W.1. Fushchych, Scientific Works 2004, Vol. 6, 67-80.

Implicit and parabolic ansatzes:
some new ansatzes for old equations

P. BASARAB-HORWATH, W.I. FUSHCHYCH

We give a survey of some results on new types of solutions for partial differential
equations. First, we describe the method of implicit ansatzes, which gives equations
for functions which define implicitly solutions of some partial differential equations.
In particular, we find that the family of eikonal equations (in different geometries) has
the special property that the equations for implicit ansatzes are also eikonal equations.
We also find that the eikonal equation defines implicitly solutions of the Hamilton—
Jacobi equation. Parabolic ansatzes are ansatzes which reduce hyperbolic equations
to parabolic ones (or to a Schrodinger equation). Their uses in obtaining new types
of solutions for equations invariant under AO(p, q) are described. We also give some
results on conformally invariant nonlinear wave equations and describe some exact
solutions of a conformally invariant nonlinear Schrodinger equation.

1 Introduction

In this talk, I would like to present some results obtained during the past few years in
my collaboration with Willy Fushchych and some of his students. The basic themes
here are ansatz and symmetry algebras for partial differential equations.

I wrote this talk after Wilhelm Fushchych’ untimely death, but the results I give
here were obtained jointly or as a direct result of our collaboration, so it is only right
that he appears as an author.

In 1993/1994 during his visits to Linkoping and my visits to Kyiv, we managed,
amongst other things, to do two things: use light-cone variables to construct new
solutions of some hyperbolic equations in terms of solutions of the Schrédinger or
heat equations; and to develop the germ of new variation on finding ansatzes. This
last piece is an indication of work in progress and it is published here for the first
time. I shall begin this talk with this topic first.

2 The method of implicit ansatzes

2.1 The wave and heat equations

Given an equation for one unknown real function (the dependent variable), w, say,
and several independent (“geometric”) variables, the usual approach, even in terms
of symmetries, is to attempt to find ansatzes for u explicitly. What we asked was
the following: why not try and give u implicitly? This means the following: look for
some function ¢(x,u) so that ¢(x,u) = C defines u implicitly, where z represents the
geometric variables and C' is a constant. This is evidently natural, especially if you
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are used to calculating symmetry groups, because one then has to treat u on the same
footing as x. If we assume, at least locally, that ¢, (x,u) # 0, where ¢, = 9¢/0u,
then the implicit function theorem tells us that ¢(z,u) = C defines u implicitly
as a function of z, for some neighbourhood of (x,u) with ¢,(x,u) # 0, and that
Uy = —%, where ¢, = %. Higher derivatives of u are then obtained by applying
the correct amount of total derivatives.

The wave equation Ou = F'(u) becomes

Qbiljéb = 2¢u¢,u¢,uu - d)#d)#d)uu - QﬁF(U)
or

Pudp
du

This is quite a nonlinear equation. It has exactly the same symmetry algebra as the
equation Ou = F(u), except that the parameters are now arbitrary functions of ¢.
Finding exact solutions of this equation will give u implicitly. Of course, one is entitled
to ask what advantages are of this way of thinking. Certainly, it has the disadvantage
of making linear equations into very nonlinear ones. The symmetry is not improved in
any dramatic way that is exploitable (such as giving a conformally-invariant equation
starting from a merely Poincaré invariant one). It can be advantageous when it comes
to adding certain conditions. For instance, if one investigates the system

O¢ = 0, ( ) — ¢y F(u).

