W.I. Fushchych, Scientific Works 2002, Vol. 4, 539-556.

On the general solution of the d’Alembert
equation with nonlinear eikonal constraint

W.1. FUSHCHYCH, R.Z. ZHDANOV, I.V. REVENKO

We construct general solutions of the system of nonlinear differential equations Ou = 0,
uyut = 0 in the four- and five-dimensional complex pseudo-Euclidian spaces. The obtai-
ned results are used to reduce multi-dimensional nonlinear wave equation to ordinary
differential equations.

1. Introduction. In the present paper we construct general solution of the multi-
dimensional system of partial differential equations

(1)

O,u =0,
2 2

H=q2 _ — = =
up Ut =y, — ug, uz =0

in the four- and five-dimensional pseudo-Euclidian space. In (1) v = wu(xo,z1, ...,
Tp_1) € C%(C™,C'). Hereafter the summation over the repeated indices in the pseudo-
Euclidian space M(1,n) with the metric tensor g,, = diag(1,—1,...,—1) is under-
stood.

We suggest a new algorithm of construction of exact solutions of the nonlinear
d’Alembert equation

Oqu=MF, MNkeR! (2)

via solutions of the system of PDE (1).

2. Integration of the system (1): The list of principal results. Below we adduce
assertions giving general solutions of the system of PDE (1) with arbitrary n € N
provided u(z) € C?(R",R!), and with n = 4,5, provided u(x) € C?(C",C!).
Theorem 1. Let u(x) be sufficiently smooth real function on n real variables xq, ...,
Tn_1. Then the general solution of the system of nonlinear PDE (1) is given by the
following formula:

Cp(u)z, + Cp(u) =0, 3)
where C,,(u), Cy,(u) are arbitrary real functions that satisfy the condition

Cu(u)Cpu(u) =0 4)
(the condition (4) means that n-vector (Cy,Ch,...,Cn_1) is an isotropic one).

Note 1. As far as we know Jacobi, Smirnov and Sobolev were the first to obtain
the formulae (3), (4) when n = 3 [1, 2]. That is why it is natural to call (3), (4)
the Jacoby—-Smirnov-Sobolev formulae (JSSF). Later on, in 1944 Yerugin generalized
JSSF up to the case n = 4 [3]. Recently, Collins [4] proved that JSSF give the
general solution of system (1) under arbitrary n € N. He applied rather complicated
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differential geometry technique. Below we show that to integrate Eqgs. (1) it is quite
enough to apply only classical methods of mathematical physics.

Theorem 2. The general solution of the system of nonlinear PDE (1) in the class of
functions u = u(xg, 1,72, 23) € C2(C* C) is given by the following formula:
F(A,(w)x,, By (w)z,,u) =0, (5)

where F € C?(C3,CY) is an arbitrary function, A, B, € C?(C',C') are arbitrary
smooth functions satisfying the conditions
A, A, = A,B, = B,B, = 0. (6)

Theorem 3. The general solution of the system of nonlinear PDE (1) in the class
of functions u = u(xg, 1,72, 73,24) € C?(C? C) is given by one of the following
formulae:

1) A/L(T7 u)x/t +Ch (7'7 u) = 0, (7)
where T = 7(u,x) is a complex function determined by the equation
B (1,u)x, + Cao(1,u) = 0, (8)
and A, B,,C1,Co € C?(C?,C') are arbitrary functions satisfying the conditions
0A 0B
A,A,=A,B,=B,B, =0, B"T: = A,La—: =0 9)

and what is more

0A, 0C,  9A, 0C

T+ == 4+ =
or or or or

A = det 0. 10

¢ 0B, 9C, 9B, 0C, 7 (10)

T or Tor ar T or
2) A (x)z, + Ci(u) =0, (11)
where A, (u), C1(u) are arbitrary smooth functions satisfying relations
AA, =0 (12)
(in the formulae (7)-(12) the index u takes the values 0,1,2,3,4).

Note 2. In 1915 Bateman [5] investigating particular solutions of the Maxwell equa-
tions came to the problem of integrating the d’Alembert equation O4u = 0 with
additional nonlinear condition (the eikonal equation) w,,u,, = 0. He obtained the
following class of exact solutions of the above system:

u(z) = Cu(r)z, + Ca(1), (13)
where 7 = 7(x) is a smooth function determined from the equation

Cou()z,, + Cy(1) = 0, (14)
¢, (7), C4(7) are arbitrary smooth functions satisfying the conditions

c.C,=0C,C,=0. (15)
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It is not difficult to show that the solutions (13)-(15) are complex (see Lemma 1
below). Another class of complex solutions of the system (1) with n = 4 was construc-
ted by Yerugin [3]. But neither Bateman formulae (13)—(15) not Yerugin’s results give
the general solution of the system (1) with n = 4.

