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Conditional symmetry and new classical
solutions of the Yang—Mills equations

R.Z. ZHDANOV, W.I. FUSHCHYCH

We suggest an effective method for reducing the Yang—Mills equations to systems of
ordinary differential equations. With the use of this method we construct the extensive
families of new exact solutions of the Yang—Mills equations. Analysis of the solutions
thus obtained shows that they correspond to the conditional (non-classical) symmetry
of the equations under study.

1 Introduction

A majority of papers devoted to construction of explicit form of the exact solutions of
SU(2) Yang—-Mills equations (YMEs)

0,0" A, — 0"0,A, + ¢((0,A,) x A, —2(0,A,) x A, +

I
F(O"A,) x AY) + €A, x (A” x A,) =0 )

are based on the ansidtze for the Yang-Mills field A,(x) suggested by Wu and
Yang, Rosen, 't Hooft, Corrigan and Fairlie, Wilczek, Witten (see [1] and references
therein). There were further developments for the self-dual YMEs (which form the
first-order system of nonlinear partial differential equations such that system (1) is its
differential consequence). Let us mention the Atiyah—Hitchin—Drinfeld—Manin method
for obtaining instanton solutions [2] and its generalization due to Nahm. However,
the solution set of the self-dual YMEs is only a subset of solutions of YMEs (1)
and the problem of construction of new non self-dual solutions of system (1) is, in
fact, completely open (see, also [1]). As the development of new approaches to the
construction of exact solutions of YMEs is a very interesting mathematical problem,
it may also be of importance for physics. The reason is that all famous mathematical
models of elementary particles such as solitons, instantons, merons are quite simply
particular solutions of some nonlinear partial differential equations.

A natural approach to construction of particular solutions of YMEs (1) is to utilize
their symmetry properties in the way as it is done in [9, 10, 16] (see, also [15],
where the reduction of the Euclidean self-dual YMEs is considered). The apparatus
of the theory of Lie transformation groups makes it possible to reduce system of
partial differential equations (PDEs) (1) to systems of nonlinear ordinary differential
equations (ODEs) by using special ansdtze (invariant solutions) [10, 18, 20]. If one
succeeds in constructing general or particular solutions of the said ODEs (which is
an extremely difficult problem), then on substituting the results in the corresponding
ansitze one gets exact solutions of the initial system of PDEs (1).

Another possibility of construction of exact solutions of YMEs is to use their condi-
tional (non-Lie) symmetry (for more details about conditional symmetry of equations
of mathematical physics, see [6, 8] and also [10, 12]) which has much in common with
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a “non-classical symmetry” of PDEs by Bluman and Cole [3] (see also [17, 19]) and
“direct method of reduction of PDEs” by Clarkson and Kruskal [4]. But the prospects
of a systematic and exhaustive study of conditional symmetry of system of twelve
second-order nonlinear PDEs (1) seem to be rather remote. It should be said that so
far there is no complete description of conditional symmetry of the nonlinear wave
equation even in the case of one space variable.

A principal idea of the method of ansdtze, as well as of the direct method of
reduction of PDEs, is a special choice of the class of functions to which a possible
solution should belong. Within the framework of the above methods, a solution of
system (1) is sought in the form

A, =H,(z,B,(w(z))), p=0,3,

where H,, are smooth functions chosen in such a way that substitution of the above
expressions into the Yang-Mills equations results in a system of ODEs for “new”
unknown vector-functions B,, of one variable w. However, the problem of reduction
of YMEs posed in this way seemed to be hopeless. Really, if we restrict ourselves to
the case of a linear dependence of the above ansatz on B,

A,(z) = Ry (2)BY (w), (2)

where B, (w) are new unknown vector-functions, w = w(z) is a new independent
variable, then a requirement of reduction of (1) to a system of ODEs by virtue of (2)
gives rise to a system of nonlinear PDEs for 17 unknown functions R,,, w. What is
more, the system obtained is no way simpler than the initial Yang—Mills equations (1).
It means that some additional information about the structure of the matrix function
R,,, should be input into the ansatz (2). This can be done in various ways. But the
most natural one is to use the information about the structure of solutions provided
by the Lie symmetry of the equation under study.