Ou =0, wuyu, =0,
we find that u,u, = 0 goes over into ¢,¢, = 0 and the system then becomes

D¢ =0, ¢u¢u = 0.
In terms of ordinary Lie ansatzes, this is not an improvement. However, it is not
difficult to see that we can make certain non-Lie ansatzes of the anti-reduction type:
allow ¢ to be a polynomial in the variable u with coefficients being functions of z.
For instance, assume ¢ is a quintic in u: ¢ = Au® + Bu + C. Then we will have the
coupled system

OA=0, OB=0, OC=0,

AA,=B,B,=C,C,=A,B,=A,C,=B,C, =0.
Solutions of this system can be obtained using Lie symmetries. The exact solutions
of

Ou=0, uyu,=0

are then obtained in an implicit form which is unobtainable by Lie symmetry analysis
alone.
Similarly, we have the system

Ou=0, wuuu,=1
which is transformed into

D¢ = ¢uu; ¢u¢u = ¢12,,
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or

Os5¢0 =0, ¢aga=0,

where O5 = O — 92 and A is summed from 0 to 4.

It is evident, however, that the extension of this method to a system of equations
is complicated to say the least, and I only say that we have not contemplated going
beyond the present case of just one unknown function.

We can treat the heat equation u; = Awu in the same way: the equation for the
surface ¢ is

=0 2 (TE9),

Pu
If we now add the condition ¢, = V¢ - Vo, then we obtain the system

ot =00, ¢u=V¢-Vo

so that ¢ is a solution to both the heat equation and the Hamilton—Jacobi equation,
but with different propagation parameters.
If we, instead, add the condition ¢2 = V¢ - V¢, we obtain the system

¢t = NG — Guu, G = V-V

The first of these is a new type of equation: it is a relativistic heat equation with
a very large symmetry algebra which contains the Lorentz group as well as Galilei
type boosts; the second equation is just the eikonal equation. The system is evidently
invariant under the Lorentz group acting in the space parametrized by (z1,..., 2", u),
and this is a great improvement in symmetry on the original heat equation.

It follows from this that we can obtain solutions to the heat equation using Lorentz-
invariant ansatzes, albeit through a modified equation.

2.2 Eikonal equations

Another use of this approach is seen in the following. First, let us note that there are
three types of the eikonal equation
Uy Uy = A,

namely the time-like eikonal equation when A\ = 1, the space-like eikonal one when
A = —1, and the isotropic eikonal one when A\ = 0. Representing these implicitly, we
find that the time-like eikonal equation in 1 + n time-space

Uy, =1
goes over into the isotropic eikonal one in a space with the metric (1,—1,...,—1)
———
n+1
¢u¢u = ¢Z

The space-like eikonal equation

Uy, = —1
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goes over into the isotropic eikonal one in a space with the metric (1,1,-1,...,—1)
———
n
¢u¢u = _d)i
whereas
uyu, =0

goes over into

¢/1. (ZS/L =0.

Thus, we see that, from solutions of the isotropic eikonal equation, we can construct
solutions of time- and space-like eikonal ones in a space of one dimension less. We
also see the importance of studying equations in higher dimensions, in particular in
spaces with the relativity groups SO(1,4) and SO(2, 3).

It is also possible to use the isotropic eikonal to construct solutions of the Hamil-
ton—Jacobi equation in 1 + n dimensions

(7 + (VU)Q = O
which goes over into
¢u¢t = (v¢)2

and this equation can be written as

(552)'- (272 -

which, in turn, can be written as

g Ppagp =0
with A, B=0,1,...,n+1, g4% = diag (1, —1,...,—1) and
_¢u+¢t _¢u_¢t
$o = 5 s Ont1 = 5

It is known that the isotropic eikonal and the Hamilton—Jacobi equations have the
conformal algebra as a symmetry algebra (see [15]), and here we see the reason why
this is so. It is not difficult to see that we can recover the Hamilton—Jacobi equation
from the isotropic eikonal equation on reversing this procedure.

