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Symmetry and exact solutions
of multidimensional nonlinear
Fokker—Planck equation

W.I. FUSHCHYCH, V.I. CHOPYK, V.P. CHERKASENKO

Posrisinaetscs HeqiHiliHe piBHAHHS Pokkepa—IlnaHka. 3a paxyHOK HakJ/alaHHS Ha Koe-
¢inienTn ¢yHKuUii HesiHiAHOI NONATKOBOI YMOBH BJaJOCh 3HAYHO PO3LUHPHUTH CHUMETPil0
piBusinHg Dokkepa-Ilnanka. JlocnifkeHO YMOBHY CHMeTpil0, MPOBENEHO PeNyKLil Ta
3HaUIeHO JesiKi TOUHi PO3B’A3KH 11bOTO PiBHSHHSA.

1. Let us consider equation
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where p(t,%), © = (z1,...,2n), Ai(t,Z), Bi(t,Z), F(p) are smooth real functions.

If F(p) =0, (1) coincides with classical linear Fokker—Planck equation (FPE), which
finds broad application in the theory of Markov processes. In this case [1] p is the
conditional probability density, A= (A1, As, ... A,) is a drift velocity vector, By are
elements of diffusion matrix B(t,) = || Bix||}'=; -

In the cases, when (1) (for F(p) = 0) is equivalent to the linear heat equation, it
is possible to use effectively group-theoretical analysis methods to construct solutions
of the linear FPE [2]. In other cases equation (1) for fixed Ay and By, as a rule, has
no nontrivial symmetry. Thus, it is impossible to apply to it symmetry methods [3].

In [4] a new interpretation for the equations like (1) was proposed, it opens
wide possibilities for application of group-theoretical methods. The idea consists in
complementing (1) with equations for coefficient functions Ay and B;j. That is we add
to (1) some system of equations for Ay and B, (1) turns out then to be a nonlinear
system (even if F'(p) = 0). Such an extended system, as we show, can have a nontrivial
symmetry which is used to construct exact solutions of equation (1).

Therefore our paper is based on the idea of nonlinear extension of equation (1).

2. We require the components of the vector A to satisfy conditions having the
form of Euler’s equation for the ideal liquid

0Ay 0A,
—— 4+ A —— = F.(p). 2
ot + l@xl k(p) 2)
For the potential flow when Ay = 87@ F, = 8%(”), and B;, = D (D = const > 0)
oxy, Tk

equations (1) and (2) can be written as

D
po+ papa + pPAY — - Ap = F(p), (3)
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1
Yo + 590(190(1 = Fl(P), (4)

where pg = %, 29 =t, P = 887“", a = 1,n. Thus we tend to investigate symmetry

properties and to construct families of solutions for (3), (4).
3. We assume D to be nonvanishing.

Theorem 1. Equation (3) for D > 0 is invariant under the following algebras:
1) Ay = (Py, Jup, X4, Y, P,), where

0 0
P0_8—xo’ Pa—8—%7 Jab = o Py — 23 Py, {a’b}—l,m
, 0 0
Xo = ga(20)Pa + 9o (20)Tam~, Y = h(zo)

dp

(94, h are arbitrary smooth functions) for an arbitrary F(p);
2) Ay = (A1, D), where the operator of scale transformations D has the form

%7

2
D:2$0P0+IGPG—EI,

where I = pa%, for = \p**L, k #£0;

3) As = (As, A), where the operator of projective transformations A has the form
29
2 Oy
where T2 =23 + 23+ +22;

4) Ay = (A4, S), where

A=22Py+ 20xa Py + —naol, if F=Xpnth,

1 1 Lo 0 n
S = f(zo)Po + §fl($0)$apa + Zf”(xo)fﬂ% - §fl($0)f
(f is an arbitrary smooth function), if F = 0;

5) As = (A1, Cy), where
Co = exp{Azo}l, if F=Xlup.

Proof of this and following theorems can be made using Lie’s algorithm (see, e.g.
(5, 6]).
Remark 1. Algebra A4 coincides with Ajs, if we require condition f”” = 0 to be
satisfied.

