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On the classification of subalgebras
of the conformal algebra with respect
to inner automorphisms

L.F. BARANNYK, P. BASARAB-HORWATH, W.I. FUSHCHYCH

We give a complete justification of the classification of inequivalent subalgebras of the
conformal algebra with respect to the inner automorphisms of the conformal group,
and we perform the classification of the subalgebras of the conformal algebra AC(1, 3).

1 Introduction

The necessity of classifying the subalgebras of the conformal algebra is motivated by
many problems in mathematics and mathematical physics [1, 2]. The conformal algeb-
ra AC(1,n) of Minkowski space Ry ,, contains the extended Poincaré algebra AP(1,n)
and the full Galilei algebra AG4(n — 1) (also known as the optical algebra). The
classification of the subalgebras of the conformal algebra AC(l,n) is almost reducible
to the classification of the subalgebras of the algebras AP(1,n) and AG4(n —1).

Patera, Winternitz and Zassenhaus [1] have given a general method for the classi-
fication of the subalgebras of inhomogeneous transformations. Using this method, the
classification of the subalgebras AP(1,n), AP(1,n), and AG4(n — 1) was carried out
in Refs. [1-9] for n = 2,3, 4. In Refs. [7—11], this general method was supplemented by
many structural results which made possible the algorithmization of the classification
of the subalgebras of the Euclidean, Galilean, and Poincaré algebras for spaces of arbi-
trary dimensions. Indeed, this was done in Refs. [9] and [10], where the subalgebras
of AC(1,n) were classified up to conjugation under the conformal group C(1,n) for
n=2,3,4.

In order to perform the symmetry reduction of differential equations, it is necessary
to identify the subalgebras of the symmetry algebra (of the equation) which give
the same systems of basic invariants. This observation has led to the introduction
in Ref. [12] of the concept of I-maximal subalgebras: a subalgebra F' is said to be
I-maximal if it contains every subalgebra of the symmetry algebra with the same
invariants as F'. In Ref. [13], all [-maximal subalgebras of AC(1,4), classified up to
C(1,4)-conjugation, were found in the representation defined on the solutions of the
eikonal equation. Using these subalgebras, reductions of the eikonal and Hamilton—
Jacobi equations to differential equations of lower order were obtained in Refs. [9]
and [12]. We note that the list of [-maximal subalgebras for a given algebra can differ
according to the equation being investigated.

In the above works, the question of the connection between conjugation of the
subalgebras of the algebra AP(1,n) under the group P(1,n) (or the group Ad AP(1,n)
of inner automorphisms of the algebra AP(l,n)) and the conjugacy of these subal-
gebras under the group C(1,n) was not dealt with. This, and the same problem for
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subalgebras of the Galilei algebra AG4(n—1), is the problem we address in the present
article.

Since the group analysis of differential equations is of a local nature, we concentrate
on conjugacy of the subalgebras under the group of inner automorphisms of the
algebra AC(1,n). Going over to conjugacy under C(1,n) is not complicated, and
requires only a further identification of the subalgebras under the action of at most
three discrete symmetries. The results of this paper allow us to obtain a full classifi-
cation of the subalgebras of AC(1,n) for low values of n. On the basis of these results,
we give at the end of this paper a classification of the algebra AC(1,3) with respect
to its group of inner automorphisms. The list of subalgebras obtained in this way can
be used for the symmetry reduction of any system of differential equations which are
invariant under AC(1, 3).

2 Maximal subalgebras of the conformal algebra

We denote by Ad L the group of inner automorphisms of the Lie algebra L. Unless
otherwise stated, conjugacy of subalgebras of L means conjugacy with respect to the
group Ad L. We consider Ad L; as a subgroup of Ad Ly whenever L; is a subalgebra
of Ly. The connected identity component of a Lie group H is denoted by Hj.

Let Ry, (n > 2), be Minkowski space with metric g,3, where (g,3) = diag[1, —1,
...,—1] and o, =0,1,...,n. The transformation defined by the equations

xazma(y()aylw"yyn)a O(:O,l,...,’fl
of a domain U C Ry, into Ry j, is said to be conformal if

Oz, 0z, u
———=9"" = A2)gas,
9y 957° (2)gap

where A(z) # 0 and © = (x0,21,...,%,). The conformal transformations of Ry,
form a Lie group, the conformal group C(1,n). The Lie algebra AC(1,n) of the group
C(1,n) has as its basis the generators of pseudorotations J,g, the translations P,, the
nonlinear conformal translations K, and the dilatations D, where o, 3 =10,1,...,n.
These generators satisfy the following commutation relations:

[Jas, Jvs) = gas Iy + 98y Jas — GaryIBs — 985S ay

[Paa‘]ﬂ’y} :gaﬂpfy*gawpﬁa [Paapﬁ] =0, [KowJﬁ’y] :gaﬁK’y*ga'yKﬂa
[KouKﬁ] :05 [D,Pa] :Pom [DaKOt] :_Kou [D7Jaﬁ] :O7

[Ka,Pg} = Q(QQBD — Ja6)~

(1)

The pseudo-orthogonal group O(2,n+1) is the multiplicative group of all (n+3) x
(n+3) real matrices C satisfying C*E5 ,,41C = E3 11, where Es 41 = diag[1,1, —1,
., —1]. We denote by Iy, the (n 4+ 3) x (n + 3) matrix whose entries are zero except
for 1 in the (a, b) position, with a,b =1,2,...,n+ 3. The Lie algebra AO(2,n+ 1) of
O(2,n + 1) has as its basis the following operators:

Mo =Ty Iz, Qapy=—Iap+1Ipe (@<b;a,b=3,...,n+3),
Qig = —Lig — L (Z:]-va a:3a"'7n+3)7
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which satisfy the commutation relations
[Qaba ch] = padec + pchad - pachd - pbanc (a, b, c, d= 1,2,....,n+ 3)7

where (pqp) = E2 n+1- Let us denote by Rg 11 the pseudo-Euclidean space of n + 3
dimensions with metric pgp. The matrices of the group O(2,n + 1) and the algebra
AO(2,n+1) will be identified with operators acting on the left on Ry ,,+1. Then, with
this convention, O(2,n + 1) is the group of isometries of Rg 1.

It is known (see for instance Ref. [9]) that there is a homomorphism ¥ : O(2,n +
1) — C(1,n) with kernel {+E, 13}, where {E,, 3} is the unit (n+3) x (n+ 3) matrix.
Thus we are able to identify O(2,n + 1) with C(1,n). This homomorphism of groups
induces an isomorphism f of the corresponding Lie algebras, f : AO((2,n + 1) —
AC(1,n), which is given by

f(Qa+27ﬁ+2) = Jaﬁ7 f(Ql,oH-Q - Qa+27n+3) = Pa,
f(Ql,a+2+Qa+2,n+3) = Ka, f(Ql,n+3) =—-D (a’ﬁ — 071’_._771)_

We shall in this article identify the two algebras, using this isomorphism, so that we
can write the previous equations as

Qoz+2,,(3+2 = Jaﬁ; Ql,a+2 - Qa+2,n+3 = Paa
Mat2+ Qagonis =Ko, Qpys=-D (a<f; o,3=0,1,...,n).

We shall use the matrix realization of the conformal algebra.

Each matrix C' which belongs to the identity component O1(2,n + 1) of the group
O(2,n + 1) is a product of matrices which are rotations in the 129 and x,x; planes
(a < b; a,b = 3,...,n+ 3) and hyperbolic rotations in the z;x, planes (i = 1,2;
a = 3,...,n 4+ 3). Thus each such matrix C' can be given as a finite product of
matrices of the form exp X, where X € AO(2,n + 1). From this, it follows that each
inner automorphism of the algebra AO(2,n + 1) is a mapping

po:Y - CYCH (2)

where Y € AO(2,n + 1) and C' € O1(2,n + 1), and conversely each mapping of this
type is an inner automorphism of the algebra AO(2,n + 1).

In the process of our investigation mappings of the above type (2) will occur for
certain matrices C' € O(2,n + 1), so we call these types of mappings O(2,n + 1)-
automorphisms of the algebra AO(2,n + 1) corresponding to the matrix C.

If G is the group of O(2,n + 1)-automorphisms of the algebra AO(2,n + 1), and
H is the subgroup of G consisting of its inner automorphisms, then H is normal in
G and [G : H] < 4. Representatives of the cosets of G/H different from the identity
will be

C, =diag[~1,1,...,1,—1], Cy=diag[1,1,—1,1...,1], )
Cy =diag[-1,1,-1,1,...,1,—1],

or

¢y =diag[-1,1,...,1,-1,1], Cy=diagll,1,—-1,1...,1],
Cs = diag[1, ~1,-1,1,...,1,—1,1].
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Given a subspace V of Ry 41, there is a maximal subalgebra of AO(2,n + 1)
which leaves V' invariant. We call this algebra the normalizer in AO(2,n + 1) of the
subspace V.

Let Q1,...,Qn+3 be a system of unit vectors in Ry 1. Then the normalizer in
AO(2,n + 1) of the isotropic subspace (Q1 + Qn+3) is the extended Poincaré algebra

AP(1,n) = (P, Py,..., P,) W (AO(1,n) & (D)),

where W denotes semidirect sum, and @ denotes direct sum of algebras; AO(1,n) =
(Jap: 0, =0,1,...,n). The normalizer in AO(2,n + 1) of the completely isotropic
subspace (Q1 + Qn+3, Q2 + Qni2) is the full Galilei algebra

AGy(n—1) = (M, Py,..., Py1,G1,...,Gp1) ¥ (AO(n — DV®(R, S, T)&(Z)),
where

M=Py+ P, Go=Joa—Jam (a=1,....,n—1), R=—(Jon+D),

§= (Kot Ku), T= (PP, Z=Jo,—D.

