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On the new approach to variable separation
in the time-dependent Schrodinger equation
with two space dimensions

R.Z. ZHDANOV, 1.V. REVENKO, W.I. FUSHCHYCH

We suggest an effective approach to separation of variables in the Schrodinger equation
with two space variables. Using it we classify inequivalent potentials V' (z1, z2) such that
the corresponding Schrodinger equations admit separation of variables. Besides that,
we carry out separation of variables in the Schrddinger equation with the anisotropic
harmonic oscillator potential V' = k1% + ko3 and obtain a complete list of coordinate
systems providing its separability. Most of these coordinate systems depend essentially
on the form of the potential and do not provide separation of variables in the free

Schrodinger equation (V' = 0).

1 Introduction

The problem of separation of variables (SV) in the two-dimensional Schrédinger
equation

WU + Ug 2y + Ugyzy, = V (21, Z2)U (1)

as well as the most of classical problems of mathematical physics can be formulated
in a very simple way (but this simplicity does not, of course, imply an existence
of easy way to its solution). To separate variables in Eq. (1) one has to construct
such functions R(t, ), w1(t, ), wa(t, x) that the Schrodinger equation (1) after being
rewritten in the new variables

o=t z=w(t,z), 2=uw(tx),

v(20,2) = R(t, x)u(t, x) 2)

separates into three ordinary differential equations (ODEs). From this point of view
the problem of SV in Eq. (1) is studied in [1-4].

But no less of an important problem is the one of description of potentials V(x1, z2)
such that the Schrdodinger equation admits variable separation. That is why saying
about SV in Eq. (1) we imply two mutually connected problems. The first one is to
describe all such functions V' (z1,x2) that the corresponding Schrédinger equation (1)
can be separated into three ODEs in some coordinate system of the form (2) (classi-
fication problem). The second problem is to construct for each function V(zy,z2)
obtained in this way all coordinate systems (2) enabling us to carry out SV in Eq. (1).

Up to our knowledge, the second problem has been solved provided V' = 0 [2,
3] and V = aazfz + ﬁx;Q [1]. The first one was considered in a restricted sense
in [4]. Authors using symmetry approach to classification problem obtained some
potentials providing separability of Eq. (1) and carried out SV in the corresponding
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Schrédinger equation. But their results are far from being complete and systematic.
The necessary and suifficient conditions imposed on the potential V(z1,22) by the
requirement that the Schrodinger equation admits symmetry operators of an arbitrary
order are obtained in [5]. But so far there is no systematic and exhaustive description
of potentials V(z1,x2) providing SV in Eq. (1).

To be able to discuss the description of all potentials and all coordinate systems
making it possible to separate the Schrédinger equation one has to give a definition
of SV. One of the possible definitions of SV in partial differential equations (PDEs)
is proposed in our article [6]. It is based on the concept of Ansatz suggested by
Fushchych [7] and on ideas contained in the article by Koornwinder [8]. The said
definition is quite algorithmic in the sense that it contains a regular algorithm of
variable separation in partial differential equations which can be easily adapted to
handle both linear [6, 9] and nonlinear [10] PDEs. In the present article we apply the
said algorithm to solve the problem of SV in Eq. (1).

Consider the following system of ODEs:

d
Z—;io = Up(t, po; A1, A2),
3)
d?py dey d?py dips (
- U b b ; A 7>\ b - U b b ; >\ 7)\ b
dw% 1| W1, ®1 dUJ1 1 2 dw% 2 | W2, Y2 d(.«.)g 1 2

where Uy, Uy, Us are some smooth functions of the corresponding arguments, A1, Ao C
R are arbitrary parameters (separation constants) and what is more

2 2
rank

ou,,
O\

—9 (4)

pn=0 a=1
(the last condition ensures essential dependence of the corresponding solution with
separated variables on A1, Ao, see [8]).

Definition 1. We say that Eq. (1) admits SV in the system of coordinates t, w1 (t,x),
wa(t, ) if substitution of the Ansatz

U = Q(t’m)@o(t)@l (wl(tvm))(pQ (UJQ(t,SC)) (5)

into Eq. (1) with subsequent exclusion of the derivatives dpy/dt, d*¢1/dw?, d*ps/dw?
according to Egqs. (3) yields an identity with respect to o, 1, @2, dei/dws,
d@g/du]g, )\1, )\2.

Thus, according to the above definition to separate variables in Eq. (1) one has

(i) to substitute the expression (5) into (1),
(ii) to exclude derivatives dio/dt, L2, d®p,/dw? with the help of Egs. (3),

’ dwf’
(iii) to split the obtained equality with respect to the variables g, w1, @2, dp1/dws,
dps /dwa, A1, A2 considered as independent.