3. Proof of Theorems 1-3. It is well-known that the system of PDE (1) admits
an infinite-dimensional Lie algebra [6]. It is this very fact that enables us to construct
its general solution.

Proof of the Theorem 1. Let us make in (1) the hodograph transformation
zo=u(x), za=24, a=1n—1, w(z)=ux. (16)

Evidently, the transformation (16) is defined for all functions u(x), such that u,, # 0.
But the system (1) with u,, = takes the form

n—1

n—1
D taiw, =0, )z, =0,
a=1 a=1
whence u,, =0, a =1,n— 1 or u(z) = const.
Consequently, the change of variables (16) is defined on the whole set of solutions

of the system with the only exception u(z) = const.
Being rewritten in the new variables z, w(z) the system (1) takes the form

n—1 n—1
Z Wy, 2, =0, Z wﬁa =1. (17)
a=1 a=1

Differentiating the second equation with respect to 2, z. we get

n—1
E (W22, Way + WayzyWey2,) = 0.

a=1

Choosing in the above equality ¢ = b and summing we have
n—1
Z (wzazbzbwza + wzazhwzazb) =0,
a,b=1
whence, by force of (17),
> w?,, =0 (18)

Since w(z) is a real valued function from (18) it follows that w,, ,, = 0, a,b =
1,n — 1, whence

n—1

w(z) = Z aq(20)2zqa + az0). (19)

a=1

In (19) aq, o € C?(RY,R!) are arbitrary functions.
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Substituting (19) into the second equation of system (17), we have

n—1

Zai(zo) =1. (20)
a=1

Thus, the formulae (19), (20) give the general solution of the system of nonlinear
PDE (17). Rewriting (19), (20) in the initial variables, we get

n—1 n—1
2o =Y aa(Wza+alu), Y al(u)=1 (21)
a=1 a=1

To represent the formula (21) in the manifestly covariant form (3) we redefine the

functions «,(u) in the following way:
Aa(u) B(u)
aq(u) = Ao(u)’ a(u) = Ao(u)’ a=1,n-1

Substituting the above expressions into (21) we come to the formulae (7).

Further, since u = const is contained in the class of functions u(x) determined by
the formulae (7) under A, =0, o =0,n—1, B(u) = u + const, JSSF (7) give the
general solution of the system of the PDE (1) with an arbitrary n € N. The theorem
is proved.

Let us emphasize that the above used arguments can be applied only to the case of
real-valued function w(z). It a solution of the system (1) is looked for in the class of
complex-valued functions u(z). JSSF (7) do not give its general solution with n > 3.
Each case n =4,5,... requires a special consideration.

Further we shall adduce the proof of Theorem 3 (Theorem 2 is proved in the same
way).

Case 1. uy, # 0. In this case the hodograph transformation (16) reducing the
system (1) with n =5 to the form

4 4
szaza =0, nga =1, w, #0 (22)
a=1 a=1

is defined.

The general solution of nonlinear complex Egs. (22) was constructed by the authors
in [7]. It is given by the following formulae:

4
1) w(z) = Zaa(T, 20)2a + 71(7, 20), (23)
a=1
where 7 = 7(20, ..., 24) is the function determined from the equation
4
> Ba(,20)2a + Y2(7, 20) = 0 (24)

a=1
and ag, Ba,71,72 € C?(C2,Ct) are arbitrary functions satisfying the relations

4

4 4 4 8ﬂ
Sai=t Yes=Yst=0 Yalk
a=1 a=1 a=1 a

=1

=0. (25)
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4

2) w(z) = Zaa(zo)za + 71(20), (26)

a=1

where a,,y1 € C?(C?,C?) are arbitrary functions satisfying the relation

SaZ=1 @7

Rewriting the formulae (24), (25) in the initial variables z, u(x), we have

4
Ty = Z o (T, u) 0 + 11(7, u)7 (28)

a=1
where 7 = 7(u, z) is a function determined from the equation

4

> Ba(r )z + Y2(r,u) = 0 (29)

a=1

and the relations (25) hold.
Evidently, the formulae (7) under

AO = ].7 Aa = Qgq, Cl = —,

30
By =0, Ba:ﬁcm 02:_717 a=1,4 ( )
Further, by force of inequality w,, # 0 we get from (23)
4
Z(aazo + aa‘rTzo)xa + '7120 + '7177_20 7é 0 (31)
a=1

Differentiation of (24) with respect to 2 yields the following expression for 7,,:

4 4 !
Tzg = — (Z ﬁazo-ra + 72z0> <Z /Bm—Ia + 727'> .

a=1 a=1

Substitution of the above result, into (31) yields relation of the form

4 4
—1 § QgzgLa + Y1z § QarZq + Yir

4
a=1 a=1
(Z ﬁa‘rma + 727) 4 4 7é 0.

