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Conditional symmetry and reduction
of partial differential equations

W.I. FUSHCHYCH, R.Z. ZHDANOV

Sufficient reduction conditions for partial differential equations possessing nontrivial
conditional symmetry are established. The results obtained generalize the classical
reduction conditions of differential equations by means of group-invariant solutions.
A number of examples illustrating the reduction in the number of independent and
dependent variables of systems of partial differential equations are considered.

An analysis of well-known methods for the construction of exact solutions of
nonlinear partial differential equations (PDE) (e.g., method of group-theoretic re-
duction [1, 2], method of differential constraints [3], method of ansatz [4-6]) led
us to conclude that most of these methods involve narrowing the set of solutions,
i.e., out of the whole set of solutions of the particular equations specific subsets
are selected that admit analytic description. In order to implement this approach,
certain additional constraints (expressed in the form of equations) that enable us to
distinguish these subsets must be imposed on the solution set. For obvious reasons,
these additional equations are assumed to be simpler than the initial equations. By
complementing the initial equation with additional constraints, we are usually led
to an over-determined system of PDE. Consequently, there arises the problem of
investigating the consistency of a system of PDE. A second restriction on the choice
of these additional constraints is that the resulting system of PDE possesses broader
symmetry than the initial system of PDE (or simply a different type of symmetry).

In the present paper we establish sufficient conditions for the reduction of differen-
tial equations that generalize the classical reduction conditions of PDE possessing
a nontrivial Lie transformation group. Our concern will be with the following:

UA(;E,u,gL,...,u):O, A=1M, (1)
fop(@, wug, —ng(z,u) =0, a=1N, (2)
where @ = (zg, 21, .., Tn_1), u(z) = (W(z),...,u™ (z)), u = {0%u*/dz,, ...0z,,,

0<p; <n—1}, s=1,7, Ua, &, ne are sufficiently smooth functions, N <n — 1.
Below summation over repeated indices is understood. Let us introduce the nota-
tion

Ry = rank [|&,,. (2, w)| 2551,

N n—1m—1

Ry = rank [|€ay (2, w), 05 (2, w)||l3=17,=0"a=0

It is self-evident that R; < Rs. We shall prove that the case Ry = Ry leads to
a reduction in the number of independent variables of the PDE (1), while the case
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Ry < Ry leads to a reduction in the number of independent and the number of
dependent variables of the PDE (1).

1. Reduction of number of independent variables of PDE. In this section we
assume that Ry = Rs.

Definition 1. The set of first-order differential equations

Qa = gau ($7 u)az“ + 773 (m, u)aua7 (3)

where 0, = 0/0z,, Oua = 0/0u®; Euu, Mg are smooth functions, is said to be

involutive if there exist function fS,(x,u) such that:
[Qa,Qb] = fngca a,b=1,N. (4)
Here [Q1, Q2] = Q1Q2 — Q2Q1.

The simplest example of an involutive set of operators is a Lie algebra.

[t is well-known that conditions (4) ensure that the over-determined system of
PDE (2) is consistent (Frobenius theorem [7]). The general solution of the system (2)
is given by the formulas

F(X<w17w27"‘7wn+’mfR1):O7 a=0m-—1, (5)

where w; = w;(x,u) are functionally independent first integrals of the system of
PDE (2) and F, are arbitrary smooth functions.

By virtue of the condition Ry = Ry, first integrals (say, wy, .. .,w;,) may be chosen
that satisfy the condition

det [|Qw; /Ou |72y # 0. (6)
By solving (5) with respect to wj, j =1,...,m, we have
Wi = @; (merly Wm+42, -+« 7wm+n7R1)7 .7 = 1a m, (7)

where ; are arbitrary smooth functions

Definition 2. Formula (7) is called the ansatz of the field u* = u®(x) invariant
with respect to the involutive set of operators (3) provided (6) is satisfied.

Formula (7) become especially simple and self-evident if

Oap/Ou™ =0, ngy = fof(x)uf,

S (8)
a=1,N, pu=0n-1, a,f,y=0m—1.

