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Symmetry of equations
with convection terms

W.I. FUSHCHYCH, Z.1. SYMENOH

We study symmetry properties of the heat equation with convection term (the equa-
tion of convection diffusion) and the Schrédinger equation with convection term. We
also investigate the symmetry of systems of these equations with additional conditions
for potentials. The obtained results are applied to construction of exact solutions of
the system of the Schrédinger equation with convection term and the Euler equations
for potentials.

Study of symmetry properties of evolution equations is an important problem in
mathematical physics. These equations are thoroughly investigated by a number of
authors (see, e.g., [1, 2, 3]). The fundamental property of these equations is the fact
that they are invariant under the Galilei transformations.

It is known [4] that the nonlinear heat equation

88—1; — Au = F(u) (1)
is not invariant under the Galilei transformations if F'(u) # 0. It is Galilei-invariant
only in the case of linear equation, i.e., in the case where F'(u) = 0 (up to equivalence
transformations). Therefore, it is important to consider nonlinear evolution equations
which admit the Galilei operator.

In the present paper, we study symmetry properties of equations with convection
terms, namely, the heat equation with convection term (the equation of convection
diffusion) and the Schrédinger equation with convection term. We also investigate the
symmetry of systems of these equations with additional conditions for potentials Vj.
The results of symmetry classification are applied to constructing exact solutions of
the system of the Schrédinger equation with convection term and the Euler equations
for potentials.

1 Symmetry of the equation of convection diffusion

The equation of convection diffusion has the form

Oou ou
— — AN u=V,— 2
ot k 6$k’ ( )
where v = u(t, ¥) is a real function, \ is a real parameter, the index k varies from 1
to n.
To extend the symmetry of equation (2), we apply the idea proposed in [4, 5, 6].
Namely, we assume that the functions Vi, = Vi (¢, %) are new dependent variables on

J. Nonlinear Math. Phys., 1997, 4, Ne 3-4, P. 470-479.



172 W.I. Fushchych, Z.I. Symenoh

equal conditions with the function u. In other words, we seek for symmetry operators
of equation (2) in the form

X =10y, + 10y + p* Oy, (3)

where &, 1, p* are real functions of ¢, Z, u, V. Applying the Lie algorithm [7, 8, 9],
we find that the unknown functions £#, 7, p* have the form

€0 =2A(t), &F = A(t)xy, + B¥ (t)x 4+ Uk (t),

p¥ = BR )V — A(t)zy — B¥ (), — UR(t) — A()Vi, 1 = Cru+ Cs, W

where A, B* (k,l =1,n, k # 1), B¥ = —B'* U* (k = T,n) are arbitrary smooth
real functions of ¢; Cy, Cs are arbitrary constants. Thus, the following assertion is
true:

Theorem 1. The equation of convection diffusion (2) in the class of operators (3) is
invariant under the infinite-dimensional Lie algebra with infinitesimal operators

Qa = 2A(1)0; + A(t),0,, — [A(t)z, + A(t)V,]0v,,

Qri = B (t) 110, — 210, + ViOy, — Vidy;] — B*(t)(210y, — z10v;),
Qa = U*(t)0y, — U*(t)dy,, a=Tn,

Z1 = uly, Lo = 0y,

(5)

where we mean summation from 1 to n over the repeated index v and no summation
over indices k, 1, and a.

Remark 1. Infinite-dimensional algebra (5) includes the Galilei operator @Q),. This
operator generates the following transformations:
t—t=t,
Ty — Tt = Ty + OébUb(t)(Sab,
u— U= u,

| g ‘7b =V, — OébUb(t)(Sab,

(6)

where «p is an arbitrary real parameter of transformations, d,; is the Kronecker
symbol, there is summation from 1 to n over the repeated index b and no summation
over the repeated index a. We see that the function u is not changed under the action
of this operator. This fact is essentially different from the Galilei transformations for
the standard free heat equation

ou
— —A\u=0 7
ot “=5 (7)
where the Galilei operator has the form
1
Ga = ta% — ﬁxauau. (8)

For operator (8), the function w is changed as follows:

Tallg t(aa)Q)

2 4N

u—>17:uexp<—
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Thus, the operators @), and G, are essentially different representations of the Galilei
operator.

Let us now investigate the symmetry of systems including equation (2) and addi-
tional conditions for the potentials. Note that in [3]|, the authors find a nontrivial
symmetry of the nonlinear Fokker—Planck equation by imposing the additional condi-
tions for coefficient functions.

