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On maximal subalgebras of the rank n − 1

of the conformal algebra AC(1, n)

A.F. BARANNYK, W.I. FUSHCHYCH

Проведено класифiкацiю максимальних пiдалгебр рангу n− 1 алгебри AC(1, n), якi
належать aлгeбpi AP̃ (1, n).

Consider the multidimensional eikonal equation(
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where u = u(x) is a scalar function of the variable x = (x0, x1, . . . , xn−1), n ≥ 2.
In [1] it was established that the Lie algebra AC(1, n) of the group C(1, n) of the
Minkowski R1,n space with the metric x2

0−x2
1−· · ·−x2

n, where xn = u, is a maximal
algebra of the equation (1) invariance. The basis of the algebra AC(1, n) is formed by
such vector fields as:

Pα = ∂α, Jαβ = gαγxγ∂β − gβγxγ∂α, D = −xα∂α,

Kα = −2(gαβxβ)D − (gβγxβxγ)∂α,

where g00 = −g11 = · · · = −gnn = 1, gαβ = 0, when α �= β (α, β, γ = 0, 1, . . . , n).
The algebra AC(1, n) contains the Poincaré algebra AP (1, n) which is generated by
vector fields Pα, Jαβ and the extended Poincaré algebra AP̃ (1, n) = AP (1, n)+⊃ 〈D〉.

In order to reduce the equation (1) by subalgebras of the algebra AC(1, n), it
is necessary to describe all C(1, n)-nonequivalent subalgebras of this algebra. The
subalgebras K1 and K2 of the algebra AC(1, n) are called as C(1, n)-equivalent ones
if they have the same invariants with respect to C(1, n)-conjugation. Among C(1, n)-
equivalent algebras there exists one (maximal) subalgebra containing all the other
subalgebras. The maximal subalgebras K1 and K2 of the algebra AC(1, n) are equi-
valent if and only if K1 and K2 are C(1, n)-conjugated.

The maximal subalgebras of the rank n of the algebra AP (1, n) with respect to
P (1, n)-conjugation are described in [2]. The maximal subalgebras of the rank n of
the algebra AP̃ (1, n) with respect to P̃ (1, n)-conjugation are described in [3, 4].
The present article is a continuation of researches which were realized in [3, 4].
The full classification of the maximal subalgebras of the rank n − 1 of the algebra
AC(1, n) which are contained in the algebra AP̃ (1, n) has been carried out in the
present article. Ansatzes corresponding to these subalgebras reduce the equation (1)
to ordinary differential equations.

We will use the notations:

M = P0 + Pn, T =
1
2
(P0 − Pn), Ga = J0n − Jan, a = 1, . . . , n − 1,

AO[r, s] = 〈Jab | a, b = r, . . . , s〉, r ≤ s,
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AE[r, s] = 〈Pr, . . . , Ps〉+⊃ AO[r, s], r ≤ s,

AE1[r, s] = 〈Gr, . . . , Gs〉+⊃ AO[r, s], r ≤ s.

If s > r then AO[r, s] = 0, AE[r, s] = 0 by definition.
Let

Φ(r, s, γ) = 〈Gr + γPr, . . . , Gs + γPs〉+⊃ AO[r, s], r, s ∈ N, r ≤ s, γ ∈ R.

Let

Γd,q = U +⊃ F,

where F is the diagonal of AO[1, d] ⊕ AO[d + 1, 2d] ⊕ · · · ⊕ AO[(q − 1)d + 1, qd], and
U is the Abelian algebra which has the basis

G1 + γ1P1 + λ1P(q−1)d+1, . . . , Gd + γ1Pd + λ1Pqd,

Gd+1 + γ2Pd+1 + λ2P(q−1)d+1, . . . , G2d + γ2P2d + λ2Pqd,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
G(q−2)d+1 + γq−1P(q−2)d+1 + λq−1P(q−1)d+1, . . . , G(q−1)d +

