W.I. Fushchych, Scientific Works 2001, Vol. 3, 563-572.

The symmetry and exact solutions

of the non-linear d’Alembert equation
for complex fields

W.I. FUSHCHYCH, I.A. YEHORCHENKO

The non-linear wave equations for the complex scalar field invariant under a conformal
group are constructed and multiparametrical exact solutions of certain non-linear
complex d’Alembert equations are found.

1. The non-linear wave equation
The non-linear wave equation

Puput + F(u) =0

for the real function u = u(xg = t,x1,...,x,) is invariant under the extended Poincaré
algebra A1 P(1,n) = (P,, J,u, D)

P, =p, :igﬂuﬁix,,’ Juv = Tupy — Tupy, (1)
where D is the dilation operator (D = z,p, + aup,) ilf F(u) = Au® [4].

The classical and quantum scalar field, as is well known (see [1]), is described by
the wave equation for the complex function w. Therefore it is interesting to construct
the classes of non-linear wave equations invariant under wider groups than the Poi-
ncaré group. In the case of real fields, as was shown by Fushchych and Serov [4],
there exist only two classes of such non-linear fields. In the complex case there are
wide classes of fields invariant under groups which include the Poincaré group P(1,n)
as the subgroup.

In the present paper for the classical complex field v we construct the non-linear
second-order wave equations

ou*
0xy’
(the asterisk designates the complex conjugation and we indicate the sum by repeating

indices: p,p, = pi—pi—---—p?) invariant under the following Lie algebras (containing
as subalgebra the Poincaré algebra AP(1,n) = (P,J..,) with the basic elements (1)):

Pubpt + Fu,u* uq,uly) =0, Ua=+—, u,h = a,ip=0,1,...,n(2)

AV = AV P, n) = (P, . Dy).

The dilation operator Dy has the form

« .0 .
Dy = TuPu — )‘(uPu +u pu*)7 Du = _Za_uy Pux = _Z%-

AP = AP P(1,n) = (P, J, D).
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The dilation operator Dy has the form
Dy = zupp — Mpu + pur ).
Ay = AyP(1,n) = (P, Juw, D1, Q).
The operator of charge has the form
Q@ = u"py — upy-.
A = AVC(1,n) = (P, Ju, D1, KD).
The operators Kﬁl) generating the conformal transformations have the form

Klgl) =2x,D1 — 2,2,y

AP = ADC(1,n) = (P, Ju, D1, KD, Q).
AP = A®C(1,n) = (P, Ju, Do, K2).
K/(f) =2x,Dy — 2,2,p,-

To describe the invariant equations of the form (2) we need the differential inva-

riants of the zero and first order for the algebras Agl),...,Ag?’). As is well known
(see, e.g. [7]) these invariants are solutions of the system

1
Xi¢(u7u>k7u()t7uz) :07 (3)

1
where X; are the first prolongations of the basis operators of the corresponding
algebras.

Not going into details we adduce the explicit form of the invariants for the algebras

. * . _ * ok gk
AP(1,n): wu, u*, 11 = Uqla, T2 = UglUl, T3 = ubuk,

A(l) S —T%
1 . w* ) o ) o ) u2(>‘*1) )
AgQ): u—u", r—l, T—3, 7‘1\/2expu7
e T2
AP(1,n)®Q: v +u*? ri4r3, r3 —rirs, R=u"*r — 2uu*re + u’rs,
A - (ry +73)? T3 —1rir) R
2@ w2 (g )2 (W2 w)(r ) @
(1) v R
A7 (A #£0) Pyl ey )
AD (A =0 b
3 ( ) u, U, 7’2, 7"27
A:(f) (AN#£0): R(u? —|—u*2)1/)‘*2,
Ag2) A=0): wu?+u 3 — 1173 R

(ri+73)?" ri4rs’
Agg) AN£0): uw—u*, (r1 —2r2+ rg)’\/2 exp u.
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These systems of invariants are complete when n > 3.
The classification of the non-linear equations for the complex scalar field invariant
under the enumerated algebras gives the following theorem.

Theorem. Equation (2) is invariant under the algebras

AP(1,n) when F = p(w),

A§” when F = u1_2/’\<,0(w),
Ao when F = (u +u*) " (uf () + iu g(w)),
2 -1
AV, XN#£0 when F= —;anl 2P g(w),
u

when \ = 0 there are no invariant equations of the form (2);
1—
AP A= T” when F = (u? 4+ w*2)¥ =D (uf(w) + iu*g(w))

(when A\ # (1 —n)/2 there are no invariant equations of the form (2));

n—1

2
A:(,,S)7 A#0 when F = oy 1 + exp (—Xu> o(w)

(here we designate as f and g arbitrary real and as ¢ arbitrary complex functions,
w are invariants of the corresponding algebras).

