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Generation of solutions for nonlinear
equations via the Euler—Amperé
transformation

W.1. FUSHCHYCH, V.A. TYCHYNIN

3a joromoror0 KOHTaKTHOro mepeTBopeHHs Eftnepa—Awmmnepa omep:kano (opmyan pos-
MHOKeHHs1 po3B’a3kiB. [To6ynoBano kiacu JPUII npyroro nopsinky, siki inBapianTHi Bif-
HOCHO LIbOTO e€PeTBOPEHHS.

The invariance of DE under a nonlocal transformation of variables allows us to
generate its solutions from the known ones. The reducing of a nonlinear PDE to
a linear equation makes it possible to construct for it the formula of a nonlinear
superposition of solutions. In the present paper the solutions generating formulae
are obtained via the Euler-Amperé contact transformation. Classes of Euler-Amperé
invariant PDEs are constructed. The efficiency of the obtained formulae is illustrated
in several of examples.

1. Nonlocal invariance and the solutions generating formula. Let us consider the
Euler—Amperé transformation in the space R(1,n—1) of n independent variables [1, 2]:

U = YqVq — VU, Zo = Yo, Tgq = Va,

- 1
—ﬁ a,b=1,n—-1, d=det(vy)#0, pv=1n-1. ()

The first and second order derivatives are changing as

Up = —o, Ua = Ya,

Voo = —detfl(vab) det(vyy), Uuga = —detfl(vab)v()baba(vcd), (2)

gy = —det ™ (Veq)aap(Vea) (a,b,c,d =T,n — 1).
Hereafter the summation over repeated Greek indices is understood in the space
R(1,n —1) with the metric g,,, = diag(1,—1,...,—1) and over repeated Latin indices
it is understood in the space R(0,n — 1) with the metric g, = diag(1,1,...,1),
Uy = Ot = %, det(uap) = aoo(Uab). Gro(Uur), Gap(ucq) are the cofactors to

z,, 0%,

the elements wuy, and wugp respectively, A\, =0,n — 1.
Following expressions are absolute differential invariants of order < 2 with respect
to (1) due to its involutivity:

fo(xo)a fl(xa,ua), f2($07_u0)3 fg(uvxaua —u),
f4(u007 _detil(uab) det(uul/))v f5 (an, _detil(uab)uObaba (ucd))a (3)
15 (tap, —det ™ (teg) aap (ted))-
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Here f° is an arbitrary smooth function, and f*, k = 1,6 are arbitrary smooth and
symmetric on arguments functions:

fk(gc,z) = fk(zvx)

Let us construct by means of the expressions (3) the absolutely invariant under
transformation (1) second order PDE

F{f7}) =0 (o=0,0). (4)

F(-) is an arbitrary smooth function. Such equations are contained in the class (4):

Uy — Uglig + 22 =0, 22 = zoxq; (5.1)
Mg — Au — det ™ (ueq) Slid (ueq) = 0; (5.2)
Ugy — detfl(ucd) det(uy,) = 0; (5.3)
Ntg — det™ (tteq) + (—1)™ " det ™™™ (tzeq) detfaqs (uea)] = 0; (5.4)
M3+ p(@e)uqta + pluc)a? = 0; (5.5)
M 4 p(ue)ugua + o(ze)z® = 0; (5.6)
Mg — (e, u) A — det ™ (ueq)p(te, Tatta — u) - Slid (ucq) = 0. (5.7)

One can continue this list of equations (5) in the obvious manner. A is the Laplacian,

. def
Slid (ucd) = gabaab(ucd)a
o(x, z) is an arbitrary smooth function, A is an arbitrary parameter, m, h are real
numbers.
1

Let (u)(xo,x) be a known partial solution of Eq. (4). For constructing new solution
2
(u)(xo,a:) of this Eq. (4) we rewrite the formula (1) in parametric form, replacing x,

1 1

for parameters 7%, a = 1,n — 1. Substitute (U)(JZ(),T), (u) o(o,7) to (1). So, as a result,
we obtain the formula

2 1 1 1
(u)(xo, x) =71 (u) oo, 7) — (u)(xo, T)=71%4 — (u)(mo, T),

1
Tq = (u)a(xo,r), a=1,n—1.

(6)

Here © = (21, 72,...,2,_1), 7 = (7},72,...,7""1). The formula (6) allows us to
construct efficiently the new solutions of nonlinear equations (5) by resolving the last
system (6) with respect to parameters 7.

Example 1. Let us consider the equation
Uou11 — U%l + 1= O7 (7)
which is invariant under the transformation (1). The function

(1)
u(wg, 1) = p(w), w =T+ 1T
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is a solution of Eq. (7), when ¢ satisfies the first order ODE

q+2(k@) "W (k)2 + 1+ 4kw +¢; =0,
qun‘lﬂp—\/ kp)? + ‘—ln‘k(p—f—\/ k‘(p)z—i—l‘.

Here k = %ao, a1 =1, ag = 1, ap, ¢ are arbitrary constants. In this case the
generating of new solutions is realized according to the formulae

(©)

(12L)(:1:0,x1) =7 -p(w) —pw), x1=9¢W), w=2kro+T. 9)

From the second equation of the system (9) we get
7= [@] N (x1) — 2kao.
Here [¢]7!(z) is the inverse function to ¢(x). Note, that
(7 (1) =w,  pw) = p(w) = ¢([@] 7 (21)) = 21.
Then from the first equation of the system (9) we obtain

2
(u)(xo, x1) =721 + ©(2kxo + 7). (10)

Here ¢(2kxo + 7) is a solution of ODE (8) of argument 2kxzy + 7. Due to equality

1
x] = (u)(xO,T) = ¢(2kxo + 7) we get 7 from the correlation (8)

T = {g + 2(kxy) "/ (kx1)? + 1+ 2kxg + (4k) ! },
g =In ’kxl — v/ (kx1)? + 1’ —1In ‘kxl ++/ (kx1)? + 1‘ .