Let the additional conditions for the potentials Vi be the Euler equations. In other
words, consider the following system:

9 \pu=v

8t 8xk (10)
Vi Vi B

E—)\lwa—xl—(L k—l,n

Symmetry of the nonlinear system (10) essentially depends on the value of the
parameter \;. There are two different cases.
The first case. Ay = 1. In this case, system (10) in the class of operators (3) is
invariant under the Lie algebra with the basis operators
PO = at» Pa = aa:a> Jab = xaaa:b - xbawa + ‘/a,aVl7 - %aVa7

Gy =10, —0Ov,, D =2t0;+ x40, — ViOv,, (11)
A =120, + tag 0y, — (v +tVi)Ov,, Z1=uby, Za=0,.

The Galilei operator éa generates the following finite transformations:
t—t=t,
xp — 20 = a3 + taydap,
Vi — VP =V} — apdap,
u— U= u,

where we mean summation from 1 to n over the repeated index b.

Conclusion 1. Thus, the scalar function u, unlike the heat equation, is not changed
under the Galilei transformations.

The second case. Ay # 1. In this case, the invariance algebra of system (10) is
essentially more restricted and does not include the Galilei operator and the projective
one. In other words, for A\; # 1 in the class of operators (3), system (10) is invariant
under the Lie algebra with basis elements Py, P,, Jup, D, Z1, Z5 of the form (11).

The first case is essentially more interesting and important that the second one.
Therefore, in what follows, we consider system (10) in the case where A} = 1.

Consider now system (10), where the Euler equations have the right-hand sides of
the form F(u)(%‘k, i.e., the following nonlinear system:

% you=1 2%
ot oxy, (13)
BVk 6Vk ou
—E vy = = Plu)=— =1
ot W al'l (U) 8xk’ K T

where F(u) is a smooth function of u. Let us carry out symmetry classification of
system (13), i.e., determine all classes of functions F'(u), which admit a nontrivial
symmetry of system (13). We consider the following six cases:
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Case 1. F(u) is an arbitrary smooth function. System (13) is invariant under the
Galilei algebra

AG(17n) = <P07Panab7Ga>7 (14>

where the basis operators have the form (11).

Case 2. F' = Cexp(ku) (k and C are arbitrary constants, k # 0, C' # 0). In this
case, the symmetry of system (13) is more extended and includes algebra (14) and
the dilation operator

2
DW = 2t9, + x40,, — Vidy, — ~Ou-

Case 3. F = Cu” (k and C are arbitrary constants, kK # 0, k # 1, C # 0). In
this case, system (13) is invariant under the extended Galilei algebra (14) with the
dilation operator

2

D(Q) = 2t0; + ajk:awk — Vkavk — ?Uau
K

Case 4. F = % (C is an arbitrary constant, C' # 0). The maximal invariance
algebra is

<P07Pa7 Jaln éay Z1>>

where Z1 = u0,.
Case 5. F = C (C is an arbitrary constant, C' # 0). The maximal invariance
algebra is

<P07 Pa7 Jalh éaa D(2)7 Z2>a
where Z, = 0,,. In this case, the dilation operator D(® has the form
D@ — 2t0; + xké)mk — Vka\/,C — 2u0,.

Case 6. F = 0. In this case, system (13) admits the widest invariance algebra,
namely,

(Po, Pay Jab Gay D, A, Z1, Zs),

where the dilation operator D and the projective operator A have the form (11).

Conclusion 2. It is important that system (13) is invariant under the Galilei transfor-
mations for an arbitrary smooth function F(u). It should be stressed once more that,
unlike the standard heat equation, the function u is not changed under the Galilei
transformations.

Consider other examples of systems of the equation of convection diffusion and
additional conditions for the potentials V.

Let the functions Vj satisfy the heat equation, i.e., we investigate the following
system:

o yru=v, 2"
ot Oz (15)
AR

Tk \NAVE=0, k=1
ot 1 Vk Oa , 1,

where A\ # 0 is an arbitrary real parameter.
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Theorem 2. System (14) in the class of operators (8) is invariant under the Lie
algebra with the basis operators

Py, P,, Jav, D, Z1, Zo
of the form (11).

The case where the functions Vj satisfy the Laplace equation is more important:

ou ou
— = ANu=V—
at T (16)
AV, =0, k=1n.
Theorem 3. System of equations (16) in the class of operators (3) is invariant under
the infinite-dimensional Lie algebra with the basis operators

Qa, Qri, Qa, Z1, Z2
of the form (5).
Note that the symmetry of system (16) is the same as the symmetry of equa-

tion (2). In other words, the conditions AVj = 0 do not contract the symmetry of the
equation of convection diffusion.