=1
¢ Z ﬂazoxa + Y2zo Z Ba‘rl’a + Yor

a=1 a=1

As the direct, check shows the above inequality follows from (10) with the condi-
tions (30).

Now we turn to solutions of the system (22) of the form (26). Rewriting the
formulae (26), (27) in the initial variables z, u(z) we get

X = Zaa(u)xa + 71 (w), Zag(u) =1
a=1
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After making in the obtained equalities the chance o, = AaAgl, a=1,4 v =
—C’lAgl, we arrive at the formulae (11), (12).

Thus, under u,, # 0 the general solution of the system (1) is contained in the
class of functions u(x) given by the formulae (7)-(10) or (11), (12).

Case 2. u,, = 0, u # const. It is well-known that the system of PDE (1) is
invariant under the generalized Poincaré group P(1,n — 1) (see, e.g. [8])

xL = Az, + Ay, (@) =u(z),

where A, A, are arbitrary complex parameters satisfying the relations A, oAqr =
Guvs v =0,n — 1. Hence, it follows that, the transformation

u(z) + u(xl> = u(A/me) (32)

leaves the set of solutions of the system (1) invariant. So when u(x) # const we can
obtain wug, # 0 by using the transformation (32). Consequently, in the case 2 the
general solution is also given by the formulae (7)-(12) up to the transformation (32).

Case 3. u = const. Choosing in (11), (12) A, =0, p = 0,4, C1 = u + const we
come to the condition that this solution is described by the formulae (7)-(12).

Thus, we have proved that, up to transformations from the group P(1,4) (32), the
general solution of the system of PDE (1) with n = 5 is given by the formulae (7)-
(12). But these formulae are not changed with the transformation (32). So to complete
the proof of the theorem it is enough to demonstrate that each function v = u(x),
determined by the equalities (7)—(12), is a solution of the system of equations (1).

Differentiating the relations (7), (8) with respect to z,, we have

AH + Tm“ (AUTxu + ClT) + ur,L (Auuxu + Clu) = 07
B* + Txu (BVT:L.V + 027') + u:v“ (Buumu + CZu) =0.

Resolving the above system of linear algebraic equations with respect to us,, 72,,
we get

1
Ug, = Z(BM(A”TJ)” + Clr) - AM(BVT‘,I;V + C?T))?

. (33)
T, = Z(A#(Bvuxu + Clu) - BH(AV“‘TV + 02“»’

where A # 0 by force of (10). Consequently,
Uy, Ug, = A72 [B/LB/L(ADTIV + 017)2 -
—24,B,(A,;z, + Cir)(Buray + Cor )+ ApAu(Byry, + 027)2] =0.

Analogously, differentiating (33) with respect to x,, and convoluting the obtained
expression with the metric tensor g,,, we get

174
9" gz, = Osu = 0.

Further, differentiating (11) with respect to x,, we have

Uy, = —A#(Ay:cl, + C‘l)*l, uw=0,4,
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whence

Ugue, = —(AuAy + A A (Aywy + C1) 72 + A, A (A, + Cr) (A, + C1) 72
Consequently,
uz“ux“ = AMAM(AV:EV + Cl)_2 = 0’
Ust = g, = _(AHA#)(AVCCV + Cl)_2 +
+ AHAM(AVxV + él)(Ayxu + 01)_2 =0.