In [11] we suggest an effective approach to the study of conditional symmetry of
the nonlinear Dirac equation based on its Lie symmetry. We have observed that all
Poincaré-invariant ansitze for the Dirac field ¥ (x) can be represented in the unified
form by introducing several arbitrary elements (functions) wj(x),uz(x),...,un(x).
As a result, we get an ansatz for the field () which reduces the nonlinear Dirac
equation to system of ODEs provided functions u;(z) satisfy some compatible over-
determined system of nonlinear PDEs. After integrating it, we have obtained a number
of new ansdtze that cannot in principle be obtained within the framework of the
classical Lie approach.

In the present paper we will demonstrate that the same idea proves to be fruitful
for obtaining new (non-Lie) reductions of YMEs and for constructing new exact
solutions of system (1).

2 Reduction of YMEs

In the paper [16] we have obtained a complete list of P(1,3)-inequivalent ansitze
for the Yang—Mills field which are invariant under the three-parameter subgroups of
the Poincaré group P(1,3). Analyzing these ansédtze we come to conclusion that they
can be represented in the unified form (2), where B, (w) are new unknown vector
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functions, w = w(z) is a new independent variable and functions R, (x) are given by
the formulae

R, (z) = (aua, — d,dy,) cosh 6y + (a,d, — dya,)sinh 8y + 2(a, + d,) x
X [(61 cos 03 + 0 sin 03)b,, + (02 cos 5 — 01 sinbs)c, +
+ (62 + 603)e=%(a, + d,)] — (cucy + buby) cos b3 —
— (cuby — bycy)sinbs — 26_90(91% + 02c,)(ay +dy).

3

In (3) 0,(x) are some smooth functions and what is more 6, = 6,(§,b,2", c x’),

a =12 ¢ = 1k,a* = Laua" + du2t); ay, by, cu, d,, are arbitrary constants
satisfying the following relations:
ayat = —b, b = —c,c* = —d,d" =1,

a,bt =a,ct =a,dt =0, =b,d" = c,dt = 0.

Hereafter, summation over the repeated indices from O to 3 is understood. Rai-
sing and lowering of the indices is performed with the help of the tensor g,, =
diag(1,—1,-1,-1), e.g. R} = gaplp,.

A choice of the functions w(z), 6,(x) is determined by the requirement that
substitution of the ansatz (2) in the YMEs yields a system of ODEs for the vector
function B, (w).

By the direct check one can convince one self that the following assertion holds
true.

Lemma. Ansatz (2), (3) reduces YMEs (1) to system of ODEs iff the functions w(x),
0,.(x) satisfy the following system of PDEs:

W, Wen = F1(w), (4a)
Ow = Fy(w), (4b)
Ropwz, = Gu(w), (4¢)
Rope, = Hu(w), (4d)
RS Ry = Quu(), (4e)
RIOR,, = S (w), (41)
R Rovag Ry + Ry Rorvey Ry + B Ropa s Bpy = Ty (@), (42)

where Fy, F», G, ..., T,y are some smooth functions, p,v,vy = 0,3. And what is

more, a reduced equation has the form
kyuy BY + 1y B +myuy BY + €quyB” x BY + ¢h,,,,B” x BY + )
+¢2B, x (B" x B,) =0,

where
kuy = guyF1 — GGy,
Ly = gy Fa +2Q,, — G, H, — GG,
Myy = Spy — GuH’yv (6)
Quvy = 9urGo + 9y G — 29, Gy,

1
by~ = §(QWHV = G Hy) — Ty



454 R.Z. Zhdanov, W.I. Fushchych

Thus, to describe all ansédtze of the form (2), (3) reducing the YMEs to a system
of ODEs one has to construct the general solution of the over-determined system of
PDEs (3), (4). Let us emphasize that system (3), (4) is compatible, since the ansédtze
for the Yang-Mills field A, (z) invariant under the three-parameter subgroups of the
Poincaré group satisfy equations (3), (4) with some specific choice of the functions
Fi, Fy, ..., T, [16].