2 The Schrodinger equation with convection term

Consider the Schrédinger equation with convection term

0y _y 9

where 9 = (t,%) and V, = Vi(t,Z) (k = 1,n) are complexr functions. For exten-
sion of symmetry, we regard the functions Vj as dependent variables. Note that the
requirement that the functions Vj, are complex is essential for the symmetry of (17).

Let us investigate the symmetry of (17) in the class of first-order differential
operators

X =10y, +ndy + 1" Oy + p 0y, + p™ 0y, (18)

where &*, n, n*, p¥, p** are functions of t, &, 1, 1*, ‘7, V*.
Theorem 4. Equation (17) is invariant under the infinite-dimensional Lie algebra
with the infinitesimal operators
Qa = 240, + Az,.0,, — iAz,(0v, — Ov:) — A(V,0v, + V,*0y-),
Qrl = Bri(710z,, — 710z, + ViOy, — ViOy, + V)" Oy — Vi Oy) —
— iBgi(210v;, — 20y, — 210y + 20y ), (19)
Qa = Uaaa:a - Z.Uva(aVa - aVa*)a
Zy =0y, Zy =1 0y, Z3 =0y, Zy= 0y,
where A, B¥' (k <1, k,1 =T1,n) , U® (a = 1,n) are arbitrary smooth functions of t,

BF = —BY%  we mean summation over the index v and no summation over indices
a, k, and [.
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This theorem is proved by the standard Lie algorithm in the class of operators (18).
Note that algebra (19) includes as a particular case the Galilei operator of the
form:

Gy = t0,, — idy, +idy-. (20)
This operator generates the following finite transformations:

Tp — Ty = Tp + BptOab,
t—t=t,
Y=, PP =y,
Vi — Vi = Vi — iBp0ap, vy — ‘71,* =V + i60a,
where (3, is an arbitrary real parameter and we mean summation from 1 to n over the

repeated index b. Note that the wave function ¢ is not changed for these transforma-
tions. Operator (20) is essentially different from the standard Galilei operator

= 10, + - (V0 — 70y, (21)

of the free Schrédinger equation (V = 0). Note that we cannot derive operator (21)
from algebra (19). Thus, we have two essentially different representations of the Galilei
operator: (20) for the Schrédinger equation with convection term and (21) for the free
Schrédinger equation.

Remark 2. If we assume that the functions V}, are real in equation (17) and study
symmetry in the class of operators

X =£"0y, + 00y + 1" 0y- + pOy,, (22)

where the unknown functions £, 1, n*, p® depend on t, Z, ¥, ¥*, ‘7, then the maxi-
mal invariance algebra of equation (17) is sufficiently restricted. Namely, in the class
of operators (22), equation (17) is invariant under the Lie algebra with the basis
operators

P07 Paa Jab = xaawb - xbawa + VaaVb - ‘/baVaa
D= Qté)t + $Taxr — ‘/Tavr, Z1 = 1/}(9,1,, oy = 1/)”‘(9,1,*, Z3 = 6¢, Zy = 8¢)*.
Thus, in the case of real functions Vj, equation (17) is not invariant under the Galilei

transformations.

Consider now the system of equation (17) with the additional condition for the
potentials Vi, namely, the complex Euler equations:

88—1” L AAG =V gw
Vi 0V Y (23)
v -Vi— 0, F(W)D%

Here, v and Vj are complex dependent variables of ¢ and &, F' is a smooth function
of |¢]. The coefficients of the second equation of (23) provide the broad symmetry of
this system.
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Let us investigate symmetry classification of system (23). Consider the following
five cases.

Case 1. F' is an arbitrary smooth function. The maximal invariance algebra is
(Py, Py, Jap, G ), where

Jab = a0z, — 240z, + VaOy, — ViOy, + V; Oy, — V Oy,

G, = t@xa - iava + iav{;.

Case 2. ' = C|¢|* (C is an arbitrary complex constant, C # 0, k is an arbitrary

real number, k # 0 and k # —1). The maximal invariance algebra is (Py, Py, Jab, Ga,
D), where

2
DW =210, + 2,0, — V;dy, — V; Oy — H—k(wc% + Y Oy-).

Case 3. F = % (C is an arbitrary complex constant, C' # 0). The maximal
invariance algebra is (Py, P,, Jas, éa, Z =7y + Zs), where

Z = ’(/Jaw + ’(/J*aw*, 71 = waw, oy = w*aw*.
Case 4. F = C # 0 (C is an arbitrary complex constant). The maximal invariance
algebra is (P, Py, Jay, G, DV, Z3, Z,), where
Z3:a¢, Z4:61/,*.