The generators of the algebra AG4(n — 1) satisfy the following commutation rela-
tions:

Jabs Jed] = GadJve + Gvedad — Gacva — Gvadac;  [Ga, Joe] = gavGe — GacGh,
Py, Joe] = gabPe — Gac Py [Ga, Gpl =0, [Po, Go] = dapM,  [Ga, M] =0,
P,,M)=0, [Jw,M]=0, [R,S]=2S, [RT]=-2T, [T,S]=R,
ZvR]:[sz]:[ZvT]:[Zn]ab]:Ov [RvGa]:Gaa [Rapa]:_Paa

R, M| =0, [R,Jw)=0, [S,Gs =0, [S,P]=-G,, [S,M]=0,

S, Juw) =0, [T,Ga]=P,, [T,P]=0, [T,M]=0, [T,Jw]=0,
Z,Gy)=—-Gq, [Z,P))=—-P,, [Z,M]=-2M,

with a,b,¢,d=1,...,n— 1.
From these commutation relations we find that

(R,S, Ty =ASL(2,R), (R,S,T)® (Z)=AGL(2,R),

where R denotes the field of real numbers.

Let F' be a reducible subalgebra of AO(2,n + 1). That is, there exists in Ry 41
a nontrivial subspace W which is invariant under F'. If W is isotropic, then there
exists a totally isotropic subspace Wy C W which is invariant under F'. Since dim Wy
is 1 or 2, then, by Witt’s theorem [14] there exists an isometry C' € O(2,n + 1) such
that CWy is either (Q1 + Qn43) or (Q1 + Qnis, Q2 + Qny2). Taking into account
that the matrices (3) do not change these subspaces and represent all the components
of the group O(2,n + 1) different from the identity component O1(2,n + 1), then
we may assume that the above C' lies in O1(2,n + 1), the identity component. Thus
there exists an inner automorphism ¢ of the algebra AO(2,n + 1) such that either
o(F) C AP(1,n) or p(F) C AG4(n —1).

If W is a nondegenerate subspace, then, by Witt’s theorem, it is isometric with
one of the following subspaces: Ry ; (k > 2), Ry (K > 1), Ry (k > 1). Each of the
isometrics (3) leaves invariant each of these subspaces, so that we may assume that the
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isometry which maps W onto one of these subspaces belongs to O1(2,n+1). From this,
it follows that a subalgebra F' is conjugate under the group of inner automorphisms
of the algebra AO(2,n + 1) to a subalgebra of one of the following algebras:

(1) AO'(1,k)e AO"(1,n—k+1),
where AO'(1,k) = (Qup 1 a,b=1,3,...,k+2) and
AO"(I,n—k+1)=Quwp:a,b=2k+3,...,n+3) with n>3
and k=2,...,[(n+1)/2];

(2) AO(2,k)® AO(n —k +1), where
AO(n—k+1) = (Qup:ab=Fk+3,...,n+3) with k=0,1,...,n.

In order to classify the subalgebras of these direct sums it is necessary to know
the irreducible subalgebras of algebras of the type AO(1,m) (m > 2) and AO(2,m)
(m > 3). It has been shown in Ref. [15] that AO(1,m) has no irreducible subalgebras
different from AO(1,m). In Refs. [16] and [17] it has been shown that every semisimple
irreducible subalgebra of AO(2,m) (m > 3) can be mapped by an automorphism of
this algebra onto one of the following algebras:

(1) AO(2,m);
(2) ASU(1,(m/2)] when m is even;
(3) (2 + V3Qu3 + Qo5, =15 + Qog — \/§Q23, Qy2 —2Qy5) when m = 3.

It follows then that when m > 3 is odd, the algebra AO(2,m) has no irreducible
subalgebras other than AO(2,m). If m = 2k and k > 2, then, up to inner automor-
phisms, AO(2,m) has two nontrivial maximal irreducible subalgebras: ASU(Il, k) @
(Y)Y, and ASU(l, k) @ (Y'), where

Y =diag[J,...,J], Y' =diag[J,—J,J...,J]

0 -1
(0.
We note that a subalgebra L of AG4(n—1) is conjugate under Ad AO(2,n+1) with
a subalgebra the algebra AP(1,n) if and only if the projection of L onto AGL(2,R) =

(R,S,T) ® (Z) is conjugate under Ad AGL(2,R) with a subalgebra of the algebra
(R,T,Z).

with

3 Conjugacy under Ad AP(1,n) of subalgebras
of the Poincaré algebra AP(1,n)

The Poincaré group P(1,n) is the multiplicative group of matrices

(0 7)
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where A € O(1,n) and Y € Ry,1. Let I, a,b=0,1,...,n+1 be the (n+2) x (n+2)
matrix whose entries are all zero except for the ab-entry, which is unity. Then a basis
for AP(1,n) is given by the matrices

. , / _ / / _ 7 -7
Joa = _IOa - IOa7 Jab = — ab T Iba7 Py = IOJLJrl’ Po = a,n+1s

with a < b; a,b=1,...,n. These basis elements obey the commutation relations (1).
It is sometimes useful in calculations to identify elements of AO(1,n) with matrices
of the form

0 Bor  Poz -+ Pon
Bor O iz - Pin
X=| Bo2 B2 0 - [Boy
Bon —Bin —Powm -+ 0
and elements of the space U = (Py,...,P,) are represented by n + 1-dimensional

columns Y. In this case, we take

1 0 0

0 1 0
POZ . ) P1: . ) ;Pn:

0 0 1

and with this notation it is easy to see that [X,Y] = XY. We endow the space U
with the metric of the pseudo-Euclidean space R; ,,, so that the inner product of two
vectors

Lo Yo

L1 Y1

In Yn
is Zoyo — T1Y1 — -+ — Tnyn. The projection of AP(1,n) onto AO(1,n) is denoted
by &. We also note that AO(n), contained in AO(1,n), is generated by Jup (a < b;
a,b=1,...,n).

Let B be a Lie subalgebra of the algebra AO(1,n) which has no invariant isotropic
subspaces in Ry ,,. Then B is conjugate under Ad AO(1,n) to a subalgebra of AO(n)
or to AO(1,k) ® C, where k > 2 and C' is a subalgebra of the orthogonal algebra
AO'(n — k) generated by the matrices Jup (a,b =k +1,...,n). In the first case, B is
not conjugate to any subalgebra of AO(n —1).

Proposition 1. Let B be a subalgebra of AO(n) which is not conjugate to a subalgebra
of AO(n —1). If L is a subalgebra of AP(1,n) and é&(L) = B, then L is conjugate to
an algebra W & C, where W is a subalgebra of (Py,..., P,), and C is a subalgebra of
B @ (Py). Two subalgebras W1 W C1 and Wo W Cy of this type are conjugate to each
other under Ad AP(1,n) if and only if they are conjugate under Ad AO(n).

Proof. The algebra B is a completely reducible algebra of linear transformations of
the space U and annuls only the subspace (Py) (other than the null subspace itself).
Thus, by Theorem 1.5.3 [9], the algebra L is conjugate to an algebra of the form
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WwWC where W C (Py,...P,) and C C B® (Fy). Now let W1 W1, and Wa W Cy be of
this form, conjugate under Ad AP(1,n). Then there exists a matrix I' € P;(1,n) such
that opr (W1 W C1) = Wo W Cs, and from this it follows that ¢x(B1) = Bs for some
A € O1(1,n). Let V.= (P1,...,P,). Since [B1,V] = V, then [Ba, pa(V)] = @A (V)
and @A (V) = V. Thus we can assume that A = diag[1, A1] where A; € SO(n), so
that the given algebras are conjugate under Ad AO(n). The converse is obvious.
Proposition 2. Let B = AO(1,k) & C, where k > 2 and C C AO'(n — k). If L
is a subalgebra of AP(1,n) and é(L) = B then L is conjugate to Ly @& Lo where
Ly = AO(1,k) or Ly = AP(1,k), and Lo is a subalgebra of the Fuclidean algebra
AFE'(n — k) with basis Py, Jop (a,b = k+1,...,n). Two subalgebras of this form,
L1 @ Ly and Ly ® LY are conjugate under Ad AP(1,n) if and only if L1 = L} and Lo
is conjugate to LYy under the group of E'(n — k)-automorphisms.

Proof. The proof is as in the proof of Proposition 1.

Lemma 1. If C € O(1,n) and C(Py + P,) = MNPy + P,,) then A # 0 and

2 2 _ 2 a2
L1 +0%) L —1 X1 =0
2\ 2A
_ 2 2 2(1 _ 2,2
1+ X1 +v%) \o'B 1+ X(1—v%)
2A 2\

where B € B(n—1), v is an (n—1)-dimensional column vector, v* is the scalar square
of v and v’ is the transpose of v. Conversely, every matriz C of this form satisfies
C(Py+ Py) = NPy + Py).

