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Exact solutions of multidimensional nonlinear
Dirac’s and Schrodinger’s equations

W.I. FUSHCHYCH

A class of nonlinear spinor equations invariant under the extended Poincaré group
and conformal group is described. New Ansétze for spinor fields are suggested. Multi-
parameter families of exact solutions for the multidimensional families of exact solutions
for the multidimensional nonlinear Dirac and Schrédinger equations are obtained.

In this paper I present some new results, obtained in Intitute of Mathematics,
Academy of Sciences of the Ukranian SSR in Kiev by R. Zhdanov, W. Shtelen,
N. Serov and me on multiparameter families of exact solutions of nonlinear Dirac and
Schrédinger equations

YupH' U + Fy(z, U, ¥)T =0, (1)

1
(pO + 5 papa) U+ Fg($, u, U*) =0, (2)
m

*

where ¥ = U (z) = (U, ¥y, Uy, U3) is 4-component spinor, z = (zg, 21, T2, 23), U* is
complex conjugated spinor, v, are 4 x 4 Dirac matrices, u = u(xo, 1, x2, x3), o =,

*

u* is complex conjugated wave function,

0 B -
p=03, j=123,

Po = Za—xo’ p; = _2873-’
Fy, Fy are arbitrary smooth function, m is the particle mass.

Fifty years ago D. Ivanenko (1938) considered the simplest equation of the type
(1), the case in which

Py = \79), 3)

where ¥ = Wi~ is Dirac-conjugated spinor, A is arbitrary parameter.
W. Heisenberg and his collaborators (1954-1959) have analysed the equation (1)
from a different point of view with the nonlinearity

Fy = A0y, 09"y, = Y7278 (4)

The main efforts of W. Heinseberg directed into the construction of unified quan-
tum field theory based on eq. (1) with the nonlinearities (3), (4). In the works by
R. Finkelstein and his collaborators (1951-1956) eq. (1) has been studied from the
classical point of view, i.e. they studied the exact and approximate solutions of spinor
systems of the type (1).

Some exact solutions of the Dirac equation were obtained by F. Kortel (1956), D.
Kurgeleidze (1957), K.G. Akdezin., A. Smailogic (1984), A.O. Barut, B.W. Xu (1982),
K. Takahashi (1979).
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The classical Lie’'s method for finding exact solutions of multidimensional nonli-
near Schrodinger equation and d’Allembert equation was applied by Fushchych (1981,
1983), Fushchych and Serov (1983, 1987), Gagnon and Winternitz (1988), Grundland,
Harmad and Winternitz (1984), Tajiri (1983).

Evidently if we do not specify the functions Fy, F» in egs. (1), (2) there is no hope
to get any profound information about exact solutions of these equations. To specify
the functions F; and F» we shall study the symmetry properties of equations (1), and
(2). In what follows, I shall essentially use the classical ideas of S. Lie in application
to nonlinear wave equations.

The wide symmetry of equations (1), (2) makes it possible to reduce the multidi-
mensional partial differential equation (PDE) a set of systems of ordinary differential
equations (ODE). Many of these ODEs can be solved exactly. In this way we are able
to construct many parameter families of exact solutions of the multidimensional wave
equations (1), (2).

1. The symmetry of the nonlinear spinor equation. In this section we will
present the theorems concerning the symmetry properties of equation (1).

Theorem 1. Equation (1) is invariant under the Poincaré group P(1,3) iff

Fy(z, ¥, 0) = Fi1(s) + Fia(s)va 4+ Fis(s)7" (Y7, ) + Fia(s)S* (U745, ),

- - 1
s = (\1174\117\11\11), SMV = [’Y;M’M] = Z(f}/uf}/u — ’YV’YM)7 (11)

where Fyy, Fia, Fi3, Fi4 are arbitrary smooth scalar functions of the invariant
variable s.

