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On maximal subalgebras of the rank n — 1
of the conformal algebra AC(1,n)

A.F. BARANNYK, W.I. FUSHCHYCH

[TpoBeneHo Kaacugikalio MakcHMabHUX miganre6p panry n — 1 anre6pu AC(1,n), siki
Hajiexartb anre6pi AP(1,n).

Consider the multidimensional eikonal equation

ou \ > ou \? ou \?
(o) ~(55) — - (aos) =2 L

where uw = wu(z) is a scalar function of the variable x = (xg,z1,...,2n-1), n > 2.
In [1] it was established that the Lie algebra AC(1,n) of the group C(1,n) of the
Minkowski R, space with the metric 22 —2% —---— 22, where z,, = u, is a maximal

algebra of the equation (1) invariance. The basis of the algebra AC(1,n) is formed by
such vector fields as:

Py =04, Jogp=9""2,03— g'@”’x.yaa, D = —2x%9,,
K, = *2(9aﬁzB)D - (gﬁwxﬂx'y)am

where goo = —g11 = - = —gnn = 1, gap = 0, When o # 5 (o, 8,7y = 0,1,...,n).
The algebra AC(1,n) contains the Poincaré algebra AP(1,n) which is generated by
vector fields P,, Jg and the extended Poincaré algebra AP(1,n) = AP(1,n)® (D).

In order to reduce the equation (1) by subalgebras of the algebra AC(1,n), it
is necessary to describe all C(1,n)-nonequivalent subalgebras of this algebra. The
subalgebras K and K5 of the algebra AC(1,n) are called as C(1,n)-equivalent ones
if they have the same invariants with respect to C(1,n)-conjugation. Among C(1,n)-
equivalent algebras there exists one (maximal) subalgebra containing all the other
subalgebras. The maximal subalgebras K; and K> of the algebra AC(1,n) are equi-
valent if and only if K7 and K5 are C(1,n)-conjugated.

The maximal subalgebras of the rank n of the algebra AP(1,n) with respect to
P(1,n)-conjugation are described in [2]. The maximal subalgebras of the rank n of
the algebra AP(1,n) with respect to P(1,n)-conjugation are described in [3, 4].
The present article is a continuation of researches which were realized in [3, 4].
The full classification of the maximal subalgebras of the rank n — 1 of the algebra
AC(1,n) which are contained in the algebra AP(1,n) has been carried out in the
present article. Ansatzes corresponding to these subalgebras reduce the equation (1)
to ordinary differential equations.

We will use the notations:

1
M=Py+Py T=5(R=P) Go=Jon—Juns a=1...on—1,
AOlr,s] = (Jawp|a,b=1,...,8), 1 <s,

Jonosini AH Ykpainu, 1993, Ne 6, C. 38-41.



6 A.F. Barannyk, W.I. Fushchych

AE[r,s] = (Py,...,Ps)® AO[r,s], r <s,
AEl[’I“, 8] = <G7.7. . .,Gs> b AO[T, 3]7 r<s.

If s > r then AO[r,s] =0, AE[r,s] =0 by definition.
Let

O(r,s,7) = (Gr +vPy,...,Gs +vPs)® AO[r,s], r,seN, r<s, yeR.
Let
Pyg=U5 F,

where F is the diagonal of AO[1,d] ® AO[d+1,2d] @ --- ® AO[(q — 1)d + 1, ¢d], and
U is the Abelian algebra which has the basis

Gi+nPr+MPy-nav1s - Ga+nPa+ AP,
Gat1 +v2Pay1 + A Py—1yas1, -+ Gad +7v2P2a + APy,
Gg-2ydr1 T Yg-1Pq—2)a+1 + Ag—1Pq-1)as1, -5 Gg-1)a +

+Yg-1Pg—1yd + Ag—1Pya;

Where0§71<72<~-~<vq,1, A1 >0, Ag >0, ...,)\q,1>0.

Results of the work [5] reduce the problem constructing invariants of any subalgeb-
ra of the algebra AP(1,n) to the problem of constructing invariants of the irreducible
subalgebras of the orthogonal algebra AO(k) for all & < n. The latter problem has
no solution in quadratures. Therefore, we shall restrict ourself considering of such
subalgebras of the algebra AP(1,n) which projections onto AO[l,n] are subdirect
sums on the algebras AO[r, s]. Moreover, to find real solutions of the equation (1) it
is necessary to exclude from consideration such subalgebras of the algebra AP(1,n)
which with respect to equivalence contain Py + P, or Py. Therefore we prove the
following theorems.