Proof. Proof is by direct calculation.
Lemma 2. Let C € O(1,n) have the form (5), with A > 0. Then

C= dlag [17 Bv 1} exp[(i In )‘)J()n} eXp(fﬂlGl - ﬁn—lGn—l)a
where Gg = Jog — Jan and

B
=B lw.
67171

Proof. Direct calculation gives us

cosh 0 0 sinh 6
exp(—0Jon) = 0 E,_1 0
sinh 0 0 cosh 6

and
b> b>
14— b —
+ 2 2
exp(—01G1 — -+ — Bn_1Gpo1) = b E,1 —b ,
b’ b’
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where b = (31,...,8,_1)". On putting X exp 6 we have

A +1 A -1

coshf = , sinhf = )

Since we have

A 4+1 A2 -1 b? . b?
14 — hall
2\ 0 2\ + 2 b 2
0 FE,_1 0 b E,_1 -b =
A2 1 2 2 2
0 At b bt 1— b
2\ 2\ 2 2
14 A2(1+b?) NY —1+X%(1-b?)
2\ 2\
= b Enfl _b i
—1+ 221 +b%) N 1+ X2(1-b%)
2\ 2\
then
exp(—0Jon) exp(—p1G1 — -+ — fBr_1Gn_1) = diag 1,371, 1]C
from which it follows directly that
C= dlag [L Ba 1] exp[(— In )‘)JO7J eXp(_ﬁlGl - ﬂn—lGn—l)

and the lemma is proved.
The set of F' of matrices of the form (5) with A > 0 is a group under multiplication.
The mapping

AB v

c - ( b )
is an isomorphism of the group F' onto the extended Euclidean group E (n—1). Thus
we shall mean the group F' when talking of the extended Euclidean group, and the
connected identity component F1(n — 1) will be identified with the group of matrices
of the form (5) with A > 0 and Bsin SO(n — 1). From Lemma 2 it follows that the
Lie algebra AF of the group F' is generated by the basis elements J,p,, Ga, Jon (@ < b;
a,b=1,...,n—1).
Lemma 3. If C € O:(1,n) and C(Py + P,) = APy + P,) then X > 0 and B €
SO(n—1) in (5).
Proof. Since

1+ 2%(1 +v?)

2\

then we have A > 0. From Lemma 2, diag[1, B, 1] € O1(1,n), so that det B > 0. Thus
B € SO(n — 1) and the lemma is proved.

Lemma 4. If C € O(1,n) and +C ¢ E(n —1) then C = £A;C" Ay where Ay, As €

E(n—1) and C' = diag]l,...,1,—1].

>0,
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Proof. We can choose a matrix A € O(n—1) so that AC(Py+ P,,) = aPy+ 8P, +~P,
where a? — 32 — 42 = 0. If 8 # 0 then o — vy # 0. Let § = 3/(a — 7). Then,
a—7
exp(t‘)Gl)(aPO + ﬁpl + ’}/Pn) = T(PO — Pn)

and so there exists a matrix T' € E(n — 1) such that TC(Py + P,) = A(Py + P,) or
I'C(Py + P,) = AM(Py — P,). In the first case, £I'C' € E(n — 1), so that then we have
+C ¢ E(n— 1), which is impossible. In the second case, C'T'C(Py+ P,,) = AM(Po+ Py).
For A\ > 0 we find C'T'C' € E(n —1). Put C'TC = Ay, I = A7'. Then C' = A;C' A,.
If A < 0 then we put —C'T'C = A, in which case C = —A;C’ As, and the lemma is
proved.

Lemma 5. If C € O1(1,n) and C & E‘1(n — 1), then C = D1QDs, where Dy,Dy €
Ei(n—1), and Q = diag[1,—-1,1,...,1,—1].
Proof. If +C € E(n — 1), then C(Py + P,) = v(Py + P,). By Lemma 3, v > 0 and
C € Ey(n—1), which contradicts the assumption. Thus, +C ¢ E(n—1). By Lemma 4,
C = +A,C' Ay. From this it follows that C = D;I'Ds, where Dy, Ds € F; (n—1), and
F is one of the matrices +C’, Q. However, I' € O1(1,n), since I' = D;'C'D; !, find
from this it follows that I' = ). The Lemma is proved.

Direct calculation shows that the normalizer of the space (Py + P,) in AO(1,n)
is generated by the matrices Go, Jap, Jon (a,b = 1,...,n — 1), which satisfy the
commutation relations

[Gav ch] = gach - gach7 [Gaa Gb] = 07 [Gaa JOn] = Ga~

This means that the normalizer of the space (Py+ P,) in the algebra AO(1,n) is the
extended Fuclidean algebra

AE(’IL — 1) = <GV17 .. .,Gn_1> (] (AO(Tl - 1) D <J0n>)

in an (n—1)-dimensional space, where the generators of translations are Gy, ...,Gp—1
and the generator of dilatations is the matrix Jy,,.

Let K be a subalgebra of AP(1,n) such that its projection onto AO(1,n) has an
invariant isotropic subspace in Minkowski space Ry ,,. The subalgebra K is conjugate
under Ad AP(1,n) with a subalgebra of the algebra A = AG1(n — 1) W (Jy,,) where
AG1(n—1) is the usual Galilei algebra with basis M, T, P,, Ga, Jup (a,b=1,...,n—
1),and M = Py+ P,, T = (P — P,).

Proposition 3. Let Ly and Lo be subalgebras of A, with L1 mot conjugate under
Ad A to any subalgebra having zero projection onto (G1,...,Gn_1). If o(L1) = Ls
for some ¢ € Ad AP(1,n), then there exists an inner automorphism 1 of the algebra

Proof. Since Ad A contains automorphisms which correspond to matrices of the form

exp (i a7P7> (6)

and since P(1,n) is a semidirect product of the group of matrices of the form (6)
and the group O(1,n) of matrices of the form diag[A, 1], then we may assume that
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¢ = ¢c with C € O1(1,n). If C & Ey(n—1), then by Lemma 5, C = D;QD,. In that
case we find that

(D1QD2)é(Ly)(D; QDY) = &(La),
whence

Q(D2(L1)D3")Q = Dy *é(La) Dy (7)
However,

Joa + Jan, when a # 1,

Ga = Ji a Jan =
@G.Q =Q(Jo )Q { —(Jo1 + Jin), when a=1.

This means that QG,Q ¢ A. Because of this, the left-hand side of (7) does not belong
to A, whereas the right-hand side of (7) is a subalgebra of .A. This then implies that
we must have C' € F1(n — 1) and thus we have 9(L1) = Ly for some ¢ € Ad A.

Proposition 4. Let A be a Lie algebra with basis Py, Py, Pn, Ja, Jon (a,b =
1,...,n—1) and let Ly, Ly be subalgebras of/i such that at least one of them has a
nonzero projection onto (Jon). If ¢(L1) = Lo for some ¢ € Ad AP(1,n), then there
exists an inner automorphism ¥ € A so that either ¢(Ly) = Ly or (L) = ¢q(La)
where @ = diag[1,—1,1,...,1,—1].
Proof. As in the proof of Proposition 3, we may assume that ¢ = ¢ where C' €
O1(1,n). We shall also assume that the projection of L; onto (Jy,) is nonzero. If
C € Fi(n—1) and C ¢ O;(n — 1) then the projection of the algebra o(L;) onto
(G1,...,Gp—1) is nonzero, and hence the projection of Ly onto (Gi,...,Gn_1) is
nonzero, which contradicts the assumptions of the proposition. Thus, if C' € El(n —1)
then p € Ad A.

Let C ¢ El(n —1). By Lemma 5, C' = D1QDs where Dy, D5 € El(n —1). Then
©(L1) = Lo can be written as

¢Q(0D, (L1)] = ¢p-1 (La).

If Dy & Oy (n — 1) then the projection of pp, (L) onto (Gy, ..., Gy_1) is nonzero and
hence gl¢p, (L1)] does not belong to A. But then Pp-1 (L) is also not in A. This is
a contradiction. Thus Dy, Dy € Oy (n — 1). From this it follows that g (¢/(L1)) = Lo
where 1) = pp is an inner automorphism of the algebra A. This proves the proposition.

Proposition 5. Suppose 2 < m < n—1. Let F' be a subalgebra of the algebra AO(m)
which is not conjugate under Ad AO(m) to a subalgebra of AO(m — 1), and let L be
a subalgebra of (Py, Py,..., P,) W F such that E(L) = F. Then L is conjugate to an
algebra WW K, where W is a subalgebra of (Py, ..., Pp) and K is a subalgebra of F®
(Po, Prt1, .-, Py). Two subalgebras Wi W Ky and Wo W Ko of this type are conjugate
under Ad AP(1,n) if and only if there exists an automorphism ¢ € Ad AO(m) x
AdAO(1,n —m) such that (W1 W K1) = Wa W Ky or (W1 W K;) = Q(Wa W K2)Q
where

AO(L,n—m) = (Jag:0,0=0,m+1,...,n)
and Q = diag[1,-1,1,...,1,—1].
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4 Conjugacy of subalgebras of the extended Poincaré
algebra AP(1,n) under Ad AC(1,n)
Lemma 6. If C € O(2,n+ 1) and C(Q1 + Qn+3) = NQ1 + Qnts3) then XA # 0 and

1+ 22(1—v?) —1+ 2 (1+v?)

