem
Define the polynomials ,(x; k,) by

00 y2j-1
ngna:'h:n = exp :13)\—22‘7],)\_]1

where K, = (Ko, K3, . .., Kn), With Ko, K3, . . ., K, arbitrary constants, and then define

@n(37§ Km) = Can(gpl, P35 9027%—1)

where W,.(¢1, 3, - . ., on—1) 1s the Wronskian with respect to x and ¢, is a constant,
which is a polynomial in x of degree sn(n + 1). Then the KdV equation has rational

solutions in the form
9

0
u(x,t) = 2@ InO,(x;12t, K3, Ky, - . ., Kp)

The polynomials ©,,(x; k,,) are known as the Adler-Moser polynomials, or Burchnall-
Chaundy polynomials, which are generalizations of the Yablonskii—Vorob’ev polyno-
mials and, as we shall see later, arise in the description of stationary vortex patterns.
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Rational Solutions of the Fourth Painlevé Equation

Pw 1 (dw)® 3 5 6]
— == - dzw? 4+ 2(2* — = P
1.2 Qw(dz) =+ 2w + dzw” + 2(2 a)w + ” vV

Theorem
Prv has rational solutions if and only if

(aa B) — <m7 _2(2n —m + 1)2) or (av /8) — (mv —2(2??, —m + %)2>
with m,n € Z. Further the rational solutions for these parameter values are unique.

G
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P1v — Generalized Hermite Polynomials
Theorem (Kajiwara & Ohta [1998], Noumi & Yamada [1998])
Define the generalized Hermite polynomial H,, (%), which has degree mn, by

Hyn(2) = ama W (Hp(2), Hyg1(2), .o Hypn—1(2)) m,n > 1

where W (1, @9, . .., ©y) is the Wronskian, H,(z) is the n Hermite polynomial and
amn 18 @ constant. Then

i : - d . H
(i) _— . (3) i) \ — 1 m-~+1,n
(i) _ . (1) (ii) \ 1 m,n
w7(71%11n = w(z; 04%1,17)17 @(ﬁlfb = —2z + P In Hm+1+;

are respectively solutions of Py for

(s Bi) = (2m + n 4 1, —2n?)

(ag,)na 57(721,)7") — <_m —2n — 17 _2m2>
(@) Uy — (. —2(m +n +1)?)

m,ns Mm.n
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P1v — Generalized Okamoto Polynomials
Theorem (Kajiwara & Ohta [1998], Noumi & Yamada [1998], PAC [2006])
Let py,(z) = 3"/2e™"/2H; (11/31z), with Hy(C) the k™ Hermite polynomial, then
define the generalized Okamoto polynomial ), ,(2) by
Qmn(2) = W01, 04, - -, P3ma3n-5; 92, P55 - - -, P3n—4)
with m,n > 1, where W(p1, ©a, . . ., ) is the Wronskian. Then

), 3. 2 Q +1,
an
~(11 ~ .. d
W$%=wwaag%¢ﬁ%):_zz+ o Qmn
Qm n—+1
/{D?’I{Ll,ln — w<za &771;71”7 gﬂi%i’in> — —§Z _|_ Qm n+1
Qm—l—ln

are respectively solutions of Py for
(s i) = (2m 40, =2(n — 5)°)
(627(71”2,)717 @/7(711121) - <_m T 277,, _2<m o %)2)
(&(m) ﬂ(m)) =(n—m,—=2(m+n+ %)2)

m,ns Mm,n
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Roots of the Generalized Hermite and Okamoto Polynomials
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Scaling Reduction of the Nonlinear Schrodinger Equation
The de-focusing NLS equation

ity = Uy — 2|ul*u
has the scaling reduction
u(w,t) =t7PROexp{iOQ)}, =2/t
where V(¢) = [ “ R?(s) ds satisfies

d*V 1 dV dV dV
— V — +4 + K— 1
(d8> (v <> (dc) X v
with K an arbitrary integration constant, which is solvable in terms of Py provided that
K=4a+1)?  B=-3(a+1)
Equation (1) has rational solutions
d

Va(€) = —&ln H, n<1 _m/4<)
- 3 g |
Vn(C) = 1%8 — ac In Qn,n%e_mMC)

for K, = n?and K,, = (n — 3)?, respectively.
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Rational and Rational-Oscillatory Solutions of the NLS Equation

Theorem (PAC [2006])
The de-focusing NLS equation

iy = Uy — 2|ul*u (1)
has decaying rational solutions of the form

nem/4 Hyi10-1(2) Te

U, Qf,t — ) T

(1) Vi Hy (2) 2Vt
and non-decaying rational-oscillatory solutions of the forms

e Qi1 1 (2) exp (_ ﬁ) | . x e™/4 3)
3v2t  Qunl2)

Up(T,t) =

6t

where n > 1.