Case 5. F = 0. The maximal invariance algebra is (P, Py, Jas, éa, D, A, Zy,Z5, Zs,
Zy), where

D= Qt(?t + l’raxr — V;«avr - ‘/7"*8VT*3
A= tgat + tl’razr — (’LSCT + tV;)avT + (ZI‘T — t‘/r*)avr* .
Thus, system (23) is invariant under the Galilei transformations generated by
operator (20) for an arbitrary function F'(|#)]).

Let us now apply these results to obtain invariant solutions of system (23) with
A =1 in two-dimensional space-time in the case where F'(|¢|) = 0:

LR T ) A |
’LE‘F@— a—x, ’LE—Va—x—O. (24)

The invariance algebra of system (24) includes the translation operators, Galilei,
dilation, and projective operators:

Py=08,, P =08, G=td,—idy +idy-,
D= 2t(9t + l'az — Vav — V*av*,
A =120, + tzd, — (ixz +tV)0y + (ix — tV*)Oy-.

1) The one-dimensional subalgebra G +a Py is associated with the symmetry ansatz

b= o0z —12), V= —ét + U0z — ). (25)
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Ansatz (25) reduces system (24) to the following system of ordinary differential equa-
tions:

1
20" = Uy, e 2aUU" =0, (26)

where ¢’ = g—i, w = 2ax — t2. The general solution of system (26) has the form

/ 1 « 1
U= Cl+$w, <p=Cg/exp{g(Cl+$w)3/2}dw+03, (27)

where C7, Cy, C3 are arbitrary constants. Thus, we obtain the partial solution of
system (24), where 1 has the form (27), and

: ]
V=—ltr/C+ Sw.
« &

2) The subalgebra
G+ a(Zs + Z4) = t0, — idy + 10y + a(By + Dy+)

is associated with the symmetry ansatz
x T

Ansatz (28) reduces system (24) to the following system of ordinary differential equa-
tions:

U

i<p:%U, U+—=0

with the general solution of the form

C C
U:Tlv 90:'5%0&"‘02;

where C1, Cy are arbitrary constants. Thus, we get the partial solution of system (24):

0104

x Cl IL‘+.
Zaq ==
t t

V:—.— e =
Zt+ ot P =a

3) The subalgebra

+ Cs.

G+ o Zy + Z3) = 10, — i0y + 10y + a(dy + 1" Dy )

is associated with the symmetry ansatz
x T
1 = exp (a?> o(t), V= —iy +U(t). (29)

Ansatz (29) reduces system (24) to the following system of ordinary differential equa-
tions:

a? « . U
w+t—2<p=U;<p, U+7=0



Symmetry of equations with convection terms 179

with the general solution

Cl 1 iO(Q
U=— =C -Chao — —
n ) 2 2 €Xp (t 1Q n ) )
where C1, Cy are arbitrary constants. Thus, we get the partial solution of system (24):
x C axr 1 ia?
V=-i-+— =C —+-Cia— — | .
e v oo (B4 G- 1)

4) The subalgebra
A+ i(Zy — Zy) = t20; + txd, — (ix + tV)dy + (ix + tV*)Oy- +
+ i (Y0y — V" Dy~ )
is associated with the symmetry ansatz

oo (i) (5). vo-iteiu(?). )

Ansatz (30 reduces system (24) to the following system of ordinary differential equa-
tions:
U=0, ¢ —ap=0.
where ¢ = g—j}% w = 7. Consider the following two cases:
4a) o > 0. In this case, system (24) has the following solution:

V= —i%, 1 = exp (—i%) [Cl exp (\/a %) + Caexp <—\/a%)} ;

where C7, Cs are arbitrary constants.
4b) ar < 0. In this case, system (24) has the following solution:

T el x . x
V= —iy, 1 = exp <72?> [C’l cos (\/ —a ;) + Cysin (x/f ;)} ,
where C7, Cs are arbitrary constants.
5) The one-dimensional algebra
A+ o Zs + Zy) = 120, + txd, — (iz +tV)oy + (iz + tV*)dy- + a(Oy + Oy~)

is associated with the symmetry ansatz

o T z 1 T
=_- Z), V=—iZ —U(—), 31
v=ogte (t) A (31
which reduces system (24) to the following one:

U=0, ¢"+ia=0.

where " = %, w = §. Solving this system, we obtain the exact solution of
system (24):
2
x a  ax x
V=-i, =———i-— + 01—+ Cy,
o vE e tOy TG

where C7, Cs are arbitrary constants.
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