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Symmetry classification of multi-component
scale-invariant wave equations

W.I. FUSHCHYCH, P.V. MARKO, R.Z. ZHDANOV

We describe systems of nonlinear wave equations of the form Ou; = Fj(u1,...,u4),
j=1,...,4 invariant under the extended Poincaré group 13(1, 3). As a result, we have
obtained twenty inequivalent classes of nonlinear 1::’(1, 3)-invariant systems of partial
differential equations.

It is well-known that the maximal symmetry group admitted by the nonlinear
wave equation

Ou = Ugyzy — Dau = F(u) (1)

with an arbitrary smooth function F(u) is the 10-parameter Poincaré group P(1,3)
having the following generators:

PH = a;u J;J,V = gua-raau - gmxxaa;u (2)

where 0, = 90/0z,, g, = diag(1,—1,—-1,—-1), u,v,a =0,...,3. Hereafter, the sum-
mation over the repeated indices from 0 to 3 is understood.
As established in [1], equation (1) admits the wider symmetry group in two cases

1 F(u) =M, k#1, (3)
2. F(u) = Ae®, k#0, (4)

where A, k are arbitrary constants, only.
Equations (1) with nonlinearities (3), (4) admit the one-parameter groups of scale
transformations D(1) having the following generators:

2
1. D:zuau—kﬁu@u,
- (5)
2. D:(E'uap,—%au

The Lie transformation group generated by the operators (2), (5) is called the
extended Poincaré group P(1,3) [2].

Let us note that in [3] a partial symmetry classification of ]5(1, 3)-invariant partial
differential equations (PDEs) of the form

Ou = F(u,u”) (6)

have been performed and two classes of P (1, 3)-invariant PDEs have been constructed.
A complete solution of the problem of classifying two-component wave equations (6)
admitting the extended Poincaré group has been obtained in [4].
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In the present paper following an approach suggested in [4] we classify systems of
four PDEs

Duszj(ul,ug,U3,u4), ]':1,...,47 (7)

for real-valued functions u; = u;(xg,z1, 22, 23), ¢ = 1,...,4 admitting the extended
Poincaré group P(1,3) and the conformal group C(1,3).

Before formulating the principal assertions we make an important remark. As a
direct check shows, the class of equations (7) is invariant under the linear transfor-
mations of dependent variables

4
ujﬁu;:z:ajkuk—&—ﬁj, j=1,...,4, (8)
k=1
where o, 85, j =1,2,3,4 are arbitrary constants and what is more det ||a;|| # 0.
That is why, we carry out symmetry classification of equations (7) within the
equivalence transformations (8).
Theorem 1. Let generators of the Poincaré group be of the form (2). Then system
of partial differential equations (7) is invariant under the extended Poincaré group

P(1,3) if and only if it is equivalent to one of the following systems (for all cases
Fj :Fj(QhQ%QL’)); .7 = 1374)

A2 Ap—2 Az—2 Ag—2
1. Du; = Fly, M Ouy = Fru, 2 Oug = Fiu, s Ouy = Fyu, M
)\2 )\3 }\4
O =" 0= =L
1= )\1 2 = BV 3 — )\1
Ug Uz

2 U
2. Ou; = Fyexp (—Eu1> ,  Oug = Fyexp {()\2 — 2)?1} ,
U U1
D = — —_ D = — _
us = Iy exp{(/\g 2) 5 }, Uy F4exp{()\4 2) , },
Ql = )\gul — blnu2, QQ = )\3’11,1 — bIHU3, Qg = )\4U1 — blnu4;
3. \:"U,]_:{Fl—i-ﬂFQ}eXp{()\l—Q)ﬂ}, DUQ:FQGXP{()\l—Q)ﬂ},
U (1%}

}, Du4F4exp{()\32)1
U

exp ()\2 “—;) 0 exp ()\3’;—;)
N\ v/ g=—~ 2/

D’U,g = F3 exp {()\2 — Q)E

U2
exp (A1ﬂ>
Q=——L O

)
Ug

4. IZIu1 (Fl + F2U2 exp (

@‘II\D

2
) ,  Oug = bFyexp (—qu

u (5
O —2)—= O = _ 9\ =
us = Fgexp{()\l 2) b }, Uy = F4exp{()\2 2) 2 },

Ql = 2bu1 — u%, QQ = A1u2 — ban3, Qg = )\211,2 — blIl’LL4;

U U
5. Duy = (F1 + Faug)exp {()\1 - 2)?3}7 Oug = bF eXp{(/\l - 2)?3} ;
2 U
Ouz = F3exp (Eu;g) , DOuy = Fyexp {()\2 — 2)?3} ,

Ql :ban27)\1U3, ngbﬂf’btg, QgaIHU47AQU3;
Ug
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10.