Remarks:

e The rational solutions (2) generalize the results of Hirota & Nakamura [1985] (see
also Boiti & Pempinelli [1981], Hone [1996]).

e The rational-oscillatory solutions (3) are new solutions of the NLS equation (1).
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Generalized Rational Solutions of the NLS Equation
Theorem (PAC [2006])
Define the polynomials ®,,(x,t; K,,), With K,;, = (K3, K4, - . . , Km ), through

=D, (x, K )N X e (—i\)
Z (8 o) = exp x)\—it)\Q—l—iZl{]( ,1 )
— m! = g

where K., = (K3, K4, - - ., Km), With kj, for j > 3, arbitrary constants, and then define
Gn(aja t; K’Qn—l) — a’nw(q)n—la (I)na sty (I)Qn—l)) 0. — ﬁ i
Fo(z,t;Kop—1) = an i W( Py, Prsa, - .., Pap1), " - ml

so G, (z,t; Ko,_1) and F,(x,t; Ko,_1) are monic polynomials in x of degrees n* — 1
and n?, respectively, with coefficients which are polynomials in t and the arbitrary pa-
rameters Ko, 1 = (K3, K4, - - ., Kop—1). Then the de-focusing NLS equation has rational

solutions in the form
nGn(xa t; Kf?n—l)

Fn<x7 t; KQn—l)

un<x7 t; K'Qn—l) —

Remark

e The first few of these generalized rational solutions were obtained by Hone [1996]
by applying Crum transformations successively to the associated linear problem.
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Scaling Reduction of the Boussinesq Equation
The Boussinesq equation

Ut + <u2>:m -+ %uajm}x =0 (1)
has the scaling reduction
t p— p—
un,t) == 2 (34)172

where v(z) satisfies

d*w N d?w dw\* N 42% d*w N 28z dw N 32 0
dz* dz* dz 3 d22 3 dz
which is solvable in terms of Pyy. This has rational solutions
1627 d?
d

Winn(2) = 125111@7””( 2)

with H,, ,(z) and @,,,.,(z) the generalized Hermite and Okamoto polynomials, and so
we obtain rational solutions of the Boussinesq equation (1) in the form

> m-n 3 d?
umyn(w,t) = _2t2 + 4 %Eln Hm n( )
3 d?

U (T, 1) = 5% 4.2 In Qmn(2),
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Rational Solutions of the Boussinesq Equation

Uy + <u2>:m + %Uxxazx =0 (1)
Theorem (PAC [2008])
Define the polynomials

Z ©On(x, )N = exp (:1:)\ — %t)\z) : Yn(x,t) = pu(x, —3t)
n=0

and

Cbmm(ﬁlj, t) — Wx(gﬁm, Pm+1y - - - @m—%n—l)
\Ijm,n<x7 t) — WSL’ <¢17 ¢4, <. 7¢3m—|—3n—57 ¢27 ¢57 SR 7¢3n—4>

for m,n > 0. Then the Boussinesq equation (1) has rational solutions in the form

2 m-—-n 0?
U (T, ) = ot 2@ Ind,, ,(x,1)
82
o(0,0) = 2 Wy,

which are obtained through the scaling reduction of the Boussinesq equation (1) to Pyy.
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Generalized Rational Solutions of the Boussinesq Equation

Ut + <u2>:m + %uxxazx =0 <1)
Theorem (PAC [2008])
Define the polynomials 9,(x,t; k,) by
Z D@, t: k)N = exp | 2 +tA* + Z F N
n=0 j=3
with kK, = (K3, K4, - - . , k), and then define

@m,’rL(x: ta Kfm,n) — W{l: <2917 1947 <. 7193m+3n—57 1927 1957 <. 719371—4)

Then the Boussinesq equation (1) has decaying real rational solutions in the form

32
U (T, 5 K ) = 2@ Oy n(x,t; Ky)
However there are other rational solutions of the Boussinesq equation (1), e.g.
Az*+t2 -1
u(z,t) = —35 — [ )
(22 —t? + 1)?

which was obtained by Ablowitz & Satsuma [1978] by taking a long-wave limit of the
known 2-soliton solution.
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Rational Solutions of the modified Boussinesq Equation
The modified Boussinesq equation

