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Invariants of one-parameter subgroups
of the conformal group C(1,n)

W.I. FUSHCHYCH, L.F. BARANNIK, V.I. LAGNO

JocaizkeHa cTpyKTypa iHBapiaHTiB OfHOT 3 OCHOBHHX I'pYI cHMeTpil MaTeMaTH4HOI (hi3u-
ki — KoHdopmuoi rpynu C'(1,n) y npocropi Minkoscekoro R(1,n) mnast n > 3. 3okpema,
noGynoBaHi NOBHI cucTeMM iHBapiaHTIB ogHomapamerpuuHux migrpyn rpynu C(1,n).

The conformal group C(1,n) of transformations in the Minkovsky space R(1,n)
takes the central place among the invariance Lie groups of mathematical physics [1].
Our interest in the functional invariants of one-parameter subgroups has been mo-
tivated by their application in finding solutions of diferential equations. In Ref. [2]
substitution (ansatz)

u(z) = f(z)pw) + 9(z) (1)

for construction of exact solutions of multi-dimensional equations is proposed. In
ansatz (1) the unknown function ¢(w) depends on the complete system of functional
invariants wy,ws,...,w,, of the one-parameter subgroups of the invariance Lie group
of the given equation.

In this paper complete systems of functional invariants of one-parameter subgroups
of the conformal group C'(1,n) (n > 3) are obtained. It should be noted that analogous
problem for Poincaré groups P(1,n) and P(2,n) in Refs. [3] and [4] is determined.

[t is known that to each local Lie group corresponds its Lie algebra, in particular,
to group C(1,n) corresponds Lie algebra AC(1,n). Generators P,, Joa, Jap, D, Ko
(o = 0,n, a,b = 1,n generate the basis of Lie algebra AC(1,n). We shall consider
the Lie algebra AC(1,n) as algebra of differential operators determined in the space
of scalar functions u(x) (x € R(1,n)):

0
Pa = *aa = *%, Jag = ﬂ?aag — mgaa, Lo = gagxﬁ,
Gap=(L,—1,...,—1) X 6up, D= 200, Ko=22aD+ 5%, (2)
(s? =%, =af — 23 —...—22), «o,B=0,n.

It should be noted that the Lie algebra AC(1,n) (2) is an invariance algebra of
many differential equations [1].

The function F(z) (x € R(1,n)) is the invariant of the on-parameter subgroups of
the group C(1,n) if and only if it is the solution of the differential equation

Lu =0, 3)

where L is the corresponding one-dimensional subalgebra of the Lie algebra AC(1,n)
(2) (see, for example, [5]).

Consequently, the problem of finding of invariants of one-parameter subgroups,
of the group C(1,n) is reduced to finding the system of functionally-independent
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solutions of equation (3). Such systems of functionally-independent solutions of equa-
tion (3) will be called complete systems of invariants (CSI) of the corresponding
one-dimensional subalgebras of the algebra AC(1,n).

Lie algebra AP(1,n) = (Pa,Jag|a = 0,n, 8 = 1,n) is subalgebra the algebra
AC(1,n). CSI of one-dimensional subalgebras of the algebra AP(1,n) are constructed
in [3]. Consequently, we shall describe CSI of the one-dimensional subalgebras of the
factor algebra AC(1,n)/AP(1,n).

One-dimensional subalgebras of the algebra AC(1,n)/AP(1,n) are such algebras
[3, 6]:

Li=(D+aJdy,) 0<a<l); Ly={(D+ Jo,+ M);

L3 = (X;+aD + BJon) (> B32>0, a#0);

Ly = (X; + a(D + Jo, + M)) (o > 0);

Ly =(Jiz+B1Jsa+ -+ Bo_1Jn-1n+7D)

(n=0(mod2), v>0, 0< B << fBny <1);

Le=(S+T); L;=(S+T+ M),

Ls=(X;+a(S+T)) (a>0); Lg={(S+T+aZ) (a>0);
Lig=(X;+a(S+T)+ M) (a > 0);

L= (X, + S+T+Gi+P); Lin={(Xi+a(S+T)+02) (0,0 >0); @
L1z = (Py + Ko); L1y = (a(Po + Ko) + J12) (a > 0);

Lis = (a(Po+ Ko) + Ji2 + B1J3a + - - - + BsJos41,2542)

(>0, 0< B <...<B:, <15 s=1,2,...,[(n—2)/2)]);

Lio = {a(Po + Lo) + iz + 11 Jas + - + Yazs Jn2nmt + yazs (K — Pa))
(@>0,0<y <+ <y <15

Liz = (Jio+nJza + - - +’y%(Kn —P,))

O0<m < < byass <1,

where

Xy =ayJio+agdzg + -+ o194
(or=1,0<as < ---<ayift#1; t=1,2,...,[(n—1)/2]),
M =Py + Py, T:%(PO_Pn)v S:%(KO'*'Kn)a G1 = Jo1 — Jin,

Z = Jon — D. In algebras Lyg and Li7 value n is an odd number.