—\'E B
2 AV B 2
C = v B —v ) (8)
-1+ 22(1 —v?) 14+ A2(1+v?)
_ 7 _\E,,B — 7
2) v Hn 2
where B € O(1,n), Ey, = diag[l,—1,...,—1], v is an (n + 1) x 1 matriz and v*

is its scalar square in Ry ,. Conversely, every matriz C of the form (8) satisfies the
condition C(Q1 + Qn+ts) = A(Q1 + Qn+3)-
Proof. Direct calculation.

Lemma 7. Let C € O(2,n+ 1) have the form (8), with A > 0. Then

C = diag[1, B, 1] exp[(In \) D] exp(—Bo Py — 1Py — -+ — BuPy),
where
Bo
B

Proof. The proof of Lemma 7 is similar to that of Lemma 2.

The mapping

AB v
f:C'—><0 1)

is a homomorphism of the group of matrices (8) onto the extended Poincaré group
P(1,n). The kernel of this homomorphism is the group of order two, {—FE,, 43, Eny3}.
Let us denote by H the set of matrices of the form (8) with A > 0. Then f is an
isomorphism of H onto P(1,n). For this reason we shall, in the remainder of this
article, mean the group H when referring to ]5(1, n). Its Lie algebra is the extended
Poincaré algebra AP(1,7n) given in Section 2.

Lemma 8. Let C € O1(2,n + 1) and let it be of the form (8) with A > 0. Then
B e Bl(l,n)

Remark 1. Note that when A < 0 it is possible that B does not belong to Oy (2, n+1).

Lemma 9. If C € O1(2,n+ 1) and +C ¢ P(1,n) then either C = £A1QA; or C =
A1F(0)Az, where Ay, Ay € P(1,n), Q = diag[l,...,1—1] and F(0) = exp[(0/2)(Ko+
Py + K, — P,)].

Proof. There exists a matrix AP(1,n) such that

AC(Q1 + Qnis) = a1 Q1 + a2Q2 + a3Qnyo + 44Qpas,
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where of + a3 — a3 —aj = 0 and asas > 0. If a5 # a4 then, as in the proof of
Lemma 4, we obtain that

exp(BoPo + BnPn)AC(Q1 + Qnys) = Y(Q1 £ Qnys)

for some real numbers 5y, B, 7. From this it follows that

FeXP(ﬁOPO + ﬁnPn)AC(Ql + Qn+3) = )\(Ql + Qn+3)a
where A >0 and I' =+F, ;5 or I' = +@Q. By Lemma 6 and Lemma 7, we obtain
Texp(BoPo + BnPn)AC = A, A€ ]5(1,71).

Since +C' ¢ p(1~, n), then I' = +Q, and so C = +A;QAs, where A; = A~ exp(—Bo P
_ﬁ’ﬂP’n)a A2 = A
If a1 = ay, then also as = «ag3. It is easy to verify that

F(O)AC(Q1 + Qnys) = (a1 cosl + azsinh)(Q1 + Qnis) +
+ (012 cosf — (65} sin 0)(Q2 + Qn+2)-

If @; = 0 then we put 0 = (7/2), when ag > 0 and 0 = —(7/2), when as < 0. If
a1 # 0 then we let as cosf — a1 sinf = 0. In that case,
Qs

tanf = —, ajcosf + assinf = aj cosf(1 + tan? ).
aq

We choose the value of 6 so that o7 cos@ > 0. With this choice of 8 we have

F(O)AC(Q1 + Qny3) = MQ1 + Quys),

where A > 0. But then, as a result of Lemma 6 and Lemma 7, F(0)AC = A A€
P(1,n), and so C = Ay F(—0)As, where A; = A=!, Ay = A. The result is proved.

Lemma 10. Let Ly and Lo be subalgebras of AP(I, n) which are not conjugate under
AP(1,n) to subalgebras of AO(1,n) = AO(1,n) ® (D). Then Ly, Ly are conjugate
under Ad AC(1,n) if and only if they are conjugate under Ad AP(I,n) or if one of
the following conditions holds:

(1) n is an odd number and there exists an automorphism < € Ad AP(1,n) with
W(Ly) = CoLoCyt (see Eq. (3) for notation);

(2) there exist automorphisms ¥, € A]:’(l, n) with

Y1(L1) = F(0)[v2(L2)| F(—0).

Proof. Let CL;C~! = Ly for some C € O1(2,n + 1). By Lemma 9, we may assume
that £C ¢ 15(1,11) or that C' is one of the matrices £+A41QAs, A1 F(0)As (we use the
notation of Lemma 9) . If C' € P(1,n) then, by Lemma 8, C belongs to the identity
component of the group P(1,n) and thus ¢¢ is an inner automorphism of the algebra
Ap(l,n). Now suppose —C € P(l,n). Then by Lemma 7, C = —diag|[1, B, 1], where
B € O(1,n) and A € Pi(1,n). Thus we may assume that C = —diag[1, B, 1]. From
this it follows that B € O1(1,n) for odd n and we have

diag[1,1,-1,1,...,1,1]B € O1(1,n)
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For even n this means that the algebras L;, Lo are conjugate to each other under
Ad AP(1,n) or that there exists an automorphism 1) € Ad AP(1,n) such that 1 (L;) =
Oy LsCy .

Let C' = +A4;QA,. Then C = T'| ATy with 'y, T'y € P(1,n) and A = +diag[1,e1, 1,
...y 1,e9,—1] with e1,e2 € {—1,1}. Clearly, A € O1(2,n+ 1). When C = A;Q3 we
have g1 = 1, e = —1 and when C = —A;QAs, 1 = 1, g5 = (—1)™. Since

AP,A"' =+K,, AP,A7!'=+K,

with a@ < n, then from FflLQI‘l = A(FngI‘gl)A’l it follows that the algebra
Ffngfl has a nonzero projection onto (Ko, K1,...,K,), which is impossible. Thus
the matrix C' is different from +A;QAs.

Now let C = A1 F(0)As. If T is one of the matrices (4), then TF(0)I'~! = F(+0),
so that

C = A F(0)A)A,

where A}, A, € P(1,n) and A = F or A is one of the matrices (4). Since A can be
represented as a product of matrices in O1(2, n), then the last case is impossible, and
we have proved the Lemma.

Theorem 1. Let L1 and Lo be subalgebras of AP(L n) which are not conjugate under
AP(1,n) to subalgebras of AO(1,n) and such that their projections onto AO(1,n)
have no invariant isotropic subspace in Ry ,,. The subalgebras L1 and Lo are conjugate
under AdAC(1,n) if and only if they are conjugate under Ad AP(1,n) or when there
exists an automorphism ¢ € Ad AP(1,n) such that ¥(L1) = CyLyCy Y, where Cy =
diag[1,1,-1,1,...,1].

Proof. By Lemma 10 we may assume that ¢y (L1) = F(0)[t2(L2)]F(—0) for some
1,12 € AP(1,n). Under the given assumptions, the projection of 2(L2) onto
AO(1,n) contains an element of the form

n—1 n—1
X = Z(abJOb + Y Jon) + Z TveJve,
b=1 be=1

where oy # —, for some ¢ (1 < ¢ <n—1). Since
F(0)JogF(—0) = Jogcos 0 + %(Kq + P,)sind
and
F(0)JgnF(—0) = Jpqcosb + %(Kq — P,)sinf
we have that F(6) X F(—6) contains the term
F(0)[agdog + Ygdgn) F(—0) = (agJog + Vg Jgn) cos 0 +
+ %[O‘q(Kq + Py) +7q(Kq — Fy)] sin 6

and from this it follows that (g + 74)sin€ = 0 so that sin# = 0. But then 6 = mx.
When m = 2d we have F(0) = E,,+3. When m = 2d + 1 then F(0) = diag[-1, -1,
E,_1,—1,—1]. However,

F(0)[42(L2)]F(=0) = (=F(0))[r2(L2)) (- F(-0))
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from which it follows that we may assume that ¢ (L;) = C[p2(L2)]C~t where C =
diag[1,1,—E,_1,1,1]. If n is odd, then ¢¢ is an inner automorphism of AP(1,n).
If n is even, then ¢, ¢ is an inner automorphism of the algebra Ap(l,n). In the
first case, 13(L1) = Lo where 13 = w;lwalwl is an inner automorphism of the
algebra AP(1,n). In the second case, ¥(L1) = @c, (L) for some 1p € Ad AP(1,n).
The theorem is proved.

Theorem 2. Let L; and Lo be subalgebras of Aé(l,n) having no invariant isotropic
subspaces in Ry ,,. The subalgebras Ly, Ly are conjugate under Ad AC(1,n) if and

only if they are conjugate under Ad Aé(l,n) or when there exists an automorphism
Y € Ad AO(1,n) such that ¢(L1) = CLyC~! where C is one of the (n+3) x (n + 3)

matrices
diag[1,1,-1,1,...,1], diag[l,...,1,-1], diag[l,...,1,—1,—1].

We note that AO(1,n) C AO(2,n+ 1) and that the matrix C'is (n +3) x (n + 3).

5 Subalgebras of the full Galilei algebra
Lemma 11. Let C € O(2,n+ 1) and W = (Q1 + Qny3, Q2 + Qni2). If CW =W,
then
C =explf(S+T)|diag[l,¢, K, e, 1] exp(aR + 5Z) x
n—1 n—1
9
X exp (Z 'inl-> <5M + AT + Z Mipi> ) ©)
i=1 i=1
where e = £1, K € O(n —1).
Proof. We have

C(Q1+ Qnysz) = a1(Q1 + Qnys) + az(Q2 + Qny2)
and so

F(—-0)C(Q1 + Qn+3) = (an cosf — agsin0)(Q1 + Qn+3) +
+ (agcos0 + a; sin0)(Qa + Qni2).