Under conditions (8) the operators in (3) may be rewritten in the following non-Lie
form [8]:

Qa = §au(l’)3Iu + Ua(l’), a=1,N, (9)
where 7, = || — n%/ou”| Z,Eio are (m x m) matrices and the system (2) takes the
form

Sap(T)Us, +no(x)u =0, a=1,N. (10)

Here u = (u%,u!,...,u™ 17T is a column function.
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In this case, the set of functionally independent first integrals of the system (2)
with Ry = R, may be chosen as follows [7]:

wj =bja(z)u®, j=1,m,

) (11)
wi=wi(z), i=m+1lm+n—Ry
and, moreover, det ||b;, (x)||I21" 2, # 0.
Substituting (11) in (7) and solving for the variables u®*, « =0,...,m—1, we have
u® = Aaﬂ(m)soﬁ(wquv Wm+25 - - vmern*Rl)
or (in matrix notation)
U= A(‘r)@(wm-‘rla Wm+42, - - - 7wm+n—R1)- (12)
[t is easily verified that the matrix
m m— -1

(@) = (Ibja (@) 172152
satisfies the following system of PDE:

QaA = Eap(2)As, +na(v)A=0, a=1N, (13)
and that the functions wp,41(x), wmaa(x),...,Wmin—r, () form a complete set of
functionally independent first integrals of the system of PDE

fap(T)we, =0, a=1,N. (14)

The ansatz (7) is said to reduce the system of PDE (1) if substitution of (7) in (1)
yields a system of PDE for the functions ¢, ¢!, ..., ™! that contains only the new
independent variables wy,+1,Wm+2, .-, Wm+1—R, -

Definition 3. The system of PDE (1) is conditionally invariant with respect to the
involutive set of differential operators (3) if the over-determined system of PDE
(1), (2) is Lie invariant with respect to a one-parameter transformation group with
generators QQq, a =1,..., N.

Before stating the reduction theorem, we prove several auxiliary assertions.
Lemma 1. Suppose that the operators (3) form an involutive set. Then the set of
differential operators

Q= Aap(2)Qp, a=1,N (15)

with det || Aap (2, u)||Yy—y # 0 is also involutive.
We prove the assertion by direct computation. In fact,

(@, Q4] = PNacQe M0aQa] = Xac(QeMod)Qa — Moa(Qarac) Qe + NacAbaf ot Qay =
= fapQc = gb)‘c_de:i-
Here \_} are the elements of the inverse of the matrix [ Xab(, w)[| Yy -

Lemma 2. Suppose that the differential operators (3) satisfy the condition Ry = Ry
and that the conditions

[Qav Qb] - Oa a, b= L—N (16)
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are satisfied. Then there exists a change of variables
z, = fulr,u), p=0,n-1 u'*=g%z,u), a=0m-1 (17)

that reduces the operators Q, to the form Q! = Oyt

—1°

Proofi. It is known that for any first-order differential operator
Q = gu(l‘v u)awu + na(x? U’)a’u”a

where &, and n* are sufficiently smooth functions, there exists a change of variab-
les (17) that reduces the operator @ to the form Q" = 9, (cf. [1]). Consequently, the
operator @y from the set (3) is reduced to the form Q] = O, by means of the change
of variables (17). From the condition [Q1,Q.] =0, a = 2,..., N, it follows that the
coefficients of the operators Q%, Q5, ..., Q% do not depend on the variable xf,, whence
the operator @ reduces to the operator Q5 = d,» under the change of variables

g =z, T, =f(x1,. ., _,u), p=1n-1,
ug:gla(x/b"'?x{n—l?u,)v Oé:(),m*l,
without the form of the operator Q} changing.
Repeating the above procedure N — 2 times completes the proof.