Integration of system of nonlinear PDEs (3), (4) demands a huge amount of
computations. That is why we present here only the principal idea of our approach to
solving the system (3), (4). When integrating it we use essentially the fact that the
general solution of system of equations (4a), (4b) is known [13]. With w(z) already
known we proceed to integration of linear PDEs (4c), (4d). Next, we substitute the
results obtained in the remaining equations (4) and get the final form of the functions
w(z), 0,(z).

Before presenting the results of integration of system of PDEs (3), (4) we make
a remark. As the direct check shows, the structure of the ansatz (2), (3) is not altered
by the change of variables

w—w =T(w), 0y— 0)="00+To(w),

1 — 0 = 01 + % (T (w) cos 05 + To(w) sin 6s),
b — 0 = 05 + % (Tp(w) cos 05 — Ty (w) sin B5),
05 — 05 = 03 + Ts(w),

()

where T'(w), T,,(w) are arbitrary smooth functions. That is why, solutions of system
(3), (4) connected by the relations (7) are considered as equivalent.

Integrating the system of PDEs within the above equivalence relations we obtain
the set of ansdtze containing the ones equivalent to the Poincaré-invariant ansitze.
We list below the corresponding expressions for the functions 8, w:

0,=0, w=d-ux; (8a)
0,=0, w=a-z; (8b)
0,=0, w=k- (8c)

Op=—Inlk-z|, 01 =0=0, 03=alnlk-z|,

w=(a-a) = (d- 2 &Y
Op=—Inlk-z|, 6=0=05=0, w=c-uz; (8e)
Op=-b-z, 01=0,=035=0, w=c-uzx; (81)
bo=-b-z, 6=0,=05=0, w=b-z—1Inlk-x|; (8g)
0o = aarctan(b- z/c-x), 61 =02=0,

03 = —arctan(b-z/c-x), w=(b-z)%+ (c-2)? (8h)
0p=01=0=0, O3=—a-z, w=d-u; (81)

0p=60,=0,=0, O35=d-z, w=a-ux; (8j)
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0p =0, =0,=0, 932—%]6-1}, w=a-r—d-x; (8k)
1

0o =0, 91:§(b-w—ac-x)(k-x)_1, Oy =05=0, w=k-ux; (81)
1

90:92:93:0, 91:§C~CL‘, w:k-x; (81’1’1)
1 2

90:92:93:0, 91:—116-1}, w:4bx+(kx), (81’1)
1

Oy = 03 = 03 =0, le—ik-x, w=4(ab-z—c-z) +alk-z)% (80)

902—1n|k~x|, 91:6‘2:0,
_ _ 2 2, (8p)
03 = —arctan(b-z/c-x), w=(b-z)*+ (c-x)%

By =03 =0, 91:l(c~x+(a+k~x)b-x)(l+k~x(a+k-x))_1,

. 2 (8q)
92:—é(b'iﬂ—C’xk'iﬂ)(l+k~$(0¢+/€'l’))717 w=k-x

1
90:—ln|k~x|, 01:§b'$(k}'$)71, 92:03:07 (8r)
w=(a-2)%—(b-2)2—(d )%

1 -1
0o =—Inlk - x|, 91:§b~x(k~x) , 0=03=0, w=c-m; (8s)
b= —Inlk-a|, 0=—b-a(k-2)"", 0= 05—
0o — n xa 1_2 z z bl 2—U3 =Y (8t)
w=llk-z|—c-
bo=—Inlk-al, 0==(b-o—Inlk- o))
o=—lk-z[, 6 =g0b-r-Inlk -z x) !, (8u)
0o =0;=0, w=alnlk -z|—c-xz;
0p = —In|k - z| o, = Ly (k-2)7! R (k-x)!
o=—llk-zf, 6r=gb-a(k-2)"", Or=gc alk-2)", (8v)

O3 =alnlk-z|, w=(a-2)>=(b-2)*=(c-2)>—(d- z)?

where a - = stands for a,o" and « is an arbitrary real constant.

We do not consider reduction of YMEs with the help of the above ansitze, because
it is studied in a great detail in [16].