If ay = 0 then we put § = (37/2) when ay > 0 and 6 = (7/2) when as < 0. If a3 #0
then we put a; sinf + s cos @ = 0 and then tan = —as /@y and aq cosf — g sinf =
ay cosB(1 + tan? §). We choose 6 so that oy cosf > 0. For this choice of  we have
F(-0)C(Q1 + Qni3) = &(Q1 + Qnys), where £ > 0. Using Lemma 7, we obtain

F(—0)C = A = diag[1, B, 1] exp([In €] D) exp ( > gm-) e P(1,n),
=0

where B € O(1,n). Then C = F(0)A. The matrix A has the form (8). Direct calcula-
tion gives

n+1

A(Q2 + Qny2) = Q1+ Quy3z) + Q2 +YQny2 + Z 0; Qi

=3
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From this it follows that

F(0)A(Q2 + Qni2) = (acosf + Bsinf)Qq + (—asind + Scos)Qa +
n+1

+ (ycosf — asin®)Qni2 + (ysind + acos0)Qny3 + Z 0;Q;.
i=3

Now we have F(0)A(Q2 + Qnt2) € W, from which we have
acos + Osinf = ysinf + acosf, —asind+ Gcosf =ycosh — asinb

and so we conclude that § =~ and ; =0, j =3,...,n+ 1. But in that case we have

diag[1, B, 1](Q2 + Qn42) = B(Q2 + Qn2)-

By Lemma 2, we have

n—1
+B = diag[1, K, 1] exp[(— In|3|) Jon] exp (Z 'yZ-GZ) )

i=1

where K € O(n — 1). We note that

1 1
Ko+ Py— K, — P, =2(S+T), JOn:§(Z—R), D:—§(Z+R),
1
)

The lemma is proved.

Lemma 12. Let C € O1(2,n+ 1) and W = (Q1 + Qnt3, Q2 + Qni2). fCW =W
then the matriz C' has the form (9) withe =1 and K € SO(n — 1).

Proof. From the conditions of Lemma 1 1 and the fact that we ask for C' € O1(2,n+1),
it follows that diag[1,e, K,&,1] € O1(2,n + 1). It follows now that £ > 0 and that

K 0
0 ¢

1
Py (M+ 2T’)7 P, = §(M — QT), [D,Ga] =0, [D7J0n] =0.

>0

and thus we have € = 1 and |K| > 0, whence K € SO(n —1). This proves the lemma.

The matrices of the form (9) with e =1 and K € SO(n — 1) form a group under
multiplication, which we denote by G4(n — 1) since its Lie algebra is the full Galilei
algebra AG4(n — 1). It is easy to see that G4(n — 1) C O1(2,n + 1).

Lemma 13. If C € O1(2,n + 1) but C & Ga(n — 1), then C = AT Ay, where
Ay, Az € G4(n — 1) and T is one of the matrices

r, =diag[l,...,1,-1], Ty=diag[l,1,-1,1,...,1,—-1,1]. (10)
Proof. Let
n+3
C(Q1+ Qnys) = Zaiin af + 05 —af— - —aj 3 =0.

=1

There exists a matrix A = diag[1,1, A, 1,1] with A € SO(n — 1) such that AC(Q; +
Qn+3) does not contain Qy, . .., Q1. Hence we may assume af +a3 —a2  ,—a2 5 =
0.
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Since

S+T= (KO+PO+Kn_Pn)2912+Qn+2,n+37

| =

then, up to a factor exp[f(S +1T')], we may suppose that a; # 0, as = 0. If of = a2 4
then ag = 0, a2 = 0. Assume a3 # a;,43. As in the proof of Lemma 4, we find that

exp(B1P1 + B2 Pa)(a1Q1 + a3Q3 + apy2Qni2 + ani3Qnis) =
= O/lQl + 04%+3Qn+37

where o — /2, 5 = 0. Thus there exists a matrix A; € G4(n — 1) such that

ATTC(Q1 + Qnys) = ¥(Q1 £ Quys),
AT'C(Q2 + Qi) = 61Q1 + 62Q2 + 35Q3 + 04Q 2 + 35Qn 3.

Since the pseudo-orthogonal transformations preserve the scalar product, it follows
that the right-hand sides in (11) are also orthogonal, which implies that v(é; Fd5) = 0
so that 05 = £d7. If §3 # 04 then multiplying the left- and right-hand sides in (11) by
exp(6G1) does not change the right-hand side of the first equality, and allows us to
eliminate d3 by transforming it into 0. If d5 = &4, then one easily deduces that 3 = 0.
Thus we may assume that d3 = 0. But then we have §, = £d5 because d; = £46; and
52 4+ 62 — 62 — 62 — 0.

Let W = (Q1 + Qny3, Q2 + Qnia). The above reasoning implies that for some

matrix A; € G4(n—1) we have TAT'CW = W where T is one of the matrices (10). The
fact that TA;'C € O1(2,n 4 1) implies, using Lemma 12, TA;'C = Ay € Gy4(n —1).
Thus C = A;T'As and the lemma is proved.
Lemma 14. The subalgebras Ly and Ly of AG4(n—1) are conjugate under AAAC(1,n)
if and only if they are conjugate under Ad AG(n — 1) or if there exist automorphisms
1, g in Ad AGy(n — 1) with 1(L1) = T[1a(La)|]T "1, where T is one of the matri-
ces (10).

Proof. The result follows immediately from Lemma 13.

(11)

In the following table we give the action on the full Galilei algebra AG4(n — 1) of
the automorphisms where

Cy = exp (g(s +7)), Cs=exp(a(S+T))

(see (3) and (10) for the notation).

Theorem 3. Let Ly and Lo be subalgebras of AG4(n — 1) which are not conjugate
under Ad AG4(n — 1) with subalgebras of

<M7T,P1,...,Pn,1> '} (AO(TL— 1) @ <D, J0n>
and
AO(n - 1)@ (S+T, Z).

Then the subalgebras Ly and Lo are conjugate under Ad AC(1,n) if and only if they
are conjugate under Ad AG4(n —1).
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Table 1. Action of automorphisms on elements of AG4(n — 1) for n > 2.

Element of N
AG4(n—1) ¥ #rs pcy  pey Pes Restrictions
P Ky —-P -P -G, -P
P, K, P, -P, -G, -P, a=2,...,n—1
M Ko — Ky, 2T M M M
G1 Jo1 +Jin  —(Jo1 + Jin) Gi P —G4
Ga Joa + Jan Joa + Jan Ga P, -G, a=2,...,n—1
J1a J1a —J1a Jia Jia Ja a=2,...,n—1
Jab Jab Jap Jab Jab Jav  a,b=2,...,n—1
R R z R -R R
S T W(Ko—K,) S T S
T S M -T S T
4 -z R Z Z z

Proof. If the subalgebras L; and Lo are conjugate under Ad AG4(n—1) then they are
conjugate under AdAC(1,n). Now suppose that they are conjugate under AdAC(1, n).
In order to prove their conjugacy under Ad AG4(n —1) it is sufficient (by Lemma 14)
to show that for an arbitrary ¢ € Ad AG4(n — 1) and for each matrix I' of the form
(10), the subalgebra I'y)(L1)I'~* either equals ¢(L1) or is not contained in AG4(n—1),
for then the only possibility is that they are conjugate under Ad AG4(n — 1).

If the projection of ¢(L;) onto (Gy,...,G,_1) is nonzero, then, using Table 1, the
subalgebra I')(L;)T'~! contains an element Y whose projection for some a, 1 < a <
n—1 onto (Joa, Jan) is of the form A(Joq+Jun) with A # 0. If Ty (L1)T ! € AG4(n—1),
then the projection of Y onto (Joa, Jarn) would have the form p(Jo, — Jurn ) which would
imply A = p = —pu = 0, an obvious contradiction.

Now let the projection of ¥(Ly) onto (G1,...,Gp_1) be zero. Denote by 7¢(L1)
the projection of ¢¥(L1) onto (R, S,T). If 7¢)(L1) = (R, S, T), then (R, S,T) C ¢¥(L1).
From this it follows that T'29»(L;)T'; ! is not a subset of AG4(n—1). If we assume that
[1(L)T7E € AG4(n — 1), we obtain, from Table 1, that the projection of (L)
onto (Py,...,P,, M) is zero, and consequently we have either ¢)(L;) = (R, S,T) or
(L) = (R,S,T) @ (Z). In this case, T'19(L1)T7" = (Ly). If 7(L1) = (R +
aS, T+ BS), with a # 0, then T'ytp(L;)T5 " is not contained in AG4(n — 1). If we had
Ty(L1)TT! € AG4(n — 1), then the projection of ¢)(L;) onto (Py, ..., Py, M) would
be zero. But then ¢(L;) would be conjugate under Ad AG4(n — 1) with a subalgebra
of AO(n — 1) ® (R,T,Z), which contradicts the assumptions of the theorem. The
theorem is proved.

Theorem 4. Let Ly and Lo be subalgebras of the algebra
L= <M, T P,..., Pn,1> (] (AO(n — 1) D <D7 J0n>)

having nonzero projection on (Jo,) and (D) and are not conjugate under Ad L with
subalgebras of the algebra (M,T) & (AO(n — 1) & (D, Jon)). Then Ly and Lo are
conjugate under Ad AC(1,n) if and only if they are conjugate under Ad L or if there
exists an automorphism v € Ad L such that 1(L1) = ALaA~! where A is one of the
matrices I's, C5, T'3C5 (see Table 1).