Lemma 3. A system of PDE of the form (1) that is conditionally invariant with
respect to a set of differential operators 3%, w=0,N —1, possesses the structure

UA = FABWB($N,.I‘N+1, . 7$n_1,’u,,’L16, . ’;L”L) + FXNU,;H, (18)
A=1,M, a=0m-1, u=0,N—-1,
where Fap and Ff{u are arbitrary smooth functions of x and u,zlt,...,u, Wg are
T

arbitrary smooth functions, and, moreover,

FAB”%B:I 7’é 0.
We shall prove the lemma with N = 1. By Definition 3, the system (1) is condi-
tionally invariant under the operator @ = 9,, if the system

Ualz,uyu,...,u) =0, A=1,M,
1 r (19)

uz, =0, a=1m-1

is Lie invariant with respect to a one-parameter translation group with respect to the
variable xg. Denoting by @ the r-th extension of @, the Lie invariant criteria for the
system of PDE (19) under this group assume the form (cf. [1, 2])

QUaly, o =0, AB=T,N, a=0m—1, (192)
u;"OZO

Quelv,—0 =0, B=LN, a,f=0,m— L (19b)
uw? =0

xg

Direct computation shows that the relations

Q = 8I07 ngo = 8m() (u."océg) = 0



528 W.I. Fushchych, R.Z Zhdanov

hold (recall that in the extended space of the variables Ty Uy Uy oo U variables g and

ug, are independent), whence, using the method of undetermined coefficients, we may

rewrite (19a) and (19b) in the form

6UA/3:EOZRABUB+PEUQO, A=1,M, (19¢)
where R4p and P§ are arbitrary smooth functions of Ty Uy Uy oy U

.

The system (19¢) may be considered a system of inhomogeneous ordinary diffe-
rential equations for the functions U, A = 1,..., M. Integrating (19¢) with respect
to P§ =0, we have

UY = FapWp, A=TM,

where W, B=1,..., M, are arbitrary smooth functions of the variables x1,zo, ...,
T, Us Uy -, U F = |Fap|}5_, is the fundamental matrix of the system (19c)
. ;

(which is known to satisfy the condition det F' # 0).
Further, by applying the method of variation of an arbitrary parameter, we deduce
(18) with N =1, where

FXO:FAB/(F)gngde, A=1,M, a=0,m—1.

The lemma is proved.

Theorem 1. Suppose that the system of PDE (1) is conditionally invariant with
respect to the involutive set of operators (3). Then the ansatz invariant with respect
to the set of operators (3) reduces this system.

Proof. By the definition of the quantity Ry, Ry < N. We denote by ¢ the difference
N — Ry. Then R; equations of the system (2) are linearly independent (without loss
of generality, we may assume that it is the first R; equations which are linearly
independent), and the other & equations are linear combinations of these first Ry
equations.

By the condition that R; = R, there exists a nonsingular (R; x R;) matrix
[ Aap (2, w)[] 1 | such that

a’

n—1
Aab(opus, = i) =ug,_, + > &apug, =iy, a=TR a=0m—1L
n=Rq

By the definition of conditional invariance, the system of PDE (1), (2) is invariant
with respect to one-parameter transformation groups with generators (3), whence the
equivalent system of PDE

UA(m,quL,...,u):O, A=1M,

n—1 ~ (20)
uy _ + Z gwugu -7y =0, a=1,R;, a=0m-—1
n=Ry
is invariant with respect to a one-parameter group with generators
n—1
Q=A@ = 0oy + ) Eapla, + 715 O 1)

u=R;
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In fact, the action of a one-parameter transformation group with infinitesimal
operator @, on the solution manifold of the system (20) is equivalent to an identity
transformation.

Since the set of operators (21) is involutive (Lemma 1), there exist functions
f$(z,u) such that

[Q;»Qé] = nglm a,b,c = 17R1' (22)

Computing the commutators on the left side of (22) and equating the coefficients
of the linearly independent operators 0,, Os,, 8$R171 gives us f$, =0, with a,b,c =
1,..., Ry. Consequently, the operators @/, commute. Hence, by Lemma 2, there exists
a change of variables (17) that reduces these operators to the form Q! = 9/0z/,_;.