To prove the theorem it is necessary to use the Lie invariance condition in the
form

where L = Ou — F(u,u*, uq,u}y) (Ou = pup,u), )z(i are the second prolongations of
the basis elements of the algebras being considered, which we resolve with respect to
the unknown function for every algebra.

A similar theorem can be formulated and proved for the system of two wave
equations for the pair of real functions.

The classification of the general quasilinear Poincaré-invariant equation for the
complex scalar function is adduced by Fushchych and Yehorchenko [5].

2. The solutions of wave equations for the complex function
Let us consider the equation

Ou = F(u,u") (5)

which is invariant under the Poincaré algebra (1). Its solutions can be found with
the help of the reduction with respect to subalgebras of AP(1,n) as was done in the
real case by Fushchych and Serov [4] or Winternitz et al [8] but such reduction leads
mostly to systems of ordinary differential equations not solvable in quadratures; one of
the ways to avoid this difficulty was suggested by Grundland and Tuszynski [6]. To
find the exact solutions of (9) it is advisable to search especially for ansatze leading
to systems of differential equations solvable in quadratures.
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Using the ansatz (see, e.g., [3, 4])

u=pw), v =¢" W), w=w(r) (6)

we come to the system

wliwu(ib + D"‘ﬂp = F((pv 90*)7
d (7)

wuo,@" + Dwg® = F(0,0%), ¢ = L.

The condition of separation of variables in the system (7) is that the new variable
w must satisfy the conditions

Ow = x(w), wuw, =T (w), (8)

where x, T are arbitrary functions (not equal simultaneously to zero).
Thus to find exact solutions of (5) in the form (6) it is sufficient to solve the
system (8) and

T(w)g + x(w)p = F(p, "),
T(w)g" + x(w)g™ = F* (g, p").
To solve the system (8) we use the results of Collins [2], where similar systems for
the functions of three independent variables were investigated. The partial solutions of

the system (8) when u=0,1,...,n, T(w) =1, x(w) = N(w—A4)"}, N=0,1,...,n,
A = const, are given in Table 1. Evidently when n > 2 they are not general solutions.

(9)

Table 1
N Solutions Conditions on parameters
0 w+ ay + F(By) (ay = awyo— F is an arbitrary function of By, v» = =, + av,
—a1y1 — — any7) a, =const, > =1, 2 =aB =0
L...,n w—A=[a'y)(a’y)]"/? ahad, =67 ij=1,...,N+1, yp =2 + au,
a, = const
Below we consider systems of the form (5)
Ou = \u(uu*)k,
% (10)
Ou* = N u*(uu*)”,
Ou = (A\yu + idou*) (u? + u2)F, an

Ou = (A\u* —idou*)(u? + u*2)k

(A1, A2, k are arbitrary real numbers and A is an arbitrary complex number), which
are invariant corresponding with respect to the operators @1 = ud, — u*0,~ and
Q2 = u*0y — udy,~ (the operator of charge).

The system (9) with T(w) = 1, x(w) = N/(w — A) and w from Table 1, for (10)
takes the form

N N
—— P+ ¢ = el
(12)
L AR A Cp
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where N =0,1,...,n; for (11) the system (9) takes the form

N N s .
=g+ idp") (6" + "),

N (13)
— T E = (" —idap) (9 + ™)

It is convenient to search for solutions of (12) in the form
o=re?, o =re (14)

for solutions of (13) in the form
1+, 1—@'0) (1—¢9 1+i9>
= —|— B = + . 15
4 T(Q\/ie 2\/56 LA 2\/56 2\/56 (19)

For the real functions r = r(w) and 6 = 6(w) we obtain the system

4 4 2% = APt

w—A (16)

Or + 270 + 7 = Xor?F 1,
w—A
Here A = A1 +i)Xg, 5= —1 for (12) and » =1 for (13).