Proof. If ©) € Ad AG4(n — 1), then ¢ = oo where C is a matrix of the form (9). By
theorem IV.3.4 of Ref. [9], the subalgebra L; is, up to an automorphism of Ad AG4(n—
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1), one of the following algebras:

(1) (U1 +Uxy+Us)WF, where Uy C (M), Uy C(T), UsC{(Py,...,P,_1)
and F C AO(n—1)@® (D, Jon);

(2) (U +Uz)WF, where Uy C(T), Uz C (P1,...,Pn_1)
and F is a subalgebra of AO(n —1) ® (R, M);

(3) (U1 +Uz)WF, where Uy C (M), Us C(Py,...,Py_1)
and F is a subalgebra of AO(n—1)® (Z,T).

By assumption, the projection of L; onto (Py,..., P,_1) is nonzero.

If ¢(L1) = Lo, then in formula (9) § = 0 or # = 7 because for other values
of 6 the projection of (Ly) onto (Gy,...,Gx—1) is nonzero. For this reason, v; =
-+ = yp—1 = 0 and so ¥ € AdL or pc,¢0 € AdL. Let there be automorphisms
1,12 € Ad AG4(n — 1) with T'y1 (L1)T" = 1p2(L2) where I is one of the matrices (10).
If Ad L did not contain t; and ¢¢, 11, then the projection of ¢4 (L1) on (G, ...,Gp_1)
would be nonzero, and so, by Table 1, 92(L2) would not be in AG4(n—1). Thus 9; or
e, belongs to Ad L for each j = 1,2. For I' = T'; the projection of I'y (L1)T" onto
(Kq,...,K,_1) is nonzero, so we have I' = T's. In this case ['iyo(Lo)T = 4 (T LoT).
Using Lemma 14, the theorem is proved.

In a similar way, one proves the following results.

Theorem 5. Let B be a subalgebra of the algebra
N = <M7P17~'~7Pn—1> & (AO(’I’L— 1) D <DaT>)

and let B have nonzero projection onto (D). Then B is conjugate under Ad AC(1,n)
to the algebra

F=W, &W,)uE, (12)

where E is a subalgebra of the algebra AO(n—1)@® (D), Wy C (Py,..., Pu_1) and Wy
is one of the algebras 0, (Py), (Pn), (Pn), (Po, Pn). If Wo = (P,,), or Wa = (Py, P,,)
then the subalgebra W1 W E is not conjugate under Ad AO(n — 1) with any subalgebra
of (P1,...,Ph_2) W (AO(n — 2) @ (D)). Subalgebras Fy, Fy of the type (12) of the
algebra N with nonzero projection onto (D), which are not conjugate under AAN to
subalgebras of (M, T) W (AO(n — 1) @ (D)), will be conjugate under AC(1,n) if and
only if they are conjugate under Ad L or when there exists an automorphism ¥ € Ad L
with (Fy) = ToFol'y* (see (10)), where L = AO(n — 1) (we consider Ad AO(n — 1)
to be a subgroup of Ad AC(1,n)).

Theorem 6. Let B be a subalgebra of the algebra
N = <M, P17 . 7Pn71> O] (AO(’I’L — 1) EB <J0n,T>)

and let B have nonzero projection onto (Jo,). Then B is conjugate under Ad AC(1,n)
with the algebra

F=WUWE, (13)

where E is a subalgebra of the algebra (Py,...,Ph_1) W (AO(n — 1) ® (Jop)) and W
is one of the algebras 0, (M), (Py, P,). Let L = N W (D). Subalgebras Fy, F» of the
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type (13) of the algebra N which are not conjugate under Ad N with subalgebras of
the algebra (M)W (AO(n —1) ® (Jon, T)), will be conjugate under Ad AC(1,n) if and
only if they are conjugate under Ad L or if there exists an automorphism ¢ € AdL
with ¢(F1) = AFy A~ where A is one of the matrices T'a, Cs, T'9Cs (see Table 1).

Theorem 7. Let Ly, Lo be subalgebras of the algebra L = (M,S+T,Z) ® AO(n—1)
which have nonzero projection onto (S + T). The algebras L1 and Lo are conjugate

under Ad AC(1,n) if and only if they are conjugate under Ad L or if there exists an
automorphism 1) € Ad L such that )(L1) = T'1LoT'7* (see Table 1).

6 Subalgebras of AC(1,3)

We recall that in this article the conformal algebra AC(1, 3) is realized as the pseudo-
orthogonal algebra AO(2,4). It turns out that it is convenient to divide the subalgeb-
ras of AO(2,4) into seven classes:

(1) subalgebras not having invariant isotropic subspaces in Ry 4;
(2) subalgebras conjugate to subalgebras of AG;(2);

(3) subalgebras conjugate to subalgebras of AG;(2) W (Jys) and having nonzero
projection onto (Jp3);

(4) subalgebras conjugate to subalgebras of AP(1,3) but not conjugate to subalgeb-
ras of AG1(2) W (Jos);

(5) subalgebras conjugate to subalgebras of AG1(2)W (Jys, D) but not conjugate to
subalgebras of AG1(2) W (Jos);

(6) subalgebras conjugate to subalgebras of AP(1, 3) but not conjugate to subalgeb-
ras of AG1(2) W (Jos, D);

(7) subalgebras conjugate to subalgebras of AG4(2) but not conjugate to subalgeb-
ras of AP(1,3).

Since subalgebras conjugate under Ad AC(1,3) are identified, we omit mentioning
conjugacy when referring to classes. So, for instance, we shall consider the second class
as consisting of subalgebras of AG1(2). In order to have a better survey of subalgebras
it is convenient to split the classes into subclasses corresponding to certain properties
of the projections of the subalgebras of a class onto the homogeneous part of the
algebra.

The division of the set of subalgebras of AC(1,3) into the classes (1)—(7) allows
us easily to construct the set of subalgebras of each of the algebras AG1(2), AP(1,3),
AP(1,3), AG4(2). Up to conjugacy under Ad AC(1,3) we have
(
(

a) the set of subalgebras of AG1(2) coincides with class (2);

b) the set of subalgebras of AP(1,3) is the union of classes (2), (3) and (4);

(c) the set of subalgebras of AP(1,3) coincides with the union of classes (2)-(6);
(d) the set of subalgebras of AG4(2) is the union of classes (2), (3), (5), and (7).

We use the notation F': Uy,...,U,, for Uy WF,..., U, W F.
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A. Subalgebras not possessing invariant isotropic subspaces
in R2,4

This class is divided into subclasses by the existence for the subalgebras of invariant
irreducible subspaces of a particular kind in the space Ry 4.
1. Irreducible subalgebras of AO(2,4)

AC(1,3);
ASU(1,2) = (Po+ Ko + 2J12, Py + Ko + K3 — P3, Py + K1 + 2Jpe,
Py + K3+ Ko — Po, Ko — Po + 2J13, Py + Ko — 2Jp1,
D + Joz, K1 — P1 — 2J23);
ASU'(1,2) = (Py+ Ko — 2J12, Py + Ko + K5 — P3, Py + K1 — 2Jo2,
Py + K3+ Ko — Po, Ko — Po — 2J13, P> + Ko + 2Jp1,
D + Jos, K1 — Py + 2J23);
ASU(1,2) & (Po+ Ko — 2J12 — K3 + Ps);
ASU'(1,2) ® (Po + Ko + 2J12 — K3 + Ps);
(Po+ Ko —2J12 — K3+ P3) © (P1 + K1 + 2Jo2, P3 + K3 + Ko — Py,
Ky — Py + 2J13);
(Po+ Ko +2J12 — K3+ P3) @ (P1 + K1 — 2Jo2, P + K3 + Ko — Po,
Ky — Py — 2.J13).
2. Irreducible subalgebras AO(1,4)
AC(3).
3. Irreducible subalgebras of AO(2,3)
AC(1,2);
(Py+ K> +V3(Py + K1) + Ko — Py, D+ Jo2 —V3Jo1, Py + Ko — 2(K2 — P2));
(Py+ Ko —V/3(P1 + K1) + Ko — Py, D + Jo2 +V3Jo1, Py + Ko — 2(Ko — Py)).
4. Subalgebras of AO(2,2) & AO(2) with irreducible projection onto
AO(2,2)
(Joo—D,Ko—Po— P — K,y + Ko~ K1+ P1)®
S(Py+ Ko+ K1 —P1)®F, where FF=0 or F = (Jo3);
(Joo + D, Ko — Py + P+ K1, Pp+ Ko+ K1 — P1) ©
O(Ph+Ko— K1+ P)DF, where F =0 or F = (Jo3);
AC(1,1), AC(1,1)® (Jas), where AC(1,1) = (P, P1, Ko, K1, Jo1, D);
(Joo =D, Ko—Po— P — Ki,Py+ Ko — K1+ P1)©
@ (Po+ Ko+ K1 — P+ aJys) (a#0);
(Joo+ D, Ko —Py+ P+ K,Ph+ Ko+ K| —P)®
@ (Po+ Ko — K1 + P+ aJas) (a#0).
5. Subalgebras of the type AO(2,1) ® F with F C AO(3)
AC(1)® L, where AC(1) = (D, Py, Ky),
and L is one of the algebras: 0, (Ji2), (Ji2,J13, Jas).
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6. Subalgebras of AO(2) @& AO(4) having an irreducible projection

