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Symmetry and exact solutions
of nonlinear spinor equations

W.I. FUSHCHYCH, R.Z. ZHDANOV

This review is devoted to the application of algebraic-theoretical methods to the problem
of constructing exact solutions of the many-dimensional nonlinear systems of partial di-
fferential equations for spinor, vector and scalar fields widely used in quantum field
theory. Large classes of nonlinear spinor equations invariant under the Poincaré group
P(1,3), Weyl group (i.e. Poincaré group supplemented by a group of scale transformati-
ons), and the conformal group C(1,3) are described. Ansitze invariant under the
Poincaré and the Weyl groups are constructed. Using these we reduce the Poincaré-
invariant nonlinear Dirac equations to systems of ordinary differential equations and
construct large families of exact solutions of the nonlinear Dirac-Heisenberg equation
depending on arbitrary parameters and functions. In a similar way we have obtained
new families of exact solutions of the nonlinear Maxwell-Dirac and Klein—-Gordon-Dirac
equations. The obtained solutions can be used for quantization of nonlinear equations.

1. Introduction
The Maxwell equations for the electromagnetic field and the Dirac equation for
the spinor field,

(Vup! —m)p =0, (1.1)

discovered 60 years ago, are the fundament of modern physics. In eq. (1.1) ¢ = ¥(x)
is a four-component complex-valued function, = (zg = ¢, 1,22, 23) € R(1, 3), four-
dimensional Minkowski space, 7, are 4 x 4 matrices satisfying the Clifford-Dirac
algebra

VYo + YV = 29w (1.2)

where g,, = diag(1,—1,—1,—1), m is the particle mass. We use two equivalent
representations of the y-matrices,

0 I 0 o,

I 0 0 Oq _
'yo<0 —I)’ ’ya(_aa 0 >, a=1,2,3, (1.2b)

o, are the 2 x 2 Pauli matrices.
Fifteen years ago D. Ivanenko [1] made an attempt to obtain a nonlinear generali-
zation of the Dirac equation, and suggested the following equation:

Yup —m 4+ A)]p(z) =0, & =T . (1.3)
Physics Reports, 1989, 172, Ne 4, 123-174.

or
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In the early fifties W. Heisenberg [2-5] put forward a vast program to construct
a unified field theory based on the nonlinear spinor equation

[y + AWyyah) ¥ yal(z) = 0. (1.4)

Heisenberg and his collaborators [2-5] did their best to construct the quantum field
theory, to establish the quantization rules, and to calculate the mass spectrum of the
elementary particles.

In two papers by R. Finkelstein and collaborators [6, 7] published in the early
fifties, nonlinear spinor fields were investigated from the classical point of view,
i.e., approximate and exact solutions of partial differential equations (PDE) were
studied. From the classical point of view scalar field was studied by L. Schiff [8] and
B. Malenka [9].

Like the general theory of relativity nonlinear spinor field theory is a mathematical
model of physical reality based on a complicated multi-dimensional nonlinear system
of PDE.

Up to now there exists a vast literature on exact solutions of the equations for
the gravitational field. It is well-known which important role has been played in
gravitation theory by Schwarzschild’s, Friedman’s and Kerr’s exact solutions. So far
many of the obtained solutions have no adequate physical interpretation. Nevertheless
the number of exact solutions of the Einstein equations grows rapidly.

Nothing of the kind takes place in nonlinear field theory. There are few enough
classical solutions of nonlinear spinor equations [10-18] although these equations are
essentially simpler than those of gravitation theory. This surprising situation seems
to be explained by the fact that many investigators underestimate the importance of
exact solutions in the theory of quantized fields and expect the great successes in
other domains of quantum field theory.

We think that a thorough investigation of nonlinear spinor equations and a con-
struction of exact solutions for them sooner or later will lead to important physical
results and to new physical ideas and methods. Let us recall that in this way the
theory of solitons was created.

We will not adduce a concrete physical interpretation to the solutions of nonlinear
spinor equations because we think that they speak for themselves. Nevertheless we
will show how to construct nonlinear scalar fields (equations) using exact solutions
of nonlinear spinor equations. In other words, we have a dynamical realization of de
Broglie’s idea to construct an arbitrary field by using a field with spin s = % [19]. The
kinematical realization of this idea is well known. It is reduced to a decomposition
of a direct product of linear irreducible representations of the Lorentz and Poincare
groups (with spin s = 3).

[t will be shown that the interaction of spinor and scalar fields gives rise to some
mass spectrum (section 4). It is of interest that discrete relations connecting the
masses of spinor and scalar fields are determined by the geometry of the solutions.

Exact solutions obtained by us can be used as a pattern to check the already
known approximate methods and to create new ones. For example, solutions which
depend on the coupling constant A in a singular way cannot be obtained by standard
methods of perturbation theory.

Solutions (classes of solutions) with the same symmetry as the initial equation
of motion seem to be of particular importance. These solutions (not the equation)
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can be used in the quantization procedure. From the set of solutions one can pick
out ones that do not lead to an indefinite metric. This review is based on our papers
[20-30], and the symmetry properties of PDE are used extensively. That is, we apply
the classical ideas and methods of S. Lie to nonlinear spinor equations. The symmetry
properties of nonlinear field equations make it possible to reduce multi-dimensional
spinor equations to systems of ordinary differential equations (ODE). Integration of
these ODE gives rise to exact solutions of the initial equation. Let us note that all
the exact solutions of the nonlinear Dirac equation known to us are included in the
set of solutions obtained in such a way.

The structure and content of the review are as follows. In section 2 we investigate
the symmetry of the nonlinear Dirac equation

[P + F(,9)]e(x) = 0, (1.5)

where F(v,1)) is an arbitrary four-component matrix depending on eight field va-
riables ), v. All the matrices F(1),v) ensuring invariance of eq. (1.5) under the
Poincaré group P(1,3), extended Poincaré group P(1,3) and conformal group C(1,3)
are described.

In section 3 we take the ansatz

P(z) = Alz)p(w), (1.6)

suggested in ref. [30] and described systematically in refs. [23, 24, 29], which reduces
the system of equations (1.5) to systems of equations for the four functions ¢°, !,
2, ¢* depending on three new invariant variables w = {wi(z),ws2(z),ws(z)}. In
(1.6) A(x) is a variable nonsingular 4 x 4 matrix, whose explicit form is given in
section 3. If ¢ depends on one independent variable then ansatz (1.6) reduces eq.
(1.5) to a system of ODE. Most of them prove to be integrable. Integrating these and
substituting the obtained results into the ansatz (1.6) one obtains particular solutions
of eq. (1.5). Using this approach we have constructed large classes of exact solutions
of the nonlinear Dirac-Heisenberg equation (DHE) for a spinor field.

In sections 4 and 5 multi-parameter families of exact solutions of the Dirac-Klein-
Gordon and the Maxwell-Dirac systems, describing the interaction of a spinor field
with scalar and electromagnetic fields are constructed.

2. Nonlinear spinor equations invariant under the Poincaré group P(1,3)
and its extensions, the groups P(1,3) and C(1,3)

[t is clear that arbitrary equations of the form (1.5) can not be taken as a physically
acceptable generalization of the linear Dirac equation. A natural restriction of the
form of the nonlinearity F(v,%) is imposed by demanding relativistic invariance.
This condition ensures independence of the physical processes described by eq. (1.5)
of the choice of inertial reference system (i.e., the nonlinear equation in question has
to satisfy the Poincaré-Einstein relativity principle). It is common knowledge that
the Dirac equation with zero mass admits the conformal group C(1,3) (see e.g. ref.
[31] and the literature cited there). Therefore it is of interest to choose from the set
of Poincaré-invariant equations of the form (1.5) equations that are invariant under
the conformal group.

In this section we describe all equations of the form (1.5) that are invariant under
the Poincaré group P(1,3) and its extensions, the group P(1,3) and the conformal
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group C(1,3). Let us recall that the extended Poincaré group P(1,3) (or Weyl group)
is an ll-parameter group of transformations {P(1,3),D(1)}, where D(1) is a one-
parameter group of scale transformations,

Ty, = ez, W (2')=eMp(x), k0= const. 2.1)

The 15-parameter conformal group C'(1,3) consists of the group P(1,3) and the four-
parameter group of special conformal transformations

@y, = (2 = Oz - 2)0 " (2), ¢'(@) = o(2)[1 = (v-0)(y - 2)]e(z), (2.2)

where o(z) =1—-20 -2+ (6 -0)(x - x), 0, are parameters of the group, ©=0,1,2,3.
Hereafter we use the following notation for the scalar product in Minkowski space
R(1,3):

a-b=ayub =g¢"aub,, p,v=0,1,23,

where g, = diag (1, —1,—1,—1) is the metric tensor of Minkowski space.

Theorem 1. Equation (1.5) is Poincaré invariant iff

F(y,v) = Fi + Fa, (2.3)

where ¥ =ty Y4 = Yo1727s, Fi and Fy are arbitrary scalar functions of i
and Y.

We give only a sketch of the proof, which is based on the infinitesimal Lie method
[32-34]. Expanding the matrix F(¢,%) in a linear combination of ~y-matrices, the

coefficients of the expansion depending ¢ and %,

1.
F=al+ b#,yli + CHVS/M/ + d“%% + eV, S;w = 12(7#'71/ - '71/’7#)7 (24)

and using the invariance criterion, one obtains the following necessary and sufficient
conditions for the Poincaré invariance of eq. (1.9):

Qora =0, Qoke =0,

QOkbu + ba(gaoguk - gakguO) = 07 QOkdu + da(gaoguk - gakgu0) = 07 (25)

QOkCuV + Caﬁ(gakégg + 95065; - gaoég]’: - gﬁkyotg) = 07
where

iQOk = _(Sokq/))aa/ad)a + (djsok‘)aa/aq/_)a7 k= 17 27 37

55; :6g65_5g527 0[757M,V:O,1,2,3,
and df is the Kronecker symbol.

After some cumbersome calculations we obtain the following general solution of

the system of PDE (2.5):

a=A, e=E, by,=Biy.+ Bapyuyatb,

cuw = C1S + CopyaS,,  dy = D1y p + Dathyary, ),

where A, By, ..., E are arbitrary smooth functions of 17 and ¢y,41).

(2.6)
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Substituting the above formulae into (2.4) one obtains the following expression for
the nonlinear term F(v,v):

F(¢, ) ={AI + LBﬂzWMP +?2&74%¢]7“ + [CrYpSuth + CotpyaS, ]S +
+ [D1Yvuh + Datpyayublyay® + Eval.
This formula can be essentially simplified with the help of the identity [35]

(P1ypb2) Y e = (Y1h2)ha + (Y17ath2)yathe,

where ¢; and 1) are arbitrary four-component spinors, and as a result the nonlinearity
F(1,) takes the form (2.3). This completes the proof.

Note. In the same way one can prove that the second-order spinor equation

pup = F(,9)9 2.7)
is invariant under the Poincaré group iff F(3,1) has the form (2.3).

Theorem 2 [29]. Equation (1.5) is invariant under the Weyl group P(1,3) iff
F(¢, ) has the form (2.3), F; being determined by the formulae

Fy = (@)Y Ey, 0= 1,2, (2.8)

where Fy, Fy are arbitrary functions of yp/ys1p.

Theorem 3 [29]. Equation (1.5) is invariant under the conformal group C(1,3) iff
F(1,v) has the form (2.3), (2.8) with k = 3/2.

The proof of the last two statements is obtained with the help of the Lie method
[32-34]; it is omitted here. Let us note that the sufficiency in theorem 3 can be
established by direct verification. To do this we denote by G the following expression:

G, 1) = 7, p" + (F1 + Faya) ()34

One can verify that the following identities hold:
G, ¢') = e PPG(, ),
if o', 4" have the form (2.1) with k& = 3/2,

G, ¢) = a*(@)[L = (- 0)(v - 2)]G(, ),
if ¢’, " have the form (2.2). Consequently, the equation G = 0 is invariant under the
groups of transformations (2.1), (2.2).

Note 1. Unlike eq. (1.5), the class of equations (2.7) does not include conformally
invariant ones. Therefore it seems reasonable to consider as an equation of motion for
a spinor field the following second-order equation:

pﬂpﬂw = q)(&?w/lzhwl)a
Y1 ={0v/0zyu, 1 =0,1,2,3}, ¢y ={0¢/dx,, p=0,1,2,3}.

The problem of a complete group-theoretical classification of egs. (2.9) will be
considered in a future paper. Here we restrict ourselves to an example of a conformally
invariant equation of the form (2.9),

Pup ) — (3) "y [p* ()] vp” Y = 0. (2.10)

(2.9)
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It is worth noting that each solution of the nonlinear Dirac-Giirsey equation [36]
satisfies the PDE (2.10).