As a result one gets some over-determined system of PDEs for the functions
Q(t,x), wi(t,x), wa(t,z). On solving it one obtains a complete description of all
coordinate systems and potentials providing SV in the Schrodinger equation. Natural-
ly, an expression complete description makes sense only within the framework of our
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definition. So if one uses a more general definition it may be possible to construct new
coordinate systems and potentials providing separability of Eq. (1). But all solutions
of the Schrédinger equation with separated variables known to us fit into the scheme
suggested by us and can be obtained in the above described way.

2 Classification of potentials V (x1, x3)

We do not adduce in full detail computations needed because they are very cumber-
some. We shall restrict ourselves to pointing out main steps of the realization of the
above suggested algorithm.

First of all we make a remark, which makes life a little bit easier. It is readily
seen that a substitution of the form

Q—Q =QV(w1)Vs(w2),

6
we = wh =Q(we), a=1,2, Ag— AN, =As(M\,X2), a=12, ©)

does not alter the structure of relations (3), (4), and (5). That is why, we can introduce
the following equivalence relation:

(w17w27 Q) ~ (wllvwl% Q/)

provided Eq. (6) holds with some ¥,, Q,, A,.
Substituting Eq. (5) into Eq. (1) and excluding the derivatives dyg/dt, d*py/dw?,
d*py/dw3 with the use of equations (3) we get

i(Qepop1p2 + QUop1p2 + Quitpop1pe + Quarpopipa) + (AQ)pop1p2 +
+ 2Qq, Wiz, 0192 + 2Qq0, Wz, o192 + Q((Awi)popr e +
+ (Aw2)pop192 + Wi, Wiz, PoU1p2 + Wae, waz, Pop1Us +
+ 2w, wag, PoP1$2) = VQpop1p2,

where the summation over the repeated index a from 1 to 2 is understood. Hereafter
an overdot means differentiation with respect to a corresponding argument and A =
o2 +03..

Splitting the equality obtained with respect to independent variables ¢, (o,
dp1/dwy, dps/dws, A1, A2 we conclude that ODEs (3) are linear and up to the
equivalence relation (6) can be written in the form

d

i = (MR (1) + deRa(t) + Ro(t)) 00,

d2

W(p?l = (MBu1(w1) + A2 Bia(wi) + Boi(wr)) 1,
1

d2

W(p; = (MBa1(w2) + A2 Baa(ws) + Boza(w2)) ¢z
2

and what is more, functions wy, we, @ satisfy an over-determined system of nonlinear
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PDEs
(1) wigwoe, =0,
(2) Bia(w1)wiz,wiz, + Baa(w2)woz,woz, + Ra(t) =0, a=1,2,
(3) 2War,Quy, + Qiwar + Awa), a=1,2, (7)
(4)  (Bo1(w1)wiz,wiz, + Bo2(wi)wae,was, )@ +iQr + AQ + Ro(t)Q —
—V(z1,22)Q = 0.

Thus, to solve the problem of SV for the linear Schrodinger equation it is necessary
to construct general solution of system of nonlinear PDEs (7). Roughly speaking, to
solve a linear equation one has to solve a system of nonlinear equations! This is the
reason why so far there is no complete description of all coordinate systems providing
separability of the four-dimensional wave equation [3].

But in the case involved we have succeeded in integrating system of nonlinear
PDEs (7). Our approach to integration of it is based on the following change of
variables (hodograph transformation)

zo=1t, z1=2Z1(t,wi,w2), z2=2Zs(t,wi,ws), vI=2xT1, Uy=Ty,

where zg, z1, 2o are new independent and vy, vy are new dependent variables corres-
pondingly.

Using the hodograph transformation determined above we have constructed the
general solution of Egs. (1)-(3) from Eq. (7). It is given up to the equivalence relation
(6) by one of the following formulas:

(].) w1 = A(t)xl + Wl(t), Wy = B(t)(EQ + Wz(t),

i (A B i (W W.
Q(t, ) = exp {_Z (Zfﬁf + Eﬁ) 3 <71$1 + FZ$2> } ;

1
(2) w1 = 3 In(x? +23) + W(t), wy = arctan ﬂ,
T2

Q(t, ) = exp {—%x? +x§>} ;
1 ®
(3) xr| = §W(t)(w% — wg) + W1 (t), To = W(t)w1w2 + Wg(t),

e
4w
(4) x1 =W(t)coshwy coswy + Wi(t), z2=W(t)sinhw;sinws + Wa(t),

Qt, x) = exp {%

Q(t,x) = exp{ W (1 = W1)? + (22 — W2)?) + %(Wlxl + Wgasg)} ;

(1 = W1)? + (z2 — W2)?) + %(W1$1 + W2$2)} ;

Here A, B, W, Wy, Wy are arbitrary smooth functions on t.

