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The conditional invariance and exact
solutions of the nonlinear diffusion equation

W.I. FUSHCYCH, N.I. SEROV, L.A. TULUPOVA

HccenenoBana ycioBHAasi HHBaDUAHTHOCTb HeJMHEHHOro ypaBHeHusi nuddysuu. Oneparo-
PBI YCJIOBHOH MHBapUAaHTHOCTH HMCIOJb30BaHbl 1JIS1 IOCTPOEHUS aH3alLeB, PeLyLHPYIOLIHUX
JaHHOe ypaBHeHHe K OObIKHOBEHHBIM AH(depeHINaNbHBIM ypaBHeHUsAM. HalineHsl HeKo-
TOpble TOYHbIE peLIeHHs UCXONHOr0 yPaBHEHHS.

Let us consider the nonlinear diffusion equation
H(uw)uo + u11 = F(u), (1)

where u = u(z) € Ry, z = (z0,21) € Ro, up = 2% = %
1

xo’

Uu11 H(u) and F(u) are
arbitrary smooth functions.

Usually the equation (1) is investigated in the equivalent form

up + 01 (f(u)ur) = g(u). (2)

In this way, for example, in papers [1, 2] Lie invariance of this equation was investi-
gated.

The present paper is a continuation of the works [3, 4], where the Q-conditional
invariance of the equation (1) was studied when H(u) = 1 and H(u) = u~*, F(u) = 0.
In this paper Q-conditional invariance of the equation (1) is studied when H(u) and
F(u) are arbitrary functions. Using obtained operators of @-conditional invariance
exact solutions of the given equation are found.

Let

Q = A(z,u)0p + B(z,u)01 + C(x,u)dy, (3)

where A, B, C are smooth functions, be a differential operator of the first order,
acting on the manifold (z,u) € Rg.
The following theorem is proved analogously, as in [5].

Theorem 1. The equation (1) is Q-conditionally invariant under the operator (3), if
the functions A, B, C satisfy the following conditions:

Case 1. A=1.
By, =0, Cu,=2(B1,+ HBB,),
3B, F =2(C1,+ HB,C)— (HBy + B11 + 2HBB, + H,BC), (4)

CF, - (Cy, —2B))F = HCy + C11 + 2HCB; + H,C?
Case 2. A=0, B=1.

H
CFy = CuF = HCy + Ciy +20C, + C*Cou+ 7 CO(F = C1 = CC,). (9)
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In formulae (4), (5) and everywhere below a subscript means differentiation with
respect to corresponding argument.

Theorem 2. The equation (1) is Q-conditionally invariant under the operator
Q = 9o + udr + C(u)0u, (6)

if it has form

A A
(3>\1 + 72) ug +upp = (2)\1 + f) Ps(u), (7)

where P3(u) = A\ju®+Xou?+\zu-+ Ny is arbitrary third-order polynomial of u, i are
arbitrary constants, k = 1,4. In this case C(u) = Ps(u).

Proof. Substituting B = u, C = C(u) into (4), we have
Cuyuw =2uH, F = %(2H —uH,)C, uHy,, +2H, =0.

Whence it appears that

H:3A1+%, C(:ID?,(U)7 F = <2/\1+%) Pg(u),
The theorem is proved.

We use the operator (6) for finding solutions of the equation (7). The ansatz
obtained with the help of the operator (6) has the form

udu du
T By~ u’”"”/&(u)' ©

The ansatz (8) reduces the equation (7) to the ordinary differential equation (ODE)

¢+ P3(¢) = 0. 9)

Integration of the equation (9) depends on a form of the roots of the polynomial Ps.
There are seven essentially different cases. We give one example of each case.