Theorem 2. Equation (1) is invariant under the extend Poincaré group P(1,3), i.e.
the P(1,3) group expanded by the one-parameter group of scale transformations of
the type

III, =Ty eXp(&), ; \IJ(:L') exp(k@),

z! T

iff
Fii=(Q0)"YV2kE, 0 i =1,2, (1.2)
Fij = (D0)~ 5 By, j=3,4, (1.3)
where Fy;, ﬁ‘lj are arbitrary functions of (g’yﬂ,)
Theorem 3. Equation (1) is invariant under the conformal group C(1,3) = (P(1,3),

D, Ky)
xlu ={z, —cu(z- x)}ail(x), o(x) =1-2c,a" + 2z,
V'(z)=o(@){l— (v o)y )}V
iff
Fiy = (UO)Y3ER,, i=1,2, k=-3/2, (1.4)

Fij = (00)"2BF;, j=34. (1.5)
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Note 1. The conformally-invariant Dirac—-Giirsey equation (1956)

{yup" + D(UW)' /10 =0 (1.6)
belongs to the class (1), (1.4).
Note 2. The equation of the type

{70 + Dy (U 0) - (T 0) (B> 0)] /230 = 0 (1.7)

is invariant under the conformal group C(1,3).

2. The Ansitzes for P(1,3)-invariant equation. To be specific let us consider
the nonlinear spinor equation of the type

{yup" + AWV =0, 2.1

where A, k are arbitrary constants, k # 0.
We look for solutions of (2.1) in the form Fushchych (1981)

T = A(x)p(w), 2.2)

where A(x) is 4 x 4 matrix, ¢(w) is 4-component column-function depending on three
new variables w = {wy,waws}.

For the Ansatz (2.2) to work effectively it is necessary to find A(x), w in a form
which after a substitution of (2.2) into (1) would yield an equation for ¢(w) depending
only on new variables w.

This requirement is met if the following equalities are satisfied:

0
2o 121,23, (2.4)
Oz,

where ¢#(z), n(z) are the coefficients of the infinitesimal operators @ = {Q1,Q2, ...}
of the group P(1,3). In our case the generators of the P(1,3) have the form

P;L = Pu> J,uu =ZTuPy — TPy + S,Ll.l/' (25)

Thus the problem of describing Ansétze of the form (2.2) reduces to the construc-
tion of the general solution to the system of equations (2.3), (2.4) with the given (¥,

7.
As an example let us consider the case where in (2.3), (2.4) the operators @ have
the simple form

Q ={Q1 = Jo3,Q2 = P1,Q3 = Pr}.
Then the system (2.3), (2.4) has the form

1
(o0~ 2200 + §020) A(0) = 0. ;A@) =0, paA(o) =0 (2.6

(rops — x3po)w =0, pw =0, pow=0. (2.7)
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It follows from (2.7) that w = w(xg,x3) = 22 — 3. We look for the solutions to
(2.6) in the form

A(z) = exp{y0739(2)}. (2.8)
After a substitution of (2.8) into (2.6), we obtain
w0 4,99 1y (2.9)

81‘3 3 8.130 2

The particular solution of eq. (2.9) is given by the expression
g(z) = %ln(xo + x3).
Thus we have
A(r) = exp {%7073 In(zg + $3)} : (2.10)

Without going into the technical details on solving the system (2.3), (2.4) we give
some expressions for the matrix A(z) and w.

Example 2.1.
1
A(z) = (m — :vg)_k exp {%’Yl(’}/g — 7o) In(zg — :vg)} , (2.11)
wlz(m%—x%—x%)xgz, wgz(xo—xg)x3_2, 2.12)
w3 = az1(xrg — x2) "1 —In(xg — 22), a #0. '
If the parameter a = 0, then
T
A = _ — . 2.1
() = exp { 2o = xg)%(vz 70)} (2.13)
Example 2.2.
A(z) = 2(xo + 221 + 6)7k/2x
1 1 z (2.14)
X exp {1’7072 In(2z0 + 221 + B) = 57273 tgl—z} , B#O,
T3
w1 = (2mg + 271 + B) exp{2(z1 — x0)37 1},
(2.15)

_ T
wo = (2zo + 2z1 + ) (x%—i—x%) 1, wg:bln(x§+x§)+2tg_lx—2.
3

3. 3.1. Reduced equations. The Ansatz (2.2) with the matrices (2.10), (2.11),
(2.14) and new variables w gives the following reduced equations

k(2 —70)¢ + [(vo — 72) (w1 + a 2w3w?) + (Yo + Y2)wi —

— 2a 1’}/1&)3&)5 — 273&)1“]2]6—&?1 + [(70 - 72)0‘}2 - ’ygwg]a—i + (31)

+ a1 + (72 —70) (w3 + 1)]% = i) /%,
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d¢ 8¢

0 _
(0 + ) g+ + 1 = NG9, (32)
L1 = 2k)ns 99 _ in(Go)1/2
(L= 2h756 -+ 235 + ) o0 = iA(G0) o, (33)
2