(Po+ Ko); (Po+ Ko) ®(2J12 + (K3 — P3)) (Jaf <1);

(Po + Ko) @ (J12, K3 — P3);  (Po + Ko) ® (Ji2 + J13, J23);

(Po+ Ko) @ (2015 + (K3 — Py), 2015 — (K — Py),
s + (K1 — Py)) (e = +1);

(Po+ Ko) @ (2012 + (K3 — Py), 2013 — (K — Py), 2Jas + (K1 — P)) @
@ (2J12 — (K3 — P3)) (e = +1);

(Po + Ko) ® (K1 — P1, Ko — Py, K3 — P3, J12, J13, Ja3);

(Po+ Ko +2aJi2) (a#0, |af #1);

(Po+ Ko +2aJi2 + B(Ks — P3)) (a#0, [a|#1, B>a, B#1);

(271 + Py + Ko), K3 — Py + B(Py + Ko))
(o 40, >0, with || # 1 when 8 = 0);

((Py + Ko) + 2615 — K3 + P3) @ (2e.J10 + K3 — Py, 2eJ15 — Ko + Py,
2oy + K1 — P) (a > 0);

(2eJ12 + K3 — P3,2eJ13 — Ko + Py, 2eJo3 + K1 — Py) (e = £1);

(2eJ10 + K3 — Py, 2615 — Ky + Py, 2203 + K1 — P1) &
@ (2ed1y — K3 + P3) (e = £1);

(K1 — P1,Ky — Py, K3 — P3,J12,J13, J23).

7. Subalgebras of AO(1,2) & AO(1,2)

(P + Ky, P+ K, J12) ® (Ko — Py, K3 — P3, Jo3);
<P1 + K1+ 2eJoz, Po + Ko + Ko — Py, 2eJ12 + K3 — P3> (5 = :|:1);
(P + K1, P+ Ks, Ji12) ® (K3 — P3).

B. Subalgebras of AG1(2)

The classical Galilei algebra AG1(2) is the semidirect sum of a solvable ideal, generated
by (Py, P>, M, T), and the Euclidean algebra AFE(2) = (G, G2, J12). The projection
of AG1(2) onto AO(1,3) coincides with AFE(2), which has, up to inner automorphi-
sms, the subalgebras 0, (J12), (G1), (G1,G2), (G1, G2, J12). The first two subalgebras
are completely reducible algebras of linear transformations of Minkowski space Ry 3,
whereas the others are not of this type. Thus we divide this class into two subclasses A
and B.
1. Subalgebras with completely reducible projection onto AO(1, 3)
0, (Po), (P1), (M), (Po,P3), (M, Pr), (P1,P2), (M,P1,P), (Fo, P1, P2),
(P1, Py, Ps), (Py, Py, Py, P3);
(J12) + 0, (Fo), (P3), (M), (Po,Ps), (P1,Ps), (Po,P1, Py), (M, Py, P,),
(P1, Py, Ps), (Py, Py, Py, P3);
(Ji2+ Po) : 0, (Ps), (P, P), (P, P2, Ps);
(J1a £ P3): 0, (Py), (P1,P2), (Po, P1, P2);
(J12 £2T) : 0, (M), (P, Ps), (M, Py, Py).
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2. Subalgebras whose projection onto AO(1, 3) is not completely redu-
cible

(Gy) : (Py), (M, Py), (M, Py), (M, P, +aP2), (M, Py, P,),
(Po, P1, Ps), (Py, P1, P, P3) (a # 0);

(G1 £ P): 0, (M), (M,Py), (Py, Py, Ps3);

(Gi+2T): 0, (P2), (M), (M, P1), (M, P,), (M, Py +aP),
(M, Py, Py) (o # 0);

(G1,G2) : (M, Py, Pa), (Py, Py, P2, Ps);

(G1+eP2,Gy — P, M), (G1 +eP2,Go — Py + aPe, M) (e = +1, a # 0);

(G1 4 aPy,Go + 2T, M, Py) (o € R);

(G1 £ P2, Goy, M, Pr), (G1,Go+ 2T, M, Py, Py);

(G1,G2,J12) : (M, Py, Py), (Po, P1, Py, Ps);

(G1,G2,J12 £ 2T, M, P, Py), (G1 + P2, Gy — Py, Jia, M) (e = £1).

C. Subalgebras of AG;(2) W (Jp3) with nonzero projection
onto (Jo3)

We divide also this class into two subclasses which are distinguished by whether or
not they have a completely reducible projection onto AO(1, 3).
1. Subalgebras with completely reducible projection onto AO(1, 3)

(Joz) : 0, (P1), (M), (Py, P3), (M, Py), (P1,Ps), (Py, P1,Ps), (M, Py, Ps),
(Po, Py, Pa, Ps);

(Jos+ P1): 0, (P2), (M), (Py,P3), (M, P, (P, Py, Ps);

(Ji2 + ados) = 0, (M), (Py, P3), (P1,Ps), (M, Py, P»),
(Po, P1, P2, Ps), (a # 0);

<J12,J03>: 0, <J\4>7 <P0,P3>, <P1,P2>, <M,P1,P2>, <P0,P1,P2,P3>.

2. Subalgebras with projections onto AO(1, 3) which are not completely
reducible

(G1,Joz) + 0, (M), (P2), (M, Pr), (M, P), (M, P\ +aP), (M,Pr,P,),
(Po, P1, Ps3), (Po, Py, P>, P3) (a # 0);

(G1,Jos + Po) : 0, (M), (M, Py), (M,P, +aPs), (Py,P1,P3), (a#0);

(G1,Jos + P1)y : (M), (M, P);

(G1, Joz + Py + aPy, M) (a # 0);

(G1,Ga, Jo3) = 0, (M), (M, Py), (M, Py, Py), (Po, P1, Py, P3);

(G1,G2,Joz + P1, M), (Gi1,G2,Joz + P2, M, P1);

(G1, Gy Jis + adug) : 0, (M), (M, Py, Py}, (Po, Py, Pa, Py) (a # 0);

(G1,Ga, Jia, Joz) : 0, (M), (M, Py, Ps), (Py,Pi, Py, Py).
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D. Subalgebras of AP(1,3) which are not conjugate
to subalgebras of AG1(2) W (Jos3)

This class consists of those subalgebras of the Poincaré algebra AP(1, 3) whose projec-
tion onto AO(1,3) do not possess isotropic invariant subspaces in R; 3. Since the
projections are simple algebras, then each subalgebra of the fourth class splits. The
full list of such algebras is

AO(172) 07 <P3>ﬂ <P07P17P2>a <P0;P17P27P3>;
AO<3) 0) <P0>7 <P17P2>P3>7 <P07P17P27P3>;
AO(1,3) 1 0, (Po, P1, Py, P3).

E. Subalgebras of AG1(2) W (Jo3, D) which are not conjugate
to subalgebras of AG1(2) W (Jo3)

Let K be a subalgebra of AG1(2) W (Jos, D) with nonzero projection onto (D), and
let # be the projection of K onto (Jos, D). By Propositions IV.2.3 and IV.2.5 in
Ref. [9], the algebra K, as a subalgebra of AP(1,3), is split whenever §(K) is one of
the subalgebras 1) (D); 2) (yD — Joz) (v # £1,0,2); 3) (D, Jo3). This leads us to
dividing this class of subalgebras into two subclasses of nonsplittable subalgebras K of
AP(1,3), denoted by D and E, for which the projection onto (G, G2) is non-zero, and
for which 6(K) is (Jos £ D) and (Jos —2D) respectively. It is also useful to distinguish
the subclass A of subalgebras having zero projection onto (G, G3). The subalgebras in
this subclass differ from the other subalgebras in that their projections onto AO(1, 3)
are completely reducible algebras of linear transformations of Minkowski space Ry 3.
All the other subalgebras are split, and we divide them formally into subclasses B
and C, depending on the dimension of their projection onto (D, Jo3).
1. Subalgebras with zero projection on (G1, G2)
(D) : (Po), (Po, Ps), (Po, P1, Pa), (P1, Ps, P3), (Po, Py, P2, Ps);
(Jiz+aD): (F), (Ps3): (Po, P3), (Po, P1, Pa), (P1, P, P3),
(Po, P1, Py, P3) (a > 0);

(J12, D) = (Po), (P3): (Po, P3), (Po, P1, Pa), (P1, P2, Ps), (Po, P1, Ps, P3);

(Joz +aD) (0 < a < 1);

(Jos +aD, M) (0 < |a] <1);

(Jos +aD): (P1), (Po, P3), (P1, P2), (Po, P1, P3), (Po, P, P2, Ps) (o> 0);

(Jos + aD) : (M, Pr), (M, Py, Py), (a#0);

<JO3 - D+ 2T> 07 <P1>7 <M>7 <P17P2>a <M7 P1>7 (Ma P17P2>;

(Jo3, D) : 0, (P1), (M), (Po, P3), (P1,P), (M, P1), (M, P, ),

<P(),P1,P3> (Po, P1, P2, P3);

<€J12 + aJoz + ﬁD} O<a<fB e==+1);

(Jr2 + adoz + BD, M) (0 < |af < |B]);