Thus, the solution u(xg,x1) is determined by the parametric system of equations

(11)

(2)

U (20, 71) = (—q* — 2(kzy) "/ (kz )2 + 1 — (4k) " ~cl> -

— I {g +2 ]4}.131 \/ kxl +2k‘$0+ 4k‘)
q+2kQ) (k)2 +1+4kw +c; =0, ¢ =pw). (13)

Example 2. The equation

(12)

W—/

(up — Aggyu)(ur1uz — u?Q) —Apu=0 (14)

is (1)-invariant, when the condition ujjuse — u3, # 0 is satisfied. The partial solution
of Eq. (13) is

(1)
w=Inr? r?=a2342i

1
Let us replace z,, a =1,2 in (u) for parameters 7¢

1
@ = Inp?, p?= ()2 + (122
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and substitute this result into to the formula (6). We obtain

2
(u)(:zro,xl,xg) =2—-Inp?, x,=27%"2 a=1,2. (15)

Let us express 71, 72 through x, x5 from the last two conditions of the system (15)
T =2x,072, a=1,2. (16)
Substituting 7 from (16) into the first equation of the system (15), we get the soluti-
()
on u:

2
(u) =2(1 —1n2) +In7r2.

2. Nonlocal linearization and nonlinear superposition formula. Let us apply the
transformation (1) to a general second order linear PDE

V" (Y0, ¥) v + 0 (Yo, ) v + (o, ¥)v + c(yo,y) = 0. (17)

y=(Y1,Y2, > Yn—1), ¥ = 1", b b, c are arbitrary smooth functions of yo, y. As
a result we get the nonlinear equation
{699 (zg, 11L) det(u,) — 26%(zo, %)UObaba(ucd) +
+ b (w0, ) aap(tca) } det ™ (uca) + b°(xo, u) - o + (18)

+ b*(xp, 1{)xa — b(zo, 1{)[xaua —u] — ¢(xo, 1{) =0.

Here U= (u1,ug,...,up—1), a,b = 1,n — 1. Eq. (18) possesses the solutions super-
position property, which arises from the superposition of solutions of the linear equa-
tion (17)

(3) 1) (2)
Vv (Yo, y) = v (Yo,y) + V (Y0, ¥)-

k
Let (u), k = 1,2 be known solutions of Eq. (18) and (5)(x0,x) be a new solution of the

3 1 2
same equation. Let us express (u) through (u) and (u). Making use of Euler—Amperé
transformation (1), we get

(3) 3) 3
U (T, ) = Yq Vg — U

3 1 2
Ta =Y = 040, T0=10.

1 2
=Y, %1(3 + g)Qa)) - (v) - (v),

(19)

(1) 2 1) () .
One can express v and v via uw and uw accordingly, where x are replaced for

parameters 7 = (71,72, ... 777 1) in the first and 0 = (*,0%,...,0""1) in the second
ones:

k) (k) (k k k 1

@ = Pa (u)a - (u), kE=1,2, yo=x0= (T)O, Y= T,

k) (k) (k k k
Yo = (u)a((T)O, (7_))’ (72_) — 9, (U)a _ (7-)“.

(20)
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Substituting the relations (20) into (19) we obtain the solutions superposition formula
for Eq. (18)

D (2o,2) = W (wo,r) + W(worz — 1), Walwo,7) = Wale,0), 0=z —r.21)

Here the second equation of the system (19) is used essentially x, = 7%+ 6° for elimi-
2 2

nating parameters 6% in the formula (21) and the designation (u)a(xo, 0) = u)ga, (x0,0)

is adopted as well.

Example 3. Let us use as initial partial solutions

1 1 2 2
(u)(lfo,xl) = x0 — =27, (U)(l"o,im) = k[l 42 —x0)?, k= —g\@

2
of the Euler—Amperé-linearizable equation
uouir +1 =0, wu; #0. (22)

1 2
Replacing the argument x; for parameter 7 in (u) and for parameter § = x; — 7 in (u)

and making use of the formula (21), we obtain a new solution of Eq. (22)

3 2

(u)(ajo,xl) =x0—h— 5\/§h%, h=2+x; — 29+ +/2(x1 —x0) + 3. (23)
Example 4. The nonlinear heat conduction equation

ug det(uqp) + Ayu = 0,

Ap) =07+ 03, det(ua) #0

admits the linearization under the transformation (1) to the equation

(24)

vy — A(Q)U =0.
This Eq. (24) possesses the partial solution in parametric form

u (g, x1,x2) = Gzl_lrz + 2wox107Y, r?= z% + :17%, (25)

x1(87ad) = +0 exp{—0%r?(8zox?) ).
Let the second solution of Eq. (24) take the form
2
u (zo, 71, T2) :If *933- (26)
Making use of the formula (21) we obtain the new solution (73):

1
(132)(:1:0,361,302) =0z, —0)72 (:vl - 59) (r? + 6% — 2210) +

1 1 1)\’
422007 (2 — 59 + 192 —a3(x, —0)7? (ml — 59) , (27)
1 (r? + 6% — 2210)
2 AN 2 1v)
8y (xl 20) +0 exp{ 0 PP - ,
0 is the parameter to be eliminated.
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