Note 2. There exist Poincaré-invariant first-order equations which differ principally
from the Dirac equation. An example is [29, 37]

(v putp = 0. (2.11)

On the set of solutions of the system (2.11) a representation of an infinite-dimensional
Lie algebra is realized. This fact enables us to construct the general solution of eq.
(2.11) in implicit form,

fa(xu(j])—ju<]$),lz,¢)207 0420,1,2,3,
where j, = ¥y,1, f*: R x C® — C! are arbitrary smooth functions.

3. Exact solutions of the nonlinear Dirac equation
According to refs. [23, 24, 37] a solution of eq. (1.5) is looked for as a solution of
the following overdetermined system of PDE:
Y + F(, )¢ = 0,
ggw:ru +na(x7waw)w :Oa a = 1a2537
where n,(x,1,v) are arbitrary 4 x 4 matrices, £#(x,1),) are scalar functions sati-
slying the condition
rank {€}/(z,9,¥)} = 3. (3.2)

The PDE (3.1) is a system of sixteen equations for four functions ¢°, %!, 4?2, 3.
Therefore one has to investigate its compatibility (see also refs. [31, 39, 40]).

(3.1)

Theorem 4. System (3.1) is compatible iff it is invariant under the one-parameter
Lie groups generated by the operators

Qo =EH0/0x,, — Ma)*0/0Y, a=1,2,3.

The main steps of the proof are as follows. Firstly, using condition (3.2) one
reduces the system (3.1) to the equivalent system (to simplify the calculations we
suppose that 9Eg /™ = dngP |9+ = 0)

Y + F (i, )y =0,
Qo = (0/0xq + £00/0x0 + 1))t = 0.
[t is not difficult to verify that system (3.1") admits groups generated by the operators

Q. iff the initial system admits groups generated by the operators Q,, while the
following relations hold:

[Qav Qb] = Oa a, b= 1; 273 (33)

It follows from the general theory of Lie groups that there exists the change of
variables

\I/(Z) :77(50)1/](117)7 Zu :f#(x)a N:Oa1’273

(3.1')
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which reduces the operators Q, satisiying conditions (3.3) to the form

Qu = Qu = /0. (3.4)
System (3.1') is rewritten in the following way:

6\11/820 = F1(2’7 \If, \I/)\I/,

3.1”
0¥ /0z, = 0. (3.1

The necessary and sufficient conditions for the compatibility of the system (3.1”)
are as follows:

82\11/8%62” = 82‘1//87;”82'“. (3.5)
Applying these conditions to (3.1”) one has
0F1/0z, =0, a=1,2,3, (3.6)

whence the invariance of system (3.1”) under the operators Q, = 0/dz, follows.
The reverse statement is also true — if system (3.1”) is invariant under the groups

generated by the operators @Q,, then conditions (3.6) hold. Consequently, the initial
system is invariant under the operators ),. The theorem is proved.

Consequence. Substitution of the ansatz
() = A(z)p(w), (3.7)
where the 4 x 4 matrix A(x) and the scalar function w(x) satisfy the system of PDE
&row/0x, =0, (3.8)
QaA(x) = [€40/0x, + 10 ()] A(z) = 0, (3.9)
into eq. (1.5) gives rise to a system of ODE for ¢ = p(w).
Proof. Integration of the last three equations of (3.1"”) yields
U = U(z).

Returning to the original variables x and v (z), one has

() = [n(@)] ™ ¥ (z0)-

Choosing A(x) = [n(x)]~!, w = 2(x), one obtains the statement required, the ODE
for ¢(w) having the form

do/dw = Fy(w, @, 9)e.

Note. If (Q1,Q2,Q3) is a three-dimensional invariance algebra of PDE (1.5), then the
conditions of theorem 4 are evidently satisfied. Therefore the classical result on the
reduction of PDE to ODE via Q,-invariant solutions [32-34, 41] follows from theorem
4 as a particular case. If @), are not the symmetry operators then the reduction is
done via conditionally Q,-invariant solutions [31, 39, 40, 42].
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3.1. Ansdtze for the spinor field. In the following we shall consider spinor equati-
ons (1.5) with the nonlinearity (2.3), i.e. Poincaré-invariant systems of the form

VP! = (1, ) = (Fi + Faya)t. (3.10)

On the set of solutions of system (3.10) the following representation of the Poincaré
algebra AP(1,3) is realized:

Py=pu, Juw =2upy — Tupp + Spw- (3.11)

Using theorem 4 and the group-theoretical properties of eq. (3.10) one can for-
mulate the following algorithm for the reduction of the PDE (3.10) to systems of
ODE.

At the first step one has to describe (to classify) all inequivalent three-dimensional
algebras which are subalgebras of the Poincaré algebra (3.11). As a result we obtain
a set of triplets of operators (@1, Q2,Q3), each of which determines an ansatz of the
form (3.7).

At the second step the system of equations (3.8), (3.9) is integrated. According
to the consequence of theorem 4 substitution of the obtained ansatze into the initial
equation yields systems of ODE for the unknown function ¢ = p(w).

The efficiency of group-theoretical methods is ensured, first of all, by the fact
that intermediate problems to be solved are linear. At the first step linear systems of
algebraic equations are solved [43], at the second step systems of linear PDE having
the same principal part.

The problem of classification of all inequivalent subalgebras of the Poincaré algebra
P(,3) was solved in refs. [43-45]. Integration of the PDE (3.8), (3.9) is carried out
by standard methods but the calculations are rather cumbersome. We give here the
final result in table 1.

As an example we consider the case Q1 = Jo3, Q2 = P1, Q3 = Ps, i.e.,

(wop3 — x3po)w =0, p1w = paw = 0; (3.12)
1,
(1’0173 — T3po + 21’70’73) A(if) =0, p1A(I) = pzA(I) =0. (3.13)

From the last two equations of the system (3.12) it follows that w = w(xg,x3).
Substituting this result into the first equation one obtains that w(xg,z3) is a first
integral of the Euler-Lagrange system

dIO dIg

x5  To
which can be chosen in the form w = 22 — 23.
A solution of the system (3.13) is looked for in the form
A(x) = exp[yoysf(@)]
whence it follows that the scalar function f(x) satisfies the following equation:

20 fzs +23fz, = >
whose particular solution has the form

flz) = %ln(xo + x3).
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Table 1. P(1,3)-invariant anzétze for the spinor field
No. | Algebra A(x) w(x)
1 | P, P, P I T3
2 Pl, PQ, P3 I ZTo
3 | Po+ Ps, P, P> I o + T3
4 | Jos, P1, P» exp [ 27073 In(zo + 23)] zh — 3
5 | Jos, Po+ P3, P exp 37073 In(zo + 3)] T2
6 | Jos + Pz, P, Ps exp [$27073] 1
7 | Jos +aPa, Po+ Ps, P |exp [;—2’}/0’}/3] aln(zo + z3) — x2
8 | Jiz, Py, Ps exp [ % Y1Y2 arctg ] 2 4 a2
9 | Jio +aPy, P, P> exp[ 2—0 1’}/2] x3
10 | Ji2 + aP3, P1, P2 exp [527172] o
11 |Jio+Po+ P3, P, P, |exp E T3 — Xo ’71’72] To + X3
12 |G1, Po+ Ps, P2 exp (2<x0+m3) Yo + 73)’)’1) To + T3
13 G1, Po+ P33, Pi +abPs exp( amzlo+z223> "YO+73)'YI) To + X3
14 |G1+ Py, Py+ Ps, Py |exp [%(v0+ 3 'Yl] To + 3
15 |Gi+ Py, Po+ P3, P> |exp [ % xo + x3) (70 + 73)’71] 2z1 + (w0 + x3)*
16 |G1+ Po, P1 + aP,, exp [—3 (w0 + 3) (0 + ¥3)71] 2(z2 — ax1) —
Po + P3 — a(l‘o =+ 1’3)2
17 | Jos + aJi2, Po, Ps3 exp ( 5o (7073 + ay1y2) arctg —) z3 + x3
18 | Jos + aJi2, P, Ps exp [% (7073 + anv2) In(zo + z3)| |28 — 23
19 |Gy, Ga, Po+ Py exp ( 525 (1121 + 7222) ) zo + 73
20 | Gu A P2, o (arsrestitiaraal X %o + &3
G2 + aP + 8P, x {n[(zo + z3 + B)z1 — aza] +
Po+ P + 72[(z0 + z3)22 *xl]}>
21 |G1, Go + P1 + (P, exp (m(’mﬁ-%)’h + To + x3
Po+ Py t Seotea)eoteats X
% (70 +78)[v2(z0 + x3) — 71])
22 G, Go + P, exp l:(’}/() + ’Y3)(m’}/1 + To + T3
Po+ P * 2<woi§3+1)72)}
23 |G, Jos, P2 exp ( w01 73) (70 + 73)71) xg —af — 3
X exp [27073 In(zo + I3)]
24 |Joa+aPi+ 8P, |exp (S5EEEEE (3 +y5)m ) x |22 — Bln(@o + za)
G1, Po+ Ps x exp 37073 In(zo + x3)]
25 J12 + Po =+ Pg, Gl, G2 exp < (’;01’;33) (’71.%1 + ’YQIEQ)) X xo + X3
x exp (_4(10-&-13)7172)
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Table 1 (Continued)

No. | Algebra A(z) w(x)
26 | Jos + aJi2, G1, G2 | exp (2&00'*_‘&33) (mz1 + 72x2)> X T
x exp [5 (7073 + an172) In(zo + 3)]

Notation:

Gr = Jok + Jsr = (xo + z3)pr — zk(po + p3) + %i(’YO +93)Vk, exp{R} =1+ 5. %Rn,
n=1
I is the 4 x 4 matrix, a, 8 € R™.

Finally one has
1
w(z) =20 — 23, A(x) = exp 57073 In(xg + 23)] .

Other triplets @1, Q2, @3 from table 1 are treated in an analogous way (we show
in table 1 only algebras (@1, @2, @3) giving nontrivial ansitze (3.7)).

[t is important to note that the ansidtze listed in the table 1 do not exhaust all
possible substitutions of the form (3.7) reducing the PDE (3.10) to ODE. Principally
different ansétze are obtained when the conditions of theorem 4 are valid and some
operators @), are not symmetry operators of eq. (3.10) (conditional invariance).

To investigate the conditional invariance of a differential equation one can also
apply the infinitesimal Lie algorithm [32-34]. However, the determining equations
to be solved are nonlinear (see refs. [39, 40]). To avoid this difficulty the following
method was suggested [24, 30]: firstly, the dimension of the PDE is decreased by
one using its group-theoretical properties and then the maximal symmetry of the
reduced equations is investigated. Under certain circumstances this procedure yields
such operators @), that the initial equation is conditionally invariant under @,.

We realize the above scheme for the PDE (1.5) invariant under the group P(1,3),
i.e. for equations of the form

VP = o (,9) = [(Fy + Forya) (i) /*F]ap. (3.14)

P(1,3)-invariant ansitze for the spinor field reducing (3.14) to three-dimensional
PDE were constructed in refs. [24,29]. The general form is

P(z) = A(x)p(wr,wa,ws), (3.15)

where ¢ is a new unknown spinor; the 4 x 4 matrix A(x) and the scalar functi-
ons w;(x) are determined from table 2 (each ansatz in table 2 corresponds to some
one-dimensional subalgebra of the algebra AP(1,3); for more detail see ref. [24]).
Substitution of the ansitze (3.15), with A(x) and w(z) as listed in the table 2, into
the PDE (3.14) results in a reduction by one of the number of independent variables,
i.e., the equations obtained depend on the three independent variables w;, ws, ws
only. Omitting intermediate calculations we write down the reduced equations for
@(wlaw27w3)~
(1) k(2 —70)e + [(0 — 72) (w1 + awiwd) + (0 +72)wi — 20 ' Nwswi —
— 2y3w1wa)@u, + (Y0 — Y2)wa — 13wl Pu, +