Expressed in terms of the new variables 2’ and «/(z), the system (20) takes the
form

Uy, o o,...,u)=0, A=1,M,
! o _ (23)
uy =0, a=0m—-1, a=1R;.
Moreover, the system of PDE (23) is conditionally invariant with respect to the set
of operators Q7 = 0., a=1,..., Ry, whence, by Lemma 3, the system (23) may

Ta—1"
be rewritten in the form
UI’L‘:FABWB(:E’Rl,...,x%_l,u',%’,...,171"’)+F2Hufi,
A=1,M, a=0m-1, pu=0R; —1,
u’ﬁl:O, a=0m-1, a=1,R,,
where det ||FAB||§’1]3:1 # 0, whence
Wa(aly, ...,z .., u) =0,
o o (24)
ud =0, A=1,Ry, a=0m-—1, a=1,R;.

!’
Ta—1

The ansatz of the field w'® = «/*(2’) invariant under the involutive set of operators
Q¢ =0, ,a=1,..., R, is given by the formulas

u' = o%(2R, TR 41 Ty1), a=0,m—1. (25)

Here ¢ are arbitrary sufficiently smooth functions.
Substituting (25) in (24), we obtain

WA(lel,...,x%fl,u’,%’,...,ﬁﬁ') = W;l(x’Rl,...,:rgfl,cp,Sf,...,f) =0, (26)

where ¢ is the set of partial derivatives of the functions ¢* = ¢*(2% ,..., 2, ;) of
s
order s.
Rewriting ansatz (25) in terms of the initial variables x and u(x)
go‘(x,u):@a(fR,(x,u),...,fn_l(m,u)), a=0m-1, (27)
yields the ansatz for the field u® = u*(z),a = 0,...,m — 1, invariant with respect

to the involutive set of operators (3) that reduces the system (1) to a system of PDE
with n — R; independent variables. The theorem is proved.
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Corollary. Suppose that the operators
Qo = gau(zvu)a:cu +ng (z,u)0ua, a=1,N, N<n-1

are the basis elements of a subalgebra of the invariance algebra of the system of
equations (1) and, moreover, that Ry = Ry. Then the ansatz invariant in the Lie
algebra (Q1,Qa,...,QN) reduces the system (1) to a system of PDE having n — N
independent variables.

Proof. From the definition of a Lie algebra it follows that the operators @, satisfy (4)
with f¢ = const. Consequently, they form an involutive set of first-order differential
operators, which renders the above assertion a direct consequence of Theorem 1.

By the above assertion, the classical reduction theorem for differential equations
by means of group-invariant solutions [1, 2, 9] is a special case of Theorem 1. If
any one of the operators ), does not belong to the invariance algebra of the given
equation and if the conditions of Theorem 1 hold, a reduction via @Q,-conditionally
invariant ansdtzes is obtained (numerous examples of conditionally invariant solutions
are constructed in [4-6, 10-14]).

We shall now consider several examples.

Example 1. The Lie-maximal invariance algebra of the Schrodinger equation
Asu+U(ZHu=0 (28)

with arbitrary [unction U is the Lie algebra of the rotation group having basis
elements

Jab = 40y, — Tp01,, a,b=1,3. (29)

To obtain the ansatz invariant relative to the set of operators (29), the complete
set of first integrals of the following system of PDE must be constructed:

ToUy, — Tpuz, =0, a,b=1,3. (30)

This set contains 3 — Ry functionally invariant first integrals, where

0 —I3 X9
Ry =rank H{ab(x)Hi’b:l =rank || x3 0 -z |=2.
—T2 I 0

Consequently, the ansatz for the field w = w(&) invariant with respect to a Lie
algebra having basis elements (29) has the form

u(@) = p(w), (31)

where ¢ € C?(R',C!) is an arbitrary smooth function and w = w(Z) is the first
integral of the system of PDE (30). It is not hard to see that w = #? satisfies (30)
and, consequently, is the first integral. Substitution of (31) in (28) yields an ordinary
differential equation for the function p(w):

dwp 4+ 6¢ + U(w)p = 0.