Theorem 3 is proved.
4. Applications: reduction of the nonlinear wave equation (2). Following [7,
8] we look for a solution of the nonlinear wave equation

O4w = F(w), FeCYRYR') (34)
in the form
w = p(wy, ws), (35)

where w; = w;(z) € C?(R* R!) are functionally-independent. The functions w(z),
wo(x) are determined by the demand that the substitution of (35) into (34) yields two-
dimensional PDE for a function ¢(wy,ws). As a result we obtain an over-determined
system of PDE [8]

Oqwy = fi(wy,we), Oawy = fa(wi,wy),

Wi, Wiz, = g1(W1,w2), Wag, Wae, = go(wi,ws), (36)
Wig, Waz, = g3(wi,w2), rank ||6wi/8xu||?zli:0 =2

and besides the function p(wy,ws) satisfies the two-dimensional PDE

91Pwywy T 92Pwaws + 2093Pwiws + [1Pw, + f2Ppuw, = F(4). (37)

Let us consider the following problem: to describe all smooth real functions w(x),
wa(x) such that the ansatz (35) reduces Eq. (34) to ordinary differential equation
(ODE) with respect to the variable w;. It means that one has to put coefficients go,
g3, f2 in (37) equal to zero. In other words, it is necessary to construct the general
solution of the system of nonlinear PDE

04wy = fi(wy,w2), Wiz, Wiz, = g1(w1,ws),

Wig, Wz, =0, Woy,Wway, =0, Oaws =0.

(38)

The above system contains Eqgs. (1) as a subsystem. So, the d’Alembert—eikonal
system (1) arises in a natural way when solving the problem of reduction of Eq. (34)
be PDE having the smaller dimension (see, also [7, 9]).

Under the appropriate choice of the function G(wy,ws) the change of variables

v=G(wy,w), u=1ws
reduces the system (38) to the form

040 = f(v,u), Vg, vz, = A, (39a)
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Vg, Ug, =0, Uy, Uy, =0, Oqu=0, (39b)
Vg Vg Vg
rank 0 ! 2 Pl =2, (39¢)
Uy Uzy Ugy Ugpg

where A is a real parameter taking the values —1, 0, 1.
Before formulating the principal assertion, we shall prove an auxiliary lemma.

Lemma. Let a = (ag, a1, as2,a3), b = (bg, b1, ba, b3) be four-vectors defined in the real
Minkowski space M(1,3). Suppose they satisfy the relations

3
apby =bub, =0, > b2 #0. (40)
pn=0

Then the inequality a,a, < 0 holds.
Proof. [t is known that any isotropic vector b in the space M (1,3) can be reduced to
the form b = (o, @,0,0), @ # 0 by means of transformations from the group P(1,3).
Substituting b = (a, a, 0,0) into the first equality from (40), we get
alag—az) =0 «—— ag=as.

Consequently, the vector a has the following component: ag, a1, as, ag. That is
why aya, =ad —ai —a3—a—0*=—(af +a—2%) <0.

Let us note that a,a, = 0 ilf az = a3, i.e. aya, = 0 ifl the vectors a and b are
parallel.

Theorem 4. Eqs. (39a-c) are compatible iff
A=—1, f=—N@+hw)™, (41)

where h € CY(R',RY) is an arbitrary function, N = 0,1,2,3.
Theorem 5. The general solution of the system of Eqs. (39a-c) being determined up

to the transformation from the group P(1,3) is given by the following formulae:
a) under f = —3(v+ h(u))~H A= -1

(04 h(w)? = (A Ay) (A, + B)? +
+ (A A) " (BuvapAu Ay Aazs + C)?, (42)

Ay (u)z, + Bu) = 0;
b) under f = —2(v+ h(u))™, A =-1

(v+h(w)? = —(AA) (Auz, + B), Aux,+B=0, (43a)

where A, (u), B(u), C(u) are arbitrary smooth functions satisfying the relations

A A, =0, ALA, #0; (43b)

¢) under under f = —(v+h(u))™!, A= -1

u = Co(xo — CE3),

(’U =+ h(a?() — 3?3))2 = (.Tl + 1 (.’170 — .’1?3))2 + (332 + 02(330 — $3))2, (44)

where Cy, C1, Co are arbitrary smooth functions;
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d) under f =0, A= -1
1) v= (7AVAV)73/2E}LVOL,6A,U,ADA‘O¢'T{'} + C, Au.’ﬂ# + B = 0, (45)

where A,(u), B(u), C(u) are arbitrary smooth functions satisfying the relations
(43b);

2) u= Co(xo — z3), (46)
v =1 cosC1(xg — x3) + w2 sin Cy(xg — x3) + Co(xg — x3), (47)

where Cy, C1, Co are arbitrary smooth functions.
In the above formulae (42), (43a), (45) we denote by the symbol E,, qp the
components of antisymmetrical fourth-order tensor, i.e.