3uy + OUUpy — Guium + Upppy = 0 (1)

has a scaling reduction which is solvable in terms of Pry.
Theorem (Thomas & PAC [2008])
Define the polynomials

Z On(x, A" = exp (a:)\ + %t)\Q) : Yp(x,t) = pu(x, —3t)
n=0

and

(Dman($7 t) — Wx(gﬁm, Pm+1y - -+ @m—l—n—l)
Wi, t) = Wi (1,0, -+, Y3masn—s, V2, ¥s, - -, Y3n5)
for m,n > 0. Then the modified Boussinesq equation (1) has the rational solutions

(Dm n 7t : ~(1 \Pm n 7t
+nl® ) +2 (m+ %) Int, uﬁ?’n(az,t) = |n L (. )

u%)n(a:, t)=—1In

Opyp(z,t) 4t W (2, 1)
' Spplz,t) 22 (i Un(z, t)
(11) t — 1 m,n ) l 1 t (11> t _ 1 m,n )
um,n(aj7 ) 1l q)m,n—l—l(xy t) + At + (??, + 2) nie, um,n@ja > Il qjm,n—kl(w; t)
P (z,t) 2? . Wi (2, )
(111 t — 1 m;n‘|‘1 ) 7 . 1 t (111 t _ 1 m,n—+ )
Uy (T 1) nq)mﬂ,n(fﬁ,t) T +(m—n)int, (v, nqij,n(x,t)
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Generalized Rational Solutions of the Modified Boussinesq Equation

Ut + 2UpUgy — Quiuxx -+ %ua}xxx =0 <1)
Theorem (Thomas & PAC [2008])
Define the polynomials 9,(x,t; k) by
Z (@, t: k)N = exp | 2 + A% + Z F N
n=0 Jj=3
with kK, = (K3, K4, - - - , k), and then define

Opn (X, 6 Kp) = Wa (V1,04 . .., Vsimisn—s, U2, U5, . .., Usn_4)
Then the modified Boussinesq equation (1) has decaying real rational solutions in the
form
m+1n x,t; K'm+1,n>
T, t; Kp)

(
monl
mn (T, K
(
(
(,

asL),n(xa t; K'm—l—l,n> = In

ﬂfﬁ’)n(x, ta K’m,n—l—l) = In

mn+1 X t; K/m,n—l—l)
—1 mn—i—l 44 t; K'm,n—H)

m ,n ) m ,n
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Complex Sine-Gordon equation
(Thomas & PAC [2008])

The 2-dimensional complex Sine-Gordon equation

W+ e o
2 — |2 +5(L = |9[) 2= [¢]) =0 (1)

has a separable solution in polar coordinates

V(r,p) = QA (r) e

a so-called n-vortex configuration, where (),, satisfies

2Q,  Q.,—1 (d@,\° 1dQ, 4n’Q,
( dr ) o dr

02 0.0, =2 ~ Q@ =@ =) - e ()

which is solvable in terms of Py. Rational solutions of Py, and so also of equation (2),
can be expressed in terms of Wronskians involving associated Laguerre polynomials

Vg + Pyy +

= “e’ d"

() _ n+oa —x
LY (x) = 7 (2" e™), k>0
Earlier Barashenkov & Pelinovsky [1998] and Olver & Barashenkov [2005] derived

a sequence of 4 Schlesinger maps to obtain (),, 1 from @),,.

Qo=1—-0Q1 —= Qs — Q3 — Qs — ...
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Poles of Q1
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Vortices of the Same Strength and Mixed Signs

The equations of motion for m + n point vortices with circulations I'; at positions z;, are

% m—+n

!/
= =1,2, ...
dt 27?12 2 — 2 J el

Suppose that the vortices at 2y, 29, . . ., 2, have strength I' > 0 (1.e. m positive vortices),
the vortices at z,, 1, 212, - - -, Zmop have strength —I" (1.e. n negative vortices) and then
define the polynomials

:js

(2 = 2)), Q(z) = H(z — Zjotm)

j=1 k=1
. | dz;
e Stationary vortex patterns arise when N = 0.
_ . dz;-‘ .
e Translating vortex patterns arise when T v™, with v™ a (complex) constant.

e Both these cases are solved in terms of the Adler—Moser polynomials, which arose
in the description of rational solutions of the KdV equation.
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Quadrupole Background Flow

Lemma (Kadtke & Campbell [1987])
The equations of motion for m + n point vortices with circulations 1’; at positions
z; in a background flow w(z) are