Thus, the ansatz for the field v = u(¥) invariant with respect to a three-dimensio-
nal Lie algebra with basis elements (29) reduces (28) to a (3 — Ry)-dimensional PDE
(in this case, to an ordinary differential equation).
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Example 2. Consider the nonlinear eikonal equation

w2 —u? —u? 7u23+1:0. (32)

xo X1 )

As shown in [15], the maximal invariance algebra of (32) is the 21-parameter
conformal algebra AC/(2,3). This algebra contains, in particular, a one-dimensional
subalgebra generated by the operator Q = x¢0, — u0y,.

To obtain the ansatz invariant under the operator @, the complete set of first
integrals of the following PDE must be constructed:

Uy, + o = 0. (33)

The solution of (33) is sought for in the implicit form f(x,u) = 0, whence uf,, —
xofu = 0.

The complete set of first integrals of the latter PDE is wy = u? + x%, w1 = 1,
we = Ta, w3z = x3. Solving f(wo, w1, ws,w3) = 0 with respect to wy, we have

u? + x% = (w1, ws,ws3) (34)

Consequently, (34) gives the ansatz of the field u® = u®(z) invariant under the
operator Q. Solving (34) for u yields

u = {—12 + p(w1,ws,ws)}2. (35)

Let us emphasize that ansatz (34) cannot be represented in the form (12), since
the coefficients of @ do not satisfy condition (8).
Substituting (35) in (32) gives us a three-dimensional PDE for the function ¢ =

—

p(@):
0o, + 98, T, —9? =0.
Example 3. A detailed group-theoretic analysis of the nonlinear wave equation
ug = (a®(u)ug) e, (36)

where a(u) is some smooth function, was performed in [16]. It was established that
the maximal invariance algebra of (36) has the basis operators

Q1 =0y, Q2=20;, Q3=1t0+ x0,, (37)

whence the most general group-invariant ansatz for the PDE (36) is given by the
formula u = ¢(w), where w = w(t, x) is the first integral of the PDE

{ad; + B0y + §(t0; + x0,) fw(t,x) = 0. (38)

Here o, 8, and ¢ are arbitrary real constants. Using transformations from the group G
with generators of the form (37), Eq. (38) may be reduced to either one of the
following equations:

1) aw;+ Pw, =0 (under § = 0);

2) tw+aw, =0 (under § #0),

The first integrals of these equations are given by the formulas w = ax — 5t and
w = xt™!, respectively.
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Thus, there are two distinct group-invariant ansétzes of the PDE (36) with arbit-
rary function a(u):

1) u(t,z) = plax — Bt),
2) wu(t,z) = p(xt™1).

Substitution of the above ansétzes in (36) yields the ordinary differential equations

1) (8% —a?ad®(p))¢ — 20%a(p)a(p)® =0,
%) (w? — a2(¢))E — 2w — 2a(p)i()¢? = 0.

[t was established recently [17] that ansétzes (39) do not exhaust the complete
set of ansitzes reducing the PDE (36) to ordinary differential equations. This result
is a consequence of conditional symmetry, a property that is not found within the
framework of the infinitesimal Lie method.

Let us show, following [17], that (36) is conditionally invariant under the operator

(39)

Q = 0 — ca(u)0y, (40)

where ¢ = £1.
Proceeding on the basis of the second extension of @ in (36), we have

Q{utt — (@ (W)ug)s} = caug{usy — (a*uy)s b + ety + ady)(u? — a®u?),  (41)

whence it follows that the PDE (36) is Lie-noninvariant with respect to a group with
infinitesimal operator (40). But if the additional constraint

Qu = up —ea(u)u, =0 (42)

is imposed on u(t,x), the right side of (41) vanishes. Consequently, the system (36),
(42) is Lie-invariant with respect to a group with generator (40), whence we conclude
that the initial PDE (36) is conditionally invariant under the operator Q.

The complete set of functionally independent first integrals of (42) may be chosen
in the form w; = u, we = = + a(u)t.