This procedure of reversal is extremely useful for hyperbolic equations of second
order. As an elementary example, let us take the free wave equation for one real
function w in 3 + 1 space-time:

Oju = OFu + Oau + d3u
and write it now as

((9() + (93)(30 — 63)U = 812U + 8§u
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or
0y Oru = O%u + D3u,
z0—a3 2043 o 1,2 : : :
where o = , 7= =25 Now assume u = e’ W¥(7, 2", z°). With this assumption,
we find

0,0 = (02 + 02) W

which is the heat equation. Thus, we can obtain a class of solutions of the free wave
equation from solutions of the free heat equation. This was shown in [1]. The ansatz
taken here seems quite arbitrary, but we were able to construct it using Lie point
symmetries of the free wave equation. A similar ansatz gives a reduction of the free
complex wave equation to the free Schrodinger equation. We have not found a way
of reversing this procedure, to obtain the free wave equation from the free heat or
Schrédinger equations. The following section gives a brief description of this work.

3 Parabolic ansatzes for hyperbolic equations:
light-cone coordinates and reduction to the heat

and Schrodinger equations
Although it is possible to proceed directly with the ansatz just made to give a
reduction of the wave equation to the Schrédinger equation, it is useful to put it

into perspective using symmetries: this will show that the ansatz can be constructed
by the use of infinitesimal symmetry operators. To this end, we quote two results:

Theorem 1. The maximal Lie point symmetry algebra of the equation
Ou = mzu,

where u is a real function, has the basis
P,=0,, I=udy, Ju =z,0,—1x,0,

when m # 0, and

]Dp, = a;m I= uauv J,UJ/ = xp,al/ - xua;u
D =za"0,, K,=2x,D— x28H — 22,u0,

when m = 0, where

0 0 y
au:%a u:%a Ty = Guvd,
g =diag(1,-1,...,-1), pvr=0,1,2,...,n.

We notice that in both cases (m = 0, m # 0), the equation is invariant under the
operator I, and is consequently invariant under o*0, + kI for all real constants k
and real, constant four-vectors . We choose a hybrid tetradic basis of the Minkowski
space: a: ata, = 0; e ete, = 0; B: BB, = —1; 6: 00, = —1; and ofe, = 1,

ahB, = ats, = €', = "5, = 0. We could take, for instance, o = %(1,0,0,1),
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€= %(1,0,07 -1), 6=1(0,1,0,0), § = (0,0,1,0). Then the invariance condition (the

so-called invariant-surface condition),
(a0, +kI)u=0,

gives the Lagrangian system
dz#  du
ar  ku

which can be written as

d(ax) _ d(Br) d(éx) d(ex) du

0 0 0 1 ku
Integrating this gives us the general integral of motion of this system
U — ek(“)@(aa:, Bz, )
and, on setting this equal to zero, this gives us the ansatz
u= ek(s’“')CI)(ax, Bz, éx).

Denoting 7 = ax, y; = Bz, y» = dx, we obtain, on substituting into the equation

Ou = m2u,

2k0;® = AD + m>P,
where A = % + %. This is just the heat equation (we can gauge away the linear
vy v3

m27 . . . . .
term by setting ® = e z= ¥). The solutions of the wave equation we obtain in this
way are given in [1].

The second result is the following:

Theorem 2. The Lie point symmetry algebra of the equation
OV + AF(|P))T =0

has basis vector fields as follows:
(i) when F(|¥|) = const |¥|?:

Oy Juw =2,0, — 2,0, K, =2x,2"0, — x26u — 2z, (\I/&p + T@g) ,
D =3"0, — (Vg + Vdg), M =i(Vdy— Vo),

where x% = x, M.

(i3) when F(|¥|) = const |[¥|*, k # 0,2:
2 —
8;u Juu = Jjuay - xya;u D(k) - quay - E (\Ija\y + \1’8\1_1) s
M =i(¥dy — Vog).
(ii) when F(|W]) # const |W|* for any k, but F # 0:
O, Ju=2x,0, —2,0,, M=1 (\paq, — T@g) .
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(iv) when F(]¥|) = const # 0:
Oy, =20y — 3,0, M =1i(Vdy —Vdg), L= (Vdy+ Vog),

Ly =i(V0y — V0g), Ly=T0y+ Vo5, By,

where B is an arbitrary solution of OW = FW.
(v) when F(|¥]) =0:

O, Ju =2,0, —2,0,, K,=2x,2"0,— x“'aﬂ — 2z, (\1'8\1; —|—T83) ,
D =3"8,, M=i(Vdy—Vdg), L= (¥oy+ Voy),
L =1 (@8\1, - \Ifé'a) , Ly=90y + Voy, Boy,

where B is an arbitrary solution of OW = 0.