We concentrate on the cases when the new (non-Lie) ansitze are obtained. It
occurs that the procedure described gives rise to non-Lie ansitze provided the func-
tions w(x), 6,(x) within the equivalence relations (7) have the form

9/1. = 0}1.(67 bul'yycl/xu)a W = w(f, buxyycl/mu)~ (9)
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The list of inequivalent solutions of system of PDEs (3), (4) satisfying (9) is
exhausted by the following solutions:

1
Op=05=0, w=zk-z, 0 =we(&)b-z+wi(§c-x,

2 (10a)
O = wa (&)b - x + w3(§)c - x;
w=b-z+wi(§), O =alc-z+w(f)),
1. (10Db)
ea:*Zwa(E)a a:1727 93:03
O =T(&), 03=wi(§), w=b-xcoswy+c-zsinw; + wy(§),
0, = <i(seT +T)(b-zsinw, — ¢ xcosw) +w3(§)> sinwy +
++%(u')1(b~xsinw1 — ¢ xzcoswy) *11:)2) cos w, (10¢)
0y = — (i(EeT +T)(b~xsinw1 —c-xcoswy) +w3(§)) cos wy +
+ i(wl(ha)sinwl —c-xcoswy) — wz) sinwy;
0o =0, 03= arctan([c sz 4w ()b x4+ wl(f)]_l),
10d
o= —qi(®), a=12 w=(b-z+w(@F + o +us(@))" 100

Here a # 0 is an arbitrary constant, ¢ = +1, wg, w1, we, ws are arbitrary smooth
functions on § = 3k -z, T =T(£) is a solution of the nonlinear ODE

(T + eeT)? +i? = 2?7, e R, (11)

where a dot over the symbol denotes differentiation with respect to &.
Substitution of the ansatz (2), where R, (x) are given by formulae (3), (10), in
the YMEs yields systems of nonlinear ODEs of the form (5), where

1
by = =g huky,  lyy = —(wo + wy)kyky,

My = —4 (w§ + wi + w3 + wi)kukv — (o + w3)kuky,

1 12
Quvy = §(gu’vkv + Guvkp = 29uky), (122)

Py = (Wo + w3)(gur kv — guvky) +
+2(wy — wg)((k’ub,, — kuby) ey + (bucy — bycp)ky + (cuky — cykﬂ)by);

Kuy = =Gy = bubys Ly =0, myy = —a*(apay — dyuds,),
Quvy = Guybw + Gur by = 29by, (12b)
Py = a((aud,, — aydy)ey + (ducy — dyey)ay + (cpan — Cvau)d7)3
€ P
kuy = =Guy = buby, Ly = —§bukva My~y = —Zkukq,

c (12¢)
Quvy = Guyby + Gurby — 29,00y, Ppwy = Z(gmkv — Guvky);
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kuy = =guy = buby, Ly = _W_l(gw +buby), My = _w_%ﬂcw
(12d)

1 _
Quvy = Guvbo + Gurby — 29,0by,  hyny = 5” 1(9u7bv — Guby)-

3 Exact solutions of the nonlinear
Yang—Mills equations

The systems (5), (12) are systems of twelve nonlinear second-order ODEs with vari-
able coefficients. That is why there is a little hope to construct their general solutions.
But it is possible to obtain particular solutions of system (5) whose coefficients are
given by expressions (12b)—(12d).

Consider, as an example, system of ODEs (5) with coefficients given by the
expressions (12b). We seek its solutions in the form

B, = kuelf(w) + bueQQ(w)v fg#0, (13)

where e; = (1,0,0), e2 = (0,1,0).
On substituting the expression (13) into the above mentioned system we get

ft(a?=eg)f =0, fi+2fg=0. (14)
The second ODE from (14) is easily integrated to give
g=M"2 XeR!, X#O. (15)

Substitution of the result obtained in the first ODE from (14) yields the Ermakov-
type equation for f(w)

Fra?f—e2Nf3 =0,
which is integrated in elementary functions [14]
f=(a2C*+a ?(C* - a2e2 X%/ 2 sin 2\a|w)1/2. (16)

Here C # 0 is an arbitrary constant.
Substituting (13), (15), (16) into the corresponding ansatz for A,(z) we get the
following class of exact solutions of YMEs (1):

A, = ek exp (—ac-z — aws) (@ 2C? + a~2(C* — a?e?A?)1/2 x

x sin 2|a|(b - x + wl))l/2 +e\ (@20 a7t - a2e2\2)1/2

- 1
x sin2|a|(b - z + wy)) ! <bﬂ + Qkuwl) .