+ lav1 + (72 = 70) (W3 + D]pw, = —iP2(p, ¢);
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x Tx ox I mﬁ
ex (44 Tx I ¥l
T Tx €x + Ox I| ¢l
Sxex [ Lzex [Lriw I, 21
TxTo + 0xepo | Txeg 4 Oxtg + M|M 8101 tr + tw W% 8101 mbﬁ\m \g dxo | 11
£x ex — (T + o0x)ug Iz — Ox [(1z + oz)up TLOLE] dxo | Qf
[ (fr 4 Zx) x A?& — G&mv dxa x AM|M Syore eLols — (g 4 tag+
M|m Syoreg + Am& + m&v:S x (g + txg + 0xg) x (g + xg + 0xg) + Oxg)up ;\o\hﬂ dxo m}\g + txg + 0x7) | 6
M|m Syore + (Tz + 0x)uyq Ex + Cx lr — 0z ﬁm 3yore mbﬁkm — (T2 + oz)ug ;\obﬂ dxe| g
ﬁ% Syoxe eLTLE —
M|m Syore g — AM& + MHVEQ H\Am& + M&XW& — m&v 1T 4 Ox — (1 — oz)ug ?o\hwlg dxo m}\@& _ mav J
AM|M Syore eLILE —
M|M Sprevg + (§r+ ex)urq| (82 + Zx)(le — 0x) |, (T 4 0x) _,_(Lr —z) | — (T + ox)u| Q\okiﬁsvmv dxo _,, (lx—07)| 9
T@H — mHXMH + MHV M|m Syore g + Am& + M&VE Tﬂao& ﬁ% Syore Q\Q\mlg dxo N\Q\Ama + mav o
gx(%r — 0x) — Twg tr—lr—lx Zx — Ox on — Q\v?m&%v dxo| ¥
(2T — 02) + (2w — 0x)Tag + fIg (22 — 0x) 4 g (ex — ox)g + 1z Tob — L) (0 — m&vﬂ dxe| ¢
¢x — Lz — 0z ex Ty — Ox Tm\h — L), _ (3w — oavgmlg dxe| g
(2x — oz)up — | _(%x — Ox)iwp | fa(ex — ox) fr(r — lr — 0x) ((ex — ox)up (0L — 2L)TL2E) dxo g (G —02)| |
(z)sm (z)2e (z)tm ()y | oN

pre1j Joulds ayj 1oy azjgzue JuelleAul-(¢ ‘1)d ‘g 21901
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1
(2) gwi (10 = 72)e + (Y0 — 72)Puwr + V3Puws +

+ [(vo + 12)w1 + (Y0 — Y2)wswi pw, = —i®2(@, 9);
3 o
(3) [z + B0 —712)]wr + 2710w, + 5(272 + (70 — 12)w2)Puw; = —iP2(p, );

1 _
(4) 55 Y40 = 12)e + (Yo — 12)Pur + (Y0 + 12)wr — 287 twsm +
+ (Y0 — 12)(B72w3 4+ w2)wi Tpw, + (By1 — Y3w1)Puws = —iP2(P, ©);

1
(5) 5(1 — 2k) 30 + (Wiws) 2 (Yo — Y1w1)Pwy + 2(73 + a¥2)pu, +

+ 1293 — (30 + mwn)ws “wi P |wspe, = —i®2(5,9);

(6) [ k(7o cosh lnwl/Q(aH) 1 sinh In wl/Z(aH)) +

1 a
T a0 T J +1)+27 wy?|p -
+ 1) (0 coshInwi/2* ™) — 4 sinh Inw! /2™ wy o, +

1/2(a+1) 1/2(a+1)) 3/2

— 71 sinhIn w;

—2(a
+ 2[wa(yo coshInw; V3lPws +
+ 2(ay2 + by )wy’ X, = —i®a(5,9);

1
(7)  |—k(vyocoshln w1/2 — v1 sinh In wi/2) + =(v0 — 71 )w; 12y ’}/3(,(}1/ o+
4 2 (3.16)

V2 sinhlnwi/z— Y3 w;/z)gow—i—

+ (0 + 71)w1/ Puw; + 2wa (7o coshlnw;
+ 2wy (b3 — 12)Pus = —i®2 (P, 9);
%(70 + 71+ w3 7)o + Wi (Yo + 1) + Y0 = 1)Pun + 273w5 0y +
+[b(0 +71) + 72w gy = —i®a (B, 0);

(9) %[(1 — 2k) (0 + 1) + 13wy’ "l + 287 w1 [B(v0 + 1) — Yo + NP +

+202(70 + 11 — 3wy ) Pws + 2wy (2 + bY3) Py = —iD2(B, ¢);

1
(10) 5(70 +71)e + wi(vo +71) + 7 — 1lew, +
+ (Y0 +71 = 12)Puws + V3w, = —iP2(P, ¢);
1 _
(11) 3391 Y20 4+ 273012 gy + (B0 + Bomt + 1207 ), +
+ (270 + 171) Py = —iP2(@, ©);
(12)  —kvp + (Va — YoWa)Puw, = —iP2(P, p);
(13) (’YO + 75)90001 + Y1Pws + ’Y2S0w3 = Z(I)Q( )
(14)  71Pw, +72Pws + V30w, = —iP2(@, ©);
(15)  Y0Pw, + V10w, + 120ws = —iP2(P, ),

where ¢, = 0p/0w,, a =1,2,3,

Oy = [(FL + Foya)(99) M, Fi = Fi(@p/@ragp)-
The group-theoretical properties of eqgs. (3.16) were investigated in ref. [29]. We
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consider in more detail the PDE (3) and (13)-(15) of (3.16). Using the Lie method
[32-34] one can prove the following statements.

Proposition 1. PDE (13) of (3.16) is invariant under the infinite-parameter Lie
group, its generators being of the form
k=1

Q1 = ¢1(w1)0u, + ¢2(w1)0us + %[@(wl)’h + do(w1)72) (70 + 73),

Q2 = —w20u, + w30, + %71’727

Q3 = ¢0(w1)u, + Po(w1)(W20u, +w30u,) + do(w1) +
+ %éo(m)(%u& +72w3) (Y0 +73),

Q1 = ¢3(w1)va(v0 +73);

k41

1
Ql = awla Q2 = _w26w3 + o-)3841.12 + 5’}/1’}/%

Qs = ¢1(w1)0u, + d2(w1)0us + %[<151(w1)’71 + do(wi)72) (0 + 73),
Q4 = w10y, + w204, +w30u, +k, Qs = ¢3(w1)va(70 + 73),

(3.17)

where ¢y, ..., Ps are arbitrary smooth functions, a dot means differentiation with
respect to wj.

Proposition 2. For k = 1 PDE (14) and (15) of (3.16) are invariant under the
conformal groups C(3) and C(1,2), respectively.

[t is important to note that for k& # 3/2 the initial equation (3.14) is not con-
formally invariant. The same statement holds for the infinite-parameter group with
generators (3.17). Consequently for k = 1 the PDE (3.14) is conditionally invariant
under the algebras (3.17), AC(3) and AC(1,2). Using this fact we have constructed
ansatze which are principally different from ones listed in table 1:

k=1

P(x) = ¢y ' exp {¢53W4(70 +73) — %(%% + ¢272) (Y0 +73) —
- %d’oébalhl(m + ¢1) + v2(z2 + @2)] (70 + 73)} X

o1((z1 + ¢1)/d0),

(3.18)

1+ ¢1

) al(on + 60 + (o2 + a7/}

X 1
exp (— Y172 arcte

YoZo — Y1T1 — Y2&2
x fr—
V@ = T e
o3(zo/(af — 21 — 23)),

pa(1 /(x5 — 27 — 73)),

(3.19)

1 X1
exp |~ gmmancts 2| n((ad + )/} - a2 - 3))



590 W.I. Fushchych, R.Z. Zhdanov

- po(x1(x?) ),
= 3.20
PTG oo [ e ] it s ey, O

k#1:
Y(x) = exp [fbm(% +73) — %(ém + d2y2) (70 + 73)] X
ps(@1 + 1), (3.21)

iii) pol(z1+ )" + 32+ 92)")

X 1
exp <—§7172 arctg

In egs. (3.18)-(3.21) ¢y, ..., ps are arbitrary smooth functions of zg + z3, ¢1,...,p9
are new unknown spinors. While obtaining formulae (3.19)—(3.21) we essentially used
the conformally invariant ansatz suggested in refs. [20, 21] and the results of refs.
(24, 29].

Let us turn now to eq. (3) of (3.16). If one chooses ¢ = ¢(w1,ws) and introduces
the notations

Fi=v+80—7), To=m, zn1=w, 2=

then one obtains the following PDE:

Fl@zl + ]-—‘24,022 = _CI)Q(SZa ()0)7 (322)

where F% = F% = —]., Flrz + F2F1 =0.

With the aid of the Lie method [32-34] it is possible to prove that eq. (3.22) is
invariant under the conformal group C(2) if &k = 1/2 [consequently, for k = 1/2 the
initial PDE (3.14) is conditionally invariant under the conformal group C(2)]. Using
this fact we have constructed the ansatz that reduces (3.14) to a system of ODE [24]:

Y(z) = ptexp [;’Yl(% —72) (w0 — 932)} X
(3.23)

X {[73 + B(v0 —72)l[w3 + Blzo — 22)] + %’71(23«“1 + (z0 — $2)2)} p(w),
where
1 2 -1
o= {Bilaa + 8an 0] + 3tz + (o0 — 221}
o=l + Blao — ) + {221 + (20 — 22T

B, (1, B2 are constants.

3.2. Reduction of the nonlinear Dirac equation to systems of ODE. To reduce
the nonlinear Dirac equation (3.10) via ansatze from table 1 one has to make rather
cumbersome calculations. Therefore we give the final result, systems of ODE for
o(w), omitting intermediate calculations.
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27230 = q)h
Z/.}/()()0 = (pla
i(v0 +73)p = @1,

1. . .
52(70 +73)p + tjw(vo +73) + 70 — 73] = P,

1. L

52(70 +73)p + iv2p = Py,
7
20

7

2c

Y1yap +ivip = Py,

wle VQ]QO = (1)17

Y172 + i[e(yo + v3)e”
1
5”71/272%0 + 2iw' Py = @,
T 551374 +iy3p = Py,

«

—Y0Yap + 10 = Pq,

2
1. ‘ .
Zl(’}’o —Y3)va + (0 +73)p = @1,
1. . )
3@ (30 + 73)¢ + (0 + 73)¢ = @1,
i . .
3w a9 (0 +78)¢ + (%0 + 18) 8 = @1,
1 (3.24)
5@'(% +73)720 +i(v0 +73)9 = D1,
22"}/1@ = (pl,

2i(y2 — am)p = Py,

(3 _ . .
5o Pl = ) + 2iw! P = @y,

210 + 1)L+ av)p + ilw(ro + 35) + 0 — 13l = @,

iw™ (Y0 +73)¢ +i(Y0 +73)¢ = D1,

%i[W(w +6) —a] (o +v3){[2w(w+8) —a — 1]y — 2w — Blo +
+i(y0 +73)¢ = @1,

ilw(w + 8] (0 +73) (2w + B — )¢ + i(y0 + 73)@ = 1,

N =D —

ilw(w+ 1] 712w + 1) (0 + 13)¢ + (70 +73)¢ = P,

Yo +73)¢ + i[w(vo +73) + Y0 — 13]@ = Py,
Yo +73)¢ +i[v2 — B(yo + ¥3)]@ = 1,

7

—~

7

—~

o 1
i(yo+73)@ +i [(vo +73)w ™t + = (70 — ¥3)74| ¢ = P,

4

—~

i(v0 +73) (3 + ava)e + i[(vo + 3)w + 70 — 3] = P,

N | =
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where

Q) = (Fl + F274)99v = Fz(¢<p7 @74‘)0)7 <P = dgp/dw

To integrate eqs. (3.24) one can again apply group-theoretical methods. In ref.
[29] it was pointed out how to obtain some information about the symmetry of the
reduced PDE by purely algebraic methods (without application of the infinitesimal Lie
method). It is based on the following statement:

Let G be a Lie group of transformations, H be a normal divisor in G. And let
there be a PDE invariant under the group G.

Theorem 5. The equation obtained via reduction with the help of H-invariant solu-
tions admits the factor group G/H.

A proof can be found in ref. [33].

We use the equivalent formulation of this theorem in terms of Lie algebras: If
there is a PDE with the symmetry algebra AG and subalgebra @ which is an ideal in
AG, then the equation obtained via reduction with the help of @Q-invariant solutions
admits the Lie algebra AG/Q.

Straightforward application of the above theorem to the three-dimensional algebras
listed in the table 1 is impossible because these algebras are not, in general, ideals in
AP(1,3). Therefore there arises the intermediate problem of constructing the maximal
subalgebras Ay, ..., Ags of the algebra AP(1,3) having the algebras of the table 1 as
ideals.

[t is known from the theory of Lie algebras [33] that the algebra (Q1,Q2,Q3) is
the ideal in the Lie algebra (¥1,3s,..., %) iff

[Qi, X;] = AZ-QIW )\fj = const,

where [Q;,%;] is the commutator, and summation over repeated indices is understood.
Consequently, the operator 61" J,,, + 6} P, belongs to the algebra Ay iff

Qi 04 Ty + 0P =X, Q;, i=1,2,3, k=1,...,26. (3.25)

Here 6., 6}’ and )\{k are constants; Q1, Q2, Q3 is the triplet of operators in table 1
under number k.

When one calculates the commutators on the left-hand sides of equalities (3.25)
and equates the coefficients to zero at linearly independent operators J,,, and P,, one
obtains a system of algebraic equations for 6/ and 6. The solution of these equations
gives the explicit expression for the basis operators of the algebras A; to Ag.