" m—+n «
dj _ 1 §gv_ D | wi(z)
dt 271 Zj— 2 21

: 17=12,....,m+n

*

dz’
When —> = 0, w(z) = [p*2*, with u* a (complex) constant, I}, = I fork =1,2,...,m
and Iy, = —I'fork=m+1,m+ 2,...,m + n, then the polynomials

m n

Pz)=]]z-2z). Q) =]]-zm

j=1 j=1

satisty
2P dPdQ A0 dP 40
CL0 -9 Pl o (S0 - PR = 2u(m — n)P
szQ dz dz " dz? Tepz (sz dz) plm = n)PQ
Remark: If Q = 1 and © = —1 then P satisfies
&r 2 r +2mP =0
- _— m p—
dz? “dz

which is the equation for the m™ Hermite polynomial H,,,(z).
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4P dPdQ _d%Q dQ

dP
@Q—QEE%—P@-FQMZ (EQ_PE> = 2p(m —n)PQ

Kadtke & Campbell [1987] obtained some polynomial solutions of this equation when
m = n, though they claimed that there were no solutions when m = n = 6. However,
using MAPLE, it can be shown that there are solutions when m = n = 6.

Solutions for ;=1 and m =n

m=n=2 P=2z-1 Q=zz"+1

m=n==4 P=z'+222-1 Q=2"+622+3
P=z'—22-1 Q=z"+222-1
P=2z"—62"+3 Q=z2"—22"-1

m=mn =06 P=20—-324—922+3 Q=20+32*—922+3
P=20—32449224+9 Q=24+3224+922-9
P=20—1524+4522—15 Q=20—90244922+3
P=20—-02492243 Q=2—32*—922+3
P=204+324—-922-3 Q=20+924+922-3

P=20492t4922-3 Q = 254 1524 4+ 4522 4 15
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Solutions of
d2pP

dz2

dz dz

for ;4 = 1 in terms of the generalized Hermite polynomials H,;(z), and for 1 = —

P 2 P
— 2d—@ —|—P% +2uz (i—

dz?

d@
dz

the generalized Okamoto polynomials (), ;(z) are

—Q - P—) = 2u(m — 1) PQ

P(z) | Q(z) m n m—n
Hipk| Hjp (7 + Dk 7k k
Hjp | Hjjeyr jk jlk+1) —J
Hjp | Hjp1x jk+1) (j+ 1Dk j—k
Qjvik| Qjr | FPHE+jk+j [P+ +jk—j—k 2j+k
Qjk |Qjr1 | I+ +jk—j—k| jF+E+jk+k |—j—2k
Qjkr1 | Qjrin| JFPHE+jEk+k | G+ i+ | k-]
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Question What is the form of polynomial solutions of the bilinear equation

4P dPdQ d2Q dQ
=2 e e dz ) uw(im —n)PQ

—|—2p,z< Q— P—

Definition Consider the Schrédinger operator

d2
with a potential u(z) which is meromorphic in C. Then the operator £ has trivial

monodromy if all the solutions of the corresponding Schrodinger equation

d2
L) = ¢ > tu = Ay
are also meromorphic in C for all \. Such an operator 1s said to be monodromy-free.

Theorem (Oblomkov [1999])

Every Schrodinger operator £ with trivial monodromy, and with a quadratically
increasing rational potential, i.e. u(z) = z° + R(z), with lim,_, R(z) = 0, has the
form

d? d?
L= —@ + Z — 2@1DW<H1€1,H1@, c. ,Hkn>
where H,(z) is the k™ Hermite polynomial, W(¢1, ¢o, . .., ¢,) is the Wronskian and
k1, ks, ..., k, are a sequence of distinct positive integers.
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A corollary of results due to Crum [1955] (see also Oblomkov [1999], Veselov [2001])

Theorem
The Schrodinger equation

d?y
with potential
d2
uw=z>— 2@ In W (Hkl, Hy,, ..., HkN)
where Hj,(z) is the k™ Hermite polynomial, W(¢1, ¢o, . .., ¢,) is the Wronskian and
ki, ks, ..., k, are a sequence of distinct positive integers, has the solutions
WI(H,, Hy,...,H..,H
@b(Z) _ ( ks £Lko kn kN+1) exp (—%ZQ)
W (Hy,, Hy,, ..., Hy,)

b(2) = W (Hy,, Hiy, ... Hyy )

W (Hy,, Hyy, . .., Hy,)

with ky 1 another ditferent positive integer for the eigenvalues A = 1 + 2(kyy1 — N)

and A = 2(N — ky_1) — 1, respectively.
2

exp (127)