Consequently, the ansatz invariant under the operator @ is given by the formula
wy = @(wt), or

x +ea(u)t = p(u), (43)

where ¢(u) is an arbitrary sufficiently smooth function.

Substituting (43) in (36) leads us to conclude that the PDE (36) is satisfied
identically. Put differently, (43) gives a solution of the nonlinear equation (36) for an
arbitrary function ¢(u). Recall that solutions that are obtained by means of the group-
invariant ansédtzes (39) contain two arbitrary constants of integration, and cannot, in
theory, contain arbitrary functions.

Thus, the conditional symmetry of PDE enlarges the range of possibilities for
reduction of PDE in an essential way.

Example 4. Consider the system of nonlinear Dirac equations

{1720, — AWp)V*F ) = 0, (44)
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where ~,, p = 0,...,3, are (4 x 4) Dirac matrices, ¥ = 1 (xo,21,22,23) a four-

dimensional complex column function, 1 = (¢*)T~, A, k real constants, and Oy =
0/0x,, p=0,...,3.

It is well known (cf. [5]) that the Lie-maximal invariance group of the system
of PDE (44) is the 1l-parameter extended Poincaré group complemented with the
3-parameter group of linear transformations in the space %, ¥**. In [5, 10] it is
established that the conditional symmetry of the nonlinear Dirac equation is essen-
tially broader. From [10], it follows that the system: (44) is conditionally invariant
with respect to the involutive set of operators

Q1 = %(60 —03), Q2 =wi0s — {B19}“Oye,

(45)
1
Qs = 500+ 0a) — (2101 + w202) — iy — (B} Do,

where B; and Bs are (4 x 4) matrices of the form

1 .

By = 5(1 — 2k)w1y2(v0 +73)s

BQ = —kd}l + (20}1)(2(4)% — wld)l)(’ylxl + 2(l€ — 1)’}/21‘2)(’}/0 + ")/3) + (2(.«)1)71 X
X ((2w1g — w1@o) 1 + 2(wswr — wiws)y2) (Y0 +73),

w1, we, and wsy are arbitrary smooth functions of xg + 23, and {¢}“ denotes the a-
th component of the function . Since the coefficients of the operators (45) satisfy
conditions (8), they may be rewritten in non-Lie form:

1
Q1= 5(60 —03), Q2=wi02+ By,
Q3 = £(00 + 83) — w1 (2101 + 2202) — w201 + Bo.

Consequently, the ansatz of the field (x) invariant with respect to the set of
operators @1, @2, Q3 must be found in the form (12), where A(x) is a (4 x 4) matrix
and w = w(x) a real function satisfying the following system of PDE

(Awo - sz) = 0, w1A$2 + BIA = 0’

N —DN| =

(Awo + Aw3) — (d)lxl =+ d}g)A$1 — d)ll‘QAwQ — BQA =0,
Wrg — Wgy =0, wgzy =0,
Wy + Was — 2(0121 + Wo)ws, — 201 To2w,, = 0.

Omitting the steps in integration of the above system, let us write down the final
result, the ansatz for the field b = () invariant with respect to the involutive set
of operators (45):

W(x) = wy exp{(2w1) " (@121 + d2)n (0 +78) + (46)
+ (2w1)TH(2k — Danzz + wa)y2(v0 + 73) p(wizr + ws).

This ansatz reduces me system of PDE (44) to a system of ordinary differential
equations for the 4-component function ¢ = p(w),

ime — @)% =0. (47)
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The general solution of the system (47) has the form [5]

1/2k

@ = exp{idy1(xx)"/*"w}x,

where x is an arbitrary constant 4-component column. Substituting the resulting
expression for ¢ = ¢(w) in (46) gives us the class of exact solutions of the nonlinear
Dirac equation containing three arbitrary functions.

Nonlinear equations of mathematical and theoretical physics that admit nontrivial
conditional symmetry have been analyzed in [14].