+ γq−1P(q−1)d + λq−1Pqd,

where 0 ≤ γ1 < γ2 < · · · < γq−1, λ1 > 0, λ2 > 0, . . . , λq−1 > 0.
Results of the work [5] reduce the problem constructing invariants of any subalgeb-

ra of the algebra AP̃ (1, n) to the problem of constructing invariants of the irreducible
subalgebras of the orthogonal algebra AO(k) for all k ≤ n. The latter problem has
no solution in quadratures. Therefore, we shall restrict ourself considering of such
subalgebras of the algebra AP̃ (1, n) which projections onto AO[1, n] are subdirect
sums on the algebras AO[r, s]. Moreover, to find real solutions of the equation (1) it
is necessary to exclude from consideration such subalgebras of the algebra AP (1, n)
which with respect to equivalence contain P0 + Pn or P0. Therefore we prove the
following theorems.

Theorem 1. Let L be the maximal subalgebra of the rank n − 1 of the algebra
AP (1, n). Then L is C(1, n)-conjugated with one of the following algebras:

1) L1 = AE[1, n − 1];
2) L2 = AO[1,m] ⊕ AE[m + 1, n], m = 1, . . . , n, n ≥ 2;
3) L3 = AE1[1,m] ⊕ AE[m + 1, n − 1], m = 1, . . . , n − 1, n ≥ 2;
4) L4 = AO[1,m] ⊕ AE[m + 1, n − 1] ⊕ 〈J0n〉, m = 1, . . . , n − 1, n ≥ 3;
5) L5 = AO[0,m] ⊕ AE[m + 1, n − 1], m = 2, . . . , n − 1, n ≥ 3;
6) L6 = AO[0,m]⊕AO[m+1, q]⊕AE[q+1, n−1], m = 2, . . . , n−1, q = m+1, . . . , n,

n ≥ 3;
7) L7 = 〈G1 + P0 − Pn〉 ⊕ AE[2, n − 1], n ≥ 2;
8) L8 = Φ(d0+1, d1, γ1)⊕· · ·⊕Φ(dt−1+1,m, γt)⊕AE[m+1, n−1], m = 1, . . . , n−1,

n ≥ 3;
9) L9 = 〈J0n + P1〉 ⊕ AE[2, n − 1], n ≥ 2;
10) L10 = (AE1[1,m]⊕〈J0n +Pm+1〉)⊕AE[m+2, n−1], m = 1, . . . , n−2, n ≥ 3;
11) L11 = 〈J12 + P0〉 ⊕ AE[3, n], n ≥ 2.

Theorem 2. Let L be the maximal subalgebra of the rank n − 1 of the algebra
AP̃ (1, n) which has a nonzero projection onto 〈D〉. Then L is C(1, n)-conjugated
with one of the following algebras:
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1) L1 = (AO[0, d] ⊕ AO[d + 1,m] ⊕ AO[m + 1, q] ⊕ AE[q + 1, n])+⊃ 〈D〉, d =
2, . . . , n − 2, m = d + 1, . . . , n − 2, q = m + 1, . . . , n − 1, 2n ≤ d + q, n ≥ 4;

2) L2 = (AO[0,m]⊕AE[m+1, n− 2])+⊃ 〈D +αJn−1,n〉, m = 2, . . . , n− 2, n ≥ 4,
α > 0;

3) L3 = (AO[1,m] ⊕ AO[m + 1, q] ⊕ AE[q + 1, n])+⊃ 〈D〉, m = 2, . . . , n − 2,
q = m + 2, . . . , n, 2m ≤ q, n ≥ 2;

4) L4 = (AE1[1,m] ⊕ AE[m + 1, n − 3])+⊃ 〈Jn−2,n−1 + cJ0n,D + αJ0n〉, m =
1, . . . , n − 3, n ≥ 4, c > 0, α ≥ 0;

5) L5 = (AO[1,m]⊕AO[m+1, q]⊕AE[q+1, n−1])+⊃ 〈D,J0n〉, m = 1, . . . , n−2,
q = m + 1, . . . , n − 1, 2m ≤ q, n ≥ 3;