11.

u u u
Du1 = <F1 +F272 +F31> exp{()\l 2)2},
us us us

DUQ = (FQ +F3%> exp{()\l - 2)@}7
us us

Oug = Fgexp{()\l — Q)Zz}, Ouy = F4exp{()\2 - 2)32},

3 us us 3
Ouy = (Fy + FoQo + F3Q8) exp(—2Qy),
DU,Q = (F2 + 2F390) exp(—290)7
Oug = 2F3exp(—2Q), Oug = Fyexp {(A —2)Qp},
2 3
%, 91:2’&2—%, ngul—UZbug ;TZ,
Qg = )\Ug — blIlU4;

2
le)\lﬁ—h’ll}g, 92:22— <%) s QgZAQ%—IH’LM;
U u,

Qo =

-2
Duy = (uf +u3) ™2 (Fiup + Fyuy) exp (a ;— arctan &> ,
uy

a—2 U
Ouy = (uf + u%)_%(FQUQ — Fiuqy)exp ( 5 arctan —1> )
U2

AL —2 Ay —2
DU3:Fgexp( 1b arctanZ—i), DU4:F4exp( 2b arctanZ—i),

(u? 4+ ud)™ exp (’\1 arctan i ) exp (% arctan Z—;)

Q=" l= ;= ;
us Uy

-2
Ouy = <F1 cos ( > + Fy sm( U3)) exp (a - u3> ,
a—2
Ouy = (Fg cos < > Fy sin < u?,)) exp ( U3> ,
c

Oug = F3exp (——ug) DUJ4=F4GXP{()‘_2)%}7
c

= In(u? 4+ u) — 2a—, Q9 = arctan no_ b%, Q3 = \uz — clnuy;
U C

Dul <F1+ Fg) exp{(/\l —2)%}7 DUQ :FQGXP{(Al—Q)—l}
2 U2

Oug = <F3+ F4> (%XI){()\Q—Q)%}7 Ouy :F46Xp{(>\2—2)—3}
Uy Uy

N M QZ—M ngﬂ_ﬁ.

b

b
Uy U2 Uy

Uu,
Ouy = | F1 +F2——|—F3—+F4—> exp{()\—2)u—3},
4

Oug =

(
Ouy = <F2 +F3— +F4> exp{()\ - 2)“3},
(

Fy +F4—> exp{()\ — 2)?}, Ouy = F4exp{()\— 2)%},
4 4
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exp()\%) N2 N3
) R ) M T ()
Uy Uyg Uyq Ug Uy U4

-2
12. Oup = (uf + “%)_%(FWQ + Fhuy) exp (a1 arctan %) ,

1 2
-2

Oue = (u% + ug)—%(FQuQ — Fyuy) exp (cub arctan %> 7
1 2

Oug = (Fg + EF;;) exp {(/\ — 2)@} , DOuy=Fy exp{()\ — 2)%} ,

Ugq Uy Uy

exp (AZ—E)
b— Q= —>—2
U2 U4 Ugq

s = (u? + u2)} exp ()
Uy

0 = arctan

)

13, Ouy = (uf + U%)_%(FIUQ + Fyuy) exp ( 1b arctan ﬂ)
1
2 2\—1 ay — 2
Oug = (ui +uy) ™ 2 (Faug — Fruy) exp 2 arctan
1
2 2\—1 as — 2
Oug = (uz +uy) ™ 2 (F3us + Fyus) exp 2 arctan
2
Oug = (uf +uf) "2 (Fyug — Fyuz) exp (azb arctan — >
2

al
Uy us exp (arctan biu )
)y = by arctan — — by arctan —, Qg = ,
U

2 Uy (ui + “2)§
0, exp (arctan ‘;ﬁ;) ;
(u3 + u4
14. Ouq = (F1 + Fh— ) Dug = F»Q,

Ous = <F3 +F4> Qo, DOug = Fud,

Qo :exp{(a—Z)%}sec—l7 Oy =— "7
2

aug
Qo exp <_u4 ) i us
Qp=——"—~—2  Qzg=——-—;

Ugq U2 Uy

15. Ouy = <F1 +F2% +F3ﬂ> exp {(A - 2)%} )
us us us

Oug = <F2 +F3%> exp{()\—2)%},
us us

Ouz = F3exp {()\ — 2)u2} , DOuy = Fyexp <2u2> ,
us us3

2

Uz Uy Uz Uz

le)\—flnu;g, 92:2—7 — s ngb—7u4;
us us Uus us
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16.