17 (I‘I’7V7a7ﬁ) :CyCIe(0717273)’

praf = -1, (p,v,a,B) = cycle(1,0,2,3), (48)
0, in the remaining cases.

E

Proof of Theorems 4, 5. By force of (39¢) u # const. Consequently, up to
transformations from the group P(1,3) u,, # 0. That is why one can apply to
Egs. (39) the hodograph transformation

zo =u(x), 2zq=12, a=13, (49)

w(z) =z, v=u0(20,%2)

As a result the system (39a,b) reads

3
dw? =1, > ws., =0, (50a)
a=1

a=1
3
> v,w., =0, (50b)
a=1
3 3
nga = -, Z(Uzaza + Qw;)lvzawzaZO) = —f(v,20). (50¢)
a=1 a=1
Since v(z) is a real-valued function, A = —1 or A =0.
Case 1. A = —1. As it is shown in the Section 1, the general solution of the system

(50a) in the class of real-valued functions w(z) is given by the formulae (19), (20)
with n = 4. On substituting (19) into (50b), we obtain the linear first-order PDE

3
Zaa(zo)vza =0, (1)
a=1

the general solution of which is represented in the form

v :U(207p15;02)' (52)
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In (52)
~1/2 , 4
o = (z az> (zaaza+a> ,
a=1 a=1
3 —1/2 3
P2 = (Z 04(21> Z Eabczaabdc
a=1 a,b,c=1

3
are first integrals of Eq. (51) and what is more > a2 # 0 (the case o, = const,
a=1

a = 1,3 will be considered separately).
Substitution of the expression (52) into (50c¢) yields the system of two PDE for
a function v = v(zo, p1, p2)

Up1pa T Vpaps + 2pflvp1 = _f(va ZO)? (53a)
P ©3)

Let us exclude function f(v,zp) from (53) by considering of the third-order diffe-
rential consequence of (53)

UPQ (vplpl + vszQ + 2pflvﬂ1)P1 - Uﬂl (UPIPI + vpng + 2p;10p1)p2 = 07 (54&)

v2 402 =1. (54b)

P1 P2

Further we shall consider the cases v,,,, = 0 and v,,,, # 0 separately.
A. v,,,, =0. Then

v = g1(20, p1)p2 + 92(20, 1), (53)

where g1, g2 € C?(R2,RY) are arbitrary functions.
Substituting (55) into (54b) and splitting the obtained quality by the powers of po,
we have

91py = Oa g% + (92/12)2 = 17
whence
v=ap; £V1—a2py — h(z). (56)

Here a € R! is an arbitrary smooth function.

Substituting (56) into (53a), we get an algebraic equation av/1 — «@? = 0, whence
a=0,4+1.

Finally, substitution of (56) into (53a) yields an equation for f(v, zo)

20p7" = —f (apr £ V1= a2ps = h(z0),70) (57)
From Eq. (57) it follows that under a =0
f=0, v==%ps—h(z) (58)
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and under oo = £1
f==2w+h(z))"", v==%p —h(2). (59)
B. v,,,, # 0. In such a case one can apply the Euler transformation to Egs. (54)
0=y, p1=vy1, p2=GCy, v+G=pays, vy, =Gy, Vp, =12,

Upaps = (Gyzyz)_17 Upi1ps = _Gylyz (Gyzyz)_lﬂ (60)
Up1pr = (G1211y2 - Gylylezyz)(Gyzyz)_l'

Here yo, y1, y2 are new independent variables, G = G(yo,¥y1,y2) is a new function.
In the new variables y, G(y) the equation (54b) is linearized

Gy, = £4/1 —y3,

whence

G::I:yl \/1_y%+H(y07y2)a HEO2(R27R1)' (61)

The equation (b4a) after the change of variables (60) and substitution of the
formula (61) takes the form

-2
[yl - (1 - y%)?’/QHywz} [3y2Hy2y2 + (y% - 1)Hyzy2y2] + Qy%Hyﬂn =0. (62)
Splitting (62) by the powers of y; and integrating the obtained equations, we get

H = hi(yo)y2 + h2(yo)-

Substituting the above result into (61) and returning to the initial variables zg, p1,
p2, v(20, p1, p2), we have the general solution of the system of PDE (54)

v+ ha(z0) =+ [(pz - h1(Z0))2 + p%] 1/2 . (63)

At last, substituting (63) into the equation (53a), we come to conclusion that the
function f is determined by the formula

f(’U, Zo) = 73(1} —+ hQ(Zo))il.

