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On the new approach to variable separation
in the wave equation with potential
W.I. FUSHCHYCH, R.Z. ZHDANOV, I.V. REVENKO

[TporoHyeTbcsl KOHCTPYKTUBHUE MiAXiA A0 PO3B’si3aHHSI NpoOJeM PO3AiJeHHS! 3MiHHHX
[Jis1 IBOMIPHOTO XBHJIbOBOTO PIBHSIHHS Utt — Uz = V (z)u. ¥ paMKax LbOro MiAXOLY
ONMHCaHi yci MoTeHLiasH, IO [AOMYCKAalTb, PO3MiNeHHs 3MiHHMX i BKasaHi BiANOBiAHI
CHUCTEMH KOOpJAHHAT.

A problem of variable separation (VS) in the wave equation
Ugyze — Uzyzy T V(1‘1)u =0 (1)

as considered in [1-3], consists of two problems. The first one is to describe all
functions V' (z1) providing VS in (1) in, at least, two inequivalent coordinate systems.
The second one is to describe all coordinate-systems such that equation (1) admits
VS for a given potential V(zy). Surprisingly enough, the both problems are not
completely solved yet.

Our approach to the problem of VS in the wave equation (1) is based on the idea
of its reduction to two ordinary differential equations

G = Aij(wi, \)@i + Bi(wi, N, i=1,2 (2)
with the use of ansatz of special structure [4-6]

u = A(zo, T1)p1 (w1 (z0, 21))p2(wa (w0, 1)) (3)

In the formulas (2), (3) Ai, As, Bi, By, A, w1, we are sufficiently smooth real
functions, A € R! is some parameter, no summation over 4 is carried out.

The formulas of the form (3) can be found in the classical works Euler, d’Alembert,

Batemen and by some other contemporary mathematicians (see, for example, the
review by Koornwinder [7]).
Definition. We say, that equation (1) admits VS in the coordinates wi, wo if substi-
tution of the ansatz (3) into (1) with subsequent exclusion of the second derivatives,
$1, P2 according to formulas (2) turns it into zero identically with respect to the
variables p1, Y2, p1, P2, A

Substituting ansatz (3) into differential equation (1), expressing functions @; in
terms of ¢;, ¢;, i = 1,2 and splitting the obtained expression with respect to the
independent variables 192, Y192, Y12, P12 We get the following system of nonli-
near partial differential equations:

1) ADw; + 24, wizn + AA1wig, Wign = 0,
2) ADCUQ + 2A%w2$u + AAQWQZ-HWQZ-M = 0,
3) OA+ A(Biwig,wizn + Bowag,waen) + AV (21) = 0,

4)  wig,woen = 0.

(4)

JHomnosini AH Ykpaiuu, 1993, Ne 1, C. 27-32.
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Hereafter, the summation over the repeated Greek indices is under-stood in the
Minkovski space M(1,1) with a metric tensor g, = diag (1, —1).

Thus to describe all potentials V'(x1) and coordinate systems wy, wo providing VS
in (1) one has to solve nonlinear system (4). At first glance such an approach seems
to have poor prospects: to solve linear equation (1) it is necessary to integrate rather
complicated system of nonlinear partial differential equations (4). But system (4) is
overdetermined one. This fact has enabled us to construct its general solution in
explicit form. Let us emphasize that the same is true when reducing nonlinear wave
equation to the ordinary differential equation [5, 6] .

[t is not difficult to show that from the forth equation of system (4) it follows that

(wlzuwlz“)(w2z“w2zﬂ) 7& 0 (5)
Differentiating equations 1), 2) from (4) and using (5) we have
Ay = Ay =0.

Consequently, the relation BjyBsy # 0 holds. Differentiating equation (3) with
respect to A, we get

Biawig,wizs + Baaweg, waen =0

or
Bl/\ _ CUQzMWQzH

Bax Wig, Wigr

Differentiating the above equality with respect to A, we obtain

Bixx  Baxx
p— . 6
B Boy ()

Since function B; depends on the variable w; and the functions wy, wy are inde-
pendent, it follows from (6) that

Bi = #(\) By, i=1,2.
Integration of the above ordinary differential equations yields
B; = AN fi(wi) + gi(wi), i=1,2.
After redefining the parameter A\, we have
B = Mi(wi) + gi(wi), i=1,2. (7)

Substituting (7) into equation (3) and splitting the obtained equality with respect
to A, we come to the following partial differential equations:
361) 0A + A(glwlxuwuu + gQCUQIHC{)QIM) + V(l‘l)A =0,
3b)  fiwiz, Wiz + fowag, wagn = 0.

8)

Before integrating overdetermined system of nonlinear equations (4), (8), make an
important remark. It is evident, that the ansatz structure does not change with the
transformation of the form

A— Ahl(wl)hg(WQ), W; — <I>1(w¢), = 17 2. (9)
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That is why, solutions of system (4), (8) connected by relations (9) are considered
as equivalent.

Making the change (9) in equations 1), 2), 3b) by the appropriate, choice of
functions h;, ®; one can obtain f; = fo =1, A} = Ay = 0. Consequently, functions
w1, wo satisfy the equations

Wiz, wozr =0, Wiz, Wigr + wWag,woee = 0.
whence

(w1 £wo)wy(wr £wa)x, =0.
Integrating the above equations we get

wi = f(§) +9(n), w2=f(&)—gn), (10)

where f, g are arbitrary smooth functions, £ = 3(z1 + 20), n = & (x1 — @0).