Substituting the obtained expressions for the functions @, wi, we into the last
equation from the system (7) and splitting with respect to variables z1, zo we get
explicit forms of potentials V(z1,22) and systems of nonlinear ODEs for unknown
functions A(t), B(t), W(t), Wi(t), Wa(t). We have succeeded in integrating these
and in constructing all coordinate systems providing SV in the initial equation (1).
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Here we consider in detail integration of the fourth equation of system (7) for the
case 2 from Eq. (8), since computations needed are not so lengthy as for other cases.

First, we make several important remarks which introduce an equivalence relation
on the set of potentials V(x1,x2).

Remark 1. The Schrédinger equation with the potential
V(l‘l,xg) = k121 + koxo + k3 + Vl(kg.%‘l — k‘ll‘g), (9)

where k1, ko, k3 are constants, is transformed to the Schrédinger equation with the
potential

V'(2},25) = Vi(kawy — k1) (10)
by the following change of variables:

t'=t, x =x+1t’k,

j 11
u' = uexp {%(k% + B 4 it (k2 + koxo) + ikgt} . (1)

[t is readily seen that the class of Ansitze (5) is transformed into itself by the
above change of variables. That is why, potentials (9) and (10) are considered as
equivalent.

Remark 2. The Schrodinger equation with the potential

V(zy,x0) = k(22 + 23) + 1 (i—;) (22 +22)7! (12)

with k = const is reduced to the Schrodinger equation with the potential
/

Vo) =i (2) @ o) (13

2

by the change of variables
t'=a(t), ' =ptz, o =uexp{iv(t)(a?+a3)+d(1)},

where (a(t), B(t),7(t),6(t)) is an arbitrary solution of the system of ODEs
4=k B-4v8=0, &—p>=0, d+4y=0

such that 8 # 0.

Since the above change of variables does not alter the structure of the Ansatz (5),
when classifying potentials V(z1,x2) providing separability of the corresponding
Schrodinger equation, we consider potentials (12), (13) as equivalent.

Remark 3. It is well-known (see e.g. [11, 12]) that the general form of the invariance
group admitted by Eq. (1) is as follows

t'=F(t0), z,=g.tx0), a=1,2 v =h(tz 0u+U(tz),

a

where 8 = (01,0s,...,0,) are group parameters and U(t, «) is an arbitrary solution
of Eq. (1).
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The above transformations also do not alter the structure of the Ansatz (5). That
is why, systems of coordinates ¢, 2}, 4 and ¢, 1, x2 are considered as equivalent.

Now we turn to the integration of the fourth equation of system (7). Substituting
into it the expressions for the functions wi, we, @ given by formulas (2) from Eq. (8)
we get

V(er,22) = (Boi(w1) + Boa(wa)) exp{—2(w1 — W)} + i(v'f/ _ W) %
x exp{2(wy — W)} + Ro(t) — iW.

(14)

In the above equality Bo1, Bo2, Ro(t), W (t) are unknown functions to be determi-
ned from the requirement that the right-hand side of (14) does not depend on ¢.
Differentiating Eq. (14) with respect to ¢ and taking into account the equalities

w1t = W? wor =0
we have
W exp{—2(wy — W)}Bo1 + &u(t) exp{2(w1 — W)} + (t) = 0, (15)

where a(t) = i(W —W?), B(t) = Ry — iW.

Cases W = 0 and W # 0 have to be considered separately.

Case 1. W = 0. In this case W = C = const, Ry = 0. Since coordinate systems
w1, we and wy + C, wy + Cy are equivalent with arbitrary constants Cy, Cs, choosing
Cy = —C, Cy3 =0 we can put C' = 0. Hence it immediately follows that

1
V(zy,x2) = [Bm <§ ln(xf + x%)) + Boo (arctan —il )} (:c? + m%)*l,
2

where Byi, Bge are arbitrary functions. And what is more, the Schrédinger equa-
tion (1) with such potential separates only in one coordinate system

1
wi = = In(2? +23), wy = arctan ey (16)
2 T2

Case 2. W # 0. Dividing Eq. (14) into W exp{—2(w; — W)} and differentiating the
equality obtained with respect to ¢ we get

exp{4w1}% (&(W) "' exp{—4W}) + eXp{le}% (BW)~exp{—2W}) =0,

whence
%(a(W)*l exp{—4W}) = 0, %(/B(W)’1 exp{—2W}) = 0.

Integration of the above ODEs yields the following result:
a=Crexp{dW} + Cs, [ =Csexp{2W} + Cy,

where C,, y=1,4 are arbitrary real constants.
Inserting the result obtained into Eq. (15) we get an equation for By

Bor = —4Cy exp{4w } — 2C5 exp{2w1 },
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which general solution reads
By = —Cy exp{dw1} — C5exp{2w; } + Cs.

