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Generalized Chaplygin systems

Equations of motion of the generalized Chaplygin system:

d ([ OL oL . oL oL _
dt (6q1) oq 72 dt (8672) oq —a (1)
S=a1(q)q1 + a2(q)g2 + b(q),

where Lagrangian L is a function of generalized coordinates ¢ = (g1, q2)
and velocities ¢ = (g1, ¢2)-
Equations of motion (1) are invariant to the change of time

N(q) dt = dr,

if N does not depend on velocities. Indeed, in new time we get:
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Generalized Chaplygin systems

Theorem
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Let det # 0 and system (1) allow an invariant measure with density

depending only on coordinates. Then there is a change of time N(q) dt = dt, such
that

@ function S defined by (2) depends only on coordinates: S = S(q),

@ in new time equations of motion are Hamiltonian:
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and the Poisson bracket is defined by relations
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{ai,pj} =6, {p1,p2} =5(q), {a1,q2} =0. (3)




Chaplygin ball on a sphere
Equations of motion

Equations of motion of a ball moving without slipping on a sphere

M=M =k k=—2 4
Xw, n nxw, PR (4)

where w — angular velocity of the body, n — the normal in the point of
contact a — radius of the basic sphere, b — radius of the ball (fig. 1).
The moment with respect to the point of contact M is related with
angular velocity w by a linear equation

M =lw+dn(n x w), d=mb?

where m — mass of the body, | = diag(h, k, /3) — a central tensor of
inertia. A coefficient k may be either positive or negative depending on
possible cases (fig. 1).



Chaplygin ball on a sphere
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. Rolling of a body with a spherical part on the sphere. Fixed surface is marked
by shading.



Chaplygin ball on a sphere
Integrals of motion and integrable cases

Under any value of k, system (4) has three integrals of motion

Fo=(n,n)=1 H=:-(M w), F=(M M) (5)

N =

and invariant measure p dw dn with density
p? = (n, n)—d(n, (1+d)"'n).

Integrable cases
Q@ k=1 (a— ).
Rolling on a plane.

ek:—H§:%)

Additional integral of motion

Fa = (AMv n)ﬂ (6)

where A = diag(Z(—h + b + k), 3(h — b + k), 3(h + b — h))
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Chaplygin ball on a sphere

Equations of motion of Chaplygin ball at k = —1 and F> = 0 as Chaplygin system

We can write the equation of motion (4) as a Chaplygin system

40T 9T _,; 40T 0T _ _;
dgion  ou - "® dov ov - " ()
where T = %(buuil2 + by, itv + by, v?), and ® = (a, i + a,V) — a linear

homogeneous in velocity function, and v u v — sphero-conical
coordinates on the sphere n®> = 1

n? = ((JJ_Ji’))((j_jk)) itjtkEi, Ji=lL+d (8




Chaplygin ball on a sphere

Equations of motion of Chaplygin’'s ball for k = —1 and F, = 0 are a conformal Hamiltonian
After change of variables N'(u, v) dt = d7 system (7) has a Lagrangian

form

dOT 0T _, doT 0T _ ,y_du ,_dv
drou’ Ou " odrov Ov ’ dr’ dr’

The reducing multiplier:

2uv + (u+v)(2d + a1) + ax — dag
V/det(l+d — dn® n)
+(a? =20 + 4day ) (u+ v) — 4d(u + v)>) !

N:

(4as + 20100 — 03 — da+

where o1 = ZJ,', Qo = ZJ,?,OQ = J1./2J3.



Chaplygin ball on a sphere

Equations of motion of Chaplygin’'s ball for k = —1 and F, = 0 are a conformal Hamiltonian

After change of variables we get a Hamiltonian system on

two-dimensional sphere S?, which can be presented as equations on a
special (null) orbit of co-algebra e(3)

_Sdetd P
H= F = 2m? -4y dim?),
8(v, BY)? & Z 4, B'r) Z
§ = (v, JA7) — d(~, Av)?,
L 4 X 2/ 2 dé (©)
G = : - 4H(J: - Jk)%‘ (.0 - m)v
ki
= [[Wi = J)7 i + d) = (v, I + d)Ay) + 2d (7, JAY)(~, Av)).
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where A = 2A. Poisson brackets are given by the following expressions

{mi, mj} = ejpemic,  {mi, v} = gy, {vi, 1} =0,

and the orbit is determined by integrals



Chaplygin ball on a sphere
Case F, #0

Remark

We can show that if k = —1 and F, # 0 then equations of motion (7)
have the form of generalized Chaplygin system (1). Therefore, using
above Theorem, we can write these equations as a Hamiltonian system
with gyroscopic forces. But since the equations are rather complicated
and general methods of integration in quadratures are not known for such
systems, we do not present them here.
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Chaplygin ball on a sphere
Separation of variables

We use a canonical presentation of algebra e(3) (Darboux coordinates)

my = pi(x* = 1)+ pa(y*> = 1), ma=ipi(x*+1) +ipa(y? + 1),

xy —1 _oxy—1 _ X+y
Ve2=Il—7 V3=

m3 = 2p1x + 2pay, n=S= x—y

x—y
(10)
Using (10) we can write the pair (H, F2) in canonical form

H = a(x, y)p: + 2b(x, y)p1p2 + c(x, y)p3,

2 2 (11)
Fa = A(x, y)p1 + 2B(x, y)p1p2 + C(x, y)p3

We can show that separating variables are the roots of the equation

(B — bs)? = (A — as)(C — cs) (12)



Chaplygin ball on a sphere
Separation of variables

In new coordinates functions H and F have the Liouville form

_sus1) po %e(=2) g _ 25(s1) pp  s1%(2)

2
H751—52 1 51—52P2’ F 51— S 1 S1 — S P2’ (13)
where
2(8x3 + 8(d — €)x? + (2628 — 4de)x — 4y — dB + /1)
S(x) = 5 (14)
v(2x — € + 2d)
and

a=(h+h—h)(~h+—h)(~—h+l+J-3)
B=J24 02+ 220 —2hls—2))
v=J1htz, e=h+ b+ I
A = x%(? + 8ad) + 2x(487 + dB? — 2dae + 4ad?) + (4v + df)?