Remark 2. In the case D = 0 equation (1) turns into Liouville’s equation. The
question on the symmetry of (4) (if F' = 0) then can be answered by the following
theorem [7].

Theorem 2. Equation (4) with D = F = 0 is invariant under infinitely-dimensional
algebra which is generated by the operator

X =2f1(x0) Py + f1(x0)waPu + fa2(xo) {fUaPa + 2@%} +

=2

0 0
a a . ExOI} + f3aPa + féa(x())xa_ +dI + CabJab-

% nJr
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where fi"(x0) + f3 (x0) = 0, cab = —Cpa, {d;car} C R, fi(wo), fa(w0), f3a(T0), a =
1,4, f4(xo) are an arbitrary smooth functions. Operators X, lead to the following
finite transformations:

. 1 .
x;l = Zq + ga(70)0, o =9+ Ga(0)Tal + Ega(xo)ga($0)92v

/ /o /o - __dg .
P =p, x5 = xo, T, = xp, Where G, = P 0 is a group parameter.

4. Let us now require the condition (4) on ¢ to be satisfied.

Theorem 3. The system of equations (3), (4) for D # 0 and arbitrary F, Fy is
invariant under the algebra

1) AG(1,n) = (Py, Pa, Jap, Ga, Q), where G, = 0P, +2,Q, Q = % and additio-
nally is invariant under the following algebras:

2) AG:1(1,n) = (AG(1,n), D), if F = \p**1, Fy = A\ pF, k # 0;

3) AGy(1,n) = (AG1(1,n), A), if F = p=tl, Fy = Apn;

4) AG3(1,n) = (AG1(1,n), B), where the operator B has the form B = I+\120Q,
lf F1 = Allnp, FZO,

5) AG4(1,n) = (AG(1,n),C), where C = exp{Azo} (3 Q +1), if F = Aplnp,
F1 = /\11np, A 75 0,'

6) AG5(1,n) = (AG2(1,n),I), if F = Fy = 0, where \; are arbitrary real
constants, 1 =1, 2.
Remark 3. Operator C' with A; = 0 coincides with Cy.

Remark 4. In the case D = 0 the system (3), (4) is employed in quanturn mechanics
and is called there “the classical approximation of the Schrédinger equations” [8]. Its
symmetry was investigated in [7].

5. Conditional symmetry. The system (3), (4) has conditional symmetry. The
condition which allows to enlarge symmetry of this system has the form

Ap = Fy(p). ()
Then the system of equations (3), (4), (5) is equivalent to the following system:

po + Paa + pAp = F(p),

1
0+ 5¥apa = Fi(p), (6)
Ap = F(p).

Theorem 4. The system of equations (6) for arbitrary F, Fy, Fs is invariant under
the algebra AG(1,n) and additionally under the following algebras:

1) AGg(1,n) = (AG(1,n),Q1), where Q1 = x,P, + 2pQ if F is arbitrary and
F1 = F2 =0;

2) AG7(1,n) = (AG(1,n),Q2), where Q2 = x90Py — pQ [or an arbitrary Fy and
F=F =0

3) AGs(1,n) = (AG(1,n), Q1 + Q2) for an arbitrary F) and F = F, =0;

4) AGy(1,n) = (AG1(1,n),Qs), where the operator Q3 has the form: Qs =
2aPy+20Q — 21, if F=0, Fy = \pF, Fb =0, k#0;

5) AGlo(l,n) = <AG1(1,H),Q2>, lf F= F1 = 0, F2 = )\kaJrl, k 7é 0,‘

6) AGH(l,n) = <AG1(1,71),Q1>, lf F = )\pk+1, F1 = F2 = 0, k 7& 0,'
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7) AG12(1,TL) = <AG(1,N),Q3>, lf F=0, F, = /\1p_k, Fy = /\pk+1, k #0;

8) AG13(1,n) = (AG1(1,n),Q4), where the operator Q4 has the form: Q4 =
20Py —Q — 21, if F=X\p">, Fy = \ipF, Fa =0, k#0;