In the above equality Cs is an arbitrary real constant.

Substituting the expressions for «, 3, Bp1 into Eq. (14) we have the explicit form
of the potential V' (z1,x2)

Vi(xy,x2) = [Bog <arctan ;;1) + 6’5] (22 + 22) 71+ Co(2? + 22) + Cy,
2

where Bgo is an arbitrary function.

By force of the Remarks 1, 2 we can choose Cy; = Cy = 0. Furthermore, due to
arbitrariness of the function Bys we can put C5 = 0.

Thus, the case W # 0 leads to the following potential:

V(z1,72) = Boz (arctan ?) (22 +22)~ 1. 17)
2

Substitution of the above expression into Eq. (14) yields second-order nonlinear
ODE for the function W = W (t)

W — W? = 4C) exp{4W}, (18)
while the function Ry is given by the formula
Ro = ZW + Cg exp{QW}.

Integration of ODE (18) is considered in detail in the Appendix A. Its general
solution has the form
under Cy # 0

W = —% In((at — b)*> — 4C4) + % Ina,
under C;1 =0
W =a—1In(t+b).

Substituting obtained expressions for W into formulas (2) from (8) and taking into
account the Remark 3 we arrive at the conclusion that the Schrédinger equation (1)
with the potential (17) admits SV in two coordinate systems. One of them is the polar
coordinate system (16) and another one is the following:

wy = 1ln(m% +23) — 1ln(t2 +1), wp=arctan Y (19)
2 2 T2
Consequently, the case 2 from Eq. (8) gives rise to two classes of the separable
Schrodinger equations (1).
Cases 1, 3, 4 from Eq. (8) are considered in an analogous way but computations
involved are much more cumbersome. As a result, we obtain the following list of
inequivalent potentials V' (x1,z2) providing separability of the Schrodinger equation.
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(1) V(z1,22) = Vi(z1) + Va(xa);
() V(21,22) = k122 + kow ] + Va(2), k2 # 0;

(1) V(xy,22) = k123 + koxd + ksxy 2 + kaay ?,  ksky #0,
ki + k3 #0, ki # ko

(i)  V(z1,22) = kia? + ko2, kiks #£0;

(iil) V(x1,22) = k1o7? 4 kawy %

(b) V(Z‘h .732) = /4}133% + VQ(QEQ);

(1) V(1 22) = kia} + koxd + kzzy 2, kiks #0, ki # ko
(ii)  V(zi,m2) = kil + koa3, kika #0, ki # ko;
(111) V(l‘l,l‘g) = kll‘% + k2$2_2, kq 75 0;

(2) V(@1,22) = Vi(a? +a3) + Vo(a1/@2) (2] + 23) 7
(a) V (@1, x2) = Va(a1/zo) (2] +23) 71
(b) V (w1, 2) = k(2 + 23) /%, k1 #0;
(3) V(z1,22) = (Vi(w1) + Va(ws))(w? 4+ w3) L, where w? — w3 = 211, wiwy = x9;
(4) V(z1,22) = (Vi(w1) + VQ((.QQ))(sinh2 wy + sin? wy) ™1, where coshw cosws = 771,
sinh wq sinwy = xo;
(5) V(z1,22) = 0.

In the above formulas Vi, V, are arbitrary smooth functions, ky, ko, ks, k4 are
arbitrary constants.

[t should be emphasized that the above potentials are not inequivalent in a usual
sense. These potentials differ from each other by the fact that the coordinate systems
providing separability of the corresponding Schrdodinger equations are different. As
an illustration, we give the Fig. 1, where » = (27 4+ 22)'/2 and by the symbol V),
7 = 1,4 we denote the potential given in the above list under the number 5. Down
arrows in the Fig. | indicate specifications of the potential V(z1,z3) providing new
possibilities to separate the corresponding Schrédinger equation (1).

The Schrodinger equation (1) with arbitrary function V(x1,z2) (level 1 of the
Fig. 1) admits no separation of variables. Next, Eq. (1) with the “root” potentials
V@ (level 2), Vi, V5 being arbitrary smooth functions, separates in the Cartesian
() = 1), polar (3 = 2), parabolic (3 = 3) and elliptic (3 = 4) coordinate systems,
correspondingly. Specifying the functions V4, V2 (i.e. going down to the lower levels)
new possibilities to separate variables in the Schrédinger equation (1) arise. For
example, Eq. (1) with the potential Va(x1/x9)r~—2, which is a particular case of the
potential V(?), separates not only in the polar coordinate system (16) but also in
the coordinate systems (19). The Schrédinger equation with the Coulomb potential
kyr—!, which is a particular case of the potentials V), V(3) separates in two coordi-
nate systems (namely, in the polar and parabolic coordinate systems, see below the
Theorem 4). An another characteristic example is a transition from the potential V(!)
to the potential k22 4 Va(zs). The Schrédinger equation with the potential V(1) ad-
mits SV in the Cartesian coordinate system wy = ¢, w1 = x1, ws = x5 only, while the
one with the potential k22 + Va(x2) separates in seven (k; < 0) or in three (k; > 0)
coordinate systems.
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/

