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Non-local ansatze for the Dirac equation

W.I. FUSHCHYCH, R.Z. ZHDANOV

Using non-local (non-Lie) symmetry of the linear Dirac equation we have constructed a
number of new ansitze reducing it to systems of ordinary differential equations.

It is well known (see e.g. [1]) that the Poincaré group P(1,3) is a maximal local
(in Lie’s sense) invariance group of the linear Dirac equation

(i9u8y + m)(x) =0, m = const, (1)

where ¢ = (g, ) is a four-component spinor, 8, = 9/dx,, u = 0,3 and -, are
imaginary 4 x 4 matrices satisfying the Clifford algebra

I, w=v=0,
YV + N =29 =214 —1, p=v=1]3,
0, u#v.

In [2, 3] ansdtze reducing the Dirac equation to systems of ordinary differential
equations (ODE) were constructed, the subgroup structure of the group P(1,3) in-
vestigated in detail by Patera et al [4, 5] being used.

As shown in [1, 6, 7] equation (1) possesses non-local (non-Lie) symmetry. So far
this additional non-local symmetry has not been used to construct ansatze reducing
the Dirac equation to systems of ODE. In the present paper we construct a number
of such ansitze following an approach suggested in [3, 8].

If one puts

Ly= diag(_i%u —iVy), vr = (Re ¢, Im "/’)T
then equation (1) becomes
(L0 —m)¥(x) =0. (2)

It is common knowledge that the complete set of first-order symmetry operators
of the Dirac equation (2) is not a Lie algebra. We have succeeded in picking out the
subset which forms the Lie algebra of the Poincaré group:

P, = [L+(Ty 4+ T5)]0" + em(Ty + T5)T,, 3)
1
J/LV = *m,uay + z,0" — Z(FUFV - FVF/L)) (4)

where ¢ = const, O* = g**9, for pu,v = 0,3 and

0 0
I'y+T5=2 .
LTS ( Yov1y2y3s 0O )
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It is important to note that operators (3) generate a non-local group ot transfor-
mations
U =1 —em(ly +T5)0"T, |V +e(Ty +T5)0,Y,,, ), =x,+0,, (5)

where 6, are group parameters.

According to [4, 8] there exists a correspondence between three-dimensional sub-
algebras of the algebra (3) and (4) and ansétze reducing the Dirac equation (2) to
ODE. Omitting very cumbersome intermediate calculations we write the final result
for the non-local ansétze for the spinor field.

1. (Py+ P3, Py, Py)

V(z) = exp [5mF45 <F11171 + Fowo + ;ﬁrmﬂ @(§)-
2. (Py, P2, P3)

U(x) = exp [emDy5(T121 + Doz + Taxs)] w(x0).
3. (Po, P1, Py)

U(z) = exp [emT45(T121 + Taza — Toxo)] p(23).
4. (Jos, P1, Ps)

1
U(x) = exp [emDy5(T121 + Toxs)] exp (_§F0F3 In §) o (2§ — 23) .

5. (Jos, Po + P3, P)

1 1
U(z) = exp [Eml"45 (I‘lml + 5171"03)] exp <—§F0I‘3 lng) o(x2).

6. <J03 + abPs, Py, P3>

\IJ(.’B) = exp [Emf45(F3x3 — Fol‘o)] X
X exXp { [€F45F2 + %FOF3(€F45 — 1)] .’132} (p(l‘l)
7. <J03 + CYPQ,PO =+ P37 P1>

1
\If(x) = exp [smF45 <F1I1 + 277F03):| exp {:172 |:m§2r2(1 + 2€F45) —
1
- §§F2F03 — 3aemélys — 5m£21“21"451“01“3)] } w(&)-

8. (Jiz, Po, Ps3)

1 4T
\I/(LL') = exXp [5mI‘45(F3x3 — Foxo)] exp |:§F1P2 tan ! JC_;:| 2] (LL'% + .’IJ%) .

9. (12 + aly, P1, Py)
\I/(.T) = exp [emf45(F1x1 + Fgmg)] X

1
X exXp { [%Flb(l — €F45) — €mF45F0:| l‘o} (p(ﬂl‘g,).
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10. (J12 + aPs, Py, Ps)
U(x) = exp [emDys5(T121 + Toxg)] X
X exp { [smI‘45F3 + i(l — 5I‘45)F1I‘2] 1'2} o(x0).
1. (J12 + Py + P3, Py, P)
U(x) = exp [emDys5(T121 + Taza)] X
X exp {%n {57711"451"03 + %(1 — 5F45)F1F2} } »(8).