Theorem 1. Let L be the maximal subalgebra of the rank n — 1 of the algebra
AP(1,n). Then L is C(1,n)-conjugated with one of the following algebras:

1) L1 = AE[l,n — 1];

2) Ly =AO[l,m|® AEm+ 1,n], m=1,...,n, n > 2;

3) Ly = AE[1,m| @ AEm+1,n—1],m=1,...,n—1,n>2;

4) Ly = AO[1l,m|® AEm+ 1,n— 1)@ (Jon), m=1,...,n—1, n > 3;

5) Ly = AO[0,m]|® AEm+1,n—1],m=2,...,n—1,n>3;

6) Ls = AO[0,m]®AO[m+1,q|DAE[g+1,n—1],m=2,...,n—1, ¢ =m+1,...,n,
n > 3;

7) L7: <G1 +P0—Pn>@AE[2,n—1], 7’),22,

8) Ls = ®(dp+1,d1,71)® - -DP(dy_1+1,m, 1) BAE[m+1,n—1],m=1,...,n—1,
n > 3;

9) Ly = (Jon + P1) ® AE[2,n — 1], n > 2;

10) Lip = (AE1[1,m]® (Jon + Pmt1)) ®AE[m+2,n—1], m=1,...,n—2,n > 3;

11) L11 = <J12 +P0> EBAEB,”}, n Z 2.
Theorem 2. Let L be the maximal subalgebra of the rank n — 1 of the algebra
AP(1,n) which has a nonzero projection onto (D). Then L is C(1,n)-conjugated
with one of the following algebras:
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1) Ly = (A0[0,d] ® AO[d + 1,m] ® AO[m + 1,¢q] ® AE[qg + 1,n]) & (D), d =
2,....n—2,m=d+1,....n—2,g=m~+1,....n—1,2n < d+q, n > 4

2) Ly = (AO[0,m]@ AEm+1,n—2]) B (D+aJp_14), m=2,...,n—2,n >4,
a > 0;

3) Ly = (AO[1,m] ® AO[m + 1,q| ® AE[q + 1,n]) D (D), m = 2,...,n — 2,
qg=m+2,....n,2m < q, n > 2;

4) Ly = (AEq[1,m]® AEm + 1,n — 3]) B (Jn—an-1 + cJon, D + ado,), m =
.,n—3,n>4,¢>0, a>0;

5) Ls = (AO[1,m]® AO[m+1,q|®AE[q+1,n—1)) B (D, Jon), m=1,...,n—2,
g=m+1,....n—1,2m <q, n > 3;

6) L¢ = AE[3,n — 1] B (Ji2 + cJon, D + adyn), ¢ >0, a >0, n > 3;

7) Ly = (AE1[1,d|®AO[d+1,m)®AE[m+1,n-1]) & (D+aJo,), d=1,...,n—2,
m=d+1,....n—1,n>3, a>0;

8) Ls = (AO[1,m| @ AEm +1,n— 1)) (D+aJo,), m=1,...,n—1,n > 2,
a>0;

9) Ly = ((G1+2T) D AO[2,m| P AEm+1,n—1]) & (2D—Jo,), m=2,...,n—1,
n>3;

10) Lip = (AE:[1,d] ® AO[d + 1,m] ® AE[m + 1,n — 1)) (D + Jo,, + M),
d=1,....n—2,m=d+1,...,n—1,n > 3;

11) Ly; = (AO[l,m] @ AEfm +1,n—-1])B D+ Jop + M), m =1,...,n—1,
n > 2;

12) Ly = (AEl[l,m] D AE[m +1,n— 3])—|—D <J7L—2,n—1 + OéM,D + Jon + M>,
m=1,....n—=3,n>4, a >0

13) L13 = (AEl[l,m] D AE[m + l,n — 3})+D <Jn—2,n—1 + M,D =+ J0n>, m =
1,....n—3,n>4

14) L1y = AE[3,n—1] B (Jiz+aM,D + Jo, + M), n >3, a > 0;

15) Lys = AE[3,n— 1] B (Ji2+ M, D + Jo), n < 3;

16) Lig = Taq® AE[dg+1,n—1]D (D — Jon), d> 2, n>5;

17) L1z = (®(do +1,d1,m1) @ ®(d1 4+ 1,d2,72) B - - - O(di—1 +1,ds, ) D AO[d, +
IL,m|@® AEm+ 1,n—1]) B (D — Jyp), where dg =0, 11 < 72 < -+- < vy, t > 1,
m=1,...,.n—2,n>3;

18) Lig = (Ta,q © ®(lo + 1,11, 1) © ®(ly + 1,12, p2) © - © P(li—1 + L, 1i, 1) @
AE[l; +1,n—1]) B (D — Jon), where pg < pg < -+ < p, t > 1, lg = dq.

L1-Lq1 and Li;-Lig of the theorems 1 and 2 respectively and to carry out a
reduction of the equation (1). Consider, for example, the subalgebra L;7. The ansatz

1,.

¢
1
2 P p— L — 2 o« o o 2 J—
u® = [ (o + xm] + ;:1 p——— (a?di71+1 + xdi)] o(w)

2 2 _
—Tg41 T T Ty W= L0 — Ty

corresponds to this subalgebra. This ansatz reduces the equation (1) to equation
pp — @ = 0. Using the solution of this equation we find the following solution of the
equation (1):

X

t
1
2 2 2
u” = |[—(xo+x +§ 7(33 +~~~+zv)
[ ( m] P $0—33m+’7i di_1+1 d;

X (20— Tm+C)—xf g — - — k.
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