In this result, we see that in all cases we have M =i (\116\1/ — T@a) as a symmetry
operator. We can obtain the ansatz

U = eik(ew)@(ax, Bz, dx)

in the same way as for the real wave equation, using M in place of I. However, now
we have an improvement in that our complex wave equation may have a nonlinear
term which is invariant under M (this is not the case for I'). Putting the ansatz into
the equation gives us a nonlinear Schrédinger equation:

i0.® = —AD + \F(|®|)®

when k = —1/2. Solutions of the hyperbolic equation which this nonlinear Schrodinger
equation gives is described in [2] (but it does not give solutions of the free Schrodinger
equation).

The above two results show that one can obtain ansatzes (using symmetries) to
reduce some hyperbolic equations to the heat or Schrédinger equations. The more
interesting case is that of complex wave functions, as this allows some nonlinearities.
There is a useful way of characterizing those complex wave equations which admit
the symmetry M: if we use the amplitude-phase representation ¥ = Re® for the
wave function, then our operator M becomes dy, and we can then see that it is those
equations which, written in terms of R and 6, do not contain any pure 0 terms (they
are present as derivatives of #). To see this, we only need consider the nonlinear wave
equation again, in this representation:

OR — RO,0, + A\F(R)R =0,
RO6 +2R,0, =0

when A and F' are real functions. The second equation is easily recognized as the
continuity equation:

0,(R%0,) =0

(it is also a type of conservation of angular momentum). Clearly, the above system
does not contain 6 other than in terms of its derivatives, and therefore it must admit
Oy as a symmetry operator.

Writing an equation in this form has another advantage: one sees that the impor-
tant part of the system is the continuity equation, and this allows us to consider other
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systems of equations which include the continuity equation, but have a different first
equation. It is a form which can make calculating easier.

Having found the above reduction procedure and an operator which gives us the
reducing ansatz, it is then natural to ask if there are other hyperbolic equations which
are reduced down to the Schrodinger or diffusion equation. Thus, one may look at
hyperbolic equations of the form

Ov = H(U, U%)

which admit the operator M. An elementary calculation gives us that H = F(|¥|)¥.
The next step is to allow H to depend upon derivatives:

OV = F(, 0%, 0, U))¥

and we make the assumption that F' is real. Now, it is convenient to do the calculations
in the amplitude-phase representation, so our functions will depend on R, 8, R,,, 8,,.
However, if we want the operator M to be a symmetry operator, the functions may
not depend on 6 although they may depend on its derivatives, so that F' must be a
function of |¥|, the amplitude. This leaves us with a large class of equations, which
in the amplitude-phase form are

OR = F(R,R,,0,)R, (1)

ROO +2R,0,, =0 (2)
and we easily find the solution

F=F(R,R,R,,0,0,, R,0,)

when we also require the invariance under the Poincaré algebra (we need translations
for the ansatz and Lorentz transformations for the invariance of the wave operator).
We can ask for the types of systems (1), (2) invariant under the algebras of
Theorem 2, and we find:
Theorem 3. (i) System (1), (2) is invariant under the algebra (P, J,.).
(ii) System (1), (2) is invariant under (P, J,.,, D) with D = 2°0, — 2R0p, k # 0
if and only if

F = R*G (RuRu 0,0, QuRu>

R2tk’ Rk’ Rl+k

where G is an arbitrary continuously differentiable function.
(i11) System (1), (2) is invariant under (P, J,., Do) with Dy = 20, if and only