Let N = 0. With an arbitrary k£ and Ay = 0 the system (16) has the general
solution in the parametrical form (A = A;):

A »c? —1/2
w:/(—k+1r2k+2+r—;+02) dr + cs,

(17)
A »c? —1/2
9:01/7’_2 (—k+17'2k+2+r—21+02) d’f'+C4,
When k& = —2 we obtain the general solution of (16) in explicit form in elementary
functions
\ — 2\ 1/2
r= <62(w +e3)® + ml) :
2
c1 1 c(w+es) s
= w2 M ey T st (18)
09— c ‘w+63+c2_1(%c%—/\)1/2 N e < 0
2050t = V2 7w+ 3 — ¢y ' (sect — N) /2] L=
&1
T\ A= 027
(cafw +c3) -

c1 # 0, ca, c3, ¢4 are arbitrary real numbers. (If ¢; = 0, § = const.)

Note 1. The solvability of systems of ordinary differential equations in quadratures
is connected with their wide symmetry. Systems of the form (12) can be reduced to
systems of four first-order equations and we may suppose that for their solvability in
quadratures it is necessary for the range of basis of their invariance algebra to be
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not less than 4 [7]. However, this condition is not sufficient. The system (12) when
k = —2, N =0 has the maximal invariance algebra among systems of such form with
the basis operators

1
0wy WO, + 5(%0890 + "0+ ), w?0,, + w(Pdy + @ 0px), POy — @* Op

but when A2 # 0 it reduces to a Riccati equation not solvable in quadratures.
The system (16) when N # 1, N # 2, k = (N —2)(N — 1)~! by the substitution
t=(w— AN r=(w— A)'Np can be reduced to the form
P+ 2020 = M p?HL 250 4 pf = Agp?E L.

We obtain its solutions in parametrical form (A2 = 0) and from them we obtain
the solutions of (16)

A »c? —1/2
r=p C3+(N—1)/(—p2’“+2+p—;+@> dp

)

kE+1
0 =ci(N —1)? //)_2 (k—HPZHZ + % + 02> dp + ca, (19)
_ 1/(N-1)
A 2 1/2
w= 03+(N—1)/(k—+1/72k+2+%+02> dp + A4,

c1 £ 0, ca, c3, ¢4 are arbitrary constants chosen for r, 8 to be real.

From solutions (17)—(19) and substitutions (14) and (15) we obtain the solutions of
(12) and (13) respectively. With w from Table 1 we get solutions of the initial systems
(10) and (11).

As (10) and (11) are invariant with respect to the scale transformations it is
possible to find ansatze reducing them to the first-order differential equations which
have more chances to be solved in quadratures. We search for such ansatze in the
form

u= f(z)Pw), u" = f(z)®"(w). (20)
The corresponding conditions on f and w are as follows:

Of(z) = F(w) 2+ (2),

fOw + 2f,w, = G(w) f2*+1(z), (21)

wyw, =0,

where F', G are arbitrary functions.
[t is interesting enough to investigate the system (21) itself but here we do not go
into this matter and adduce only some solutions:

i 7 a _ ar ___
flz) =[(B'2)(B'2)]", w= [(Biz)(Biz)]P’ 22)
=g 0?=af =0, GiFL=67, b=0,1,

the sum by ¢ is implied, i =1,...,m, m <n, 1 —2a # m, when b= 1.
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For the ansatz (20) with f, w from (22) we obtain the reduced equations and their
solutions.

For equations (10)

(iH)b=0,m+2a—1+#0

2a — 1
Bt o™ T2 A gy,
2 4a
1/2k
P = C( k(m+2a—1) )
i 23)
A2 m+2a—-1 1 k(m+2a—1) _ (
X exp N ((lnw) 5 oF In (w cl> ,
1 1/k
e = (—2a(m +2a — 1)) ;
A1
(i) b=0,m+2a—1=0
= c(Mk2 Inw 4 ¢ )~ Patida) /2R e — 1 (24)
(i) b =1
P'w—ad = +q>(q>q>*)k
2(m +2a — 1) ’
1k (25)
b = Cwii)‘z/2k;)‘1 |1 — Clw‘7A2/2k)‘l CC* — 7M .
Y Al
In a similar way solutions of (11) can be obtained; if ® has the form (15) then
i)b=0,m+2a—1#0
—1/2k
= (1= cah 207 0) T (4 20— 1)4a] % O 4 2) 7V,
(26)
Al—Ay fm+2a—1 1 & _
9= Inw— — In|1 - ¢ukim+2e 1>‘ :
/\1+/\2< 2 T e ’
(i) b=0,m+2a—1=0
r=(2k%(A\1 4+ Xo) Inw 4 ¢1) V2,
1 A1 — X2 5 (27)
0=—— In |k“(A1 + A2) 1 ;
2h o ag M IE(Aa A e e
(i) b=1m+2a—1+£0
1/2k
. (a(m+2a—1)> (1= crw) /2%,
A1+ A2 28)
1 A1 — X
0= 1 In|l— .
2k‘/\1—|—)\2(nw+ n|l—cwl)