= =

e

ket +kaai? + Va(e) || ket +Va(e) | [ Va(E)r? b ]

kya? + kaxd + kaz? + kgzy” I l kix} + ka3 + kyz3? I

/ /iy

kot + ko ? ] l kyz® + kyzy? I kyzf + kpx} I kiz} + kpz? I

Figure 1.

A complete list of coordinate systems providing SV in the Schrédinger equations
with the above given potentials takes two dozen pages. Therefore, we restrict ourself
to considering the Schrodinger equation with anisotropic harmonic oscillator potential
V (21, 29) = k123 + ko3, ky # kg and Coulomb potential V(x1,x2) = ki (z3 +23)~1/2.

3 Separation of variables in the Schrodinger
equation with the anisotropic harmonic
oscillator and the Coulomb potentials

Here we will obtain all coordinate systems providing separability of the Schrodinger
equation with the potential V(z1,z2) = k12? + kox3

U+ Ug oy + Ugogmy = (k122 + kox2)u. (20)

In the following, we consider the case ky # ko, because otherwise Eq. (1) is
reduced to the free Schrodinger equation (see the Remark 2) which has been studied
in detail in [1-3].
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Explicit forms of the coordinate systems to be found depend essentially on the
signs of the parameters ki, k2. We consider in detail the case, when ky < 0, k3 > 0
(the cases k1 > 0, ko > 0 and k1 < 0, ko < O are handled in an analogous way). It
means that Eq. (20) can be written in the form
%(cﬂx% — Vv z2)u =0, 1)
where a, b are arbitrary non-null real constants (the factor % is introduced for further
convenience).

As stated above to describe all coordinate systems ¢, wy(t, ), wa(t, ) providing
separability of Eq. (20) one has to construct the general solution of system (8) with
V(xy,22) = —(a?x} — b2x3). The general solution of Eqgs. (1)-(3) from Eq. (7) splits
into four inequivalent classes listed in Eq. (8). Analysis shows that only solutions
belonging to the first class can satisfy the fourth equation of (7).

Substituting the expressions for wy, we, @ given by the formulas (1) from (8) into
the equation 4 from (7) with V(z1,22) = —(ax} — b%23) and splitting with respect
to z1, xo one gets

iUt + ullll + ul’zl’z +

Boi(w1) = aqwi + aswi,  Bpa(ws) = f1w3 + Pows,

N o\ 2
(j) - (Z‘) 4 A 4 a® =0, (22)
B\ (B
<§> - <§> —46:B* - b* =0, (23)

él — 291% — 2(20[101 + O[Q)A4 = 0, (24)
. B ,
fy — 202 — 2(26102 + 2) B* = 0. (25)

Here a1, as, (1, B2 are arbitrary real constants.

Integration of the system of nonlinear ODEs (22)-(25) is carried out in the
Appendix A. Substitution of the formulas (A.2), (A.4)-(A.6), (A.8)-(A.11) into the
corresponding expressions 1 from (8) yields a complete list of coordinate systems
providing separability of the Schrodinger equation (21). These systems can be trans-
formed to canonical form if we use the Remark 3.

The invariance group of Eq. (21) is generated by the following basis operators [11]:

Py=0;, I=u0,, M=iudy, Qoo =U(t,x)0,,

Py = coshatd,, + %(xl sinh at)ud,,

1)
Py = cosbtdy, — %(xg sin bt)ud,, (26)
G1 = sinh atd,, + %(:61 cosh at)ud,,

b
Gy = sinbtd,, + %(mz cos bt)ud,,

where U(t,x) is an arbitrary solution of Eq. (21).
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Using the finite transformations generated by the infinitesimal operators (26) and
the Remark 3 we can choose in the formulas (A.4)-(A.6), (A.8), (A.10), (A.11)
C3=Cy =Dy =0, D3 =Dy =0, Cy = Dy = 1. As a result, we come to the
following assertion.

Theorem 1. The Schridinger equation (21) admits SV in 21 inequivalent coordinate
systems of the form

wo=1t, wi=wi(t,x), wy=ws(t,x), (27)

where wy is given by one of the formulas from the first and wy by one of the formulas
from the second column of the Table I.