The next step is the calculation of the factor algebras {A;/Q;, i = 1,...,26},
which generate the invariance groups of the reduced equations (3.24). We shall realize
the above scheme for the algebra (P, P1, P,), the remaining algebras being treated in
the same way. To do this one needs the commutation relations of the algebra AP(1,3)
(31],

(s Japl = 1(gupdva + Gvadus — Guadvs — Guadua)s

[Py Japl = i(GuaPs — gupla),  [Pu, P] = 0.
Relations (3.25) are rewritten for Q1 = Py, Q2 = P1, Q3 = P5 in the following way:

[P, 01" Jy + 04 P,) = M1 Py + M PL+ M P,

[P, 01 Ty + 05 Pu] = A3 Po 4 A3 P14 A3, P, (3.27)

[Po, 017 T + 01 Pu] = X1 Po + A3 Pi + X3 Pa.

(3.26)
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Taking into account relations (3.26) one obtains the following equalities:

209 P, = A Py + A3, Py + A3, Py,
—2i01" P, = A5, Py + N3, Py + A3, P, (3.28)
—2i07" P, = A}, Py + A3, P+ A3, Pa,

whence it follows that 693 = 012 = 633 = 0, 691, 092, 012, 0} are arbitrary real

parameters. Consequently, the set of linearly independent solutions of the system
(3.27) is exhausted by the operators

(Jo1, Joz, Ji2, Po, P1, Pa, P3) = Ay,
whence one obtains
A1 /(Po, P, Ps) = (Jo1, Joz, J12, P3). (3.29)

To construct the invariance algebra of eq. (1) of (3.24) it is necessary to rewrite
the operators (3.29) in the new variables w, . As a result one has

(1) (v, 7072, 7172, Ow)-

The invariance algebras of the other equations of (3.24) are as follows:

(2) (172, 7273,7173, Ow);
(3) (0 +18), 12090 +7), 172 900 — 3707, o)
(4) (7172%
(5) (Ou);
(6) (7073, 0u);
(7) (220, —v073);
(8)  (v073);
9)  (Ow,7172)s
(10)  (Ow,7172);
(11) (O M172);
(12)  (y2(70 +13), 0™ "1 (0 +73), w8 — l%%);

2

(13)  ((m1 +ar2)(v0 +73),w™ (70 +73), wdh — %mm);
(14)  (v1(70 +73),72(v0 +73), Ou);

(15) (0w, 72(70 +73));

(16) <6w>§

(A7) (v073);
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(18)  {m172);

1 - _
(19)  {wdo = 57073, 1(v0 +73), w22 (Y0 + ¥3), Y172);

(20) ([w(w+B) —al (o +73)[(w + B)m — 72l
[w(w + 3) — ]~ (0 + 73) (wy2 — a71), 1172);

21) (W '(0 +73), [w(w + B)l(v0 + 13) (wr2 —71)); (3.30)
(22) (W' (v0 +73), (w+ 1) (90 +73)72);
(23)  (n72)
(24)  (9uws11(70 +73));
(25)  (n72)
(26)  (7172)-
Here (@1, ..., Q) denotes the set of all linear combinations of the operators Q1, ..., Qs.

Let us note that the Lie algebras (3.30) are not, in general, the maximal invariance
algebras of the equations of (3.24). As an example we shall consider eq. (3). By direct
verification one can check that this equation is invariant under the infinite-parameter
group of the form

W =w, ¢ =exp{[filw)rn + f2(w)r]l(v0 +73)}e, (3.31)
where f;(w) are arbitrary smooth functions; the Lie group generated by the operators
Y1 (70 +73), Y2(v0 +73) in line (3) of (3.30) is a two-parameter subgroup of the group
(3.31).

Nevertheless, the information obtained about the symmetry of the ODE (3.24)
proves to be very useful while constructing their particular solutions. Besides if an
ODE has a lagrangian then one can construct its first integrals using Noether’s
theorem.

Let us also stress that an arbitrary Poincaré-invariant equation for a spinor field,
after being reduced to systems of ODE with the help of the ansatze of table I,
possesses the symmetry (3.30).

Let us turn to the system (3.14). Substitution of the ansétze (3.18)-(3.21) into

(3.14) gives rise to the following systems of equations for the spinors ¢1,. .., @g:
k=1
(1) i1 = Po(P1,01);
(2) %izglm’m@z + 2iV2Z;/2¢2 = 02(P2,92);
(3) —ivops = Po(@3,¥3);
(4)  —iv1ps = Po(Pa, Pa); (3.32)
(5) %izglmw% +2iz5 9205 = —®a(B5, 5);
(6) —iv196 = P2(Ps, ¥6);
(7) 11’27_1/272@7 + 2izy P a7 = —@a(57, 97);

2

(8) im1ps = Pa(Ps, vs);
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/

1. _ . . _
(9) —1Zg 1/272<p9 + 2225 272@9 = ®o(@o, o),

2
where ¢; = ¢;(21), z; being determined by formulae (3.18)-(3.21).
Following ref. [24] we obtain via direct reduction of (3.16) to ODE equations of the
form (the number of PDE from which the ODE is obtained is given in parentheses)
1 . _
(1) 51 =239 + 2073 + a72)pw, = —iP2(5, ) (5);

) P = —i®2(3,0)  (8);

1 _
(2) 5(70 71+ 3wy )+ 293w,

1 (3.33)
(3) 5[(1 —2k) (70 + 1) + y3wa]e +

2 2 . _
+ 2“’21/ (vo+m — 7390;/ )Puws = —i®2(, @) 9);
(4)  —kyp + (11 — w170) P, = —iP2(p, ¢) (12).

So we have constructed systems of ODE whose solutions, when substituted into
corresponding ansatze, give rise to exact solutions of the initial nonlinear Dirac equati-
or.

3.3. Exact solutions of the nonlinear Dirac-Heisenberg equation. To integrate
eqs. (3.24), (3.32) and (3.33) one can apply various methods. We restrict ourselves to
those ODE which can be integrated in quadrature. Let us put ®; = &y = \(¢1))Y/ 24,
A and k const. Then the PDE (3.10) and (3.14) take the form

up” = A@) M ep(z) = 0. (3.34)

The PDE (3.34) was suggested by W. Heisenberg [4, 36] as a possible basic equation
for the unified field theory. According to theorems 2 and 3 it is invariant under the
extended Poincaré group P(1,3). In the case k = 3/2, eq. (3.34) admits the conformal
group C(1,3). Therefore, to reduce the PDE (3.34) one can apply both the ansétze of
table 1 and of table 2. As a result we obtain eqs. (3.24), (3.22) and (3.33), where

1/2k

Q1(p,0) = P2(p, ) = AP, ) o

If one multiplies ODE (3) of (3.24) by 7o +~3 and uses the identity (y+73)% = 0,
then the following compatibility condition of eq. (3) of (3.24) appears:

(0 +73) =0,

whence it easily follows that g = 0. So ¥n) = @y = 0, i.e., the factor (¢1p)'/?*

determining the nonlinear character of the PDE (3.34) vanishes. Analogous results
hold for eqs. (12)-(14) and (19)—(22) of (3.24). Such solutions are not considered.

ODE (1), (2), (15), (16) and (24) of (3.24) are trivially integrated if one notes
that the condition gy = const holds. Let us consider, for example, eq. (1). After
multiplying it by iy, one obtains

¢ = iN@p) . (3.35)

The conjugate spinor satisfies the following equation:

1/2k -

@ = —iXpp)* o2 (3.36)
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Multiplying (3.35) by ¢ and (3.36) by ¢ we come to the equality

(d/dw)(@p) = e + @ =0,

whence it follows that @¢ = const. Consequently, the ODE (3.35) is equivalent to a
linear one,

¢ =iACY a0, Gp =C,

whose general solution has the form ¢(w) = exp(iAC/?*yow)x. Since @(w) =
Y exp(—iAC /% yyw), then @ = yx or xx = C. Finally, the general solution of
(3.35) takes the form

V/2krmw)x. (3.37)

Hereafter x is an arbitrary constant spinor. Let us note that, taking into account the
identity (i72)? = 1, expression (3.37) can be rewritten in the following way:

p(w) = {cosh[A(xx)"/?w] + ive sinhA(o) Vol

The general solutions of egs. (2), (15), (16) and (24) of (3.24) are constructed in
the same way. Omitting intermediate calculations we write down the final result,

p(w) = expliA(xx)

Y2k 00x,

)1/2k

p(w) = exp[—iA(xx)

1.,
¢(w) = exp EM(XX WJ} X

p(w) = exp <2(%>\C12)(XX)1/%(72 - a’h)w) X
1/2k(

p(w) = exp{[v2(70 +73) +iA(Xx)

(3.38)

Y2 — B0 +73))|w}x.

To construct the solution of ODE (6) of (3.24) we use its symmetry properties. Above
it was established that this equation is invariant under the Lie algebra (9., vo7ys). We
look for the solution which is invariant under the group generated by the operator
Q = 0, — 003, 0 = const, i.e., p(w) has to satisfy the additional constraint

Qp = (0, — 0y073)p = 0.
The general solution of the above equation is given by the formula
p(w) = exp(67073w) X1,

where 7 is an arbitrary constant spinor. Substituting this expression into the initial
ODE one has
1 .
0717073 — 57171 ) exp(@roysw)x1 = —iAT exp(Br073w)X1,

where 7 = (x1x1)'/?*. Multiplying this equality by exp(—6yoy3) we come to the
system of linear algebraic equations for x1,

1 .
(972 - 2—%) Vax1 = —IATX1. (3.39)
(6%
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The system (3.39) is diagonalized by the following substitution:

1 .
X1 = {(972 - 2-71) Y4 — MT} X
a

whence it follows that

<—92 S + /\272) x =0.

402
Consequently
0 = e(4a®m2X2 — 1)V2 /20, &= +1. (3.40)
Imposing on 7 the condition 7 = (x1x1)'/?* one obtains a nonlinear algebraic equation
for 7,
72 = 2X272(0x) + 2iATO(Xy2vaX) — idTa " (X1yax). (3.41)

Finally, the particular solution of ODE (6) of (3.34) takes the form

1 .
p(w) = exp(Br073w) {(972 - 2a71> Y4 — z/\T} X (3.42)
6 and 7 being determined by formulae (3.40) and (3.41).

An analogous method can be applied to construct solutions of equations (9-11),
the result being

p(w) = exp(Oy172w) KGVO - 21a73> Y4 — i/\T} X (3.43)

0 and 7 being determined by the formulae

0 = (1 — 402227312 )20,

. . (3.44)
7 = 22272 (xx) — iATa T (Xy37ax) + 20ATO(X Y074 );
1 .
) = explBm120) | (992-+ 30 2 = v (3.45)
0 and 7 being determined by the formulae
0 = (40’ X212 + 1)Y/2 )20, (3.46)
7 = 20272 (Xx) + 20ATO(XV374x) + iATaT (X074 ); '
p(w) = exp(07172w)[40(70 + 73) 74 + (Yo — 713) 72 — 4iAT]X, (3.47)
0 and 7 being determined by the formulae
0= —\212,
(3.48)

72 = 320272 (xx) + 8iAT[X (70 — 73)7ax] — 32033 [X (70 + 73)Yax].
Eq. (8) of (3.24) is, via the change of variables

pw) =0 (w),
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reduced to the following ODE:
20w 900 = M~V (99) /0.

Multiplying it by 2iyow™'/2 we come to an equation of the form

. 1. _
¢ _ 52)\&) (1+2k)/4k(¢¢)1/2k¢¢’

whose general solution is given by the formulae

%Nk
(Xx)l/kazw(Q’“l)/“k) X

k#£1/2: ¢(w)=-exp (1_2k

k=1/2: ¢(w)=-exp [%i)\(xx)w lnw] X-

So the general solution of ODE (8) has the form

20Nk

T o ) 2w X

k#£1/2: plw)= w Y exp ( (2k—1)/4k>

(3.49)
E=1/2: ow)=w "*exp [3IA(XX) 72 Inw] x.