9) AGl(l,n) Lf F = )\karl, F1 = Alpk, F2 = )\kaJrl, k 7é 0,

10) AG14(1,n) = (AG(1,n),Q3 + mQ4), m € R, if F = Xp
F, = /\ka+1) k 7& 0;

11) AGo(1,n), if F=Ap v, Fy = Api, Fy=Xap n;

mk+2

, Fy= M\pmhk

12) AG15(1,n) = (AGa(1,n),Q1), if F = Xop v, Fy = F =0;
13) AG16(1,n) = (AGs(1,n),Qs), if F=F, =0, Fy = Agp ="
14) AG17(1,n) = (AG2(1,n), Q1 + Q2), if Fi = Mipn, F = F, =0;
15) AG1s(1,n) = (AG2(1,n),Q1,Q2), if F = Fy = F, =0;

16) AG19(17TL) = <AG8(17’I’L),B>, lf F= F2 = 0, F1 = )\1 lnp;

17)

AG4(1,n) = (AG(1,n),C), if F = Aplnp, F» =0;

18) AGgo(l,’l’L) = <AG6(1,H),00>, lf F = )\plnp, F1 = FQ = 0, A 7é 0.

Remark 5. It follows from the commutation equalities that some of above mentioned
algebras coincide (for instance, AG(1,n) and AG12(1,n), AG7(1,n) and AG13(1,n)).

6. Reduction of the system (3), (4). Using the operators mentioned in Theo-
rems 3 and 4 we have constructed ansatzes and have obtained corresponding reduced
systems of equations. Some of them are adduced below (for the case of three spatial
variables, n = 3):

1) Ansatz p = exp {22} ®(wy,ws), a € R, a # 0,

2
Lo

\ B rex S
_ 21,2 20 0 1+g(w1,w2), w1:;—$1, w2:(x2) )

— Trs —
20" % 3a2

reduces (3), (4), if F =0, F1 = A1 Inp to the following system:

[SIE

2 _ D _
(a + 911 +922> D+ g1 P + gaws 1o+ 5((*)2 Y@y + $99) =0,

2 )
G2+ g5 =AIn® + Zw;, where g; = 99 P, = 0
o ‘

2) Ansatz p = exp {22} ®(w), w = ()2, a£0
©= %x% +g(w), with F=0, F; =X lnp
reduces (3), (4) to the system:
(i + n;lg/+g”> @t <<I>”+ ";1<I>') o0,

dg dd
2 P =
dw’ dw

(¢)> =2\ In®, where ¢ =

3) F:O, F1 :)qlnp,

21’0 2 o\ 1 X9 I3
= e —_— @ s s = —|— 2 , — arctg — — ,
P Xp{ - } (w,wa), w1 = (x7+23) woy T gx1 5
A

p= %33(2) +g(wi,w2), {a,B} #0,
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2 _ _ _ _ _
(a + g1w, ! +911) Q4+ g1P1 + g2 Pa(wy 4+ 2) + g22®(w; 4+ 2) +
D _ _ _
+ 5(@11 + w0+ Pop(w 2+ 572)) =
_ _ A
g+ =5 ne.
4) Ansatz

p=on{ 2 expOhan) [ Blaa). o =2(aa) (a) 20, ack

reduces (3), (4), if F = Aplnp, F; =0, to the following system:
" 4 %@h@ =0,
g =0, D=#0.
5) Ansatz p = exp{2x; exp(Azo) }P(x0),

22 4 22
223: 3+9($0) A#0

reduces (3), (4), if F = Aplnp, F1 = A\ Inp, to the system ODE:

A
©= 71551 exp{Azo} +

' + 22y 1+ 2 (D + /\7 exp) exp{2\z}® = AP In P,
)\2
e exp{2X\zo} = A\ In ®.