The Ansatz (2.2) with the matrix A(z) =1, w1 = xg + 3, we = =1, w3 = x2 leads
to the equation

(o). (3.4)

It turns out that some of the reduced equations possess substantially more sym-
metries than the initial equation (2.1). For example the equation (3.4) is invariant
under infinite-dimensional Lie algebras. More exactly, the following statement is true:

Theorem 4. The system (3.4) is invariant under the infinitely dimensional algebra
whose basis elements have the form
For the case k =1

Q1 = ‘1’1(w1)i

1
Ows 3

5171 + ®272](70 +73),
9 0 0
Qs = ‘130(0.)1)8—w1 + Op(wr) (wQa—wS erga_w) +

. 1.
+ Dy + 5(1)0((4)1)(’71(4)2 + 72&]1)('70 + 73)7

Q1 = D3(w1)7a(0 +73)-
For the case k # 1

0 0 0
Ql_a_wl’ Qz——w2a—w3+ 3 g +2’7273
Qs = B (1) + Balwr) o+ (b1 (wa)1 + Balwr)ra] (32 + 75)
3= 10115,&)2 2w18w3 B 1(wW2)7 2\W1)72[\Y2 ™ 73),
0 0 0
Q4*w18—+ 282+w2%+k

Q5 = ®3(w1)v4(v0 +73),

where Ogp(w1), P1(wy), Po(wr), P3(wy) are arbitrary smooth functions, a dot desig-
nates differentiation with respect to w;.

3.2. The reduction of the nonlinear spinor equation to a system of ODE. Here
we give the explicit form of some ODE’s to which the Dirac equation is reduced:

iap(w) = M)/ * ¢, (3.5)

(0 +15)0 + ilwo — 18] = A(66) /%6, (36)
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L0 206 4 20 b = X(§9) /%9, (37)
%[w(w + 1172w + Do +75)6 + (70 +73)d = A(69) /e, (3.8)
i(y0 +73) + | (0 +73)w " + i(’m — )| &= A(99) /> o, (3.9)
™ (0 + 1) + i+ 10)9 = NG9, b= L. (3.10)

The full list of the systems of ordinary differential equations is given in Fushchych
and Zhdanov (1988).

4. The explicit solutions of the Dirac equation. Some of the ODE’s can be
integrated in quadratures.

I. Case k = 1/2, with the nonlinearity A\(¥W), w = 22 + 22,

_ 1 Lz
¥(o) = (a3 e { gt 22
? (4.1)

. XX —1%2
X exp {—Mm(% + ays) In(23 4 22) + 2tg 133—3} X,

X is constant spinor, a is a real parameter.
II. Case k # 1/2, nonlinearity A(T®)Y/2* o = 23 + 22,

U(z) = (ac% +x§)exp ——v9y3 tg 122 exp —(m% —&—xg) T v3 ¢ x. (4.2)
2 73 1— 2k
III. Case k # 1/2, nonlinearity \(TW)Y/2F o = 2 + a3,
1 . .
V(r) = exp { [—5(‘1’171 + ®oy2) + ‘1’374} (Y0 + 73)} X
(4.3)
X exp {M(Xx)l/%% (21 + <I>1)} X

where ®;, @3, ®3 arbitrary smooth functions of w.
IV. Case k = 1, nonlinearity A\(¥W¥)'/2,

_ 7Y0To — Y11 — Y222 o N1/2 YoZo
U(x) = exp {M(Xx) } X- (4.4)
(7t~ T

xf —af — 23
Now, making use of the Poincaré invariance of the Dirac equation, is not difficult
to construct new multiparameter families of exact solutions of the equation starting
from those obtained above. The two following examples illustrate the procedure of
generating solutions.
V. Case k = 1/2, nonlinearity \(¥W),

U =[(a-2)*+ (b'Z)Q]1/46Xp{—%(’y~a)(fy~b)tg1a z} y

-z
. XX

XD 4 —iA—

X e p{ { 301 + 07

x [ (a2 + (- 22) + 20067172

(=

(v-b+6y-a)x (4.5)
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2y =, + 04, ay, by, 0, 0, are arbitrary parameters satisfying conditions
a-a=auat=-1, b-b=0b,b'=-1, a-b=0,
Y- a = yoap — Y101 — Yaaz — yzaz, 0= (03 — 603 — 63 — 63)/2
VI. Case k # 1/2, nonlinearity A\(TW)/2*,

V() = [(a-2)%+ (b-2)2] exp{—%(’Y'G)(’Y'b) tg“é,—j} x
(4.6)

exp { ~ig 2 (0 D002 (@27 + 67 L,

Formulas (4.5), (4.6) give multiparameter families of exact solutions of the Dirac
equations. These families are nongenerating with respect to the group P(1,3) in the
sense that solutions (4.5), (4.6) have the same symmetrys as the equation (2.1).