In a similar way we have obtained five other classes of exact solutions of the
Yang-Mills equations
A, =eikye T(b-zcoswy + - wsinwy 4+ w2)?Zy 4 ((ieA/2)(b - 2 coswy +
+ ¢ - xsinw; —|—w2)2) + ex) (b-zcoswy + ¢ xsinwy + wy) X
x (¢, coswy — by sinwy + 2k, [(1/4)(ce” + T)(b- zsinw, —

—c-zcoswy) + wsl);
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A, = elkﬂe*T (C1 coshleA(b- zcoswy + ¢+ xsinwy + we)] + Co sinh[eX x
X (b-xcoswy + ¢ xsinwy + wg)]) + 62)\(0# coswi — by sinwy +
+ 2k, [(1/4)(ee” + T)(b- xsinw, — ¢ - xcoswy) + wg));

A, = elkue_T (CQ(b ~xcoswy + ¢ xsinwy +ws)? + )\2620_2)1/2+

+ eg)\(C’z(b -xcoswy + ¢ rsinwy + w2)2 + )\262672)71X
x (by coswy + ¢y sinwy — (1/2)k, [y (b zsinwy — ¢ xcoswy) — wa]);
A, = ek, Zo((ieX/2)[(b-z+wi)?* + (c- x4+ w2)?]) + eaA(cu (b + wy) —
—bu(c-x+ws) — (1/2)k,[wn (c- x + wa) — wa(b-z+ wl)});
A, = elkju(C’l[(b cx 4+ wl)2 +(c-z+ 11)2)2}‘3)‘/2 +Csol(b-x+ w1)2 +
+ (e x4+ w2)? M) +ea[(b- x4+ wi)? + (e a +we)?] ! %
X (cu(b- x4+ w1) = bu(c-z+wa) — (1/2)k, [ (¢ -z + wa) —
—a(b-z 4+ wy))).
Here C1,C5,C # 0, X are arbitrary parameters; wi, wsg, ws are arbitrary smooth
functions on £ = %k ~x; T =T(&) is a solution of ODE (11). In addition, we use the
following notations:
k-z=Fkux*, ©b-x=>by", c-z=cua,
Zs(w) = C1Js(w) + CoY4(w), e =(1,0,0), e =(0,1,0),
where J,, Yy are the Bessel functions.
Thus, we have obtained broad families of exact non-Abelian solutions of YMEs (1).

[t can be verified by direct and rather involved computation that the solutions obtained
are not self-dual, i.e. that they do not satisfy self-dual YMEs.

4 Conclusion

Let us say a few words about symmetry interpretation of the ansitze (2), (3), (10).
Consider as an example, the ansatz determined by expressions (10a). As a direct
computation shows, generators of a three-parameter Lie group G leaving it invariant
are of the form

3

Q1 =kaOn, Q2 =0b,00 —2lwo(kub, — k,b,) +wa(kuc, — kuey)] E A0 pan,
a=1
(17)

3
Qs = calo — 2w (kuby — kyby) + ws(kucy — kyey)] Y | A0 pan.
a=1
Evidently, the system of PDEs (1) is invariant under the one-parameter group G ha-
ving the generator ;. But it is not invariant under the groups having the generators
@2, Q3. Consider, as an example, the generator Q2. Acting by the second prolongation
of the operator Q2 (which is constructed in a standard way, see e.g. [18, 20]) on the
system of PDEs (1), after some tedious algebra we obtain the following equality:

Q2L, = Q(wo(k#bu —kyby) +wa(kye, — kucﬂ))L” +
2

18
+ 2(’100(]43#[7,/ — kyb#) + u')g(k#cy — kycﬂ))QlAV — ( )