6) Ansatz p = exp { Zz3exp(Azg) } ®(w1,w2), {a, A} #0, a €R,

g+ —

A ES
= Tlexp{Aa:o}ws +glwnw), wi =m0, wy=(a}+a3)?,

reduces (3), (4), if F = Aplnp, F; = A11np, to the following system:

A D
Py + g2 Py + (Wg_ng + AT; eXp{Q)\wl}) P+ o (P22 + wy'®y) = A0 In ®,

2

A
2)\21042 exp{2Aws }.
7) F=Xplnp, Fy =M\ 1np,

201 +95 =M In® —

xr 1
p = exp {2 arctg —: exp()\xo)} D(wi,wa), wi1=umg, wy= (ml + xQ)?
1

2

A
wzfmwmmm%+§jM%w%A#Q

2\ D
P, + w;Z (92 + (D + Tl> exp{2)\w1}) D + ga®s + E<I>22 +
D
+ 5&)2 q)g + 922(1) =APIn (I),

A 2
291+ 95 =M\ In®— (Twz exp{)\wl}>
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8) FF=MXplnp, F1 = A1 1np,

2 A o1
p=on{ L expiran) } o), o= 3L ew(hn) +0) = (@9,

-1 D -1
g + @ (g” + ”—g’> +Z <<I>” + ”—cb’) —AOIn®,
w 2 w
(¢)? =M\ Ind.
9) Ansatz p = ®(w), ¢ = xor3 — %8 +9(w), w =13 — 12—?’ for arbitrary F(p), Fi(p)
reduces (3), (4) to the following system:
ZY " D " _
g® +g <I>+§<I> = F(9),
(9')? + 2w = Fi(®).
2 1
10) p = ®(wi,wa), ¢ = 52 +g(wi,wa), w1 = o, w2 = (2] +23)2, F(p), Fi(p) are
arbitrary functions,

_ D _ _
By + go®o + B(goz + wy tg2) + 5(‘1)22 +wy ' @) = F(®) —wi '@,
91+ g5 = Fi(®).

1) p = ®w), ¢ = g(w) — x0 — V2arctg 22, w = (a} + 23)2, F(p), Fi(p) are
arbitrary functions,
/ / —1 1 D 1 —15/
J(@ 4w P)+yg <I>—|—5(‘I> +w ) = F(D),
(¢)? = 2F; (®).

12) p = @(z0), ¢ = 5= + g(w0),

' +wld = F(P),
(¢') = F1(®),

13) p = ®(x3), ¢ = g(x3) — 20,

D
g/(b/"’g//(b"_ ?(b// — F((b),
2+ (¢')? =2F(®).

14) Ansatz p = @ ®(w), p = St here w = ZEt ket o <y < 9
) Ansatz p = x] (w),gofTJrg(w),werewa, < k<2,

1<1<3—kreduces (3), (4), if = /\me_l, F = )\p_#, to the system ODE:

m—1

(k+m)®+ &' (2wg’ —w) + ®(lg’ + 2wg”) + D(ID" + 2wP") = AP ™=,
() = ¢ = Aw '@
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15) Ansatz p = 23®(w1;ws), w1 = ﬁ wy =22, p = 2M 120 In zo+azs+xog(wi,ws),
a € R reduces system (6), if F=0, F; = )\ lnp to the following system:

2
«

21 +g—wign —wgggﬁ—? = A In®,

By + B2y =0, ™

20 — w1 Py — waPs + g1 Py + 92P2 + (911 + g22)P = 0.

16) FZO, Fl :)\1111,0, F2 :O,

2

x
p=ai0(wi,ws), = i + Mzo Inzo + 209 (W1, ws),
0

1 T3 —1/.2 2\1
wy = — —arctg —, wy =z, (5 +23)2,
Zo x2

1 _ A
A1 +9*w292+§g%(1+w22)+9§ = éln@v

@11(1 + w52) + @220}% + (I>2w2 = 0, (8)
30 — wo®y + wi(1 4wy )Py + ga®o 4 g11(1 + wy )P + (g2 + waga)® = 0.

17) Ansatz p = 23 ®(w1,ws), w1 = 2, wp = 32, p = % + Aizo Inzo + zog(wr, w2)
reduces system (6), if FF =0, F; = A1 Inp, to the following system:

1 A
o +93) =5 e,

D11 + P2 =0, 9
30 4+ 1P + g2P2 + (911 + 922)P — w1 Py — wa Py = 0.

