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Generating solutions for nonlinear equations
by the Legendre transformation
W.I. FUSHCHYCH, V.A. TYCHININ

[IpensozkeH HOBBIH MeTON Pa3MHOXKEHHS pellleHHH HeJMHeHHBIX ypaBHEHHWH, OCHOBaHHBIH
Ha HCI0JIb30BaHUM MX MHBApPUAHTHOCTH OTHOCHUTEJbHO MpeoOpasoBaHuil Jlexannpa.

1. The superposition principle for nonlinear equations is not fulfilled. That is why
it is important to have a method of generating solutions starting from known ones,
i.e. an algorithm of constructing solution when the partial solutions are known.

In the present paper we suggest a new method of generating solutions for nonlinear
equations based on the use of their invariance with respect to Legendre transformati-
on. For this aim, first of all, it is necessary to describe the equations which possess
such property. Here we do not consider solution of this general problem, and list some
first and second order equations invariant with respect to the Legendre transformation
and use this property to construct new solutions from known ones.

In [1] there was accomplished the group-theoretical classification for nonlinear
second order differential equations invariant under the Lorentz group O(1,n) and
the Poincaré group P(1,n) and different their extensions. These equations have the
important property due to which there exists simple algorithm of constructing new
solution from known ones, or, in another words, there exists the procedure of gene-
rating solutions. We use the Legendre transformation for further classification of
Lorentz and Poincaré invariant equations. In other words, we distinguish from the
set of Lorentz and Poincaré invariant those equations which are additionally invariant
with respect to Legendre transformation.

2. The Legendre-invariant equations. The Legendre transformation in the space
of n independent variables we write in the form

ov

= b
Oz,

U=Yu U, — U, Uy x, =vu, det(vy,) #0. (1)

So, the first and second order derivatives are changing as
Uy =Yy, Uy =det " (ung)auw (V) (v A\ 0 =0,n — 1). (2)
If not declare another, summation is understood over repeated indexes,

U0 cer UQp—1
det(uxg) = det , (3)

Un—-1,0 *°° Un—-1,n—1

au(Vae) is an algebraic supplement to element vy,
The differential equation L(x,u) = 0 is called invariant with respect to Legandre
transformation (1) when the following condition

L(z,u) = AL(y, v) (4)
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is fulfilled. Here A is an arbitrary parameter or function of y, v, v,.

We list several sets of nonlinear equations invariant under the Lorentz group
O(1,n) and the Poincaré group P(1,n) as well as the Legandre transformation.
Consider equations

det(uyu)0u £ tr (uy,) =0, Dutdet(uy,) tr(uy,) =0,

5
det ™ (uy,) £ det T (ure) det ™ (apu (urs)) = 0, ®)

wut + 22 +c=0, (2% =z,2"),
(2, +uy) (@ +ut) = 2% + 2z,u” 4+ uyut =0,
uu” det(uny) & 2¥ 2 au, (une) =0,  za"uy, det(ure) £ uu”ay, (urs) = 0,
f(@?) det ™(uno) £ fuyut) det =™ (uy,) det ™ (au (urs)) = 0, (6)
fuyut) det ™ (ury) £ f(@?) det =™ (uy,) det ™ (a,, (urs)) = 0,
1+ (2% — weu)] urr + 2(uo — o) (w1 — x1)uso —

- [1 — (2% - u“u“)] w0 =0 (n=0,1),

where Ou = g, u*” is d’Alambert operator,

uuuu = JupUply, tr (uul/> déf vy,
(u,v =0,n—1), gu is metric tensor of the space with signature (+,—,...,—), f is
an arbitrary smooth function.
Let us list several equations which are invariant nor under the Lorentz group
O(1,n — 1) not under Poincaré group P(1,n — 1), but are invariant with respect to
Legendre transformation

otz +uy) =0, of(w)r, +a(z,)uy =0,

g [0 () + w2+ (wn)] = 0,

atz,, det(ury,)Ou £ atuy, tr (upe) =0,

at(uy)x, det(une ) Ou £ o (z,,)uy, tr (ure) = 0, (7)

atz,Ou+ atuy, det(urg) tr (ure) = 0,

at(uy)xz, det ™ (ure) £ ot (xy)uy, det 7" (au (ure)) =0,

UgoU11 — u%o = uaolun.
at are vector components. The method of generating solutions for equations (7) is
unknown.

To prove invariance of equations (5), (6), (7) under Legendre transformation (1) it
is necessary to verify fulfilment of relations (4). For example, equation

uut + 2% +c=0

is transformed under Legendre transformation into y? + v,v* + ¢ = 0.
3. The generating solutions. Suppose we have a solution of nonlinear equation

w="0(@), 2= (20,21, 701), det(t) 0. ®)
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Let us rewrite this solution, replacing x, for parameters 6, (u = 0,n—1). The
formula of generating solutions resulting from Legendre transformation takes the
form

%),

(Z) 0 (11L)

u(0) =

(1)
u

H(Q) =Ty (9: (90,91,...,9n,1)). (9)

=%
2
To find exact solution (u)(a:) it is necessary to eliminate parameters ¢ in (9). So, the

formula (9) gives the method for generating solutions.
Example 1. Consider an equation from the list given above

UpoU11 — U%O = uaolun. (10)
This equation admits Lie algebra (Py, Py, Ps, Jo, J1, D1, Da):

Py=0y, Pi=01, Po=0u Jo=200u J1 =210y,

(11)
Dy =210, D3 =100y +2ud,

and consequently Lie symmetry of equation (10) gives the following formula of gene-
rating solutions:
(2) —2b (1) b a
U =e (u(e To + g, € x1+91)+%0m0+%1x1 +<92), (12)
where a, b, s, s, 6y, 01, 02 are group parameters.
One of partial solutions of equation (10) have the form

2
W = D ethn, (13)

1
[t is easily convinced that det((u)l“,) # 0. Let us construct a new solution of equa-

tion (10) by using the Legandre transformation. Rewrite (13), replacing z,, (1 =0, 1)
for parameters 6, i.e.