Besides we have succeeded in integrating eqs. (4), (23) and (26) of (3.24) (for
a = 0). These ODE can be written in the following way:

1/2k

1 . o
§m(70 +73)¢ + [wvo +73) + 70 — 13le = —iA (@) e,

where for m = 1,2,3 eqs. (4), (23), (26) of (3.24) are obtained. Multiplying both
parts of the equality by w(vo +73) + 0 — 73, comes to the ODE

dwp = —{m(1 +y07s) + iA (@) w0 +78) + 70 — 73]}, (3.50)
and the equation for the conjugate spinor has the form
4w = —@{m(1 — yov3) — iA@2) " w(v0 + 73) + 0 — 73]}

Multiplying the first equation by ¢ and the second by ¢ one obtains the following
relation:

4@ + @) = —2mpp,

whence it follows that ¢¢ = cw™"/2, C' = const. Substitution of the above result into
(3.50) gives rise to a linear equation for ¢(w),

4p = —{m(yoys + 1) + itw ™ * [w(v0 + 73) + 70 — 3]},

where 7 = —AC'/2k_ Writing this equality in components we obtain a system of ODE
of the form
2w¢0 = iTwe T2, 2wt = —mpl +iTw*e3,

3.51
2w = —mp® +itwe®, 2w =itw Tl a=—m/4k. (35D
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It is not difficult to convince oneself that (3.51) is equivalent to the following system
of ODE:

1 1
w?@® + 3(m— 20)w¢’ + ZTQwQ‘lH(pO =0,

1 1
w2pd + §(m — 2a)wp? + 172w20‘+1303 =0,
21 21
g02:__%)70[()2)0’ ol :__waa()bS'
T T

The first and the second equations of this system are Bessel-type equations.
For aw # —1/2 their general solutions are determined by the formulae

@0 = wEta=m/ALO T (2) + x2Y,(2)],

3.52
% = w@ta—m)/4 3T (2) + XY (2)], ( )

where J,, Y, are Bessel functions, z = 7w®*t1/2/(a+1), v = (2a—m+2)/2(1+2a).
Consequently

o im—2a—-2) _,_
o2 = (2H2a-m)/4 {%w 0T, (2) + XY, (2)] —

i () )]

dz dz
(3.53)

- i(m—2a—-2) _ 4, -
ot = w22 )/4 {%w "I (2) + XY (2)] —

w2 ngJu(Z) ! dY,(z) ’
dz dz

where x* = const, u =0, 1,2, 3. Formulae (3.52), (3.53) determine the general soluti-
on of the initial nonlinear system (3.50) if the following condition holds:

@w = (PO*(PQ + @2*@0 + 4103*4,01 4 901*4103 — C«wfm/Q.

Substitution of (3.52), (3.53) into this formula yields the following equality:

2i(2a + 1)

0, 2% 2. 0% 3. 1% 1., 3% —-m/2 __ —m/2
- OCXT - Jw 1?2 = Cw™™/2,

XX XX XX

where we used the well-known identity for Bessel functions

av,  dJ,
W[JV,YV] = JUE — YVE = 2/7'('2

Comparing both sides of the equality one obtains

220+ 1), o . . .
o= 2ot — )(XO =X+ = ),

whence it follows that

(3.54)

2k/(2k+1)
Tk )

C = <_ ( )(XO XZ_XOXQ +X3 1_X1 XS)
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For o = —1/2 (k = m/2) one has to consider three cases,

(1) (m—1)2—-472#£0, m=2,3;
(2) 7#0, m=1;
(3) 71=e(m—-1)/2, e==l.

The general solution of the system (3.50) is given by the following formulae:

9
(1) P = 0t 2, ol = __Z((9+X3We+ +9,X1w9*)w_1/2,
9% T (3.59)
0 = — 20,00 032N 2 o = Pt 4yl
T
where
1
0y = 1 (l—m:I: (m—1)2—47'2),
X%, ..., x> are arbitrary complex constants; 7 satisfies the equality (—1)™i(x%*x? —
XOXQ* + X3*X1 _ X3X1*)[(m _ 1)2 _ 47_2]1/2 — Tm-‘rl)\—m;
1 1
(2) ¢ = xcos <§Tlnw> + x? sin <§Tlnw> )
1 1
ol = —jw™1/? {Xl cos <§Tlnw> —x3sin (iTlnw>] ,
) ) (3.56)
©? = —iw /2 {XQ cos <§Tlnw> — x"sin (iflnw)] ,
3_.3 1 1. (1
p” = x°cos 2Tlnw + X~ sin QTlnw ,
Wlhege XY, ..., x> are constants; 7 satisfies the equality 7 = iA(x"x?* —x2x"* +x3x1* —
XIX);
(3) W = w(l_m)/4(xo +x*lnw),
ol = %z(m 1w V203 4 14iw—(m+1)/4xl7
T m (3.57)

1 44
o? = ~i(m — 1)w_1/2<p0 + e W—(m-|r1)/4x27
2T 1—-m

o = wmAGS f g, e = +1,

while the following equality holds:

m—4+1
200 2% 0% 2 3 1% | 3« _ m—1 _1\ym
200X XXX = X x)—A< 25/\> (=)™
So the general solution of the system (3.50) [and consequently, of the systems (4),
(23) and (26) of (3.24) (aw = 0)] is given by formulae (3.52), (3.53), for k # m/2 and
by formulae (3.55)—(3.57) for k = m/2.
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Let us turn now to egs. (3.32). The systems of ODE (1), (3), (4), (6) and (8) are
integrated in the same way as egs. (1) and (2) of (3.24). As a result one has

p1 = explidy () 221]x; 2 = expliA(xx) " *v02s]x;
;= exp[—iA(XX)"Pzlx, =46, ws = exp[iA(xx)"/* 28] x-
Equations (2), (5), (7) and (9) of (3.32) coincide with ODE (8) of (3.24) up to

the sign of the nonlinear term A(@p)/?*y. Using this fact one easily obtains their
general solutions,

(3.58)

1/2k

paz2) = 2t exp[2iA(00) 222

pi(z) = Zj_l/4 eXP[Qi)\(XX)l/ZWZ;M]Xa J=571 (3.59)
_ 2iMk _

o(z0) = 24 1/4 exp (1_2]§(>2X)1/2k722é2k 1)/2k) X

Besides we have succeeded in integrating ODE (1) of (3.33) (for k = 1/2) and (2)
of (3.33). The final result has the form

o) = o (30 s
2(1+ a?)
p(ws) = wy A fr +vafa + (Yo + 1) f3 + 13 (%0 + 1) falxs

where the functions f;(w) are determined by the following equalities:

k#1/2:

f1 =cosh(rw§), fo =isinh(rws),

(xx) (3 + aw)@) X

1 w2 w2
fa= Zl (cosh(ﬂug‘)/ sinh(272%)dz — sinh(rwg)/ cosh(27'za)dz> ,
1 ) w2 w2 (3.60)
fa= 7 —smh(TwS‘)/ sinh(272%)dz + cosh(TwS“)/ cosh(272%)dz | ,
O 20k(xx) Y/ 2%k —1
T 2k—1 0 YT T4k
k=1/2
1 r T/2 —r —T/2 1. T T/2 [ ]
f1:§(2 wo! T+ 27w, ), f2:§z(2 wo! T =27 Twy ),
oL (T 2
ST \2rv1 120 )0 (3.61)

T T/2 —r —T/2
1 1/2 2 Wo 2 Wo _
= - =A .
fi= 4w <2T+ [t 79 ) T=A

The possibility of integrating the nonlinear systems of ODE (3.24), (3.22) and
(3.33) in quadratures is closely connected with the nontrivial symmetry admitted by
these equations. And this property, in its turn, is connected with the large invariance
group admitted by the initial equation [in the present case the group P(1,3)]. That is
why, when the symmetry properties of the equations are better, the group-theoretical
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methods of constructing exact solutions are more effective. It is worth noting that
other classical methods of constructing particular solutions (separation of variables,
d’Alembert method and so on) use explicitly or implicitly the symmetry properties of

PDE [30].

Substitution of the above results into the corresponding ansétze in tables 1 and 2
or into the ansdtze (3.18)-(3.21) yields the exact solutions of the nonlinear Dirac—
Heisenberg equation (3.34):

ke R%:

b1 (x) = exp[iA () Hysws]x;
o (@) = exp[=iA(xx) "/ Yoo]x;

Y3(r) = exp [—%(70 + v3)71 (20 + »’33)] X

1.
X exp {gM(xx)l/%vl [221 + (zo + :vs)z]} X;

Ya(x) = exp [—é(% +73)71 (20 + 903)] X

A _
x5 s (00 (02 — a2z - ) — oo +20)% f

x1 — aln(zg + x3)
2(1‘0 + 1‘3)

x exp { 120 +7) + A0 (92 = B0 + 7))z — Bln(ao + )] x;

To + 200z [ 1 ]
Ye(z) = exp [ ————7073 070 — 5= | Y4 — AT | Xs
2a L 2a ]

¥5(x) = exp ( (70 + 73)71> exp [%7073 In(zo + 333)} X

where a € RY; § and 7 being determined by formulae (3.40) and (3.41);
200x3 — x [ 1 ]

Yr(z) = exp (%%’Yz) (9’70 - —’Y3> Y4 —IAT| X,
o i 200 |

where o € RY; 6 and 7 being determined by formulae (3.44);

3 + 200z [ 1 ]
YPg(x) = exp B e 03 4+ =70 | 74 — IAT| X,
20 i 200 |

where a € RY; 6 and 7 being determined by formulae (3.46);

1
Yo (x) = exp {4[z3 — o + 460(xzo + xg)hlfm} X
x [40(70 + 73)7a + (0 — 73)7a — 4iAT]X,
6 and 7 being determined by formulae (3.48);

Y10(z) = exp { [—%(%% + dova) + ¢374} (70 + 73)} X

x expliA(xx) "% y1 (21 + ¢1)]x,

where ¢1, @2, ¢ are arbitrary smooth functions of zg + x3.
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keR, k#1/2

1
Y11(x) = exp {27073 In(zo + ‘TB)} p(z§ — 23),
©(w) being determined by formulae (3.52)-(3.54) with m = 1;
Yra(x) = [(21 + 61)% + (22 + 62)°] "/ *x

X exp { [—%(d)l% + Goy2) + ¢374] (70 + 73)} X

X ex —1 arct Tt o X
p 271’72 ga:2+¢>2

2i\k B
X exp ( (005 ](z1 + ¢1)% + (22 + ¢2)%F 1)/4k> N

1-2k

where ¢1, @2, ¢3 are arbitrary smooth functions of zg + x3;

_ 1 1 T
Y13(x) = (23 +23) " exp {_1%% In(zo —21) = 57273 arctgm—j .

X [f1 +v3fa+ (0 +71)fs +v3(70 +71) falxs
where f; = f;(23 + 2%) are determined by formulae (3.60);
keRY k#1:

T 1
ra(x) = exp (m(% + 73)’71) exp [57073 In(zo + x3)] o(zg — a7 — 3),

p(w) being given by formulae (3.52)-(3.54) with m = 2;
keR!, k+£3/2:

Y15(x) = exp (%(%m + szz)) €xp l:%’YO'VS In(zo + xa)} oz - z),
©(w) being given by formulae (3.52)-(3.54) with m = 3;
k=1/2:
1 2 2
p16(z) = exp 37073 In(zo + x3) | ¢y — 23),

©(w) being given by formulae (3.56);

1 T
Yir(z) = (23 + x%)_l/‘l exp [—57273 arctg z_z} X
3
A
X exp (m&;@(vg + av9) [ln(:z:% +23) + 2a arctg i—j } X;
k=1

Y1s(z) = ¢y ' exp { [ (P17 + P272) + P3ya —

1
2
- %éi’OQSEl(’Yl(xl + ¢1) + Yo(z2 + ¢>2)} (70 + 73)} X

X exp (;—)(;(Xx)lmm(m + ¢1)> X;
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(él’}/l + é’z%) + @374 —

Y1o(w) = ¢ (21 + ¢1)* + (w2 + 62)2 "V exp { [;

- %<150¢o_1(’71($1 +¢1) +y2(72 + ‘752)} (v + 73)} -
1 z1+ ¢
X exp (—571’72 arctg p— ¢2) X
x exp {20000 al(en + 1) + (e + 020 05

where ¢g, ¢2, ¢p3 are arbitrary smooth functions xg + x3;

YoTo — Y1T1 — Y2X2 N
wzo(@") = (x(Q) _ l‘% _ m%)g/z eXp[ZA(XX

)00 (g — 2F — 23) " x;

Yoxo — Y1x1 — Y2X2 o\ = _
’(/}21(17) = ( 2 2 m%)g/g exp[_l)‘(XX)l/2’YI$1(x(2) - ‘T% - LL‘%) I]X;

Ty — T —
Y0To — NP1~ V2T2, o0 | o\ 1/4 1 1
x) = ] +x exp |[——= arct X
¢22( ) mg — J)% — l’% ( 1 2) p |: 2'71'72 g xz}

x exp[2iA(Yx) Y ?ya (2} + 23) /4 (23 — 2 — 23) V2] x;

X . _ _
Was (@) = 2 exp[—iA(vx) 2y (@)Y
(@2)3/
. 1
Yoy(x) = 7:1:29” (xf + x%)*l/él exp [27172 arctg i;] X

x exp[20IA(XX) " *a(af + 23)*(2%) 7 2)x;

P25(x) = exp (2 )(“Yo + ’Ys)%) x

(.T() + x3
1
X exp [57073 In(zg + 333)] Lp(az% — x% — x%),

©(w) being determined by formulae (3.55) or (3.57) with m = 2;
1 1 T
Ya6() = exp {57071 In(xg +21) — 3727 arctg —2} X
T3

x (23 +23) "L+ 3 fa + (Yo + 1) f3 + 13(v0 + 1) falx,
fi = fi(z3 + 22) being given by formulae (3.61);
k=3/2:

Yar(z) = exp < )(“Yo +73) (171 + Wﬁz)) X

2(%0 + x3
1
X exp [570'73 In(zg + ;vd)] oz - x),

where ¢(w) is determined by formulae (3.55) or (3.57) with m = 3.