Al +9g—wig1 — waga +

18) Ansatz p = exp{exp(Azo) Inzy }P(wi,ws), ¢ = 2% + 22g(wi,ws), w1 = o,
wy = g—f — % reduces system (6), if F'= Aplnp, F; =0, to the system:

291 + 2waga(wi ' — 2) + g% + g3 (1 + wi +wj) =0,
1 1
exp(Awy )P + 5@22(1 + w% + wg) + §w2¢2(1 —4dexp(Awr)) +

+ 2P exp(2Awy) = 0, (10)
Oy + Do (wy ! — dwag) + g<I>(2 + 4dexp(Awr)) — 2(1 + exp(Awr) )waga® +

+ (g22® + g2P2) (1 + w? + w?) + w;'® = AP In ®.

19) Ansatz p = exp{—exp Az) } P(w), a #0,

_ 2x0 oot o - _

Lﬂ—eXp{ - }g(w), w= (7 )QGXP{ " } F=Xplnp, F; =0
reduces (6) to the system ODE:
1 1
g +g" "o ~wd+ g = A0,
o + E@’ =0, (11)
w
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Remark 6. Systems of reduced equations (7)-(11) are overdetermined.

7. Exact solutions of nonlinear Fokker—Planck equations. Below we list some
exact solutions of the FPEs in case of three spatial variables.

1) Equation (1) has a solution p =73 il A4 = . F(p) = —6Dp3;
9
2) p=(f+ad)E Av="E Flp)=—5Dpt;
0
3) p= x;27 A = E, Ay = E, A3 =0, F(p)=—3Dp?
To To
4 p=arl, A=3"E F(p) = -Dp;
0
5) p=@H)7F Ay="E F(p)=-3Dp%;
Zo
6) p=(+ad)7}, A= A =22 A;=0, F=-2Dp%
To Xo

A 2

Ak:—D (Ci ﬁ(f2);> $k(f2)7%, F:ap7 CER,
2 0 2

8) p:exp{—xo—i—ﬁy(u}l)—i—DZ(wz)}7 A’“_aTi’ =—p,
A, xp ToTq
o= aoad = 28+ ) + 2(wn),
x% 2 2\ 1
Wy =— —x1, wp=(r3+x3)?2,

=

9 2
— < 5w2> and y can be determined implicitly via relations

2 2 p?
+ —wl) + —1In
« Ao

20 2 \*! D
A(ﬁy—&-awl) ig‘:c—)\wl, {\ a} #0;

_ 9

2 2
9) p:exp{ﬁy(wl)—i—ﬁz(wg)}, Ak_axk’ F =0,

3 2
X X 1
90:330333—?0‘*‘3/(&11)-#2(&12), w1=333—707 w2=($%+$3)2;

2
10) p_exp{gs1 - (3+2/\)lnx0+2c},
0

Ap=2%+ 25 ceRr, F=o0;

Zo

11) p=-exp{(2z3 — 23)?}, Ak = (zo+1)5%*,
F = p(2v/2In? p—4DInp — 2D);

2
12) p=-exp {—mg exp(Axg) — exp()\mo)@)\(xo)} , a€R,
o

Ay

ﬂ7 Aziﬂ, A3 =0, F=MXplnp,
Zo i)
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and ®_(xp) can be determined via relation:

P, (20) = / Mdaco; (12)

Zo

13) p=exp {2 exp(Axg) arctg 2 exp()\:ro)CI)A(xo)} ,
1

A1:E7 Agiﬂ, A3 =0, F(p)=Mplup,
Zo i)

where ®_y(z) is determined in (12);

D

14) p=-exp {2301 exp(Axg) — exp(Azg)P_x(zg) — 2 <% - X) eXp(QAxo)} ,

A = gexp(AxOL Ay = E7 A3 =0, F=Mplnp, ceR; X#0;

o
D

15) p=-exp {23:1 exp(Axg) — 2exp(Azg)P_x (o) — Q(A—CQ — X)exp@)\mo)} ,

A= Sexphag), As=2, Az="2 F=)plnp; A+#0;

A i) i)
2

16) p= 2 expOrao) 22 [et2(—2ay) (a}£0

p=exp | 3 exp(Azg c Do , e ,

A, =0, F=XMlnp, {ca}CR
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