Table 1. Coordinate systems proving SV in Eq. (21).

w1 (t, @) weo(t, )

1 (sinha(t + C’))_1+a(sinh a(t + C’))_2 2o (sin bt) ! 4 B(sin bt) 2
z1(cosha(t + C))_l—l—a(cosh a(t+ C))_2 xo(B + sin 2bt) ~1/2

x1 exp(Eat) + o exp(£4at) o

21 (v + sinh 2a(t + C’))fl/2

1 (a + cosh 2a(t + C))_l/2

21 (o Jrexp(:I:QCLt))il/2

T

Here C, «, (8 are arbitrary real constants.

There is no necessity to consider specially the case when in Eq. (20) k3 > 0,
ko < 0, since such an equation by the change of independent variables wu(t, z1,z2) —
u(t, z2,21) is reduced to Eq. (21).

Below we adduce without proof the assertions describing coordinate systems provi-
ding SV in Eq (20) with k1 <0, ks <0 and k1 > 0, ks > 0.

Theorem 2. The Schriodinger equation

1

WUy + Uz, gy + Ugoa, + Z(afo + 622 u=0 (28)
with a® # 4b% admits SV in 49 inequivalent coordinate systems of the form (27),
where wy is given by one of the formulas from the first and wy by one of the formulas
from the second column of the Table 2. Provided a®> = 4b*> one more coordinate

system should be included into the above list, namely

wo=1t, wi-—ws=2x;, wwy=s. (29)
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Table 2. Coordinate systems proving SV in Eq. (28).

wi(t, ) wa(t, )

21 (sinha(t + C)) ta (sinha(t + C’))_2 xo(sinh bt)~! + B(sinh bt) 2
z1(cosha(t + C)) o (cosha(t+ C’))72 xa(cosh bt) ™! + B(cosh bt) 2

x1 exp(+£at) + aexp(+4at) x9 exp(xbt) + B exp(L4bt)
z1(a + sinh 2a(t + C))_1/2 x2(3 + sinh 2bt)~1/2

x1 (a+cosh2a(t+0))71/2 x2(3 + cosh 2bt)~1/2

21 (o + exp(+2at)) 1/ z2 (3 + exp(+2bt)) o

T T2

Here C, «, § are arbitrary constants.

Table 3. Coordinate systems proving SV in Eq. (30).

wi(t, ) wo(t, x)

z1 (sina(t + C))_l—i—a(sin a(t + C))_2 xo(sinbt) ! + B(sin bt) 2
1 (6+sin2a(t+0))71/2 xo(3 + sin 2bt) /2

Tl T2

Here C, a, (8 are arbitrary constants.

Theorem 3. The Schrodinger equation

1

WUy + Ugy gy + Uggzy — Z(aZI% + %2 u=0 (30)
with a® # 4b* admits SV in 9 inequivalent coordinate systems of the form (27),
where wy is given by one of the formulas from the first and wy by one of the
formulas from the second column of the Table 3. Provided a® = 4b?, the above list

should be supplemented by the coordinate system (29).

Remark 4. If we consider Eq. (1) as an equation for a complex-valued function u of
three complex variables ¢, 1, zo, then the cases considered in the Theorems 1-3 are
equivalent. Really, replacing, when necessary, a with ia and b by ib we can always
reduce Egs. (21), (28) to the form (30). It means that coordinate systems presented
in the Tables 1, 2 are complex equivalent to those listed in the Table 3. But if u is
a complex-valued function of real variables ¢, x1, o it is not the case.

Theorem 4. The Schrédinger equation with the Coulomb potential
Ut 4 Uy 2y + Ungay — k1 (22 + 23) 720 =0

admits SV in two coordinate systems (16), (29).

[t is important to note that explicit forms of coordinate systems providing separabi-
lity of Eqgs. (21), (28), (30) depend essentially on the parameters a, b contained in
the potential V(z1,x2). It means that the free Schrodinger equation (V' = 0) does not
admit SV in such coordinate systems. Consequently, they are essentially new.
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4 Conclusion

In the present paper we have studied the case when the Schrédinger equation (1)
separates into one first-order and two second-order ODEs. It is not difficult to prove
that there are no functions Q(¢, x), w,(t,«), p = 0,1,2 such that the Ansatz

u = Q(t, )po(wo(t, ))e1 (wi(t, ) s (wa(t, x))

separates Eq. (1) into three second-order ODEs (see Appendix B). Nevertheless, there
exists a possibility for Eq. (1) to be separated into two first-order and one second-order
ODEs or into three first-order ODEs. This is a probable source of new potentials and
new coordinate systems providing separability of the Schrodinger equation. It should
be said that separation of the two-dimensional wave equation

Ut — Uz = V(2)u

into one first-order and one second-order ODEs gives no new potentials as compared
with separation of it into two second-order ODEs. But for some already known
potentials new coordinate system providing separability of the above equation are
obtained [9].