2
@ =% cn,.
2
and make use of formulas (9) to obtain
2 1 1
@ — S0 ctho; — 0,03h %0,
90 cth 01 = T, (14)

1
—598Sh726‘1 =X1.

Exclude parameters by expressing them through z, from two lest equations of sys-
tem (14). We obtain

2
Xz
_ 70 ch201,
21‘1

or

1 7 /
th91 = — $3+2$17 00: $%+2I1
Zo
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Substituting 6y and 6, into first equation of system (14), we get

2) 1 ,\/ad+2 Vi +2
@ _ L VI AT | gy YT 2T (15)
2 i) i)
Designating

w=/1+22%,
T

we write the solution in another form

2 1
(u) = §a:gw + z1 arthw. (15)

It is not difficult to verify that function (15) satisfies the equation (10). Note that this
solution cannot be constructed from (13) by generating it according to formula (12).

Example 2. Consider the equation
u#u"+x2+c:0 (uw=0,n—-1). (16)

c is an arbitrary constant. The maximal invariance algebra of equation (16) is (P, Joa,
Jab>:

Py = 80, Joa = 400 + $08a, Jab = a0 — 250, (a,b =1,n— 1) (17)
An ansatz of the form [1]

u=pw,ws), w =zt = 22, wy = (ﬂ#m“)Q + (7,;6“)2,

18
ﬂQZ,}/Z:_l’ 67:0a ( )
reduces n-dimensional PDE (16) to 2-dimensional PDE
1
W12 — wos 4 2wn1 e + Z(W1 +¢)=0. (19)
Construct the solution of equation (19) by using Legendre transformation
Z=wipr twapr — @, Y1 =91, Y2 = P2 (20)
Then the equation (19) is transformed to the linear
, 1 1
y1 + 1 21 — (Y2 — 2y1y2) 22 + ZC =0. (21)
The general solution of (21) is:
1
z = ®(2arctg2y; — 2arctg 2(y; — y2)) — Ecarctg 211 (22)

One gets the general solution of equation (19) by inverting (20)

Y =Y121 T Y222 — 2, w1 =21, W2= 29,
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or, substituting z from (22),

o1 1 1

wy = - - -

vi+: -w?+il Ayi+g
1

(y1 —y2)?+ 1

WQ:qS

1
= y1w1 + Yows — b + icarctg 291,

where y1, y2 play the role of parameters and must be eliminate for obtaining the
solution ¢(w1,ws) in explicit form. To demonstrate the solutions of equation (16)
generating process we choose ® in simplest form

D) = ka,
where k is an arbitrary constant. Then
1
z = 2k(arctg 2y; — arctg 2(y1 — y2)) — 3¢ arctg 2y .

So, corresponding partial solution of equation (21) have the form

(1) /k:——c /
U—(W1+WQ) w1+w2—77w2
k 1
k——c arctg2 ——+2karctg2 —_ =
wo 4
1

Writing ¢(w1,w2) with wy and wy determined by (18) in variables 6, and make use of
Legendre transformation (1), we obtain second solution

@) 1 k—Llc 1
=4(k=2¢c)—w — 4 _ - _
U [ ( 4C> w1 w2]\/4(k—%c)—w1—w2 4

(23)

1
4]17 CUQ —
4k: 4
- (24)
1 kE—ic 1
—2(k—-= tg 2 E -+
( 4C> arcte \/4 k — % )7&)17&)2
+ 2k arctg 2 L
arctg k o 1
If solution (22) of the equation (21) is ® = 0, we get
”w ———|—carctg21/
i (25)
(2)
(c—w1) — carctg
C— w1 Cc— wl

Choosing invariants of equation (16) the functions

w1 = ouxt, wy =zt =127,
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we obtain the solutions

() 2 @) 2
U = —Wwi\/ W] — Wa, U = —wiy/ W) — wa.

i.e. this solution is Legandre-invariant solution of equation (16).
Example 3. The equation

det(uy,)Ou + tr(uy) =0
is invariant with respect to Legandre transformation. An ansatz
u=pWw), w=z,2"=2’
reduces (27) to ODE
8pp% + w@ld(n + 1)@ —n + 1] + 2n¢® — ng = 0.
Following the formula (9), from (28)

W= p0?), 6= 0,00 (=D 1),

we obtain

(2)
u = eu@uw?) - 90(92)a 90#(02) =Ty

Hence we find
ou=20,p, z°=46%(¢)?,
and formula (29) take the form

@ _ %;Uzw(w(x?» — (W (x?).

(26)

(27)

(28)

(29)

(30)

(31)
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