0,0, O.R
FRRG(R, ““,““),
it R,R,’ R,R,

where G is an arbitrary continuously differentiable function.
(iv) System (1), (2) is invariant under (P,,J,.,, D, K,) with D = £°0, — ROr
and K,, = 2x,D — x20,, if and only
0,0
_p2 1Y

where G is an arbitrary continuously differentiable function of one variable.
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The last case contains, as expected, case (i) of Theorem 2 when we choose G(&) =
&€ — AR?. Each of the resulting equations in the above result is invariant under the
operator M and so one can use the ansatz defined by M to reduce the equation but
we do not always obtain a nice Schrodinger equation. If we ask now for invariance
under the operator L = ROg (it is the operator L of case (v), Theorem 2, expressed
in the amplitude-phase form), then we obtain some other types of restrictions:

Theorem 4. (i) System (1), (2) is invariant under (P,, J,., L) if and only if

R, R R0,
FzG(%,HMGM, “Rf>.

i1) System (1), (2) is invariant under (P,, J,,, Do, L) with Dy = x° 0, if and only
Wy

p_ BB, (R29u0# RG#R#) |
R R,R,  R.R,

(1it) System (1), (2) is invariant under (P, J,,, K,, L), where K, = 22,205 —
220, — 2z, ROR, if and only if

F=k8,0,,

where k is a constant.

The last case (iii) gives us the wave equation
Iudu

D\I/:(/i—l)|\p|4

v,

where j, = 2% [\TI\I!,L —oVv ,L] , which is the current of the wave-function V. For k = 1,
we recover the free complex wave equation. This equation, being invariant under
both M and N, can be reduced by the ansatzes they give rise to. In fact, with the
ansatz (obtained with L)

U = e(“)/Q‘I)(ozx, Bz, )

with €, o isotropic 4-vectors with ec = 1, and 3, § two space-like orthogonal 4-vectors,
the above equation reduces to the equation

- -

O, = AD — (k- 1)%@,

where 7 = ax and A = 92 /9y? + §%/9y3 with y; = Bz, y2 = dx, and we have
- 1 .- =
j= 5 V0 - ova).

These results show what nonlinearities are possible when we require the invariance
under subalgebras of the conformal algebra in the given representation. The above
equations are all related to the Schrodinger or heat equation. There are good reasons
for looking at conformally invariant equations, not least physically. As mathematical
reasons, we would like to give the following examples. First, note that the equation

Dpquj =0, (3)
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where
P,q g AUB, ) yeo s WD yeeyPTq

with g48 = diag(1,...,1,—1,...,—1), is invariant under the algebra generated by

the operators
da, Jap =240 —xp0a, KA:QxAxBaB—xzﬁA—%A (\I’aqz +T83),
D =20, M=i(Voy—Vd5), L= (Vdy+ Vo),
Ly =i (V0y — ¥dg), Lo=Wdy+ Vg,

namely the generalized conformal algebra AC(p,q) ® (M, L, L1, Ly) which contains

the algebra ASO(p,q). Here, @ denotes the direct sum. Using the ansatz which the
operator M gives us, we can reduce equation (3) to the equation

i0,® =0, 1 4 10. (4)

This equation (4) is known in the literature: it was proposed by Feynman [7] in
Minkowski space in the form

i0,® = (8, — A,) (0" — A*)D.

It was also proposed by Aghassi, Roman and Santilli [8] who studied the representation
theory behind the equation. Fushchych and Seheda [9] studied its symmetry properties
in the Minkowski space. The solutions of equation (4) give solutions of (3) [14]. We
have that equation (4) has a symmetry algebra generated by the following operators

T:&, PA:aA, JAB, GA:TE)AfoM,

_9 i _ _
D =270, + 249, — %L, M= %(cbacp — 30), L= (Ddp + Bds),
2
9
S=T28T+TanA—%M—%L

and this algebra has the structure [ASL(2,R) ® AO(p — 1,q — 1)] W (L, M, P4,G4),
where W denotes the semidirect sum of algebras. This algebra contains the subalgebra
AO(p—1,q— 1) W (T, M, P4,G 4) with