1) P(u)=(u-17°  (p-w)’=2w,
Tr1 — o
To — %(251 - xo)27

2) Py(u)=(u+1)(u—1)% th(p—-w)—1=

1
Y+ w

b

(mo—f—xl—i—ﬁ)u—l

=th (xg — z1);
xo—&-xl—i-ﬁ—u (o )

3) Ps(u) = (u—2)(u?—1), exp3(p—w)—3exp(p+w)+2=0,
_exp3(@1 —xo) +3exp(z1 +x0) — 4
exp 3(z1 — o) — 3exp(xy + ) + 2’
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4)  P3(u) = (u—1)(u? +2u +2),
3cos(2¢ — 2w) + 4sin(2¢p — 2w) + 5 = 2exp(—4p — 6w),
_exp(—3xg — 2x1) + 3sin(zo — x1) — cos(xo — 1)
~ exp(—3xp — 271) + 2sin(zg — x1) — cos(xo — 1)’
5 P3(u)=(u—-1)?2, ¢=w+hw, u=1+exp(rs—0);
hze —
6) Py(u)=u?’—-1, ¢=Inchw, u= S1To —SEP L
sh xg
7) P3(u)=u?*+4+1, ¢=Incosw, u= —cosm-o + P
sin
Theorem 3. The equation
uo +uui; = Au+ Aa, (A1, A2 = const) (10)

is Q-conditionally invariant under the operator

Q=00+ %31 + (Mu + A2)0,.
1

(11)

Proof. If we find a prolongation of the operator (11) and act on the equation (10),

then we have

~ 2u  3u A
Quo + uugy — Mu— Ao) = (—2 — o+ —2) x
7 T U

X(UO+UUH—/\1U_)\2)—<?_‘T_+>\1+Z> X

X (UO—I-%—)\{U,—)\Q),
1

QS = aS + fQu,
The theorem is proved.
The ansatz

2
AU+ Ay = e’\””f’go(w), w=u— Aaxg — )\1%7

(12)

obtained with the help of the operator (11) reduces the equation (10) to the following

ODE

@ =0.

(13)

Solving the equation (13) and using the ansatz (12), we find the solution of the

equation (10):

2
AU+ g = 6>\le |:C1 (u — Ao — A1 %) + 62:| .

(14)



92 W.I. Fushchych, N.I. Serov, L.A. Tulupova

Now we give some more results on the @-conditional invariance of the equation (1).
The results are written in the following order — an equation (1), a corresponded
operator, an ansatz, a reduced equation, a solution of the equation (1).

1) ()\1’&2 + )\Q)UQ + U1 = )\QUS, Q = )\293%30 + 31’161 + 3u8u,
A A3
u=r9Y(w), w=z0-— 3296‘%’ g’ + 3290 = As¢°,
2)  (Au? + Xo)ug +upy = Azu® + 2u,

Q = A2(1 4+ cos2x1)0y — 3sin2x101 + 6udy, u = ctgrip(w),

3 A
w= —xg+ Insinzxy, @—3<,b+290+3—1<p2gb:)\3<p3,
A2 A2
3u

3) ()\1162 + )\Q)uo + Uy = )\3’LL3 — 2'LL, Q = )\280 + 3th $181 — h2—8u,
cn Ty

3 A

u=cthzip(w), w= ¥~ Inshzy, ¢+3p+2p+ 3/\—1g02<,b = A3¢°,
2 2

4)  eug + uyp = e,

xo 2
a) Q =x101 — 20, u=p(xg)—2Inzy, e¥9+2=c¢e?, u:lnexj ,
1
1
b)Q:81+tg%8u, u:go(:co)f21ncos%, e“”ngri:e“D,
zo 1
uzln#,
cos? &
1
c)Q—al—i—th%au, u:ga(xo)—Zlnchﬂ, e(‘”<p—§—e¢,
eﬂﬁo_l
u = In sz’
cos® 5

5) )\UUO + U = AUQ,

1 1 zo
CL)Q:B()-F(U-’-A—J:%)au, u:/\—z%—i—e (p(l'l),

1 1
bm:ao_(“_xw(xl)) Our w=W+e™p(a1), ¢=We,

1
u= XW(xl) + e (x1),

where W (z) is the Weierstrass function, A(z) is the Lame function.
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