Besides, in ref. [24] two other classes of exact solutions were obtained, essentially
using ansatz (3.23) and the Heisenberg ansatz [14],

k<0:

aa) = exp | 37000 = 1)z — 22)| { [+ B0 ~ 1)) o + B — 22) +

+ %71(2& + (zg — 372)2)} flw) + ig(”)}X%



Symmetry and exact solutions of nonlinear spinor equations 605

k=1/2:

Yag(z) = exp B%(% —72)(z0 — 582)} X
-+ 800 = ) + Bl = ) + gr0(20+ (0 = 2] w7

iA(Xx)
Bt + 53

X {51 [z3 + B(z0 — 22)] + %ﬂz[%l + (zg — 172)2]} (-fl)X,

X exp ( {B1[v3 + B(v0 —72)] + Bon } x

where

w=lzs + Blao — 2 + 221 + (20 — 22

oa1/2\ K
12 (A=) —(k+1)/2
k
(1— k)12 k2
A(xx)/ 2 ’
B, 81 and (35 are arbitrary constants.
y

The existence of exact solutions depending on arbitrary functions is connected
with the fact that the additional constraint

(po +p3)(xz) =0

selects the subset of solutions of the Dirac—Heisenberg equation admitting the infinite-
dimensional algebra (3.17). As established in ref. [29], the large class of Poincaré-
invariant equations (Bhabha-type equations)

o) = 21— 12 (=

[Bup" +m]¥(x) =0, m = const, (3.62)

possess such a property. In (3.62) ¥ = {U! ... ¥"} 2 = (zg,21,22,..., 71}, [ > 2,
B, are n x n matrices satisfying the conditions

[ﬂav S,ul/] = i(guaﬂu - guaﬂu)a S,ul/ = i(ﬂuﬂu - 61/6#)7

. (3.63)
g =diag(1,-1,...,—-1,-1), a,pu,v=0,...,1.

It is well known that eq. (3.62) is invariant under the Poincaré algebra P(1,1) having
basis operators of the form [46]

P, =1ig"0/0z,, Ju =z, P, —x,Py+ S...
We impose on ¥(z) the additional constraint

(Po+ P)¥(x) =0,

from which an equation for ¥(w) = ¥(z¢ + 21,21, ...,2;-1) follows,

-1
(i(ﬁo + 31)0u, + Z B0u; + m) U(w) = 0. (3.64)

Jj=1
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Proposition 3. Equation (3.64) is invariant under the infinite-dimensional Lie al-
gebra with the following basis operators:
-1 1.
Q1 =04y Q2= [¢k(wo)5‘wk + 510k(wo) (Sk — Sox) |,
k=1
Qap = WeOuy — wWpOy, +1350p, a,b=1,...,1—1,

(3.65)

where 8, = 0/0w,, 1 =0,...,1—1, ¢* = d¢* /dwy, ¢*(w) are arbitrary functions.
Proof. For linear equations the following statement holds [31]: An operator @ is the
symmetry operator of the linear equation

L(z)T =0
iff there exists a matrix R(z) such that
(@ L] = R(z)L.
We shall prove that
@, L] =0. (3.66)

II Q € (Q1,Qup), then the statement is quite evident. Let us consider the case
Q = Q2. If we shall show that (8o + 3;)(Sor — Ski) = 0, then proposition 3 will be
proved. Choosing k£ = 1 one has

(Bo + B1)(So1 — Su) = i(Bo + B1)(BoBr — B1Bo — B1Bi + Bif1) =
= i(Bofob1 — Bob1So) +i(BiBiBr — Bib1BI) +
+i(BiBofr — BorBr) +i(BoBiBr — BiBrBo) =
=i —ifh = 0.
The cases k =2,3,...,1l — 1 are treated in the same way.
Consequence. On the set of solutions of eq. (3.64) the following representation of
the Galilei algebra AG(1,l — 1) is realized:
POZiawoa Pa:_iaway Jab:wapb_wbpa+sab7

1
Ga:woPa+§(SalfSOa), a,bzl,...,l—l.

Note 1. In general, the algebra (3.65) is not a maximal invariance algebra of (3.64).
As an example one can take eq. (13) of (3.16), whose symmetry is described by
proposition 1. Other examples are given in refs. [27, 29].

Note 2. Proposition 3 holds true for Poincaré-invariant generalizations of the Bhabha
equation of the form

[Bup + F(*,¥)]¥(z) = 0.

This makes it possible to construct exact solutions of the above nonlinear equations
including arbitrary functions with the help of the procedure of generating solutions
[27, 29]. By a special choice of the arbitrary functions one can pick out classes of
solutions possessing some additional properties.
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Choosing in ¥18(x)
¢o = exp[0?(xo + x3)°], 0 =const, ¢ =¢y=¢3=0,
one obtains the following solution of the Dirac-Heisenberg equation:

P(x) = exp[=602(zo + x3)][I + 6% (z0 + x3) (v121 + Y222) (Y0 + 73)] X

3.67
x exp{iA(xx) /27121 exp[—02 (o + z3) ]} x- (3.67)

This solution is not localized in R? but it is localized inside an infinite cylinder with
its axis parallel to the Ox3 axis. Moreover (3.67) decreases exponentially in all points
of R? as zg — +o0.

Let us mention that for # = 0 takes the form

() = exp[iA(xx) >z (3.68)
Consequently, (3.67) can be considered as a perturbation of the stationary state (3.68).

3.4. Nongenerable families of solutions of the nonlinear Dirac equation. The so-
lutions 1 (z)—129(x) depend on the variables x,, in an asymmetrical way, while in the
Dirac-Heisenberg equation all independent variables have equal rights. Using physical
language one can say that the system (3.34) is solved in some fixed reference system.
To obtain solutions (more precisely families of solutions) which do not depend on the
chosen reference system it is necessary to apply a procedure of generating solutions
by a group of transformations [21, 47]. This procedure is based on the following
statement.

Let eq. (3.34) be invariant under the group of transformations

P(a') = Az, 0)p(x), =), = fu(x,0), (3.69)
where A(z,6) is an invertible 4 x 4 matrix, § = (6y,...,0,) are group parameters.
Besides there is some solution ¢ = 9 (x) of eq. (3.34).

Proposition 4. The spinor vy;(z),

Yri(x) = A7 (@, 0)r(f(x,0)), (3.70)
satisfies eq. (3.34) too.
The proof can be found in refs. [21, 32].
We call formula (3.70) the solutions generating formula. Let us mention the solu-

tion generating formulae with transformations of the conformal group C(1, 3).
(1) The group of translations,
Yrr(x) =¥y(2'), @, =z, +6,, 0,=const, (3.71)

(2) the Lorentz group O(1,3),
(a) the group of rotations

¢Il<x) = exp <_%’5abceaSbc) ¢I($I)7

0.0 -
stin9+ (92.%)

1,
0r = const, 6= (0- 0)1/2, Sap = ZZ(%% — YbVa)s

(1 — cos®), (3.72a)

xy =1z, « =xCosb —
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(b) the Lorentz transformations,

Yrr(x) = exp (-%Wo%) Yr(a'),

xy = xocosh@ + x,sinh @, ! = x,cosh6 + xqsinh 6, (3.72b)
xy=uap, b#a, a,b=1,2,3, 6=const;
(3) the group of scale transformations,
Yrr(z) = ey (a), T, = e?z,, 6= const; (3.73)
(4) the group of special conformal transformations,
bir(a) = o2 @)L= (1 @)y - )] (o), -

w), =[x, —Ou(z-x)]oH(x), p=0,1,2,3,

where o(z) =1—-20-2+ (6 -0)(x - z), 6, = const.
As an example we shall consider the procedure of generating the solution ¥ (x),

the remaining cases being treated in an analogous way. Let us apply to ¢ () formula
(3.72b) with a = 3,

1 L .
P(x) = exp (—597073> exp[z)\()()()l/w€ (3 cosh @ + xq sinh 0)73]x.

Rewriting the above formula in the equivalent form one obtains

1
Y(x) = exp ( 297073> exp[iA(;Zx)l/% (x5 cosh 6 + xg sinh 0)y3]x

1 1
X exp 597073 exp —597073 X

Taking into account the identities

) ) Yo cosh @ + y3sinh 8, p© =0,
exp (—597073) Y €XP (597073> = 73 coshf +yosinhf, p=3,
o m= 1a 27

one has
Vr(z) = exp[iA(xx) "/ ?* (73 cosh 6 4 g sinh 6) (25 cosh @ + ¢ sinh 0)] X,

where ¥ = exp (—367073) x. Using formula (3.72a) one comes to the following family
of solutions:

Yri(x) = expliA(xx) /(v - d)(d - @)]x. (3.75)
Hereafter a,, b, ¢, and d,, are arbitrary real parameters satisfying the relations
—a-a=bb=cc=d-d=-1, ab=ac=ad=b-c=b-d=c-d=0(3.76)

[in other words, the four-vectors a, b, ¢, d create an orthonormal basis in the Mi-
nkowski space R(1,3)]. It is not difficult to verify that the family (3.74) is invariant
under the transformations (3.71), (3.73).
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Solution (3.75) depends on the variables x, in a symmetrical way and its form
is not changed both under a transition from one inertial reference system to another
and under a change of the scale according to formula (3.73). In other words, we
have constructed a P(1,3)-nongenerable family of solutions of the nonlinear Dirac—
Heisenberg equation (the corresponding definition is given in ref. [48]). The transition
from the solution 1 (z) to the family of solutions (3.75) seems to be very important
because one obtains a class of exact solutions having the same symmetry as the
equation of motion (3.34).

Generating /5(z)—5(z) we obtain the following P(1,3)-nongenerable families of
solutions of eq. (3.34):

¥a () = exp[=iA(xx)"/** (v - a) (a - 2)]x;

Ya(e) = exp | =601+ )y D)a- 2+ d-2)| x

X exp {%i/\(xx)l/%('y b)2b-z4+0(a-z+d- 2)2]} X;

i _
| 5+ a7 ()
X (7-c—ay-bf2le: 2 — ab-2) —ala- 2+ d- 27

B 0b-z—alnff(a-z+d- 2))
Ysle) = exp< 20(a-z+d-z2)
X exp{%(fy-a)(fy-d)ln[ﬁ(mz—i—d-z)]} X

< exp{[(v-o)(v-a+v-d) + M)y e — Bly-a+y - d)x
X [c-z—(B/0)In[0(a-z+d-2)]]}x,

1ZJ4(ZE) = exp _7%9(7 ca+y- d)(’y . b)(a . Z+dz) exp( 1/2k «

(7~a+v-d)v~b>><

where z, =z, +0,; o, 3,0,0,, = const.

If in (3.34) kK = 3/2, then the equation is invariant under the conformal group
C(1,3). Therefore one can generate solutions by the transformations (3.74). Genera-
ting solutions ¢y (x)-114(x) (for k = 3/2) one comes to C(1, 3)-nongenerable families
of solutions. The corresponding formulae are omitted because of their cumbersome
character.

3.5. Conditionally invariant solutions of the Dirac—Heisenberg equation. As em-
phasized in refs. [37, 42] additional constraints enlarging the symmetry of the equati-
on are not necessarily differential ones. Let us impose on the solutions of PDE (3.34)
an algebraic condition 1) = 1, i.e., we consider the over-determined system

up” = AW) M p(z) =0, Py =1,
or
(Vup! = MYp(z) =0, Py =1. (3.77)

Proposition 5. The system (3.77) is conditionally invariant under the operators
Q1 =po — Mo, Q2 = p3 — A\ys.
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Proof. According to the definition of conditional invariance it is to be proved that the
system

(VP = Np(z) =0, =1, Qip=0 (3.78)

is invariant in the Lie sense [32] under the group of transformations generated by Q.
Acting on the system (3.78) with the extended operator @)1 [32] one obtains

Qi =0, Q1(poyy — Mow) =0,
Q1 (YupHb — M) = iXyo (yuptb — M) — 2iX(pory — Ayov)),

whence it follows that the statement holds true. The case of the operator Qs is treated
in the same way.

