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On the new exact solutions of the nonlinear

Maxwell-Born-Infeld equations
W.I. FUSHCHYCH, R.Z. ZHDANOV, V.F. SMALI]

[IpensioKeHBl IBe HeJOKasbHble MOACTAHOBKH, CBOASILLME ypaBHeHHs MakcBessa ¢ Mate-
puasbHbIMK ypaBHeHUsiMH Dopua—-WHdenbna k ckanspHeiM ypaBHeHusiM. C Hcrosnb3oBa-
HHEM 3THX TOACTAHOBOK MOCTPOEHBI MHOTOMAPaMeTPHUYECKHE CEMEHCTBA TOYHBIX PeLIeHHH
HeJIMHeHHbIX ypaBHeHUH MakcBenna—-bopHa—-Hupenbaa.

In the present work we obtain broad classes of exact solutions of the Maxwell
equations

ﬁtﬁ = rot ﬁ, 8t§ = —rot E, (la)
divD =0, divB =0, (1a)
with constitutive equations suggested by Born and Infeld [1] in 1934

5:TE+71§, ﬁ:Tg—Tlﬁ,
. . L.y —1/2 . (1c)
= {1 + B2 E? - (BE)2} . = (BE)r.
Here E,, H,, B,, D, are smooth functions on t =2y € R!, Z € R3, a = 1, 3.
Symmetry properties of equations (la—c) are investigated in [2] but we do not
apply symmetry reduction procedure to construct their exact solutions. Our approach
generalizes that of papers [1, 3] and is based on the fact that the general solution of
equations (la,b) can be represented in the form

E:rotﬁ, ﬁzrotW, H=0,W, E:fatﬁ, (2)

where U = (Uy,Us, Us), W = (W, Wy, W3) are arbitrary smooth vector functions.
Substitution of formulas (2) into (Ic) gives rise to the first-order system of partial
differential equations (PDE)

rotW = —7 {(‘%U’—i— ((0:0)(rot U)) rot U'] ,

- . . L (3)
oW =1 [rot 0 + ((8,0)(rot U))atU} :
. . . . -1/2
where 7 = {1 + (rot T)2 — (8,0)% — ((8,0)(rot U))2}
To obtain exact solutions of system (3) we use the ansatz
U= dp(wo,wi,ws), (4)

where wp = t, w; = bT, wy = CT: o € C*(R3,RY); a, b,  are arbitrary constant
vectors in the space R? satisfying conditions

—

@l=0b2=¢%>=1, ab=bé=¢ca=0.
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Since rotU = _~§5 + ba“’ the relation (8,U)rotU = 0 holds. Consequently,
system (3) is rewritten in the form

rot W = —Ta'g—*", oW =71 (—5§i + Eai) : (5)

wWo

2 2 2\—1/2 _

where 7 = (1 — 3 + ¢1 + ¢3) , ou = 0p/Ow,,.
Since girot W = rot 9, W, the equality

Loy dp | -0y
Ot (—7dpy) = rot |:T (—ca—w1 + ng)]

holds. The above equation after making some manipulations takes the form

—

(1 — ") 32 (1 = u™) 00 + e ?] = 0.

Here ¢,, = %; u,v = 0,2, the summation over the repeated indices in the
Minkowski space R(1,2) with the metric tensor g,, = diag(1,—1,—1) is implied.
Thus provided the function ¢(w) is a solution of the nonlinear PDE

(1= @u")0p + @uete” =0, (6)

and what is more 1 — ¢, ¢" # 0, formulas (2), (4), (5) give particular solutions of
system of nonlinear PDE (1).
We look for a solution of equation (6) in the form

o = ®(y1,y2), (7)

where Y1 = wo + w1, Yz = wa.
Substitution of (7) into (6) gives rise to the following equation for ®:

%P

g =" Y

whence ® = hy(y1)y2 + ha(y1), hi C C?(R',R!) being arbitrary functions. Substitu-
ting the obtained expressions into (7) we get the class of exact solutions of nonlinear
PDE (6) containing two arbitrary functions on wg + w1 = ¢ + bF

p= wghl(wo +w1) + hg(u]o +w1).

Hence by using formulas (2), (4), (5) we obtain a family of exact solutions of the
nonlinear Maxwell-Born-Infeld equations
E = —a(hc@+hy), H = (1+h?)"2bhy — T+ ho)],

—

. . L ) . 9)
D = —a(1+ h3)"Y2[hEZ + hy), B = bhy — &(hiET + hy).