P

d
Remark: Substituting u = 2> — 2—In () and ¢ = — exp(—=2?) into (x) yields
422 O > y

d*pP dPdQ  _d*Q dP A
Cro-2 S pl o (g pEE —1)PQ =
dz? Ldz a2 z(sz dz)+(>\ PR =0
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Consequently

Theorem (Lousenko [2003])
The bilinear equation
2P dPdQ  _d%2Q AP 40
CrQ ot pt e 90 (S0 - PEE) 4 2(m—n)PQ =0
dz? G a7 (dz « dz) 2(m = n)PQ

with m,n € Z", has polynomial solutions in the form
P(z) =W (Hy,(2), Hy(2), ..., Hiy(2), Hyy,(2))
Q(Z) — W (Hkl(Z), H@(Z), Ce e Hk:N<Z>>

where Hj,(z) is the k™ Hermite polynomial, W(¢1, ¢o, . .., ¢,) is the Wronskian and

ki, ko, ..., kn,kny1 are a sequence of distinct positive integers. The degrees of the
polynomials P(z) and Q)(z), respectively m and n, are given by

N+1

j=1

N
m=Y ki—iN(N+1), n=> k—3NN-1)
j=1

= m-n=kyy —N
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However there are additional solutions of the equations

2P drPdQ d*Q dP d@
—Q —2——F+ P— — 22| —Q — P— A—1)PQ =0 1
dz? Lz a2 Z(sz dz)+< PQ (L)
d2¢ ) d2
in terms of the generalized Hermite polynomials and generalized Okamoto polynomials
P(z)| Q) $(z) exp(dz?) = P/Q A—1
W(H Hl H‘+k_1)
Hjy | H; R —2k
Sl W(Hjy1, Hyro, ..., Hyog)
H,Hy, ... Hsji31. 5 Ho Hs, ..., Hyj_
Qj’k Q]"]ﬁ_l W( 1, 4144, y 1435+3k—5, 412, 115, y 143k 4) _2(] 4 Qk)

W(H, Hy, ..., Hyjisp-0, Hyy Hs, ..., H3p_q)

Further solutions of equations (1) and (2)
P(z) = (2° +2V32 + 52 + V3)(z + V3), Qz) = (2 +V3)°
5(2) 2 +2v322+22+V3
) =
(z + \/5)2

exp(—327), A=3
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Conclusions

e The roots of the special polynomials associated with rational solutions of Py; and Py
have a very symmetric, regular structure. Similar symmetric structures arise for the
roots of special polynomials associated with rational solutions of Pyj; and Py,.

e Rational solutions of various soliton equations can be expressed in terms of the spe-
cial polynomials associated with rational solutions of Pi; and Pry. Generalized ratio-
nal solutions, involving an infinite number of parameters, appear to only exist when
the rational solutions decay as |z| — oo. Similar results hold for the dispersive water
wave and modified Boussinesq equations and the classical Boussinesq system.

e This seems to be yet another remarkable property of “integrable” differential equa-
tions, in particular the soliton equations and the Painlevé equations.

e These polynomials have applications in the description of vortex dynamics. Fur-
ther they demonstrate that there are more solutions of the Schrodinger equation for
quadratically increasing rational potentials,

&y
T 27+ R(2)|[Y = A,

with lim,|_,o R(2) = 0, than previously thought.
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Open Problems
e Is there an analytical explanation and interpretation of these computational results?

e What is the structure of the roots of the special polynomials associated with rational
and algebraic solutions of Py and discrete Painlevé equations?

e What is the structure of the roots of special polynomials associated with rational
solutions and other special solutions of other soliton equations?

e Do these special polynomials have further applications, e.g. in numerical analysis?

e What is the general form of polynomial solutions of the bilinear equation

2P dPdQ _d%Q P 40
C -2 pE Lo (S0 — PEEY) = 2u(m —n)P
dz? © Ldz de T (dz © dz) plm = n)PQ

e What about polynomial solutions of the bilinear equations

4P dPdQ d2Q dP dQ

——Q - U—— 4 PP —Q— (P~ = 1

dz? Lz dz2+'u<sz dz) ! (L)
4P dPdQ d2Q dP dQ
——Q — U——" + (PP —Q — (P~ PQ = 2
122 Iz dz dz2+’”<sz dz>+“ Q=0

where ¢ # 1, ;4 and k are constants? Lousenko [2004] has obtained some polynomial
solutions of (1) in the case when ¢ = 2 and p = 0, which corresponds to the case of
vortices with two strengths of unequal magnitudes.
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