(eJi2 + adoz + BD) = (Po, P3), (P1, P2), (Po, P1, P2, P3) (e = £1, o, 3 > 0);

(Ji2 + adoz + BD, M, Py, Py) (o # 0, B # 0);

(Jrz +a(Jos — D +£2T)) : 0, (M),(P1, P2), (M, P, Ps) (o # 0);
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(Ji2 + ados, D) : 0, (M), (P, P2), (Py, Ps), (M, Py, Py),
(Po, P1, Py, P3) (a0 # 0);
(Jos + aD, Jis + 8D) : (Py, Ps), (P1,P), (M, Py, Py),
(Py, P1, Pa, P3) (a® + 32 #0);
(Jos +aD,Ji2+ D) : (la| <1, B>0, |af + B # 0);
(Joz +aD, Jiz+ BD, M) : (laf <1, >0, |a|+ 8 #0);
(Jos +aD, Jiz+ 6D, M, P1, P2) : (a,B €R, o® + 3% #0);
(Jog — D £ 2T, Jia + 2aT) : 0, (M), (P1, Ps), (M, Py, Ps);
(Jos = D, Ji2xT): 0, (M), (P, P2), (M, Py, Ps);
(Joz, J12, D) : 0, (M), (Py, P3), (P1,P), (M, Py, P, (Py, P1, Py, Ps3).
2. Subalgebras with two-dimensional projection onto (Jp3, D) and non-
zero projection onto (G1,G2)
(G1, Jos, D) : (P2), (M, P1), (M, P}, (M,P, +aP), (M,P;,P,),
(Po, P1, Ps), (Py, P1, Py, P3);
G1,Gs, Jos, D) : (M, Py, Ps), (Py, Py, P2, Ps);
G1,Ga, J12 + ados, D) : (M, Py, Py), (Py, P, Py, P3) (o # 0);
G1,G2,Jos +aD, Jiz + D, P1, Py) (la| <1, B3>0, [af + B # 0);
G1,Ga,Joz +aD, Jis + 3D, Py, P, P2, P3) (a? + 3% # 0);
(G1, Ga, Jos, J12, D) : (M, Py, Po), (Py, Py, P, Ps).

(
(
(
(

3. Split subalgebras with one-dimensional projection onto (Jp3, D) and
nonzero projection onto (G1, G2)
(G1+ D) : (Py, P1,Ps3), (Po, P1, Py, Ps3);
(G1,D) : (Py, P, P3), (Py, P, P, Ps);
(G1 + D,Gs, Py, P1, Py, P3), (G1,Ga,D, Py, Py, Py, Ps);
(G1, Jos + aD) : (Py), (M,Py), (M,Py), (M, P, + 3F,)
(lof <1, a0, §#0);
(G1,Jos + aD) : (M, Py, Ps), (P, P1,Ps), (Py, Pi, Ps, P3) (% 0);
(G1,Ga,Jo3 +aD, M, Py, P) (0 < |a] <1);
(G1, Ga, Jos + aD, Py, Py, Py, P3> (a #0);
(G1,G2, J12 + aD, Py, Py, Py, P5) (a0 # 0);
(G1,Ga, J12, D, Py, Py, Py, P3);
(G1,Ga, J1a + ados + 8D, M, Py, P2) (0 < || <8]);
(G1, G2, Ji2 + ados + BD, Py, P1, P, P3) (B # 0).
4. Nonsplit subalgebras of AG1(2) W (Jos F D) with nonzero projection
onto (G1,G>) and (Jo3z F D)
(Jos = D,G1 £ Py): 0, (M), (M, Py), (Py, P1,Ps);
(Jos — D £ 2T, Gy + aPs, M, Py);
(Jos — D £2T,G1, M, P, Po), (Jos — D+ M,G1, Ps);
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Jos — D,G1 4+ ePy,Gy —ePy + aPy, M) (e = £1, a € R);

Jos — D, Gy % Py, Ga, M, Py}, (Jos — D + 2T, Gy, Ga, Py, Py, M);
Jiz + a(Jos — D),G1 +eP2,Goy — Py, M) (e = £1, a #0);

Jiz +a(Jos — D £2T),Gy,Go, M, Py, P5) (o # 0);

Jio £ 2T, Jos — D, G1,Go, M, Py, Ps);

Jiz +2aT, Jos — D £2T,G1,Go, M, P1, P5) (a € R);

(J1i2,Jo3 — D,G1 +ePy,Go — P, M) (e = £1).

(
(
(
(
(
(

5. Nonsplit subalgebras of AG1(2) W (Jo3 — 2D) with nonzero projection
onto (G1,G>) and (Jos — 2D)
<JO3 - 2D)G1 + 2T> : Oa <M>a <P2>a <MaP1>a <M7P2>7 <M7P1 +04P2>7
<M,P1,P2> (a # O)v
<J()3 - 2D, Gl, G2 + 2T> : <M, P1>, <M, Pl, P2>

F. Subalgebras of A15(1, 3) not conjugate to subalgebras
of AP(1,3) and of AG:(2) W (Jos, D)

This class consists of those subalgebras of AP(1,3) whose projection onto AO(1,3)
do not have invariant isotropic subspaces in R 3 and with a nonzero projection onto
(D). We have

AO(172)@<D> Oa <P3>7 <P07P1;P2>7 <P07P17P25P3>;
AO(3)®<D> 07 <P0>7 <P1’P2’P3>7 <P07P1,P2,P3>;
AO(1,3)® (D) : 0, (Py, Py, P2, P3).

G. Subalgebras of AG4(2) which are not conjugate
to subalgebras of AP(1,3)
Let K be a subalgebra of AG4(2) and 7(K) its projection onto AGL(2,R). By Proposi-
tions V.2.1 and V.2.2 of Ref. [9], the algebra K belongs to this class if and only if
7(K) is conjugate to one of the following algebras: (S +T), (S+T) + (Z) (subdirect
sum), ASL(2,R) = (R,S,T), AGL(2,R) = (R, S, T, Z). Because of this, we divide
this seventh class into three subclasses, each of which consists of subalgebras having
a corresponding projection onto AGL(2,R); those sub-algebras whose projections are
either ASL(2,R) or AGL(2,R) are put into the same subclass.
1. Subalgebras whose projection onto AGL(2,R) is (S + T)
<S+T> : 07 <M>, <G1,P1,M>, <G1 — 04_1P2,G2 +aP1,M>,
<G17G27P17P27M> (O < ‘OL| S 1)7
(S+TEM), (S+T+aJiza£M) (a#0);
<S—|— T+ OéJ12> . 0, <M>, <G1 +ePy, Gy — <€1':)1,]\4>7 <G1,G2,P1,P2,M>
(e ==*1,a #0);
<S + T + €J12> : <G1 + <‘;']32>7 <G1 + Py, M>, <G1 +ePy, G| — Py,
G2 +eP1, M) (e = £1);
<S+T+€J12 :|:M,G1 +EP2> (E = :|:1);
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(S4+T+eJia+eGi+ P): 0, (M), (Gy —ePy, M),
(Gy —eP2,Go + P, M), (Gy —eP1,G1 —ePy,Gy+eP1, M) (e = £1);
(Ji2,8+T): 0, (M), (G1+¢eP5,Gy —eP1, M),
(G1,Ga, P1, Py, M) (e = +1);
(Jio £ M, S+ T+ aM) (« € R);
(Ji2,S+T £ M).

2. Subalgebras whose projection onto AGL(2,R) is the subdirect sum
(§+T)+(2)
(S+T+aZ)y: 0, (M), (G1,P1,M), (G1 — 371P,,Gy + Py, M),
(G1,Ga, P, P2, M) (0 < |B] <1, o # 0);
(S+T,Z): 0, (M), (G1,P1,M), (Gi —a Py,Gy +aP, M),
(G1,G2, P1, Py, M) (0 < || < 1);
(S+T+adios+pZ): 0, (M), (Gy +ePy,Gy —ePy, M),
(G1,G2, Py, Py, M) (e =£1,a0 /-0, 5> 0);
(S+T+adiy,Z): 0, (M), (G1+cPs, Gy — Py, M),
(G1,Ga, P1, Py, M) (e = £1, a # 0);
(S4+T+eia+aZ): (Gr+ePs), (G1+ePy, M),
(G1+ePy,G1 —ePa,Go+ P, M) (e = £1, a #0);
(S4+T+¢edia, Z): (G +ePs), (Gy+ePy, M),
(G1+¢ePs,Gy —eP2,Gy + Py, M) (e = £1);
(Jio+aZ,S+T+6Z): 0, (M), (G1 +eP,Gy —ePy, M),
(G1,G2, P, P2, M) (e = %1, |af +[B] # 0);
(Ji2,8+T,Z)y: 0, (M), (G1 +¢eP2,Go — Py, M),
(G1,Ga, P1, Py, M) (e = £1).
3. Subalgebras whose projection onto AGL(2,R) contains ASL(2,R)

(R,S,T): 0, (M), (G1,P1,M), (G1,G2, Py, Py, M);

(J12) (R, S, T) : 0, (M), (G1,G2, Pr, P2, M);

(Jiz £ M) @ (R, S,T);

(R,S,T,Z): 0, (M), (G1, P, M), (G1,Gq, Py, P>, M);
(R,S,T) @ (Jis +aZ) : 0, (M), (G1,Ga, Py, P, M) (a # 0);
(R,S,TY® (J12,Z) : 0, (M), (Gy,G2, P, Py, M).
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