6) L6 = AE[3, n − 1]+⊃ 〈J12 + cJ0n,D + αJ0n〉, c > 0, α ≥ 0, n ≥ 3;
7) L7 = (AE1[1, d]⊕AO[d+1,m]⊕AE[m+1, n−1])+⊃ 〈D+αJ0n〉, d = 1, . . . , n−2,

m = d + 1, . . . , n − 1, n ≥ 3, α ≥ 0;
8) L8 = (AO[1,m] ⊕ AE[m + 1, n − 1])+⊃ 〈D + αJ0n〉, m = 1, . . . , n − 1, n ≥ 2,

α ≥ 0;
9) L9 = (〈G1 +2T 〉⊕AO[2,m]⊕AE[m+1, n−1])+⊃ 〈2D−J0n〉, m = 2, . . . , n−1,

n ≥ 3;
10) L10 = (AE1[1, d] ⊕ AO[d + 1,m] ⊕ AE[m + 1, n − 1])+⊃ 〈D + J0n + M〉,

d = 1, . . . , n − 2, m = d + 1, . . . , n − 1, n ≥ 3;
11) L11 = (AO[1,m] ⊕ AE[m + 1, n − 1])+⊃ 〈D + J0n + M〉, m = 1, . . . , n − 1,

n ≥ 2;
12) L12 = (AE1[1,m] ⊕ AE[m + 1, n − 3])+⊃ 〈Jn−2,n−1 + αM,D + J0n + M〉,

m = 1, . . . , n − 3, n ≥ 4, α ≥ 0;
13) L13 = (AE1[1,m] ⊕ AE[m + 1, n − 3])+⊃ 〈Jn−2,n−1 + M,D + J0n〉, m =

1, . . . , n − 3, n > 4;
14) L14 = AE[3, n − 1]+⊃ 〈J12 + αM,D + J0n + M〉, n ≥ 3, α ≥ 0;
15) L15 = AE[3, n − 1]+⊃ 〈J12 + M,D + J0n〉, n ≤ 3;
16) L16 = (Γd,q ⊕ AE[dq + 1, n − 1]+⊃ 〈D − J0n〉, d ≥ 2, n ≥ 5;
17) L17 = (Φ(d0 + 1, d1, γ1)⊕Φ(d1 + 1, d2, γ2)⊕ · · ·⊕Φ(dt−1 + 1, dt, γt)⊕AO[dt +

1,m] ⊕ AE[m + 1, n − 1])+⊃ 〈D − J0n〉, where d0 = 0, γ1 < γ2 < · · · < γt, t > 1,
m = 1, . . . , n − 2, n ≥ 3;

18) L18 = (Γd,q ⊕ Φ(l0 + 1, l1, µ1) ⊕ Φ(l1 + 1, l2, µ2) ⊕ · · · ⊕ Φ(lt−1 + 1, lt, µt) ⊕
AE[lt + 1, n − 1])+⊃ 〈D − J0n〉, where µ1 < µ2 < · · · < µt, t ≥ 1, l0 = dq.

L1–L11 and L1–L18 of the theorems 1 and 2 respectively and to carry out a
reduction of the equation (1). Consider, for example, the subalgebra L17. The ansatz

u2 =

[
−(x0 + xm] +

t∑
i=1

1
x0 − xm + γi

(
x2

di−1+1 + · · ·x2
di

)]
ϕ(ω) −

− x2
dt+1 − · · · − x2

m−1, ω = x0 − xm,

corresponds to this subalgebra. This ansatz reduces the equation (1) to equation
ϕϕ̇ − ϕ = 0. Using the solution of this equation we find the following solution of the
equation (1):

u2 =

[
−(x0 + xm] +

t∑
i=1

1
x0 − xm + γi

(
x2

di−1+1 + · · · + x2
di

)]
×

× (x0 − xm + C) − x2
dt+1 − · · · − x2

m−1.
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