[JaB,Jep] = 9gBcJap — gacIBp + 9apJBC — 9BDJACH

[Pa,Pg] =0, [Ga,Gp]=0, [Pa,Gp]l=—gasM,

[Pa, JBc] = gapPc — gacPp, [Ga,Jsc] = 9a8Go — gacGa,

[Pa, D] = Pa, [Ga;D]=Ga, [Jap,D]=0, [Ps,T]=0, [Ga,T]=0,
[Jap,T] =0, [M,T]=[M,Pa]=[M,Ga]=[M,Jag] =0,

It is possible to show that the algebra with these commutation relations is contained
in AO(p, q): define the basis by

T = (P—Pq), M=P + P, GA=J1A+JqA,
JAB (A,BZQ,...,q—l),

l\D|P—‘
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and one obtains the above commutation relations. We see now that the algebra
AO(2,4) (the conformal algebra AC(1, 3)) contains the algebra AO(1, 3)W(M, Pa,G 4)
which contains the Poincaré algebra AP(1,3) = AO(1,3) W (P,) as well as the Galilei
algebra AG(1,3) = AO(3) W (M, P,,G4) (p runs from 0 to 3 and a from 1 to 3). This
is reflected in the possibility of reducing

U4V =0
to
10;® =0y 3P
which in turn can be reduced to

Op5% = 0.

4 Two nonlinear equations

In this final section, I shall mention two equations in nonlinear quantum mechanics
which are related to each other by our ansatz. They are

W|OW — WO|¥| = —|U|¥ (5)
and
A
iug + Au = %u (6)

We can obtain equation (6) from equation (5) with the ansatz
U= ei(m_(“)ﬂ)u(ﬂ Bz, dx),

where 7 = az = ou2* and €, «, (3, 0 are constant 4-vectors with a? =€ =0,
B =6=-1,aBf=ad=eB=€e5=0, ae=1.

Equation (5), with & = m?c?/h? was proposed by Vigier and Guéret [11] and by
Guerra and Pusterla [12] as an equation for de Broglie’s double solution. Equation (6)
was considered as a wave equation for a classical particle by Schiller [10] (see also [13]).

For equation (5), we have the following result:

Theorem 5 (Basarab-Horwath, Fushchych, Roman [3, 4]). Equation (5) with
K > 0 has the mazimal point-symmetry algebra AC(1,n+1)®Q generated by operators

PH’ Juy’ Pn+17 Jun-{-la D(l)y Kk(bl)a K'y(Ll_zlv Q7

where

0 0

P, = JMV:quU_xUPHa Pn+1 = W :Z(uﬁu—u*au*),

M an
n
Junt1 =2y Poy1 — tny1 Py, DY =atP, +2"P, ) — o (W0 + W7 0y),

Kf}) =22, DY — (z,2" 4+ 212" TP,

Kr(igl = 21’n+1D(1) — ($H$M + l’n+1$n+1)Pn+1, Q = \I/aq/ + \I/*aq,*,
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where the additional variable x"*' is defined as

\P*

n+1:_ :Ll_
RS Wi

T Kk > 0.

For k < 0 the mazimal symmetry algebra of (9) is AC(2,n) & Q generated by the
same operators above, but with the additional variable

‘11*

ntl :—i In —
Tl = o

T Kk < 0.