Let, us consider now the case a,, = const, a = 1, 3. Then the equality a?+a2+a3 =
1 holds. That is why, using transformations from the group P(1,3), one can obtain
ar=ay =0, az =1, i.e. u= Cy(xg—x3), Co € C*(R,RY). Then, from Egs. (39b) it
follows that v = v(§, z1, 22), £ = ¥y — x3 and what is more Eqgs. (39a) take the form

U§1 + ng = 17 vmlml + Urzmz = —f(’U,C()(g))» (64)

It, is known [7, 10] that Egs. (64) are compatible iff f =0 or f = —(v+ h(£))71,
h € C*(R',R'). And besides the general solution of (64) is given by the formulae
(46) and (44) respectively.

Thus we have completely investigated the case A = —1.

Case 2. A = 0. By force of the fact that the function v is a real one, from (50b)
it follows that v = v(zg). Consequently, the equality v = v(u) holds that breaks the
condition (39¢). So under A = 0 the system (39a-c) is incompatible.
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So, we have proved that the system of nonlinear PDE (39a-c) is compatible iff the
relations (41) hold and its general solution is given by one of the formulae (44), (46),
(58), (59), (63). To complete the proof, one has to rewrite the expressions (58), (59),
(63) in the manifestly covariant form (42), (43a), (45).

Let us consider as an example the formula (59)

3 -1/2 , 3
v=4p; —h(z) =+ (Z a3> <Z Labrg () + a(u)> — h(u), (65)

the function u(x) being determined by the formula (12)

3 3

D aa(w)ze +a(u) =0, > al(u)=1. (66)

a=1 a=1
Let us make in (65), (66) the change o, = AATY, o= —BAo_l, whence

Ap(u)zy, + B(u) =0, A,A, =0,
—1/2

3
hu) +v== ZAaAgl — A, AgAg? X
a=1

[ 3
x| Y wa(Aa Ayt — AuAgAg?) + BAgAy® — BA;!
La=1

3
=+ | ) (A2A;? + AZAZAGT - QAGAGAOA(;?’)_”Q] X
a=1
[ 3 . . . .
X Zxa(AaAgl — AyAgAg?) 4+ BAgA,? — BA

La=1

. . . \ —1/2
= & [~ Ay A, Ag? - 4,4, A3A5" + 24,4, 4045%] T

x [~ A (@A, + B) + Ay2Ao(z, A, + B)] =
= $(_AMAH)_1/2(‘Z'MAM + B)

The only thing left is to prove that A#Au < 0. Since A A, = 0, the equality
A,A, = 0 holds. Consequently, by force of the lemma —A,A, > 0 and what is
more the equality A,A, = 0 holds iff A, = k(u)A,. The general solution of the
above system of ordinary differential equations reads A, = k(u)f,,, where k(u) is an

Mo
arbitrary function, 6, € RY, 6,,0,, = 0. Whence it follows that o, = A, Ay = 0,0, =
3

const and the condition Y &2 # 0 does not hold. We come to the contradiction

a=1
whence it follows that 4,4, < 0.
Thus we have obtained the formula (43a). Derivation of the remaining formulae
from (42), (45) is carried out in the same way. The theorems are proved.
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Substitution of the above obtained results into the formula w = (v, ) yields the
following collection of ansdtzes for the nonlinear wave equation (34)

Low == hu) £ [(~AA) " (Auw, + B)*-

~ Auri”( BuasAydu Aoy + 2] )
2. w=g( —hw) £ (~A,A4,)/2(A,z, + B), )
3. w=p(h(zy—x3) £ ([x1 + C1(zo — z3)]> + (67)

WagA#Al,A'axg + C(u)), u);

(-
(1
+ s+ @(xo - xg)] Y2, g — x?,);
4. go(
(

5. = @lx1cosCi(xg — z3) + 2 8in C1(xg — 3) + Cao(xo — 23), 20 — acg).

Here u = u(z) is determined by JSSF (8) with n = 4.
Substitution of the expressions (67) into (34) gives the following equations for

Y= @(u’v):

L o +3(v+ h(u) "rp, = —F (), (68)
2. Qo+ 20+ h(w) "oy = —F(p), (69)
3. puu+ (v h(w) oy = —F(p),

4w = —F(), (70)

D, Pyy = F(Sﬁ)

Egs. 4, 5 from (68)-(70) are known to be integrable in quadratures. Therefore,
any solution of the d’Alembert—eikonal system (1) corresponds to some class of exact
solutions of the nonlinear wave equation (34) that contains arbitrary functions. Saying
it in another way, the formulae (67) make it possible to construct wide families
of exact solutions of the nonlinear PDE (34) using exact solutions of the linear
d’Alembert equation O4u = 0 satisfying the additional constraint u,, u,, = 0.