Rubber ball moving on a sphere
Equations of motion

Let us assume an additional constraint, which does not let the ball twist
(w,m)=0. (15)
Equations of motion can be given in the form

Jw=Jwxw+AIn+ Mg, n=knxXw,

16
J=1+mb’E, E=|5;|, (16)

where
Jw x w,J7n) + (Mg, Jn)

(n,J71n)

A=—

and Mg — moment of external forces.



Rubber ball on a sphere
Conservation laws and integrable cases

Equations (16) have integral of energy and geometric integral

H = %(Jwaw)v (nv n) =1,

and have invariant measure

1
(n,d7tn)2kdwdn. (17)

Integrable cases

@ k=1 (a=o00)— rolling of a ball on a horizontal plane. Additional
integral F = (Jw x m,Jw x n). The obtained system is equivalent
to Veselova's system and can be integrated with the help of
sphero-conical coordinates.

@ k= -1 (b= —2a) — rolling of dynamically asymmetric sphere by
its inner surface on a fixed ball. Additional integral:

(Jw,Jw)n? + det J(w,Jw)(J71n, )" 1n)

F:
(n,J71n)

(18)



Rubber ball on a sphere
Hamiltonian structure and algebraization
Equations of motion (16) can be represented in the form of Veselova's

system
doT 9T _ . d (oT)\ _oT _ ¢
dt g o€ dr(é%) oy ~ &
. (19)
2k —1 3 n
S= - .
g &) (A(£)+A(77)>

Here (&,7) — sphero-conical coordinates on a sphere |n| =1

s (L= —n) 2 (L—=8(L—n)

02— 2 (55 =85 —n)
V=R h—hk) P (b= k) (k- k)

(b5 —=h)(Js — o)
(20)

2 __
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and kinetic energy T = %(wa) in these variables is

&m0 | &P
e ( A(£)+A(n)>' 21




Rubber ball on a sphere
Hamiltonian structure and algebraization

By the above theorem, after the change of time N (u, v) dt = d7 with

reducing multiplier
1
1=
&n 2k
= 22
N ( detJ (22)

equations of motion become canonical

r_ 0T r_ 0T / oT / oT
= 5, = 5, = QA - — 23
Therefore, system (16) for k = £1 is conform-Hamiltonian. )

Define isomorphism of systems (16), (19) with the problem of motion of
point on a sphere. Introduce three-dimensional vectors

M= NIV2, = %J_l/zn, (24)
where
1
W= VdetJ N _ \/detJ(mJ—ln)zk.

kK2 k



Rubber ball on a sphere
Hamiltonian structure and algebraization

It is evident that

(=1 (M.~)=Y(wn)=o0. (25)

Poisson brackets between M and ~:

{Mi, Mj} = —ejigMi,  {Mi, v} = —€iwves  {viv1 = 0. (26)

Hamiltonian

J
R k17K [ (e A
B 525 0 (diZJ) ( 57 )i - (,577)1%27) - (27



Rubber ball on a sphere
Hamiltonian structure and algebraization

Hamiltonian (27) is the product of two functions, depending on M and
~ respectively: 5 = G(v)F(M). Equations of motion can be
represented as:

o oF oG OF
M—G(M M — FG~ x 8’)’)’ ¥ = G'yxaM (28)

Make a change of time G(v)dt = ds and fix the level of integral FG = h.
On this level we get a system:

dM oA o dv _ oM
s MY oM Yy ds T as (29)
A = F(M)— -1

G(v)



Rubber ball on a sphere
Trajectory isomorphysim

For Hamiltonian (27) we have

FoLa ) b )

Therefore, on a fixed level of the energy integral 7 = h the system (28)
is trajectory isomorphic to system (30) for 7 = 0. J

Hamiltonian (30) describes the motion of a particle on a surface (on
condition that (M, ~) = 0) in potential field of forces with potential
V = h(y,dy) 71k
Integrable potentials correspond to cases

© k = 1: the Braden system,

@ k = —1: the Neumann system.



Rubber ball on a sphere
Separation of variables for k = —1

Define sphero-conical coordinates v and v

2o phh—uh-v) 5 Sh(l-u(l-v) 5, k(s -u)(hs-v)
VP k) R T k-5 T () R
where p? = (n,J71n) = (3_ J; — u — v)~L. Kinetic energy (21):

_detJp*(u—v) u2 7&
= 8 (A(u) A(v)>’

where A(x) = [](Ji — x), and reducing multiplier is

i
—3/2
N:(ZJ,'—U—V) / .
i
Thus, we receive canonical equations with Hamiltonian

— 2 > A2
H = det (3 Ji — u— v)(u— v) (A(v)p; — A(v)p7) -

1

Therefore, u and v are separating variables. )