Let us perform a reduction of the system (3.37) using the above statement. Integ-
ration of the equation Q19 = 0 yields the following ansatz:

Y(x) = exp(—iAyozo)p(T). (3.79)
Substituting (3.79) into (3.77) one obtains

V1Pa; + V2Pe, T V302, =0, Pp =1 (3.80)
Analogously integration of the equation Q21 = 0 yields the ansatz

Y(z) = exp(iXyzr3)p(wo, 21, T2), (3.81)
o(xo, 21, 22) satisfying a PDE of the form

YoPzo + V102, + Y2z, =0, @ =1 (3.82)

If one chooses in (3.80) ¢ = p(z1,x2), then the obtained two-dimensional PDE can
be integrated. Its general solution is given by

P =(¢°(z"), ¢! (2), ¥*(2"), °(2))T,
where !, 3 (©°, ©?) are arbitrary analytical (anti-analytical) functions.

Imposing on ¢ the condition ¢ = 1 [we use the form (1.2b) of the v-matrices]
one comes to the following relation for ¢*:

PP+ P =12 = [@* P =1, [pH]? = " ph (3.83)

Analogously choosing in (3.82) ¢ = ¢(zg,z1) and integrating the obtained equation
one has

¢ = (ho + go, ho — go, b1 + g1, —h1 + g1)"

where
hﬂ = hi(mo + .’173) + ’Lhi(wo + .’1,‘3),
9u = gp(xo — x3) +1ig.(x0 — x3), p=0,1,
hj,, g, are arbitrary smooth functions. From @y = 1 it follows that hy,, g;, satisfy the

equality

1
higo + Wi + hogt + hogt = 7 (3.84)
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It is easy to convince oneself that (3.83), (3.84) can be written in the form
Ai(§)Bi(n) =C (3.85)

(summation over repeated indices from 1 to 4 is implied).

Lemma. The general solution of the algebraic equation (3.85) is given by formulae
(a) Ap =0r(6:0)) — o1 (6:6;) + COL/(0:0)), Br=10r, k=1,2,3,4, (3.86)
where 0y, = const, 0 = ¢ (€) are arbitrary functions;

(b) A1 =Ci1p+Cy, Ay=0Co0+C5, A3 =C36+Cs, Ay =9,
By =p1, By=ps, By=C4'(C—Capr—Cspa), (3.87)
By = C5 ' [(C3Cy — C1Co)p1 + (C5C5 — CoCg)pa — CCs),
where C4,...,Cg are constants, ¢ = ¢(€), p; = pi(n) are arbitrary functions;

(c) two other classes of solutions are obtained via the transposition A, — By,
By — Ay in formulae (3.86), (3.87).

The proof is rather formal; therefore it is omitted.
Using formulae (3.79), (3.81), (3.86) and (3.87) we constructed the following
classes of exact solutions of the initial PDE:

iC1

' (2)
e'C1¢(2*) cos C3
e'“5 p(2) sin Cy

() = exp(~iXyozo) (3.88)

where {C1,...,C5} C RY, ¢ is an arbitrary analytical function,

As + By +i(As + Bs)
A3 — By +i(As — By)
Ay + B3 +i(As + By)
—A;+ B3 +i(—Ay + By)

P(z) = exp(idyzzs3) , (3.89)

where the real functions A'(x¢ 4 z1), B'(zg — x,) are determined by formulae (3.86),
(3.87) with C = 1/4.

[t is worth noting that solutions (3.88), (3.89) are essentially different from ¢, (z)-
Yag(x). They cannot be obtained with the help of the ansatze in tables 1 and 2.

3.6. On scalar fields generated by the solutions of the nonlinear Dirac-Heisen-
berg equation. In this subsection we construct a scalar field with spin s = 0 using
the exact solutions of the nonlinear Dirac-Heisenberg equation for a spinor field. The
solutions obtained in this way prove to satisfy the nonlinear d’Alembert equation.

The scalar field generated by the solutions of PDE (3.34) is looked for in the form

u(x) = Prpe’™), (3.90)
where (z) is the phase of the field u(x). For ¢1-11¢ we have the equality
Y = const,
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whence it follows that u(z) = Ce®®). Choosing 6(x) = Ta,z", T = const, one obtains
the plane-wave solution

u(z) = Ce'mm" (3.91)

So the spinors ;-9 generate plane-wave solutions of the form (3.91) sastisfying
the following equation:

puptu(z) = F(luu(z), |uf® =u"u. (3.92)

We did not succeed in establishing a correspondence between the spinor fields )2,
194 and a scalar field u(z). Spinor 19 generates a scalar field of the form

u(z) = Clo(zo + x3)] (21 + 1) + (2 + d2)?] "2 expligs(zo + x3)],

where ¢, are arbitrary smooth functions of xy + x3. It is easy to check that the
above function satisfies the nonlinear wave equation with variable coupling constant
k(x) = E[po(wo + x3)]%, k = const, i.e.,

pup"u(z) = &[go(zo + 23)]?|u*u(z). (3.93)

The remaining solutions of the nonlinear Dirac-Heisenberg equation (3.34) gene-
rate scalar fields satisfying the nonlinear d’Alembert equation

pup" = Klu|*u, K = const. (3.94)

The corresponding results are given in table 3.

Table 3
No. wu(x) @
11 C(2? 4 23) "2 expligo (zo + z3)] 2
12 Clw1+ ¢1)* + (w2 + 62)°] /% expligo(wo + w3)] 2
13 C(a3 +22) Y2 explip(zo + 21)] 2
14 Czf —2F —23)7! 1
15  C(z-z)~3/? 2/3
16 C(z?2 —ax2)~ /2
17 C(ab +23) "/ explip(zo + 21)]
18 Cogy2(zo + x3) expli(z1 + ¢1))
20 C(axd —a? —x3)? 1/2
21 C(xd —2? —23)72 1/2
23 Cai+ax3+23)72 1/2
25  C(zf —xF —23)7! 1
26 C(x2 + 22) 2 explip(zo + x1)] 2
27 Clx-x)73/? 2/3

28 O {fws + Bz~ w2)] + [m1 + (w0 - m)?]z}*k 1k, k<0
29 C{[x3 + B(zo — 1'2)]2 + [£E1 + %(:L‘o — 1'2)2]2}_1 1

¢o, ¢1, ¢o are arbitrary smooth functions of z¢ + x3, p of zo + x1;
C and [ are constants.
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Thus the spinors -9 generate complex scalar fields satisfying the nonlinear
d’Alembert equation (3.94). Let us note that (3.94) with o = 2 admits the conformal
group C(1,3). Consequently the fields u(z) generated by the spinors 11-113, ¥16,
117 and 19 satisfy the conformally invariant d’Alembert equation [though the Dirac—
Heisenberg equation may not be invariant under the group C(1, 3)].

Another interesting feature inherent to the fields u(x) is that u(z) — 0 as zy =
const, |¢| — +oo (the only exception is vo5). What is more, all the functions u(z)
have a nonintegrable singularity.

4. Exact solutions of the system
of nonlinear Klein—Gordon—Dirac equations
In this section we construct multi-parameter families of exact solutions of the
system of PDE describing the interaction of the spinor field ¢(z) and the complex
scalar field u(x),

Yup"h = 1ful® + Ao (D)2, puptu = [ |ul + po () 1P, (4.1)

where o = (x9, 21, T2, 23), [u| = (uu*)'/2, A1, A2, p1, po, ki1, ko are constants.

Let us note that for Ay = uy = 0, k1 = ky = 0 the system of equations (4.1)
decomposes into the Dirac equation with mass Ao and the Klein—-Gordon equation
with mass py. For Ay = puo = 0, k1 = 1, ko = 1/3 one obtains the nonlinear
conformally invariant Dirac—Giirsey [36] and d’Alembert [49] equations.

With the help of the Lie method one can prove that the system of equations (4.1)
for arbitrary, non-null k1, ks is invariant under the extended Poincaré group. For
k1 =1, ks = 1/3 then (4.1) is invariant under the conformal group C(1,3). The above
facts make it possible to apply the technique of group-theoretical reduction (as was
done in the previous section). But we use another approach which essentially uses the
connection between spinor and scalar fields established earlier and the ansatz

Y(x) = {igi(w) + g2(w)va — [if1(w) + fa(w)yalyup"w}x, (4.2)

where ¢1, g2, fi1, fo are unknown real functions, w = w(z) is a scalar function
satisfying the system of PDE

pup'w + Aw) =0, (puw)(p'w)+ Bw) =0, A B: R' - R. (4.3)

Ansatz (4.2) was suggested in refs. [23, 24] for the purpose of constructing exact
solutions of the nonlinear Dirac equation. As shown in ref. [28] it can be used to
obtain solutions of the system (4.1). The scalar field u(z) is looked for in the form

u(z) ~ C(prp), C =const or wu(x)=d¢(z), ¢ C*R',C?). (4.4)

Substitution of expressions (4.2), (4.4) into (4.1), w = w(x) satisfying (4.3), gives
rise to the following system of ODE for g;, f; and ¢:

Bo + A = —{m|¢** + fiolg? — 93 + B(f2 — f3)]*2}2,

Bfi+ Afi = {M|g|" + Xolg? — g2 + B(f2 — f3)]*2} g1,

g1 =—{MI81" + Xalg} — g3 + B(fE — )"} 1., (4.5)
g2 = {Mlel® + Xalg? — g3 + B(E — f3)1*2} fa,

Bfa+ Afy = —{Mlg[* + Xalg? — g3 + B(f2 — f3)]*} g2,
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where Ay = Ao(¥x)*2, jiz = pa(x)*?, dot means differentiation with respect to w.
The system of equations (4.3) is over-determined. Therefore one has to investigate
its compatibility. The compatibility of three-dimensional systems of the form (4.3)
was investigated in detail by C. Collins [50]. He has proved that the system (4.3) is
compatible iff

(1) Bw)=0, A(w)=0;

(2) Bw)=4%41, AWw)=Nw+6), N=-1,01,2.
In each case the general solution was constructed.

Generalizing Collins’ results to the four-dimensional case we obtain the following

classes of particular solutions of the system of equations (4.3):
() A(w) = —mw™!, Blw)=-1, m=1,2:

w=[b-y)?+ -y’ +d-yT2 m=2 (4.6)

w=[b-y+p)’+(c-y+p)? m=1 (4.7)
2) A(w) =0, Bw) = —1:

w=(b-y)cospr+(c-y)sinpi+p2, a-y=(b-y)cosps+(c-y)sinps+ps;4.8)
(3) A(w) =0, B(w) = 1:

w=a-y; (4.9
(4) A(w) =mw™!, Bw)=1,m=1,3:

w=[ag? -Gy, m=1,

w=l[(a-y? b y?>—(c-y?’? m=2 (4.10)

w:(y'y)/27 m =3,

In (4.6)-(4.10) y,, = x,, + 6, 0, = const; p1, ps are arbitrary smooth functions of
a-y+d-y, ps, pa of w+d-y; au, by, cu, d, are arbitrary real parameters satisfying
(3.76).

We have succeeded in obtaining the general solution of the system of ODE (4.5)
for A(w) =0, while in the remaining cases partial solutions are obtained. Let us give
the final result:

() A(w) = -mw™!, Blw)=-1,m=1,2:

fn(w) = an71/2k27 gn(w> = :F(—l)n(l — 2k2m)1/20nw*1/2k2,

n=12 o¢w)= Ew= Yk (4.11)

the constants &y, ko, C1, C2 and E satisfying the conditions

[(m = Dky = 1k > + {1 |[EI* + f2[2mks(CF — CF)F2}? = 0,
+(1 — 2kam) /2 = 2ko (M| B[P + Xa[2mk2(CF — C3)]F2} =0, (4.12)
k2<1/2m, k1<1/(m—1),
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(2) A(w) =0, B(w) = —1:

f1 = C1 cosh (—/\1 /[p(w)]kldw — M (C2 = CP)k2y + C2> ,

fa = Cscosh | A\ /[p(w)]kldw + X (C2 — C2)r20 + C4> )
g1 = C}sinh <—)\1 /[p(w)]kldw — M (C2 — CH)k2i + C’g) )
(4.13)
g2 = Cysinh ()\1 / NFrdw + Ao (C2 — C2)r2 4 O4>
¢ = p(w) explif(w)],
p(w)
/ [a_(2) + Ce)| V2dz =w+ Cq7, B(w) =Cs /[p(w)]_lmdw + Cs,
where
M% 2(k1+1) | ~2(2 2\2k2 ,2
a,(Z):mZ +/1’2(C.3_Cl) 25+
1 fio 2 2\ka k142 2.
+4k1+2(C3 C)z +2Csz;
(3) A(w) =0, Blw) =1
f1 = C sin <>\1 /[p(w)]kldw + X (C? — C2Yr2 + 02> ,
f2 = 03 COS (/\1 /[p(w)]kldw + ;\2(012 - C’g)k%u + C4> N
g1 = C} cos ()\1 /[p(w)]kldw + X (C? — C2)F2 + C’g) .14)

g2 = C3sin ()\1 /[p(w)]kldw + X (C? — C2)r2w + C4>
¢ = p(w) explif(w)],

p(w)
/ lay(2) + C]"2dz = w + Cr,  6(w) = Cs /[p(w)]*lﬂdw + G,

where
H% 2(k141 212 212k 2
at(z) = a1’ Uit — i5(CF — C3)22% —
o fo » k1
- 4k1 ~ 2(0% — C2)k2lt2 4 902,
(in the above formulae C1,...,Cg are arbitrary constants);

(4) A(w) =mw™!, Blw)=1, m=2,3:
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(a) ki > 1/(m— 1), ko > 1/2m:

fa(w) = an71/2k27 gn(w) = F(—=1)"(2kam — 1)1/26%(.4)71/2]@2,

n=12 ¢w)=FEw ki, (4.15)
where Cp, Cs and E are constants satisfying the following conditions:

(1= m)ks + 1k + {pa[BIM + fio[2mka (CF — C3)]F2}? = 0,

+(2kym — 1)V/2 — 2ko { M| E|* + Ao[2mko(C? — C3)]F2} = 0; (4.16)

(b) k1 =2(m —1)7L, kg >m™L:

fa@) = (=1)"0wgn(w),  gn(w) = Cp(l+ 2w?)~(mH1/2,

n=12 ¢w)=E(1+0w?)"m/2 (+17)
where the constants C7, Cs and FE satisfy the conditions

02(m® — 1) = [ B/ 4 fa(CF — €31/, wis)

(m +1)0 = [\ |E[¥ (=D 4 X\, (C2 — C2)H/m].