17.

18.

19.

20.

Ouy = (I +F2U4)GXP{()‘_ 2)%4}’ Dug = berXp{()\ -2

2 2
Ouz = (F3 + Fyuy) exp <bU4> ,  Ouyg =bF,exp (bu4) ,
Q=22 Cnus, Q=0 —wy, Qs = 2bug — 2
U2 U2

02 3
Ouy = <F1 + FyQo + F370 + F4FO) exp(—2Qy),

Q2
Oug = (FQ + F38 + F470> exp(—2Qo),

Ous = (F5 + F4Q) exp(—2Q), DOug = Fyexp(—2Q),
Uy us 1 fug\2 Uy U3y 1 7ug\3
Q=—, h=—-2(7), Q= - 1w
0 b ’ ! b 2 ( ) ’ 2 b b2 + 3 < b ) ’
Uy U2U4 u3u£ ui )

Oy = — —
7% b2 263 8pt’

2 2
Ouy = (F1 + Fous) exp (—Eu2> , Oug = bFyexp (_EU2> ,

2 2
Ous = (F3 + Fyuy) exp <u4> , Ouy = cFyexp (U4> 7
¢ c

Q1 = 2bu; — u%, Qs = 2cuz — ui, Q3 = buz + cui — usuy;

b b -2

Ouy = {Fl cos (U4> + Fysin <u4> } exp (a u4> ,
c c c
b b -2

Ouy = {FQ cos (—U4> — Fysin (—u4> } exp (a u4> ,
c c c

2
D'U,3 = (F3 —+ F4U4) exXp <—2U4> s

2
Ouy = cFyexp (—Eu4) , b#0, ¢c#£0,

u U U
0 = ln(uf + u%) — 2a—4, )y = arctan = b—47 Q3 = 2cuz — ui;
c

(5 C
Ou; =0, j=1,...,4,

ug
b

where Fy, Fy, F3, Fy are arbitrary smooth functions and a, b, ¢ are arbitrary constants.

Furthermore, the basis generators P,, J,,, are given by formulae (2) and generators
of corresponding groups of scale transformations are given by the following formulae:

®© N oWy

D = x,0, + Mu10u, + Aou20y, + A3us0y, + MusOy,, A1 #0;
D =z,0,, + b0y, + Aau20y, + A3uzOu, + AuaOy,;

D = 2,0, + M (1104, + u20y,) + w20y, + Aou30y; + A3uaOy,;
D = 2,0, + 120y, + b0y, + Mu30y, + AotsOy,;

D =2,0, + M (u10y, + u20y,) + w20y, + b0y, + Aosly,;

D= ‘Tuau + Al(ulaul + ’u,gau2 + U3(3u3) + ’U,Qaul + ’U,gauZ + )\2U48u4;

D = 2,0, + 120y, + u30y, + b0y, + AusOy,;

D = (E‘uaﬂ + al(ulaul + uQé?uQ) + b1 (UQaul — ’Lblaug) + )\11&36“3 + )\2U43u4;
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9. D==2,0,+ a1(ui0u, +u20u,)+ b1(u20y, — u10y,) + cOuy + AtaOu,;
10. D =x,0, + A (u10y, + u20y,) + u20y, + A2 (u30u, + 140y, ) + 1s0yy;
11. D =2,0, + AMu10y, + 120y, + u30u, + ©a0y,) + 120y, + u30y, + Ua0y,;
12. D =xz,0, + a(u10u, + u20y,) + b(u20y, — u10y,) +
+ A (u30yy + 140y, ) + UaOyy;
13. D = 2,,0,01 (1104, + u20y,) + b1(u20y, — u10y,) +
+ ag(u30yy + ugOy,) + ba(ugOyy — u30y, );
14. D =2,0, + a1(u10y, + u20y,) + b1(u20y, — u10y,) +
+ a2(u30uy + usOy, ) + ba(ugOyy — u30y,) + UsOu, + wa0y,;
15. D = x,0, + Mu10y, + u20y, + u30y,) + u20y, + u30y, + b0y,;
16. D =x,0, + uaOuy; + b0y, + AM(u10y, + u20y,) + u20y,, b#0;
17. D = 2,0, + u20u, + u30y, + w40y, + b0y, ;
18. D = 2,0, + u20y, + b0y, + 140y, +cOy,, b#0,c#0;
19. D = 2,0, + a(u10u, + u20u,) + b(u20y, — 410u,) + a0y, + cOu,;
20. D ==z,0,.