Let us briefly analyze a connection between separability of Eq. (1) and its symmet-
ry properties. It is well-known that each solution of the free Schrédinger equation with
separated variables is a common eigenfunction of two mutually commuting second-
order symmetry operators of the said equation [2, 3]. And what is more, separation
constants A1, Ay are eigenvalues of these symmetry operators.

We will establish that the same assertion holds for the Schrédinger equation (1).
Let us make in Eq. (1) the following change of variables:

u=Q(t,x)U (t,w: (t,x),ws(t,)), (31)

where (Q,w1,ws) is an arbitrary solution of the system of PDEs (7).
Substituting the expression (31) into (1) and taking into account equations (7) we
get

Q(iUt + (lewl - BOl(wl)U)wlxawla:a + (Uwgwg - Boz(wz)U)wzxawzxa) = 0~(32)

Resolving Egs. (2) from the system (7) with respect to wis, w1z, and wo,, wo,, We
have

(R2(t)Bai(w2) — R1(t)Baa(wz)),

Wiz, Wiz, =

S

Wz, Wag, = %(31 (t)Bi2(w1) — RQ(t)Bn(wl)),

where 0 = By (w1)Baa(ws2) — Bi2(w1)Bai(wz2) (6 # 0 by force of the condition (4)).
Substitution of the above equalities into Eq. (32) with subsequent division by
Q@ # 0 yields the following PDE:

Ry (%)
0

iU + (B12(w1) (Uisgws — Boz2(w2)U) — Baz(w2) (Us,w, — Bor(w1)U)) +
(33)

Ra(t) (321(w2)(Uw1w1 - Bo1(w1)U) - Bll(wl)(Uwzwg - 302(w2)U)) =0.

0

+
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Thus, in the new coordinates ¢, wy, wo, U(t,wi,ws) Eq. (1) takes the form (33).
By direct (and very cumbersome) computation one can check that the following
second-order differential operators:

x = 22 g2 ) - P2 2 ).
%, = -2 o ) + P 2, ),
commute under arbitrary Bo,, Bap, a,b=1,2, i.e.
(X1, Xs] = X1 X5 — XoX; = 0. (34)

After being rewritten in terms of the operators Xy, X2 Eq. (33) reads
(i0; — R1(t) X1 — Ry (1) X2)U = 0.
Since the relations
[i0, — R1(t) X1 — Ro(t) X2, X,] =0, a=1,2 (35)

hold, operators X;, X, are mutually commuting symmetry operators of Eq. (33).
Furthermore, solution of Eq. (33) with separated variables U = ¢q(t)¢1(w1)p2(w2)
satisfies the identities

X U=XAU, a=12 (36)

Consequently, if we designate by X;, X} the operators X;, X5 written in the
initial variables ¢, x, u, then we get from (34)-(36) the following equalities:

[i0 + A = V(zy,32), X,] =0, a=1,2,
[X1,X3] =0, Xou=Xu, a=1,2.

where u = Q(t, )0 (t)e1(w1)p2(w2).

[t means that each solution with separated variables is a common eigenfunction of
two mutually commuting symmetry operators X, X of the Schrédinger equation (1),
separation constants A;, Ay being their eigenvalues.

Detailed study of the said operators as well as analysis of separated ODEs for
functions ¢,, = 0,2 (in the way as it is done for the free Schrédinger equation in
[2, 3]) is in progress and will be a topic of our future publications.
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Appendix A. Integration of nonlinear ODEs (22)-(25)

Evidently, equations (22)-(25) can be rewritten in the following unified form:

o\ - LN\ 2
(E) _ (Q) oyt =k, i—2:L 2202+ Byt =0. (A1)
Yy Y Yy
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Provided k = —a® < 0, system (A.1) coincides with Egs. (22), (24) and under
k=1b*>> 0 - with Egs. (23), (25).

First of all, we note that the function z = z(t) is determined up to addition of an
arbitrary constant. Really, the coordinate functions w, have the following structure:

Weg =YTq+2, a=12.

But the coordinate system ¢, wi, ws is equivalent to the coordinate system ¢,
wi + O, wa + Co, C, € R, Hence it follows that the function z(t) is equivalent to
the function z(¢) + C' with arbitrary real constant C. Consequently, provided « # 0,
we can choose in (A.l1) 8 =0.