[t is interesting to compare our approach to the problem of reduction of Eq. (34)
with classical Lie approach. In the framework of the Lie approach the functions w; (),
wa(x) from (35) are looked for as invariants of the symmetry group of the equation
under study (in the case involved it is the Poincaré group P(1,3)). Since the group
P(1,3) is a finite-parameter group, its invariants cannot contain an arbitrary function
(complete description of invariants of the group P(1,3) had been carried out in [11]).
So the ansidtzes (67) cannot be obtained by means of Lie symmetry of the PDE (34).

The ansdtzes (67) correspond to conditional invariance of the nonlinear wave
equation (34). It means that there exist two differential operators @, = fa“(m)&ﬂu,
a = 1,2 such that

Quw = Qup(wr,we) =0, a=1,2
and besides the system of PDE
Quw=0, a=1,2, O4w—F(w)=0
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is invariant in Lie’s sense under the one-parameter groups having generators Q1, Q2
(on the conditional invariance of mathematical and theoretical physics equations see
(8, 12, 13]).

[t is worth noting that the ansitzes 2, 5 from (67) were obtained in [14] without
using the concept of conditional invariance.

5. On the new exact, solutions of the nonlinear wave equation. The general
solution of Egs. (70) is given by the following quadrature [15]:

—1/2

v+DW):%fwm{—ATF@Mz+Cmﬁ dr, (71)

where D(u),C(u) € C*(R,R!) are arbitrary functions.

Substituting into (71) expressions for u(x), v(x) given by the formulae 4, 5 from
(67), we get two classes of exact solutions of the nonlinear wave equation (34) that
contain several arbitrary functions of one variable.

Egs. (68), (69) are Emden-Fauler type equations. They were investigated by many
authors see, e.g. [15]). In particular, it is known that the equations

Pov T 21)71901) = _)‘9057 (72)
Yoy + 31’71‘?1) = _/\903 (73)

are integrated in quadratures. In the paper [11] it had been established that Egs. (72),
(73) possess the Painleve property. This fact made it possible to integrate them
by applying rather complicated technique. We shall demonstrate how to integrate
Egs. (72), (73) by using their symmetry properties.

It occurs that Eq. (72) admits the symmetry operator Q = 2vd, — ¢0,. Follo-
wing [15] we find the change of the variables

o=z 2 7=Inv
that reduce the operator @ to the form Q' = 9,. Eq. (72) in the new variables reads
1
Zrr = 4% 22,
whence
1 A 1
22 =222 - 2254 2 D(u), (74)

T4 3 4

where D(u) € C'(RY,R!) is an arbitrary function. Further we consider in detail the
case D(u) = 0 = const.
On putting 22 = R(7) we get the following equation:

ﬁ:—%m+ﬁ+wzﬂm. (75)
Integration of (75) yields
= 4R
=+(lnv +InC(u)). (76)
| s == (u)

Here C(u) is an arbitrary smooth function.



On the general solution of the d’Alembert equation 553

Let us represent the polynomial S(R) in the form
4
S(R) = —g)\R(R —01)(R —02)(R — 05),

where ; are the roots of the polynomial S(R) that satisfy equations (the Vieta’s
theorem)
3 30
01402 +03=0, 01054 0505+ 030, = 757 010503 = Z
The explicit form of the integral in the left side of Eq. (76) depends on relations
connecting the roots 6;.
Case 1. 61 = 0, 02 # 03, 03 # 0, 03 # 0. Such a case taken place under § = 0,
solution of Eq. (72) being given by the formulae

1/2

Q= {a(lﬁ*%} under A = a® > 0, (77)
1/2

p= {a(lﬂ'%} under A = —a? <0, (78)

Case 2. 01 = 0, 02 # 0, 035 # 0, 03 # 05. Such relations are satisfied provided
A=a%>0,§ ==+(3a)"!, solution of Eq. (72) taking the form

[ sin(n@Cw)+1 M?
{cw(Zsin(ln(vC’(u)))—4)} ' (79)

Case 3. 0y # 0o, 03 # 03, 03 # 0;. A = —a® < 0. In such a case the polynomial
S(R) has two real and two complex roots. Therefore it is represented in the form