Similarly, using exact solutions of equation (6) constructed in [4, 5], that satisfy
the condition 1 — ¢, " # 0 we shall write down corresponding particular solutions
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of system (1) (as earlier, we shall use the designations wy = ¢, wy; = 51?, woe = CT,

_ 2
W2 =Wy — W1*W2)

v y o i
1' (p w07w17w2 = Cl/ - T = (1 + 7) )
( ) 0 V1+ eyt 1+ cow? — 2

Go___ati 5 albed)+dbd) w0
WL+ ) 0+ )
D=- atd g alben s afr)
\/w2(1 + cowt — ¢2) \/w2(1 T ——"
wWo — W1 1/2
2 plugwn,wy) =% 7”1(01(&10 twi)te)|  tos,
c1(wo +w1) + ¢2),
1/2
a cth Clt—}-bx +62)
i c1(t — b E)
« t—bm)+sh2(c1(t+bx)+02)
ch?(e1(t + &) + ¢3) :
= 1/2
oo Clethe+bd) +ea) | an
4 er(t —b7)
o 21 (t — b &) — sh2(ci(t + bZ) + c2)
ch®(cy (t + b7) + c3) )
- 1/2
E—JF 2{2¢; (t — b %) +sh2(ci (t + b F) + c2)}2
4 c1(t —b&)sh2(eq(t+ Ef) + ¢2) )
- 1/2
j7= | 2{2a(t - b@) —sh2(cy(t + bE) + c2)}2
4 ( b )Sh2(01(t—|—gi-')+cz) )
2 1/2
3. plwo,wi,wa) =+ [02663(“’0“1) + C—(wo +w1)] +c1,
3
2(0)0 + wl) + 0201603(w0—w1) 1/2
T =
2("‘}0 + wl) — 62016‘33(‘00*&11) ’
= a (% +Czc3ec3(t—55)) W)
E = :':5 — - 1/27
o650 4 2 (¢ +53)|
2 bz
B»::Fg (3—02036 a(t ))

P L 12
[02603(’5*”) + g(t—i—bx)}
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(z _ CQCgecm—Bi))

- a cs

H::F§ iz ) o /2’
[—02603( —bE + 2(t+ bx)}

~ a (% + 0203603“75@)

D= :Fi - 12"

{—czecw—’?f) + 2+ bf)]

By direct check one can kiecome convi_pced o£ the fact that solutions (9)-(12) are
such that the vectors F and D as well as B and H are parallel. Besides, the conditions

EB=DB=EH=DH=0

hold.
Some other classes of exact solutions of system (3) are obtained by putting in (3)

rot ﬁ = 6, ﬁtt = 6 (13)
By force of (13) equation (3) reads
ot W= ——— 2 = V(tp(d) + V(@), (14)
1—(Vg)?

where (%), V(¥) € C?(R3,R!) are arbitrary functions.
From the integrability condition of system (14): V [V x W] = 0 it follows that

—div vi": =0,
1= (Vyp)?

whence

(1 _ ﬁw)z)A@ + Py Py, Prazy _
[1 - Vg)2]3/2

The above equation, provided (V)2 # 1, takes the form

[1— (V)?|Ap + Qu, 0y Prazy, = 0 (15)

In [4, 5] the following classes of exact solutions of equation (15)

o) =c11n |:\/(5f+ )2 + (b + ¢3)2+

+\/(df+ )2 + (bZ +c3)? + 2| + ¢, (16)

o= [ 1+ err) V2dr

0
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were constructed. Omitting intermidiate computations we write down the exact solu-
tions of the Maxwell-Born-Infeld equations (1) obtained by substituting (16) into (2),

(14)

G0, fi—g D--alil@ite)bbite)]
(@Z 4 c2)? 4+ (bZ + c3)?
- Q@7+ o) +0(bT + - _
E:_c1[a(az c2) E +c3)] (@7 +c2)? + (BT + c3)? + 312,
\/(6a?+cQ)2+(b§s’+c?,)2
. . . N N == = 2 77— = =
B=G H=0 D a(@r+ca/2) +b(b¥) + &(c) ’
(T2 4 2@ T+ 2)2(F2 + c2d T+ c3) + 33
Pl Ei(a T+ c/2) + b(bE) + ACT)
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