Substitution of the formulas (10) into equations 1), 2) from (4) yields the following
equations for a function A(zg,z1)

(InA)z, =0, (InA),, =0,

whence A = 1.
At last, substituting the obtained results into the equation 3b) from (8) we come to
a conclusion that the problem of integration of system (4), (8) is reduced to solution
of the functional-differential equation
df dg

V(z1) = [g1(f +9) — g2(f — g)]d_fd_n (11)

And what is more, solution with separated variables (3) reads

u=@1(f(&) +9(m)p2(f(§) — 9(n). (12)
To integrate (11) it is convenient to make the hodograph transformation
§=P(f), n=R() (13)
with P #0, R # 0, equation (11) taking the form
a(f +9) = 0a(f —9) = P(N)R(9)R(9)V (P + R). (14)

Evidently, equality (14) is equivalent to the following relation:
(9F = P (N RV (P+ R)] =0

or

(PR— RP)V +3PR(P - R)V + PR(P* - R*)V =0. (15)
Without going into details of integration of equation (15) we give the final results.
Theorem 1. The general solution of (15) is given by one of the following formulas:

1. V=V(x) isan arbitrary function, R=P = a;
2. V=m(z +C)p*=aP+fp, R:=aR+7;
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3. V=m(z;+C)2, P=F(f), R=dG(g),
F? = aF* 4 BF3 + yF? + 6F + p, (16)

G? = aG* — BG® +~4G? — 6G + p;
4. V=msin"?(z; +C), P =arctgF(f), R =arctgG(g),
where F, G are determined by (16);
5. V=msh ?(x; +C), P=arthF(f), R=arthG(g),
where F, G are determined by (16);
6. V=mch ?*(z;+C), P=arctgF(f), R=arthG(g),
where F, G are determined by (16);

7.V =mexp(—azx), P2 = 0e?P + Bef ++, R?2= el + el +p;

8.  V =cos 2(z1 + C)[my + masin(z; + C)],

P2 = a%sin2P + 32, R2? = a2sin2R + (%
9. V= ch72(331 + C)[my + mash(zy + C)),

P2 = ash2P + (ch2P — 42, R2?2=ash2R — 3ch2R —~?;
10. V= sh72(m1 + C)[m1 + ma ch(zy + C)],

P2 = ash2P + Bch2P — 42, R?2=—ash2R+ fch2R —~?;

11. V=miexpCizi + moexp2Czy, P=aP2+ 8, R=aR?+};

12. V=my+ma(x;+C)2, P2=aP?+p3P+~ R?=aR?>—[(R+~;

13. V=m, P2 =aP2+p3P+v, R?=aR%?+[(R+.

Here o, (B;, vi, 0, p, m, m1, ma, C are arbitrary real constants.

Thus, Theorem 1 gives the complete solution of the problem of VS in wave equa-

tion (1).

Note 1. Equation (1) with potentials V' = msin 2z, V=mch?xy, V =msh ?n
is reduced to equation (1) with the potential V' = max? by the changes of variables

1
(y1 £ yo) = arctg §(x1 + x0),

1
(y1 £+ yo) = arcth 5(:51 =+ x9),

1
(y1 + yo) = arctg 5(1171 + x9),

NI RN RN RN~

1
(y1 — yo) = arcth 5(:1:1 — o).

Note 2. Equation (1) with the potential V' = mexpCz; is reduced to the Klein-

Gordon-Fock equation Ou 4+ mu = 0 with the change of variables

1 _ C
5(?41 +yo) =C lexp 5(331 + z9).
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It is evident that the equation (1) admits VS in Cartesian coordinates w; = =z,
we = x7 under arbitrary function V(z1). That is why the most interesting potentials
are such that there exist new coordinate systems providing VS. From the Theorem 1
and Notes 1, 2 it follows that equations (1) admitting VS in, at least, two inequivalent
coordinate systems, are locally equivalent to one of the following wave equations

Ou + mu = 0,
Ou 4+ mziu = 0,
Ou + m:z:l_zu =0,

Ou + (mq + mgxl_Q)u =0,

Ou + (my + mgsinzy) cos™

Ou + (my + mgshxy) ch ™2 z1u =0,

Ou + (my + mgchay) sh™? zu =0,
(

8. Ou+ (my + mae™)eu = 0.

17
2x1u:0, (17)

N g W

A detailed analysis of the coordinate systems providing VS in equation (17) will
be carried out in our future work.

In conclusion, we note that the equation (1) is intimately connected with the wave
equation

Ut — Cz(x)vmc = 0. (18)

This connection is given by the formula

o(t,z) = /Cl(a)u (t,/;i%). (19)

Applying the Theorem 1 and the formula (19) it is not difficult to carry out VS in
partial differential equation (18).
Besides, Lorentz-invariant wave equation

Uyoyo — Uyryn T U(yg - y%)u =0 (20)

can also be reduced to the form (1), where U(r) = LV(Int) by the change of
variables

11/2 111/2

Yyo=e chxg, y1=ce sh zg.

That is why, one can at once, point out all potentials U = U(7), 7 = 22 — 2% providing

VS in the wave equation (20):

U=mr—tInt, U=mr~tIn7)"2, U=m7 ! +mer t(ln7)72,
U=mr~l, U=7"1(mq+masinln7)(coslnt)=2,
U=71"Ymi +mashlnt)(chlnt)"2

U=7"Ymy+machlnt)(shln7)"2 U =mys + mart.
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