SR = 2 R(R 4 00 (R 4022 4 69)

solution of Eq. (72) taking the form

1/2

B pby (1 —cn [%\/p_qln(vC’(u))D

= { v [(p +¢)en [27%\/@1n(v0(u))} tq— p} } (80)

Here

1 2+ 07
p= /B +02 q=\/(01+0.)2+63 h:E—V(erpqq) L

Case 4. 61 # 02, 0 # 05, 03 # 61, 0 < 1 < (30)%, A = a®. The polynomial S(R)
has two real and two complex roots and is given by the formula
4a*

S(R) = —-R(01 - R)((R+ 02)* + 03).
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The solution of Eq. (72) has the form

{ g6 (1 +en [%\/;qun(w(u))b }1/2
= ; (81)
[(+0) + (g = p)en [ 22 B In(vC(w))]

where

1 + q)2
p=1/(02—01)> + 63, \/m, 22)(5(1).

Case 5. 01 # 0o, 03 # 03, 03 # 01, X\ = a®> > 0, \(35)? < 1. Is this case the
polynomial S(R) has four real roots 6y < 61 < 62 < 03 (one of them is equal to zero)
and is represented in the form

S(R) = 2 0y — R)(R — 0,)(R — 02) (R — 03)

Solution of Eq. (72) reads

| 0061 = 65) = 03(01 — ) sn® [ﬁ V(0o — 0) (01 — 03) ln(vc(u))} 1/2(82)
¥ v (91 — 03 — (01 - 90) sn2 {% \/(00 — 92)(91 — 93) ln('UC(u))i|> .

In the above formulae (80)—(82) cn, sn are elliptic functions of the order k.

Substituting the formulae (77)—(82) into the ansatz 2 from (67) with h = 0, where
u = u(x) is determined by JSSF (43a) we obtain wide families of new exact solutions
of the nonlinear PDE (34) under F(w) = A\w?®.

Eq. (73) is integrated in analogous way. As a result we have

1. A=-a2<0,

1 V2 (83)
p=_-tg (iag ln(vC(u))> ;
2. A=a’>0,
2v2C(u) (84)

2v2C(u) (85)

4. A=2a"2>0, a>0,

©= %cn # In(vC(w))| , (86)

where
1/2

b:(a2+a\/a2+45)1/2, d= (fa2+a\/a2+45>/ ,
SeRY, k=0b"1vb2—d?
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5. A=2a"2>0, a>0,

b b (87)
= dn (5 1n(vC(u))> ,
where
1/2 1/2
(a +a a2+45) , d:<a2—a\/a2+45) . k=b"1/b2 — a2
6. A=-2a"2<0, a>0,
/32 _ 2 88
©= b [cn (bdln(vC(u))>] , (8%)
v a
where

b:((12—|—a\/a2—&-4(5>1/27 d:(a\/a2+46—a2)1/2,
§>0, k=db*+d*)"YV?
2

7. A=-2a"2%<0, —“Z<5<0, a>0,

o= %tn (g 1n(vC(u))> : (89)

8 A=-2a"%<0,
b (l+cn (Z1In(vC(u))) V2 (90)
PTu\1-a (B nC@w)) )
where
a2 02— a2
b=+—48a?, < ——, k=-—r—u.
vV —4éa 1 T3

In the above formulae (83)-(90) cn, dn, tn are elliptic functions of the order &.

Substituting the formulae (83)—(90) into the ansatz 1 from (67) with A = 0, where
u = u(z) is determined by JSSP (43a) we get ad families of exact solutions of the
nonlinear Eq. (34) under F(w) = Aw?®.

Let us emphasize once more that solutions of nonlinear PDE (34) obtained in the
above described manner contain several arbitrary functions and cannot in principle be
constructed by means of symmetry reduction procedure.

In conclusion, we adduce two examples of exact solutions of Eq. (34) with F(w) =
Aw? that can be written down in the explicit form

u(z) = (27 + 23 + 23 — 23) 1z tg{x/ﬁ[ln (23 + 23 + 23 —x%)l/Q—i—

o <x0x1 + xor/2? + 73 —x%)} }

2 2
T + 5

+ In
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u(z) = (27 + 23 + 23 — J;g)l/ztg V2| In (23 + a3 + 23 — x%)l/z +
(91)
T2 £ w2 + 23 — 23

In |C
+th x? + a2

Here C' is an arbitrary smooth function.
[t is important to note that the formulae (91) under C' = const give the already
known solutions (see, e.g. [8, 11]).
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