5. Conformally invariant solutions. Conformally invariant Dirac-Giirsey equa-
tion has the form

{’yﬂp” n (\i/\p)l/3} U =0. (5.1)

With the help of a conformally invariant ansatz we can construct the following
solutions

U(r) = L exp{idk(y - Bwhx, k=1/3,

ﬂﬂx(f o (5.2)
o= BT a0, B8 >0,
W) = @)1~ (1-2) (7 B)] x

<exp{ G Do - b0 Do @)} ¢

x exp{ ~ A0 (- )2 ) — (a- ) Do) + 53)

+00b-z—(b-0)(x- LL'))ZO'_Q(.’L‘)}X,

a-b=b-b=0, a-a=ad—a?—ad%—al=-1,

2 =coc®, 2= Tt

Formulae (5.2), (5.3) give multiparameter families of exact solutions of the equati-
on (5.1). The family (5.3) is nongenerating with respect to the group C(1, 3).
If ¥y (x) is a solution of equation (5.1) then

Wo(z) = 0 2(2)[1 — (v - 2)(7 - )| W1 (2),
’_ r Ty — Cux2 (5.4)
o= =)

will also be a solution (5.4) is the formula for multiplication of solutions of Dirac
equation.



314 W.I. Fushchych

6. How to construct solutions of the nonlinear d’Alambert equation via
solutions of the Dirac equation? Complex scalar field can be represented as

u(r) = YW exp{if(z)}, (6.1)

where U(z) is a solution of the Dirac equation, #(x) is a phase. In the simplest case,
when

V¥ =c=const, O(z)=r,2" (6.2)

formula (6.1) gives a plane-wave solution of the linear d’Alambert equation. In most
cases solutions of the nonlinear Dirac equation generate a scalar field (6.1) which
satisfies the nonlinear d’Alambert equation

pup"u = klu|"u, (6.3)

k, r are constants.
Let us exhibit some exact solutions of the equation (6.3) obtained this way

u(z) = c (2} + 23) exp{igo(zo + 23)}, =2, (6.4)

() = ¢ [(@1 + d1(x0 + 23))> + (w2 + da(wo + 23))%] . x 65
x explico(zo + 73)}, T =2,

w(w) =c(e—a?—a2—23) 2, r=1/2, (6.6)

u(z) = c (22 +22) P explio(zo + 21)}, =2 (6.7)

In formulae (6.4)-(6.7) ¢o, ¢1, ¢2, ¢ are arbitrary smooth functions.

So, solutions of the nonlinear Dirac spinor equation give a possibility to construct
solutions to the nonlinear d’Alambert equation.

All these ideas and results were considered in more detail by Fushchych (1981,
1987), Fushchych and Shtelen (1983, 1987), Fushchych, Shtelen and Zhdanov (1985),
Fushchych and Zhdanov (1987, 1988, 1989), Fushchych and Nikitin (1987) (see Ap-
pendix).

7. The solutions of the multidimensional Schrodinger equation. Let us consi-
der the following nonlinear equation

(ia - 1A) u+ Fz,u,u*) =0, uw=u(zg=t,x1,e,x3). (7.1)

It is well known that if F' = 0, then linear Schrédinger equation (see Sofus Lie
(1881), Hagen (1972), Niederere (1972), Kalnins and Miller (1987)) is invariant under
the generalised Galilei group, which will be denoted by the symbols G3(1,3). The basis
elements of the Lie algebra AG2(1,3) = (Py, Py, Jap, Ga, D, A, I) have the following
form:

0
a=1,2,3, Juw=z,P—xpP,, [ =u—

0 0
Py=ig—, Po=—iz— :
0 (3 1 811,

0xg 0x, (7.2)

3
Go =Pt mea, D =2w0Py —wPut i, A=wD+ %xi.
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Symbols AG1(1,3), AG(1,3) denote the following Lie algebras
AG1(1,3) = (Py, Py, Jap, Ga, D, I),
AG(1,3) = (Py, Pa, Jop, Ga, I).