12. <G1, PO + P3, P2>

V() = exp [amF45 (F2!E2 + %771—‘03)] exp [—g—zros(rl + me2F45)} ©(&)-

13. <G1, PO + P37P1 + aP2>

1
\IJ(.’E) = exp {EmF45 |:.’L‘1(F1 + Ong) + 577F03:| } X
axry —xo |1
x exp ¢ ————— | =T'1Tog — emélys(T'1 + al2) | ¢ o(€).
a 2
14. (G1 + P2, Py + P3, Pr)

15. (G1 + Py, Py + P, )

1
\I/(.T) = exp [Emf‘45 (xQFg + 577F03):| X
X exXp [mxl(Fl + £F03 + 3€F1F45 — 4E€F45F03)] (p(f)
16. <G1 + Py, Py + Ps, P1>

1
U(z) = exp [5mF45 <x1F1 + 277F03)] X
x exp [mI'axo(3eTas + e€TusT03T1 — 1)] (§).
17. (G1 + Py, P + aPy, Py + Ps)
1 o
U(z) = exp {Eml"45 [577F03 +— (T + al"g)} } X
m
X eXp{ ozl—Jrl(l —2ely5)[(T2 — al'y) — oz + e(al'y — I'g)Tys5] x

1
X {€T45 [F0F3 + EPlFQ + Losl'y — 1} - 1} (ary — 552)}90(5)-
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18. <J03 + OéJlg, Po, P3>
U(z) = exp [emTy5(T3z3 — Tozg)] X
T

[ol's + al'1T'y) tan ! —} o (27 + 23) .

X ! (
exp | —
P 2« T2

19. <J03 + Oleg, Pl, P2>
1
U(z) = exp [emI45 (T 21 + Taza)] exp [—§(F0F3 +al'1I's) In f] o (2§ — 23).
20. (G1,Gsa, Py + Ps)
1
U(x) = exp (25m77F45F03> X
_im 2 4 42
X exp Tos [E (xl + .IQ) Iys + T2 + FQJ,‘Q] (p(f)

2¢
21. (G1+ P>,Ga + aPy + BP, Py + Ps)

1
U(z) = exp (§5mnr45ro3> [f1 +el45(g1T1 + goT'a + g3lo3) +

+ To3(hily 4 hol's) + eul’s5T 031 Ta]p(€),

where

fi=1, g = ?(&”2 —r1), g2= g[fl‘l + (B¢ — a)xa),

hy = i[och‘z —(+PB)z1], ha = i(331 —&x3), g3 = _E(O‘ + Daias,

2T 2T 2
m
u:_;(—xf—i—amg—f—ﬂ%m)v T=¢E+B) —a.

22. (G1,G2 + Py + 3Py, Py + P3)

1 x
U(x) = exp (25m77F45F03> exp [22F03(5mx11“45 + I‘l)} X

2
e {wnmpog} exp{ Cw

2(§+0) (€+5)? 28

1
el'ys <—F03F1 +

+m(l' + ﬂb)) (E+08)+ 12—_55(5 + 8- sﬂF45)F03I‘1] }80(5)-

23. (G1,G2 + P, Py + Ps)

EI‘Og(mell"% + Fl):| X

1
U(x) = exp <§€m1"451"0377> exp [— 5

2
EmMxs
X € —=_T'ysT X
XP{Z( 1) 45 03}

X exp {(fi—zl)? [6771(5 + )45 + %(€F45 —-&— 1)F03F2} } ©(§)-
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24. (Jos, G1, Po)

() = explem i Laz) exp |~ 52 Toals | exp( g TaTa g ) o (o - o2 - 2).
25. (Jos + aP1 + 8P, Gy, Py + Ps)

U(x) = exp (éemF%FOgn) exp [ZFog(smmF% + Fl)} X

X exp{ %[—ffz + B(1 + I'y5)Tos)[T45(Tol's — 1) — & +

+ T35 (al’y + A1) + Los) }¢(§)~
26. <J12 + Py + P3, Gy, G2>

\IJ(I) = exp {—2—1§F03(F1I1 + FQ.TQ)} X

{x%—azQ
X exp 56

27. <J03 + aJqo, Gl, G2>

[smF45F03 + %F1F2(6F45 - 1)} } ©(§)-

U(z) = exp [%(lel + F2$2)F03:| X

1
X exp [—§(F0F3 + aI‘1F2) lnﬁ] © (:Cg — :132) .

The following notations were used in the above ansitze:

Gk =Jok +Jks, k=1,2, {=z3+z0, 1=23— 20,

Fog=To+1T3, T'sys=T4+15,
a and G are constants, ¢(z) is a new unknown spinor and (@1, Q2, Q3) is a subalgebra
of the algebra (3) and (4) having basis elements Q1, @2, Qs.

Let us adduce an example of reduced ODE. If one substitutes ansatz 8 into (2)
then the equation for ¢(z) becomes

d 1
221/2P2d— + 52_1/21—‘2 -—m + 25m(F4 + F5) QO(Z) =0.
z

Note 1. If one puts ¢ = 0 in (3) then (3) and (4) generate the local Lie group P(1,3).
That is why, on putting € = 0 into the ansdtze above, one obtains Poincaré-invariant
ansitze for the spinor field constructed in [3].

Note 2. The above non-local ansidtze can be applied to the construction of exact
solutions of non-linear Lorentz-invariant spinor equations admitting the group (5).
One example of such equations is

{0,0" + \[¥ (T4 + I'5)T',0,¥](T4 + I's) } ¥ = 0,

where A is constant and W = W”TTI'y. This problem will be considered in a future
publication.
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