Theorem 2. System of PDEs (7) is invariant under the conformal group C(1,3) iff
it is equivalent to the following system:

Ou; = i F (ﬂ, u ﬂ) . j=1,2,3,4.
U2 U3 Ug
Proofs of Theorems 1, 2 are carried out with the help of the infinitesimal Lie
algorithm (see, e.g. [2, 5, 6]). Here we present the scheme of the proof of Theorem 1
only.
Within the framework of the Lie method, a symmetry operator for system of PDEs
(7) is looked for in the form

X = &2, u)0y +nj(x,u)0y;, j=1,...,4, (10)

where £, (x,u), 1j(x,u) are some smooth functions.
The necessary and sufficient condition for system of PDEs (7) to be invariant under
the group having the infinitesimal operator (10) reads

X(\:\Uj—l-Fj) B F—o. i1 .“4: 0, j=1,...,4, (11)

where X stands for the second prolongation of the operator X.

Splitting relations (11) by independent variables, we get the Killing-type system
of PDEs for &, . Integrating it, we have:

Eu = 20,908Takg — kugapTats + Cuagaprs +dx, +e,, p=0,...,3,
4
e = Zakjuj +bp(x) — 2gapkazpur, k=1,...,4
j=1

(12)
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Here ko, ¢y = —Cups d, €y, aij are arbitrary constants, by (z) are arbitrary functi-
ons satisfying the following relations:

4 4
> (Z ariur + bi(z) — QQaﬂkawﬁuk> Fju, +0bj(z) +

k=1 \Il=1 (13)

4
+2(d+ Bgagkars)Fj — Y anFy =0, j=1,... 4.
=1

From (12), (13) it follows that system of PDEs (7) is invariant under the Poincaré
group P(1, 3) having the generators (2) with arbitrary Fy, Fy. To describe all functions
Fy, F5 such that system (7) admits the extended Poincaré group ]5(1, 3), one has to
solve two problems:

1) to describe all operators D of the form (10), (12) which together with opera-
tors (2) satisfy the commutation relations of the Lie algebra of the group P(1,3) (see,

e.g. [2])
[Pa’Pﬁ] :O’ [POH']B’Y] :gaﬁp’y_ga'ypﬂa

[Jaﬂa J;w] = gowJB,u + gﬁ,w]ow - ga;u]ﬂu - gﬁuJa;u
[D7Jaﬁ]:0’ [PQ7D]:POC7 a’ﬁ”77u7V:0""73;

2) to solve system of PDEs (13) for each operator D obtained.
On solving the first problem, we establish that the operator D has the form

4 4
D= x#aﬂ —+ Z Z Aij’UJj + Bl aui, (14)

i=1 \j=1

where A;;, B; are arbitrary constants.

As noted above, two operators D and D’ connected by the transformation (8)
(which does not alter the form of the operators P,, J,,,,) are considered as equivalent.
Using this fact we can simplify substantially the form of the operator (14).

On making in (14) the change of variables (8) with §; = 0, we have

e
D' =x,0,+ Z ZA”U; +Bi | 0u,

i=1 \j=1
where
| A1 = lew; [ Asj Il evig |~
. (15)

B; = ZaikBk, i=1,2,3,4.
k=1

As an arbitrary (4 x 4)-matrix can be reduced to a Jordan form by transformation
(15), we may assume without loss of generality that the matrix ||4,;|| is in the Jordan
form. The further simplification of the form of operator (14) is achieved at the expense
of transformation (8) with ay; = 0.

As a result, the set of operators (14) is split into twenty equivalence classes, whose
representatives are adduced in (9).
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Next, integrating corresponding system of PDEs (13), we get P(1,3)-invariant
systems of equations given above.

Note that when proving Theorem 1, we solve a standard problem of the repre-
sentation theory, namely, we describe inequivalent representations of the extended
Poincaré group which are realized on the set of solutions of system of PDEs (7). But
the representation space (i.e., the set of solutions of system (7)) is not a linear vector
space, whereas in the standard representation theory it is always the case. This fact
makes impossible a direct application of the methods of the classical theory of linear
group representations [7].
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