3. Reduction of number of independent and number of dependent variab-
les of PDE. Suppose (3) is an involutive set of operators that satisfy the condition
Ry — Ry = 6 > 0. In this case we have to modify somewhat the above technique
of reducing PDE by means of ansidtzes invariant with respect to the involutive set
(3). Note that the case in which (3) are basis operators of a subalgebra of the Lie
invariance algebra of a given equation satisfying the condition Ry < Rs leads to
“partially invariant” solutions [18].

We wish to solve the initial system of PDE in implicit form:

w(z,u) =0, a=0m-—1, (48)

where w® are smooth functions satisfying the condition

det [|0w® /Ou” || 751, # 0. (49)
As a result, (1) and (2) assume the form

HA(m,u,w,olJ,...,w)zo, A=1M, (50)

ap(z, W)wy + nl(z,u)w =0, a=1,N, (51)

where w = {0°w/0xy, -+ Oy, Ou™ ---OQu, p+q = s}.

[t is clear that, as they are defined in the space of the variables z, u, w(x,u), the
operators (3) satisfy the condition R} = R} (since the coefficients of 9, are all zero).
By means of the same reasoning as in the proof of Theorem 1, we may establish the
following result. There exists a change of variables (17) that reduces the system (51)
to the form

C{.)gi‘ = 0, o= 07 Rl - ].7 ws,g = 0, ﬁ = 0, 6—1. (52)

If the system (48), (50) is conditionally invariant with respect to the set of opera-
tors (3) and if condition (52) holds, it may be rewritten as follows:

w(z,u')=0, a=0m-—1,

/ / / 16 m—1 _ 53
Hy (2,5 _q,u, . u™ ,w,ci),...,(;))f(), (53)

where the symbol w denotes the collection of partial derivatives of the function w of

order s with respect to the variables sc’Rl,...,a;ikhu"s7 o u™h
Integrating (52) yields the ansatz of the field w®:
w* =F*ahy, .. 2, u, ™Y, a=0,m— 1, (54)
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where F'® are arbitrary smooth functions. But the ansatz of the field «'*(z’) cannot
be obtained by substituting (54) in the relations w*(z’,v'(z")) =0, « =0,...,m — 1,
since the inequality Ry — Ry = § > 0 violates the condition (49) (if 0 > 0, the matrix
0w /0u' || 51, has null columns).

To overcome this problem, we shall, by definition, let the expressions

Fo(ahy, .. a, o u™ ) =0, a=0m-—1,
Wi=C; j=006-1

be the ansatz of the field «'* = «'*(z’) invariant with respect to the set of operators
Qi =0y, j=LR1, Xi=0u-, i= 1,6. (55)

The latter ansatz may be rewritten in the form

v*=C,, a=0,0-1,

56
wortP = oP(ahy . al ), B=0,m—6—1, (56)
where ¢ are arbitrary smooth functions and C,, are arbitrary constants.
Rewriting (56) in terms of the initial variables gives us
*x,u) =Cq, a=0,0—-1,
9%(z, u) 57)

gﬁJré(xau) = Sﬁﬁ(le (ac,u), R fn—l(xau))7 ﬁ = Oam —0—1

Moreover, substituting (57) in the initial system of PDE (1) or, equivalently,
substituting the expressions w® = g% — Cy, @ = 0,...,6 — 1, w? = ¢AtI — LF
0 <8 <m-—4d—1in the PDE (50) yields a system of M differential equations
for m — § functions. Consequently, the dimension of the system (1) decreases by Ry
independent and ¢ dependent variables.

Let us rewrite (57) in a form more convenient in applications. For this purpose,
note that, without loss of generality, we may renumber the operators (3) satisfying
the condition Ry — Ry = 0 > 0 in such a way that the first R; operators satisfy the
condition

rank ”fuu Hf;ln;:lo = rank ”5(1[“ 773 |‘§;{na:0nu;10

and the last N — Ry operators are linear combinations of the previous Ry operators.
Let wj(x,u), j =1,...,m+n— Ry, be the complete set of functionally independent
first integrals of the system (51) and, moreover,

vank |0w; /0u® |70 05 = m — 8

and let p;(z, ) be the solutions of the equations Q14 g, p(z,u) =1 withi=1,2,...,4.
Then (57) may be expressed in the following equivalent form:
pi(x,u):Ci, Z:ma

wj(xau) = goj(le(x,u), - awn—1($7u))7 j=1m-4.