To obtain the exact solutions of the initial system (4.1) one has to substitute
formulae (4.6)-(4.10), (4.11)-(4.17) into the ansatz (4.2), (4.4). The obtained expres-
sions are very cumbersome and will not be given here.

Let us make some remarks.

Note 1. If one interprets the nonlinearities Aj|u|® 4+ Ao (v10)*2, py|ul¥t + po(ap)*2,
as the masses of a spinor field (M) and of a scalar field (A,) created because of the
nonlinear interaction of these fields, then for solutions (4.11), (4.15) and (4.17) the
following remarkable relations hold:

M, \® 4R3[4+ (1= m)ki]
My) k(1 —2mkg)

M, \>  4k2[(m — 1)k — 1]
ey -9 4.19
(1) =Gy m=28 @

M, 2 -1
) = =23.
(Mw) 7’TL—|—17 m 73

m=1,2,

These relations can be interpreted as formulae for the mass spectrum of spinor and
scalar particles. What is more, the discrete variable m arises as the compatibility
condition of the over-determined system (4.3) (compare ref. [50]). So the mass spect-
rum is determined by the geometry of the solutions of the form (4.2), (4.4).

Note 2. If one puts in (4.2) g2 = fo =0, w(z) = x - x, then the ansatz suggested by
Heisenberg [2, 14] is obtained,

Y(z) = [igi(w - ) +v-zfi(z - 2)]x.

Note 3. If one chooses A\y = us = 0 then formulae (4.2), (4.4), (4.6)—(4.18) give
exact solutions of the nonlinear Dirac-Heisenberg equation and of the d’Alembert
equations.
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Note 4. Ansdtze (4.2), (4.4) can be used to reduce nonlinear systems of PDE of more
general form than (4.1), namely

,yupu = Fl(@% |U|)’(/), p,up'u‘ = F2(7Lwaua U/*)v (420)

where Fy, F5 are arbitrary continuous functions. In particular, the solutions of a
system of equations of the form (4.20) constructed in refs. [12, 13, 51] can be obtained
via ansitze (4.2), (4.4).

5. Exact solutions of the nonlinear Maxwell-Dirac equations
There is a vast literature devoted to the system of equations of classical electrody-
namics (Maxwell-Dirac equations)

[Vu(p* 4 eA*) + m]y(x) = 0,

~ (5.1)
PP’ Ay — pupv AY = ey, p,v=0,1,2,3,

where A, = A,(x) is the vector potential of the electromagnetic field; m and e
are the mass and the charge of the electron. A number of existence theorems have
been proved (in particular, in ref. [52] the solubility of the Cauchy problem has been
investigated). However, as far as we know there are no publications containing exact
solutions of this system in explicit form.

We look for solutions of egs. (5.1) in the form

¢($) = (’7 . 9)30(("")7 Aﬂ(x) = 6#¢(w)7 n= 0,1,2,3, (52)

where w = {wo,w1,we} = {0 2,0 -z,¢c-z}, 0, = a, +d,, p(w) and ¢(w) are
unknown functions. Substitution of (5.2) into (5.1) gives rise to the following system
of two-dimensional PDE for ¢(w) and ¢(w)

(v 0)pwy + (7 O)pu, +imep =0, (5.32)
¢w1w1 + ¢w2w2 = 2695(7 : 9)90 (53b)

Let us note that in (5.3) there is no differentiation with respect to wy, therefore ¢ and
¢ contain wg as a parameter.

The general solution of eq. (5.3a) is given by the elliptic analogue of the d’Alembert
formula for the wave equation [38]

wa w1 +i(wa—T)
06) = Plawn) + F(z" ) —ie [ L PO T, (50
w1 —t(we—T
where F' is an arbitrary analytical function of z = w; + iws. So the problem of
constructing particular solutions of the initial system of equations (5.1) is reduced to
that of integrating the linear two-dimensional Dirac equation (5.3a).
Choosing the eigenfunction of the Hermitian operator —id,, as a partial solution
of eq. (5.3a) one obtains

@ = explidwr + 77 - ¢(m + Ny - b)wa]po(wo), (5.5)

where ¢ is a four-component spinor depending on wy in an arbitrary way. Imposing
on (5.5) the additional condition of being periodical with respect to the variable wy,
we come to the following relation:

A=\, =2mn, necZ (5.6)
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Substitution of (5.5) into formula (5.4) gives the explicit form of ¢(w),

o™ (w) = F(z,wo) + F(z*,wo) + %(mQ +A2)7 x 5.7)
x [ cosh 2(m? 4+ X2)Y/ 2wy 4 Ty sinh 2(m? + X2)Y2wy], n € Z,
where
z=wi +iws, 71 = 2epo(7 - 0)po,
Ty = 2ie(m® + A2) "2 @o(y - 0)(m + Any - b)go.

Substituting (5.5), (5.7) into the ansatz (5.2) one obtains a multi-parameter family of
exact solutions of the Maxwell-Dirac equations depending on three arbitrary complex
functions,

VM (2) = (y-a+7y-d)explidpb -z + iy - c(m+ Ay - b)e- zpo(a- x+d - z),
A @) = (““”*‘){F(z’“'x+d-w)+F(z*,a~:c+d~:c) + (5.8)

1
£ (m? 4 A2) 7 [ cosh(2(m? + X2)! 2 - @) + 7y sinh(2(m? + A2)! e 1’)]}.

Analogously if one chooses the following solution of eq. (5.3a):

) = (2 + )M exp |5 - O pance 2|
x explim(y - )(wf + w3)"Jgo(wo)

as p(w), then formulae (5.2), (5.4) give rise to the following family of exact solutions:

_ 1 b-x
0 = (kD e (600 et 2L ) x
x explimsy - ¢|z|]go(a - x +d - x),

Ay(z) = (au+du)(F(z,a~ac+d~x)+F(z*,a~x+d~x)+ 9

2]
+ / (71 sinh 2mp + 75 cosh 2mp)p71dp) ,

where F' is an arbitrary analytical function of z =b-x + ic- x,
‘z| _ (Z*Z)1/2 — [(b . x)Z + (C . SL‘)Q}I/?, = 26@0[7 a4y d)(po’
Ty = 2ieo(y - a+ - d)(v - c)po.

Let us consider in more detail the solution of the Maxwell-Dirac equations (5.8)
putting

F=0, ¢o=-exp|—k%(a-z+d-z)?x,

where x is an arbitrary constant spinor, x = const. By direct verification one can
convince oneself that the following equalities hold:

pﬂp”A,(j") =4(m? + )xi)A,(,n)7 n € Z,

vog(n) (n) 2,/(n) (5.10)
pYAyT =0, puptpt = mApt.
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The above relations seem to admit the following interpretation: the interaction of
a spinor and a massless electromagnetic field according to the nonlinear egs. (5.1)

generates massive electromagnetic fields A\ (x) with masses M, = 2(m? + A2)1/2
(in other words, the nonlinear interaction of the fields A, (z) and ¥(x) generates the
mass spectrum). If one puts n = 0 then My = 2m, m being the mass of the electron.

As solutions (5.8), (5.9) have an analytical dependence on m, then the solutions of
the massless Maxwell-Dirac equations can be obtained by putting m = 0. The case
m = 0 deserves special consideration because the massless Maxwell-Dirac equations
are conformally invariant (see, e.g., ref. [53]).

[t is not difficult to obtain the general solution of the two-dimensional massless
Dirac equation

o= (y-b+iv-c)pi(z,wo) + (v-b—iy-c)p2(z",wo), (5.11)

where ¢, (o are arbitrary spinors depending analytically on z, 2*; z=b- 2 + ic- x.
Substituting (5.11) into (5.4) one obtains the following expression for ¢(w):

d(w) = F(z,wp) + F (2", wo) +

( / fi1(z,wo dz+z/ fa(z%,wo)d >, (5.12)
fi=oi(v- O —i(y-0)(v-o)lpz2, fa=@2(y-0)[1+i(y-b)(7-c)ler.

Substitution of the above formulae into (5.2) gives rise to a multi-parameter family
of exact solutions including three arbitrary complex functions,

Pla)=(y-at+y-d(y-b+iv-c)pi(z,a-z+d-x)+
+(v-b—iv-c)p2(z*,a-x+d- )],

A#(x):(a#+d#){F(z,a~x+d~x)+F(z*,a-x+d~x)+ (5.13)

+6<z*/0 fl(z,a~x+d~x)dz+z/0 fg(z*,a~x+d~x)dz*)},

z=b-x+ic-x.

Using the solution generating formula with the group of special conformal transfor-
mations [24, 47]

Yrr(z) = o 2 (@)[1 = (- 2)(y - O (),
Al[f(x) =0 2(2)gwo(z) + 20,20 — Oy, +
+20-zx,0, —x- 20,0, — 0 0zx,x,)]AY(z'),
2, = (z, — 0z -2)0o(z), o(x)=1-20-2+ 0 -0)(x-z),

it is possible to obtain a larger family of solutions of the system of equations (5.1).
We omit the corresponding formulae because of their cumbersome character.

6. Conclusions
In this review we described Poincaré-invariant nonlinear systems of first-order
differential equations for spinor fields which are nonlinear generalizations of the clas-
sical Dirac equation without using variational principles. The large class of nonlinear
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spinor equations invariant under the extended Poincaré group P(1,3) and the confor-
mal group is constructed. It contains, in particular, the well-known nonlinear Dirac-
lvanenko, Dirac—Heisenberg and Dirac—Giirsey equations. Besides there are many
equations which so far have not been considered in the literature.

The main aim of this review is to suggest a constructive method of solution of
nonlinear Dirac-type spinor equations, that is, to construct in explicit form families of
exact solutions of these equations without applying methods of perturbation theory.
The key idea of our method is a symmetry reduction of the many-dimensional spinor
equation to systems of ordinary differential equations. Many of them can be integrated
in quadratures. Such a reduction is carried out with the help of special ansatze
constructed using the symmetry properties of the equation in question.

To our mind the important result of the present paper is that we have obtained
nongenerable families of exact solutions of nonlinear spinor equations. These solutions
possess the same symmetry as the equation of motion. So nongenerable families of
solutions can be quantized in a standard way without losing the invariance under the
Poincaré group.

[t is worth noting that some solutions depend on the coupling constant A in a
singular way.

[t is shown how to construct the simplest fields with spin s = 0 using solutions of
the fundamental spinor equation. Such bosonic fields satisfy the nonlinear d’Alembert
equations.

A new approach to the problem of the mass spectrum is suggested (section 4).
It is established that exact solutions of the system of nonlinear equations for spinor
and scalar fields make it possible to calculate the ratio of the masses of spinor and
scalar fields. It occurs that this ratio is determined by the non-linearity degrees of
the spinor and scalar fields.

We hope that the results presented in our paper will make it possible to understand
more deeply the role played by nonlinear spinor equations in the unified theory of
bosonic and fermionic fields with spins s =0, 1/2, 1, 3/2, 2, .. ..

Suggested methods can be applied to equations of motion in R(1,n) [54, 55]. The
problem of subgroup classification of generalized Poincaré groups P(1,n), P(1,n),
P(2,n) and Galilei groups G(1,n) was solved in refs. [55-60].
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