Conditional symmetry and new classical solutions of the Yang-Mills equations 459

— 0" ((woby + wacy) Q1A — ky (wo Q2 A” + waQ3AY)) —

- (U)Obu + wQC,u)aquAv - le (w0(wobv + 'LU2CV) +
+ wo (w1 b, + wgcl,))QlA” + e((wobu + woc, ) Q1A —
— ky (woQ2AY + wyQ3A”)) x A, + 2e(wob, A” + wac, AY) X Q1 A, —

— 2ek, A x (woQ2A, +w2Q3A,) +eA, x (wob, + wac,)Q1A” —
— ekuA,, X (’LU()QQAV “+ ’nggAV).

In the above expressions we use the designations

L,=0,00A,—0"0,A, +¢((0,A)) x A, —2(0,A,) x A, +
+(0"A,) x AY) + %A, x (A" x A,),

Q1A = kaOuA,,

Q2A, = b0, A, + 2(w0(kubl, — kyby) +walkuc, — lc,,c,b))A”7

Q3A, = ca0. A, + 2(w1(kubl, — kyby) +ws(kuc, — k:l,cM))A”

and by the symbol ()2 we denote the second prolongation of the operator Q5.
2

As underlined terms in (18) do not vanish on the set of solutions of YMEs,
system of PDEs (1) is not invariant under the Lie transformation group Gs having
the generator Q2. On the other hand, system

L,=0, Q,A,=0, a=1,23

is evidently invariant under the group Gs. The same assertion holds for the Lie
transformation group G having the generator )3. Consequently, the YMEs are con-
ditionally-invariant with respect to the three-parameter Lie transformation group G =
G1 ® G2 ® G3. This means that solutions of the YMEs obtained with the help of the
ansatz invariant under the group with generators (17) can not be found by means of
the classical symmetry reduction procedure.

As rather tedious computations show, the ansdtze determined by the expressions
(10b)-(10d) also correspond to conditional symmetry of YMEs. Hence it follows, in
particular, that the YMEs should be included into the long list of mathematical and
theoretical physics equations possessing non-trivial conditional symmetry [7].

Another interesting observation is that specifying the arbitrary functions contained
in non-Lie ansdtze in an appropriate way, one can obtain some Lie ansitze. Really,
expressions (8¢), (81), (8m), (8q) are particular cases of expressions (10a), expressions
(8a), (8e), (8f), (8g), (8n), (80), (8s), (8t), (8u) are particular cases of expressions
(10b), (10c) and expressions (8h), (8p) are particular cases of the expressions (10d).
So if we denote the invariant solutions of the Yang—-Mills equations symbolically by
the dots in some space of solutions of system of PDEs (1), then some of them can be
connected by curves which are conditionally-invariant solutions! Thus, at the first the
distinct glance solutions are the particular cases of more general solutions. A similar
assertion holds for the nonlinear wave [13] and the Dirac [11] equations. On the other
hand, some invariant solutions (namely those determined by expressions (8b), (8d),
(8i), (8j), (8k), (8r), (8v)) can not be connected with other solutions by the curve
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which is a conditionally-invariant solution of the form (10). A possible explanation of
this fact is that there exist more general conditionally-invariant solutions of YMEs.

The above picture admits an analogy with a case when equation under study has
general solution. In that case, each two solutions can be connected by a curve which
is a solution of the equation. The only exceptions are the singular solutions which
are obtained by some asymptotic procedure. So one can guess that there exists such
collection of conditionally-invariant solutions of YMEs that the majority of invariant
solutions are their particular cases and the remaining ones are obtained from these by
an asymptotic procedure. However, this problem so far is completely open and needs
further investigation.

One last remark is that the procedure suggested yields also some well-known exact
solutions of YMEs. For example, the ansatz for the Yang-Mills field determined by
expressions (2), (3) and (8v) gives rise to the meron and instanton solutions of the
system (1), originally obtained with the help of the Ansatz suggested by 't Hooft [21],
Corrigan and Fairlie [5] and Wilczek [22] (for more details, see [16]).
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