In this result, we obtain new nonlinear representations of the conformal algebras
AC(1,n+ 1) and AC(2,n). It is easily shown (after some calculation) that equation
(5) is the only equation of the form

Ou = F(T, 0%, V¥, VU*, V[U|V|¥],0]¥|)¥

invariant under the conformal algebra in the representation given in Theorem 5. This
raises the question whether there are equations of the same form conformally invariant
in the standard representation

0
P = G

~1
D=a"P, — "T(xpa@ +U*0y.), K, =22,D— 2P,

Jw =2, P, —x,P,,

There are such equations [3] and [4], for instance:

0w = [§|¥/ (=D <|\1/|<3+">/<1—”>D|\1:|) U, £l

Olu|
Ou = D|U|F W,|u‘ u, n= 17
ol (©)g)" :

400 = A v bit

{ 0] + MGE , N arbitrary,

olw

ov = (1—|—)\)%\If,

O|v| ( A )
Ov=—— (14— |V,

V| Wt

wll'] A
oY= —— |14+ —— | V.
0] ( +1+a|\1/|4>

Again we see how the representation dictates the equation.
We now turn to equation (6). It is more convenient to represent it in the amplitude-
phase form u = Re®:

0, +V0-V0 =0, (7)
Ry + A0 +2V60- VR = 0. (8)

Its symmetry properties are given in the following result:
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Theorem 6 (Basarab-Horwath, Fushchych, Lyudmyla Barannyk [5, 6]). The
maximal point-symmetry algebra of the system of equations (7), (8) is the algebra with
basis vector fields

1
2v2
Jab - xaab - xbaaa J0n+1 - tat - 0897

Pt:atv Pa:8a7 P’n+1: (2815_60)7 N:aRa

1 1
Joa = ﬁ ((Eaat + (t + 29)((9@& + 51'@(99) s
1 1
Jan-‘,—l = ﬁ (—J)aat + (t — 29)8;5(1 + 51'@89) 5

D=— (t@t + 240 + 005 — gaa) :

J—:*Q =2

Ko =2 ((t + 7) O + (t+20)x,0,, + (% + 292> Op — g(t + 29)8R) ,
=2 =2

Koot = —V32 (<t - %) By + (t — 20)200y, + (% - 292> By — g(t - 29)6R>,
K, =2x,D — (4t0 — i*)0,, .

The above algebra is equivalent to the extended conformal algebra AC(1,n+1)®
(N). In fact,with new variables

1 1
o= 5(+20), tn = (= 20) 9)

the operators in Theorem 1 can be written as
Pa = 8a, Jaﬁ = :z:aﬁﬂ — x[ﬁa, N = (93,

10
D=—x,0,+ gN, K, =—2oD — (z,2")0,. (10)
Exact solutions of system (7), (8) using symmetries have been given in [5] and
in [6]. Some examples of solutions are the following (we give the subalgebra, ansatz,
and the solutions):
Ay = (Ji2+dN,P;+ N, Py) (d >0)

Ansatz:
1
6 =—5t+fw), R=uw3—darctan (ﬂ> +9(w), w=ai+a3
x2
Solution:
1 2 2
b= ——they LT 40y =41
2 2
71 1 2, .2
R=ux3+darctan [ — | — 1 In(zy + z3) + Cq,
x2

where Cy, Cy are constants.
Ay = (Jog +dN, Jo3 + daN, P, + Ps)
Ansatz:

1
0= ?f(w)a R:d1n|t|+g((ﬂ), w = 2.



80

P. Basarab-Horwath, W.I. Fushchych

Solution:
C1)? 1
HZM, R:dln|t\— d+ — 1n|x1+01|+c’2_
4t 9
Ag = (Jo1, Jo2, Jos, Ji2, J13, J23)
Ansatz:
1 $% +LE§ +x§ 1
Solution:
T — 4Ct + 8CF 3. @2 —2(t—20)?
0= Y R=-71 Co.
4t —8C, o ! t— 20, +Cs
Aq4 = (Joa+a1N,D + azN, Ps), (a1, a2 arbitrary)
Ansatz:
J}% 3 I
esz(w)7 R:g(w)—i—alln“‘— a1+a,2+§ h’l|$1‘7 w:x_
2

Solution:

AR

2 1
0 = %, R=a;ln|t|+ (ag—a1—|—§> In|z1] — 2(az + 1) In |zo| + C.
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