The case 1. o = 0. On making in (A.1) the change of variables

w=yly, v=2z/y (A2)

we get
w=w?+k, U+ kv=208y5 (A3)
First, we consider the case k = —a? < 0. Then the general solution of the first

equation from (A.3) is given by one of the formulas
w = —acotha(t +Cy), w= —atanha(t+Cy), w==+a, C;€RY
whence

y = Cosinha(t+Cy), y=Cycosha(t+Cy),

(A4)
y = Cyexp(+at), Co, € RL

The second equation of system (A.3) is a linear inhomogeneous ODE. Its general
solution after being substituted into (A.2) yields the following expression for z(t):

4

(C3 cosh at + Cysinh at) sinh ™ a(t 4+ Cy) + 5;;2 sinh ™2 a(t + C)),

4
(C3 coshat + Cysinh at) cosh™ a(t + Cy) + ﬁa% cosh™2a(t + C)), (A5)

4
(C5 cosh at + Cy sinh at) exp(+at) + % exp(+4at), C3,Cy C R

The case k = b*> > 0 is treated in an analogous way, the general solution of (A.1)
being given by the formulas

y = Dysin™ ' b(t + Dy),
4 (A6)

D
z = (Dscosbt + Dysinbt)sin~ ' b(t + D;) + ﬁbzz sin~2b(t + D),

where Dy, Dsy, D3, Dy are arbitrary real constants.
The case 2. a # 0, 8 = 0. On making in Eq. (A.1) the change of variables

y=expw, v=2z/y

we have

W —w?=k+aexpdw, 4+ kv=0. (A7)
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The first ODE from Eq. (A.7) is reduced to the first-order linear ODE

1 dp(w) _
3 dw —p(w) =k + aexpdw

by the substitution w = (p(w))'/?, whence
p(w) = aexpdw +yexp2w — k, € R

Equation w = (p(w))'/? has a singular solution w = C' = const such that p(C') = 0.
If w # 0, then integrating the equation w = p(w) and returning to the initial variable
y we get

y(t) dr
=t+C.
/ T(art + 472 — k)12 o

Taking the integral in the left-hand side of the above equality we obtain the general
solution of the first ODE from Eq. (A.1). It is given by the following formulas:
under k = —a® <0

y = Co(a + sinh2a(t + Cl))fl/z,
y = Cy (a + cosh 2a(t + C’l))_1/27 (A8)

y=Co(a+ exp(:t2at))_1/2,
under k =0b%>0
y = Dy(a+sin2b(t + Dy)) /7. (A9)

Here C1, Co, Dy, Dy are arbitrary real constants.

Integrating the second ODE from Eq. (A.7) and returning to the initial variable z
we have
under k= —a®> <0

z = y(t)(Cs cosh at + Cy sinh at) (A10)

under k=% >0

z = y(t)(D3 cosbt + Dy sinbt), (A1l)

where C3, Cy, D3, Dy are arbitrary real constants.
Thus, we have constructed the general solution of the system of nonlinear ODEs
(A.1) which is given by the formulas (A.5)-(A.11).

Appendix B. Separation of Eq. (1)
into three second-order ODEs

Suppose that there exists an Ansatz

u = Q(t,x)po(wo(t, ))p1 (wi(t, &) 2 (wa(t, z)) (A12)
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which separates the Schrédinger equation into three second-order ODEs

d2 d d> d
Ll = Uy (Wo;¢07%;A17A2), ol =U; <w17§0176ﬁ;)\17>\2>7

dw? dwy dw? (A13)
@2 =Us | wa, ¢ dpz, A1, A
dw% 2 2, ¥2, d(UQ y ALy A2

according to the Definition 1.
Substituting the Ansatz (A.12) into Eq. (1) and excluding the second derivatives
@y /dw?, = 0,2 according to Eqs. (A.13) we get

i(Qrpop1p2 + Quorpopipe + Quirpoprpe + Quarpopie) + (AQ)pop1pa +
+2Qq¢, woz, Pop1v2 + 2Qz, Wiz, PoP1p2 + 2Qz, w2z, PoP1P2 +
+ Q((Awo)pop1p2 + (Awr)pop1p2 + (Aws)pop1$2 + woz,woz, Uoprp2 +
+ Wiz, Wiz, PoU1P2 + waz, waz, Po1Uz + 2wWoe, Wix, PoP1$2 +
+ 2W0, Waz, POP1P2 + 2Wia, Wz, PoP1$2) = VQ@op1pa.

Splitting the above equality with respect to ¢op1, Pop2, P1H2 we obtain the
equalities:

Woz, Wiz, = 07 Woz, W2z, = Oa Wiz, W2z, = 0. (A14)

Since the functions wy,, p = 0,2 are real-valued, equalities (A.14) mean that there
are three real two-component vectors which are mutually orthogonal. This is possible
only if one of them is a null-vector. Without loss of generality we may suppose that
(Woz, » Wozs) = (0,0), whence wy = f(t) ~t.

Consequently, Ansatz (A.12) necessarily takes the form (5). But Ansatz (5) can
not separate Eq. (1) into three second-order ODEs, since it contains no second-order
derivative with respect to t.

Thus, we have proved that the Schrodinger equation (1) is not separable into three
second-order ODEs.
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