To construct families of exact solutions of (7.1) in explicit form we have to know
the symmetries of (7.1) which obviously depends on the structure of the function F'.

By Lie’s algorithm (as given by Ovsyannikov (1978), Olver (1986)), the following
statement can be proved.

Theorem 5. Equation (7.1) is invariant under the following algebras:

AG(1,3) iff F = ®(|ul)u, (7.3)
where ® is arbitrary smooth function, and

AG1(1,3) iff F = Mu|*u, (7.4)

where A\, k are arbitrary parameters, the operator of scale transformations D having
the form D = xgPy — xo P, + 2i/k, k # 0, and

AG5(1,3) iff F = Au[*"u. (7.5)

Later on we shall construct the exact solutions of the equation (7.1) with nonli-
nearity (7.5), i.e.

P2
(po - —a) u+ Mul*Pu = 0. (7.6)

2m
Following Fushchych (1981) we seek solutions of (7.6) with the help of the ansatz
U = f($)¢(w1; w2, (.d3), (77)

where ¢ is the function to be calculated. To construct solutions of (7.6) using ansatz
(7.7) it is necessary to have the explicit form of the function f(z) and the new
invariant variables wy, wy and ws. Next I shall present two Ansétze of the type (7.7).

—3/4 im Tol ol —1/2
1. f(x):(l—xg) / exp{ylon}, wlzax(lf"p%) / ,
— o

- -1 T
W =21 2 (1 — x2) , ws = arctanzg + arctan ——,
yx

2

where &, ﬁ ~ are constant vectors satisfying the conditions
a*=p*=7"=1, df=p7=9a=0.

The Ansiétze (7.6), (7.7) give the following reduced equation

Lo+ 62 9 27 m2wag — 2xm|e|*3¢ = 0,
8WQ 8W3 (7 8)
_ 0% 0% 2y-10%¢ 9%¢ ‘
Lo = o +4w28—w§ + (w2 —wi) 92 +4w16w18w2'



W.I. Fushchych

316
2. The second Ansétze has the form
f@) =25 exp {—%x%@ol} , (7.9)
wo = f2x52, w3y = xal + arctan = (7.10)
Y

wy = (@f)xg
The Ansétze (7.9), (7.10) reduce the equation (7.6) to

00 omjg|/39 = 0.

99 .
— + sza—w:‘) —
8. Solutions of the equation (7.6). In this paragraph I present some explicit

Lo+6
¢+ aLUQ
solutions of the equation (7.6)
_ ; 3
u= (1—3:2) 3/4exp{%f(1—mo)_l}, A= 52’, (8.1)
u = (coxp — 53?’)73/2 exp {——fogl} , (8.2)
where co, & are arbitrary parameters satisfying the following condition ¢% = & Am;
- i 8\
u_$03/26xp{ ﬂ(fz—Ff)$01}7 772:__; (83)
m
—3/4 )
U= (8)\m52> exp{Z;nf2zal} ; (8.4)
——#%ﬁ,mzﬁ, (8.5)
Zo

U= xag/z(b(u}l) exp {

function ¢(wq) is defined by the elliptic integral
6 1/2
m) (w1 + k2),

¢ dr (
[t (0
0 (ky+710/3)"/ 5

whre ky, ko are arbitrary parameters.
} P(wa), wy = zy",

(8.6)

U= xag/z exp {—?f%gl
where function ¢(w2) is a solution of Emden—Fauler equation

@ _ Ame™/3 = 0.

2
2 dw3

d*¢
The formulae (8.1)-(8.6) give multiparameter families of exact solutions of the
equation (7.6). Some of them are of non-perturbative type due to a singularity with

respect to the coupling constant A.
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In conclusion we give formulae for multiplication of solutions. If u; is a solution
of the equation with the nonlinearity 4/3 then the functions ug, us defined by

vz

ug = uy(xo, & + Vo) exp {im <20 + ﬁf) } ,

— . —9
Uz = Uz ( 0 z ) (1- dxg)f?’/2 exp{zm dv } ,

d.’]?o—l’l—dal‘() 71—dl’0

also satisly equation (7.6). Here d, ¢ are arbitrary parameters.
The Ansétze that have been presented here may also be applied to the equation

.Ou 1 Olu|? 8Ju| ! B
ZE+%AU+)\{—6I‘Q —8$a u =0,

which is also invariant under the group Gs(1, 3).

More full consideration solutions of equation (7.6) was given Fushchych and Serov
(1987), Fushchych and Cherniha (1986).
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