Let y = y(x) = Ty + Tp, Z = Z(LL’) = 20 — Tn, ha = ha(x) = x%afl +x%a’
Pa = pa(x) = arctg 222, p = P(z) = 2 + 25 + - + 25,

Record L : f1(x), fo(x),..., fs(x) designates that functions fi(x), fa(x),..., fs(z)
form CSI of the algebra L.

Theorem. Following functions are CSI of one-dimensional subalgebras of the algeb-
ra AC(1,n)/AP(1,n):

. —1l—« a—1 —1 —1 -1,
Li: zx] , YT, Tamy o, TTL, ...y Tp_1Tq
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Lgl

L45

L62
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y—In|z|, y— 2|2y, zeay?t, zazyt, ..., zpa2]h
z"‘x;ﬁ_}ﬁ, y“xg,;o{, apy — aq In |Top], aps — agln|Topia], - ..,
apr — o ln|xop41], hlxgt%rl, hgxgt%rl, ce htx;fH, I2t+2Iii1,
x2t+3x2}1+1, ey xn,lxgtﬂ_l;
zx;j_l, y—2In|zorr1], apr —arln|rgrt|, aps — asln|zoiiq], ..,
apiIn o], hizaly, hewoliy, ooy hetstiy howolin, ooy hetsli,
Tot42Ta 1y T243Top 11y s Tno1Topy1s
Inhy = 2vp1, Bilnhy —29p2, ..., Bz_1lnhy —29pz Inhy — 29pz,
aghi’, hohi', ..., hshi', ..., hahi';
(1+ 22272, y— 2(1 4+ 22)71, @y, maayt, o0, Tp1zy
y+2arctgz — z(14 22) ", (1 + 22)a7?, zozy?,
xgzcl_l, RN xn_lwl_l;
y—z(1+2)", (1+2H)h', apr —ajarctgz, 23, ,hy", hohy!,
h3h1_1, ey hth%, Q201 — X1 P2, 31 — X1P3, ...,
QP1 — 1Pty Tou42Top1s T243To 1y - Tno1Topi1s

Lg:

2ccarctg z + In(z3(1 4+ 22)71), 2ccarctg z + In(y + 29(1 + 22)71),
xle_l, :1:33:1_1, ce, a:n_lxl_l;

ay £ 2arctg z — az(1 + 22) "1, ap; — ag arctg z, (1+22)hi !,

23 hit, hohi', hahi', oo, BT, o035, Taksaai, -
mnﬂ%}ip Q21 — 1P2, A3P1 — A1P3, ..., rP] — Q1P

(1+ 22)332_,511, (v1 + 222)(1 4+ 22) 7L, g — ag arctg z,

Y+ 2(z1 + z22)(1 + 22) " Larctg z — 290(1 + 22) 71,

arctg z — (z2 — z21) (1 + 22) 7Y, howsy, hazsliys «vy hexsly,
x2t+2x2}1+1, x2t+3m5tl+l, ey xn_lxgtlﬂg

2Barctg z + aln |y — z9p(1 + 22) 71, 2Barctgz + alnhy (1 + 22)~ 1,
Q) — ajarctg z, asp; — a1, 3P — Q1P3, ..., QP — Q1P;,
hghl_l, hghl_l, AU hthl_l, x2t+2$2_t117 x2t+3x2_t1+1, R xn_lx:,_til;
(yz — ¢ + Va7t zoxyt, xsay?t, ..., ]l

201 — arctg((yz — ¢ — 1)(220) 1), (yz — 1 + Va3,

hlmgl, 33490517 m5x§1, ey scnacgl;

2001 —aretg((yz — v —1)(220) 1), (yz — ¢ + 1)*hiY, Bipr — w2,
Bopr — @3, -y Bspr — @ss1, hahi', hahi', ..., heprhi,
B343hT Yy TosraTolia, T2s45Tagyns <oy TnTogys;

2001 — arctg((yz — 1 — 1)(2w9) 1),

211 —arctg((yz — ¥ +1)(22)71), ((yz — o — 1)? + daf) (4h1) 7,
hzhl_l, ]’L3h1_1, ceey hanlhl_l, V1P1 — P2, Y2P1 — P35 -y

Vo3Pl — Pno1;

2vaar —aretg((yz — ¥+ 1)(22)7Y), (yz — ¢ = Dag', ner — o,
Q2P1 = P3; + s Vno3P1 — Pt hohi', hshi', ..., hanlhIH hiag .



20 W.I. Fushchych, L.F. Barannik, V.I. Lagno

Values of numerical parameters are given in expression (4).
In order to prove the theorem it is sufficient to verify that each CSI satisfies the
equation (3).
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