Substituting the obtained solutions (23)—(28) of the reduced equations into the
ansatz (20) and (22) we get the multiparametrical families of exact solutions of (10)
and (11) correspondingly.
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The ansatz (20) and (22) when b # 0, b # 1 allows us to obtain the reduced
equations of the second order

W2 4b(b — 1) + P'w[4b? — 2b(m + 1) + 4a(1 — 2b)] +
420 (2a +m — 1) = AGF(®, &%), (29)
F = (@3*)F for (10), F = (2 +®*2)k for (11).

We can adduce the parametrical solutions of (29) when

2a
b=——— A=X" (M=0, A=A
m+4a_17 ( 2 ) 1)3
A 2 —-1/2
w/(r2k+2+%§1 +62+Br2) dr + cs,
kE+1 r (30)

2 A okt xci 2 e
9201/7" (k—JrlT +r—2—|—02+Br) dr + ¢y,
1
B = Z(7“—}—4@— 1)?,
» = —1 and the representation (14) for & is taken for (10), and s» = 1 and the

representation (15) for @ is taken for (11).

3. The conformally invariant families of solutions
Let us consider the conformally invariant system of the form (2) (n =2)

Ou=u’F (ﬁ,i> . Ou* =u*3F* <£,i> , (31)
u* (’U/LL*)S u* ('U/LL*)S
where R is defined in (4).
We obtain here the conformally invariant families of solutions of (31) with certain
F using the formulae of conformal reproduction of solutions.
We used the ansétze (20), where

w=azx, [=(@?)"Y2 (32a)
w=azx/z?, f= ()72, (32b)
w=az, f=I[x?-2uxdx+*(ex)? V3 (33a)
w=azx, [=[2axfz—L*(azr)?+clax) V2, (33b)

where 02 =e? =ae=ad =0, af =6 = 1.
When u, u* are defined from the ansiatze (20), (32) and (33), R = 0. Then the
reduced equations have the form

)

. . )
2® — 20w = O3 F (3) . x®* —20%w = O (—) , (34)

@*

where s = —1 for (32), » =1 for (33).
The solution of (34) in parametrical form can be obtained for arbitrary F.
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The multiparametrical conformally invariant families of solutions we adduce for
the equations are

Ou = (u? +u*?)(gru + igou™*),

35
Ou* = (u? + u*?)(guu* — igou), (35)

Ou = (g1 + ig2)u(uu®),

36
Ou* = (g1 — iga)u" (uu”), (36)

where g1, go are real functions of R(u? + u*?)73.
Their families of solutions are non-reproducible by conformal transformations and
given by the following formulae. The solutions of (35) are

14
u= f(x)w*/? ((32 IZ|01 + s Ay |~ (A A2)/240 4

1—1
+ Cgl 1 \01 + %w%A1|_(A1_A2)/2A1> s

Al =gi(o), Ay#0, dER, =0 (j=1,2)

and the solutions of (36) are

A
uw= f(x)w*?|Aysaw” + cy| TV exp {z <02 - i In ey + A1%w%|>} )
1

f(x) and w being substituted from Table 2 and »r being defined from the corresponding
ansatze (32) or (33).

Table 2

Ansatz s w {f(x)}?

ax + arz® + abo (T, ) 5 9 o
— 2b 2b b
(32b) L x2 + 2bx + 2brx? + b0 (1, T) o(m@)[e” + 2bw + 2bra” + b o (7, z)]

(32a) -1

- 2\ _ a2

(33b) 1 (o(r, :L‘))71 [ax+arw2 +abo (T, x)] C—Id—iy(:xjf)) E((ﬁcx-:_QfgI— )BQai)z(fo(éf,Z)}
—(ex + eT2?) (6% + 672%) + 6% (am+
+erz?)? + o(r, x)[2* + 2bx + 2bTa*—

(33a) 1 —208 (ex + eTa?) — 2be(dx + dra?)+

+0%2eb(ex 4 2eTx)+
+o(r,2)(b? — 2bebd + 6% (eb)?]

o(r,x) = 14 272 + 7222, by, 7, are arbitrary parameters.
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