(58)

Definition 4. Expressions (58) are called the ansatz of the field u® = u®(x) invari-
ant with respect to the involutive set of operators (3) provided Ro — Ry =6 > 0.

The above reasoning may be summarized in the form of a theorem.
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Theorem 2. Suppose that the system of PDE (1) is conditionally invariant with
respect to the involutive system of operators (3) and, moreover, that R; < Rs.
Then the system (1) is reduced by the ansatz invariant with respect to the set of
operators (3).

Example 1. The system of two wave equations
Ou=0, Ov=0 (59)

is invariant with respect to a one-parameter group with infinitesimal operator @ = 9,.
Since Ry = 0 and Ry = 1, the parameter ¢ is equal to 1. The complete set of first
integrals of the equation dw(x,u,v)/0v = 0 is given by the functions

wy=mz,, p=03, wi=u,

whence the ansatz for the field u(x), v(z) invariant under the operator @ has the
form (58),

u = p(wy,wi,wz,ws3), v=C, C =const.
Substituting the above expressions in (59) yields

Pwowo — Pwrwr — Puwsws — Puwsws = 0
i.e., the number of dependent variables of the initial system (59) is reduced.
Example 2. Consider the system of nonlinear Thirring equations

vy = mu+ M ful®v,  iu, = mu + Ao|v|?u, (60)

where u, v are complex functions of x, y and A;, Ay are real constants.
The above system admits a one-parameter transformation group with generator

Q = 1u0y + 10y — U Dyr — 10 .
Following the change of variables

u(xv y) = Hl ((E, y) exp{iZl (xa y) + iZQ(‘ra y)}v

v(z,y) = Ha(x,y) exp{iZi(x,y) — iZ2(z,y)},

where H; and Z; are the new dependent variables, @ assumes the form Q' = 0z,.
Consequently, the ansatz invariant under @ has the form

u(z,y) = Hi(z,y) exp{iC + iZ>(z,y)},
v(z,y) = Ha(z,y) exp{iC — iZs(x,y)}.
Substitution of (61) in (60) yields a system of four PDE for the three functions
H,, Hs, and Zs,
Hy, = mH,,sin2Zy, Hyy = —mH;sin22;,
HoZ5, = mHycos2Zy + A1H1H22,
—H1Z9, = mHs cos2Zy + Ao Ho HY.

(61)

Example 3. A group analysis of the one-dimensional gas dynamics equations

g +p 'pe =0, pr+(up)e =0, p+(up)e+(y—Lpu, =0  (62)
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has been carried out by Ovsyannikov [1], who established, in particular, that the
invariance algebra of the system of PDE (62) contains the basis element

Q = pOy + p0,. (63)

The complete set of functionally independent first integrals of the equation Qu(t,
x,u,p,p) = 0is: wy = u, wy = pp~ 1, w3 = t, and wy = x. Consequently, the ansatz
invariant under @ (63) may be chosen in the form

U= (pl(t,x), pp_l = (p2(t,fL‘), Inp+ F(pp_l) =C, (64)

where C' = const and I is some smooth function.
Substituting the ansatz (64) in the system of PDE (62) yields a system of three
differential equations for the two unknown functions ¢!(t,z) and ©?(t,):

ot + ool — P2 F(p)p? =0,
©F + @12 + (v — 1)p?pl =0, (65)
er((1=7)p*F(p?) —1) =0,

Thus we have achieved a reduction of the number of dependent variables of the
gas dynamics equations.

It is of interest that if ¢l # 0, it follows from the third equation of the system (65)
that F = XA+ (1 — ) !In(p~!p). Substituting this expression in (62) yields p = kp?,
k € RY, which is the relation that characterizes a polytropic gas.
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